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1 Introduction

Integrable two dimensional quantum field theories are very special as, in principle, they
can be solved exactly by the bootstrap method. This method consists of two parts: the
S-matrix bootstrap calculates the scattering matrix of the theory from global symmetries
and from such physical requirements as crossing symmetry and unitarity [1, 2]. The second
step is the form factor bootstrap, which uses the already calculated S-matrix to determine
the matrix elements of local operators, from which the correlation functions can be built
up [3-5]. This program has been pushed forward to many interesting theories including
the sine-Gordon and sinh-Gordon theories [6, 7].

In the last decade there has been increasing interest and relevant progress in applying
the bootstrap program for the AdS/CFT correspondence [8]. The S-matrix bootstrap was
successfully implemented, which eventually lead to the complete description of the spectral
problem. Recently the focus moved to the application of the form factor bootstrap. An
axiomatic approach for world-sheet form factors was developed in [9, 10]. In [11] it was



suggested that finite volume diagonal form factors can be used to describe the Heavy-Heavy-
Light (HHL) 3-point functions. This proposal has been tested both at weak [12] and strong
coupling and for special operators [11]. Recently we also made a proposal, how the form
factor axioms can be modified to describe the string field theory vertex, which corresponds
to generic 3-point functions on the gauge theory side [13]. This was complemented by the
hexagon approach [14], which were devised to calculate the 3-point functions directly by
cutting the pant diagram into two hexagons. These hexagons were exactly calculated and
the method was checked by comparing to weak coupling data [15, 16]. Later it was shown
that in the diagonal limit the results reproduce the structure of the diagonal form factor
proposal for HHL correlators [17, 18]. The HHH three point functions were also analyzed
recently in [19].

In testing the HHL proposal at strong couplings a check for two particles was per-
formed [11]. We observed that in this limit the 3-point function was related to the average
of the light vertex operator over the moduli space of classical solutions. As the strong
coupling limit of the model is related to the classical limit of the sine-Gordon theory it
is natural to assume that the classical limit of form factors are just the average of the
corresponding observable for the moduli space of classical solutions. The aim of our paper
is to investigate this correspondence.

Interestingly, there were not many investigations on the classical limit of form fac-
tors. Goldstone and Jackiw [20, 21] showed that the classical kink solution is the Fourier
transform of the form factor of the basic field between two moving kink states in the
semi-classical limit, when the kink momentum is very small compared to its mass. Later
Mussardo et al. extended the expression into a transparently relativistically covariant form
and used its crossed version to determine the masses of boundstates [22]. In the diagonal
limit these analyses dictate that the classical limit of the elementary fields’ form factor be-
tween one-particle states should be the spatial integral of the static kink solution. Our work
gives a meaning for this formula and generalizes the result for generic operators and for
multi-particle states. Let us also mention that semiclassical finite volume form factors were
analyzed in [23] in the conformal case. Here, in contrast, we focus on massive scattering
theories. In such a theory, namely in the sinh-Gordon theory, Lukyanov analyzed the semi-
classical expansion of the finite temperature expectation values of exponential fields [24].
These results are valid for any volume but only for the vacuum expectation value. Here
we deal with asymptotically large volumes and expectation values in multiparticle states.

Our paper is organized as follows. In section 2 we give a brief heuristic introduction to
the paper. In section 3 we present our proposal for the classical computation of multiparticle
diagonal form factors in infinite volume. Then we move on in section 4 to describe the
evaluation of finite volume expectation values in the classical limit and establish their link
with the classical diagonal form factors of the previous section. In section 5 we briefly
comment on the link with Heavy-Heavy-Light OPE coefficients and we close the paper
with conclusions and two appendices.



2 Guide to the paper

Here we make a heuristic argument why the diagonal form factors should be evaluated in
the classical limit by averaging the operators for the moduli space of classical solutions.
Let us calculate the diagonal form factor by evaluating the path integral:

out .
(P, pn|O(@(z, 1)) |pn, - -, p1) = /: d[$]O(p(x, 1))en 1) (2.1)
where the initial configuration, ¢i,, is related to a multiparticle state with momenta {p;}
prepared at t — —oo, while the final configuration, ¢gyut, is also a multiparticle state with
the same momenta {p;} fixed at ¢ — oco. As the particles’ momenta are all different, for
asymptotically large times particles form well-separated non-interacting one-particle states.
There are many configurations with the prescribed momentum content, {p;}, all of which
can be obtained by shifting the trajectories of each of the asymptotic one-particle states,
{z;}. These shifts do not effect the scattering matrix, but modify the path integral and
generate the moduli space of classical solutions. In the classical limit (A — 0) the path
integral localizes exactly to this moduli space

(1, Pl O, ) [prs . p1) = N /M [[dziOnta,t {ei} {pi})  (22)

where ¢, is the classical n-particle solution with momenta {p;} and shift parameters {x;},
which form the classical moduli space M and the normalization is proportional to the
action, which is constant on the moduli space: N o< eiSl#nl,

The infinite volume moduli space is clearly noncompact and the relevant integral is
infinite as it stands. This is in fact an exact counterpart of the divergences of the infinite
volume form factor in the diagonal limit which arise due to disconnected pieces with smaller
particle number (see section 3.1). The divergences in the classical integral (2.2) are indeed
associated with fine tuning the moduli so as to follow the trajectories of a lower number of
particles.! The structural similarity of the divergence structures of the quantum connected
form factor and the classical integral (2.2) strongly suggests that there should be a choice
of subtraction scheme in (2.2) which exactly reproduces the classical limit of diagonal form
factors. The goal of the first part of this paper is indeed to explicitly propose such a scheme
and thus to provide a classical formula for the connected n-particle diagonal form factor in
an arbitrary integrable QFT. This is done in section 3.

In the case of a finite volume system, the moduli space is compact and the integral
is finite. However, exact finite volume multiparticle solutions are exceedingly complicated
to construct and are usually not known explicitly. Despite that, once we allow ourselves
to neglect exponential e™™ terms, we can construct approximate finite volume solutions
by gluing together infinite volume solutions. This has been used in [11] for computing the
HHL OPE coefficient for a two particle state. Here we give a formulation valid for any

'E.g. for the case of two particles, there is a direction in moduli space so that the operator stays on top
of one outgoing or ingoing soliton. This noncompact integration leads to a divergence associated with the
single particle.



number of particles. Again we have to deal with a moduli space, but now it becomes a
quotient of the infinite volume moduli space by some set of identifications I' which are
induced by the gluing procedure. This gluing procedure is not completely trivial as one
has to take into account the classical time delays due to particle scattering. Using this
procedure we may decompose the finite volume expectation value in terms of diagonal
infinite volume form factors and coefficients involving (the classical limit of) Bethe ansatz
Jacobian subdeterminants. This is a very nontrivial consistency check of our proposal
for the classical formula for the connected diagonal form factor. All this is discussed in
section 4 of the present paper.

3 Diagonal form factors and expectation values in infinite volume

In this section we summarize the definition of diagonal form factors. We propose
formulas for their classical counterparts and check our ideas on the example of the
sine-Gordon theory.

3.1 Diagonal form factors

Form factors are the matrix elements of local operators between asymptotic (initial or
final) states:

eiAEt—iAPm <

(Pms - p1|O(z, ) |ph, ..., ) = Pms - p1|OPY, - pn) (3.1)

In an initial state particles are ordered as p}| > --- > pl, while in a final state oppositely.
These two types of states are connected by the multiparticle scattering matrix, which
factorizes into the product of two particle scatterings:?

p1, - opn) = [ S@irpi)pns - - 1) (3.2)

1<j

The two particle scattering matrix satisfies unitarity S(p1,p2)S(p2,p1) = 1. The adjoint

state is denoted by |p1,...,pn)" = (pn,...,p1| and we choose the following normalization
n
i=1

Both the initial and final states are eigenstates of the conserved charges including the
momentum and the Hamiltonian

n

n
Plpi,....pn) =Y _pilpr,--»pn) 5 Hlpr,oooopn) =Y _E@)lp1,.. pn)  (34)
i=1 =1

As the Hamiltonian generates time, while the momentum space evolution the space-time
dependence of the matrix element can be easily determined (3.1), where A denotes the

2We assume that we are either in a theory with one single particle type, or in a diagonally scattering
subsector of a nondiagonal theory, otherwise, we have to decorate both the states and the scattering matrix
with color labels.



difference of the quantities on the two sides. In particular, the diagonal matrix element is
independent of the insertion point and depends only on one set of momenta. This diagonal
limit is not well defined, however, due to disconnected terms. Indeed, let us shift the
momenta between the two sets of rapidities as p, = p; +¢; and investigate the ¢; — 0 limit.
Crossing relation [3] allows one to put a particle with momentum p from the final state
into an antiparticle with momentum p in the initial state as

(Pns - -, 02, 21|Olp1, D2, - ) = (Pns -+ -, 02|OP1, DY, - - -, D) (3.5)
+(P11P1) (Prs - - - 02|OWhs D)) + .

where we kept explicitly only the disconnected piece which survives in the diagonal limit.
By crossing all particles and keeping only the relevant disconnected terms we can express
the diagonal matrix element in terms of the “elementary” form factors — having vacuum
in the adjoint state — as

+Z<pl|p;><0|0|ﬁna cee aﬁi) cee aﬁlapllv s aﬁ;a s ap{n>
i

i’j
where terms with hats are absent. In taking the diagonal limit p; — p; we face two types
of divergences. First, the states are normalized to delta functions (3.3). This can be cured
either by subtracting the disconnected pieces or by putting the system into a finite volume.
The second singularity type comes from taking the limit in the elementary form factor:
_ Z{ih...,in} Ajq..in€iq - - - €iy,

<0|O|Z§n77]517p1+5177pn+5n>— +... (37)
€1...€p

where we indicated the most singular terms. Clearly the expression depends on which
way we take the diagonal limit. There are two typical definitions: the symmetric and the
connected ones. In this paper we focus only on the connected evaluation,? which is defined
as the finite, e-independent, term in the expansion:

Fo(pty...,pn) = nlar.n (3.8)

With this definition the diagonal matrix element, what we also call as the expectation
value, can be formally written as:

(1, D0l Olpns . .p1) = Y (AJA)Fz{A) (3.9)
AC{1,...,n}

= Fo+ > (ili)Fo1f{1,....i,...n}

K3
+ (gl i) Fao{1, o ydy oo m)
Z'Lj

3The other can be easily obtained by the kinematical singularity axiom of the form factors [25].



where A is the complement of A i.e. A = {1,...,n}\ A. We give a more concrete mean-
ing of this formula by putting the system into a finite volume and carefully defining the
innerproducts of the states. Alternatively, assuming that we can evaluate the expectation
values, we can express the connected diagonal form factors recursively. We spell out the
details for the 1 and 2-particle states: the 1-particle expectation value can be written as

(p|Olp) = Fi(p) + (plp) Fo (3.10)

or, alternatively, the connected diagonal form factor in terms of the expectation value
reads as

Fo =(0]0|0) ;  Fi(p) = (p|Olp) — (plp){0]OI0) (3.11)

The analogous relations for the two particle case are as follows

(p2, p1|O|p1, p2) = Fo(p1,p2) + (p1lp1) Fi(p2) + (p2|p2) Fi(p1) + (p1, p2|p2, p1)Fo  (3.12)

or alternatively

Fy(p1,p2) = (p2, p1]Olp1, p2) — (p1lp1)(p2|Olp2) — (p2|p2) (p1|Olp1) + (p1, P2|P2, P1)(0[O0)
= (p2, p1|O|p1, p2) — (P1]p1) F1(p2) — (p2|p2) F1(p1) — (p1,D2|D2, P1)FoO (3.13)

We will see analogous relations in the classical limit.

3.2 Classical limit of diagonal form factors

In this subsection we propose an expression for the classical limit of the previously intro-
duced diagonal form factors. In describing the limit we first note that the diagonal form
factor can be thought of as the regularized quantum average of the operator O(¢(x,t)) in
a given energy-momentum eigenstate. In the classical limit the operator will be replaced
by the function of the field O(p(x,t)), while the state should correspond to a multiparticle
solution with the same energy and momentum. Finite energy solutions in a classical in-
tegrable theory have multiparticle interpretations: the energy density is well concentrated
around separated segments of straight lines. They are thought of as trajectories of parti-
cles, which interact locally, only when they get close to each other. Changing the initial
location of a given particle leads to another solution with the same energy. Consequently,
the space of n-particle solutions with a given energy has a moduli space isomorphic to R".
The quantum average of the operator O(p(x,t)) should correspond in the classical limit to
an average of the function O(p(x,t)) over this moduli space. The infinities, however, which
appear for the expectation values in the quantum theory, are present also at the classical
level, thus we need to introduce proper subtractions. Performing these subtractions we de-
fine a localized function, which we integrate over the moduli space of the classical solutions
with a given energy. As the strong coupling limit of the HHL solutions can be mapped
by the Pohlmeyer reduction to relativistic scattering theories we focus in this section on
relativistic theories. We analyze the infinite volume multiparticle solutions first and then
focus on the corresponding form factors. Sometimes it is useful to have explicit solutions



in mind. For this reason we provide explicit formulas for the sine-Gordon theory which is
defined by the Lagrangian

2
= %(a@)z — %(1 — cos B) (3.14)

3.2.1 Classical solutions and their moduli space

L

We consider an integrable classical field theory, which admits finite energy localized so-
lutions allowing for multiparticle interpretation. We introduce the moduli space of these
solutions by proceeding in the particle number.

Vacuum. The vacuum solution is a translational invariant —constant— solution of the
equation of motion, which we denote by ¢g. Its moduli space is discrete and usually

consists of one single point. In the sine-Gordon case this point is ¢g =0 = :l:%’r.

1-particle. The simplest 1-particle solution is the static solution,* ¢y (mz). The energy
density of this solution, €[¢g(mx)], is localized sharply around one point, which we choose
to be the origin, x = 0. Shifting this point spans the moduli space of the static solutions.
Each solution can be interpreted as a standing particle.

The moving 1-particle solution can be obtained by boosting the static solution:

st (mcosh @x — msinh 6(t — 1)) = pst(Ex — p(t — 1)) = ot (E(z — x1) — pt)  (3.15)

By introducing the dimensionless variable y = Fx — pt we can write the moving solution
in the form

p1(z, ty1) = @si(y — 1) (3.16)
Due to translational invariance the shifted solution is also a solution and we parametrize
the moduli space of the classical 1-particle solutions — of a given momentum — by y; € R,
which is y1 = Fx1. We choose the sign of y;, such that y; — +oo shifts the particle’s
trajectory to £oo. We assume that the theory has no internal symmetry, so the translation
y1, is the only continuous parameter of the moduli space. This moduli space is denoted
by M! = R. The 1-particle solution with a given momentum p can be considered as a
function of the space-time coordinates and the moduli parameter y; and we denoted this
function by ¢1(z,t;41), i.e. we do not write out explicitly the momentum dependence. As
the energy density of the solution is concentrated around the zero of the argument of the
static solution, we can think of this solution in terms of a particle’s trajectory:

z(t)=v(t—t1) =vt+z1 ; v = tanh§ (3.17)
In the sine-Gordon theory the solutions can be most conveniently expressed in terms

of tan %P. In particular, the 1-particle solution, ¢1(z,t;y1) = ¢1, reads as

el = tan Bfl _ emcosh01(x—x1)—msinh91t T (318)

It interpolates between 0 and %“ and is called the soliton. Anti-solitons can be described

either by —e; or by 61_1. Actually —61_1 is the soliton again.

4We introduced a mass parameter m to make z dimensionless.



Figure 1. Relativistic particle scattering process, in which particle 1 comes from the left and after
scattering on particle 2 coming from the right it experiences a A2 space-displacement and Ajot
time-delays. Particle 2 has the analogous A2 space-displacement and As ¢ time delays.

2-particle. The 2-particle solution with momenta p; and po denoted by ¢a(z,t;y1,y2)
generalizes the 1-particles solution as follows: the moduli space, M? = R2?, has two pa-
rameters y; and ys, which are the respective shifts in the particles’ trajectories, y; = F;x;,
such that y; — oo shifts particle ¢ to +00. Upto a localized interaction domain, the solu-
tion is the composition of two 1-particle solutions. These 1-particle solutions, however are
not the same before and after their interaction: there is a space displacement and a time
delay. Focusing on the energy density we can interpret the 2-particle solution in terms of
a collision process as follows. The particles travel freely

zi(t) =vt+a] =nt—t;) ; x20t) =vet +z5; =v2(t —t;) (3.19)

before they interact, say at time ¢ = 0. After the interaction they travel freely again as
ri(t) =vit +af = vt —t]) ; zo(t) = vot + f = vo(t —t5) (3.20)

The result of the interaction is the experienced time delays or space displacements:
Aot =t —t] At =t5 —t; ;5  Apr=af —z] ; Aoz =23 — x5

(3.21)
We show the scattering process on the schematic figure 1, where, to be specific, we assumed
that p1 > 0,p2 < 0 such that the space displacements have opposite signs: Ajsxr =

—v1A1ot > 0 and Agjz = —v2A91t < 0. These displacements are not the same for the two
particles but can be related via the free movement of the center of energy:

Eyxy + Esxe  Eqvr + Eavg ENETE + Ezwgi
Ei+ E, Ei+ Ey E1+ Ey

(3.22)

Expressing this motion in terms of the quantities before and after the interaction leads to
the relations
FEi1A1z + B3Nz =0 ; P1A19t + paloit =0 (323)

where we used that Ev = p. As the 2-particle solution is the classical limit of a scattering
process it is interesting to relate the appearing quantities to the S-matrix. The energy



derivative of the phase shift of the S-matrix is related in the semiclassical limit to the time
delay as [26]:
(0E,P1)0p,6(p1, p2) — Arat ; S = dp1p2) (3.24)

In particular, we can relate the time delays and space displacements to the classical limit,
%, of the quantity ¢(p1,p2) = E10p,6(p1,p2) as
c 0F,
d(p1,p2) = E10,,6(p1,p2) — 915 = E1 %Aut =p1Apt = —E1Apr = —Apy  (3.25)
1
i.e. the shift in the moduli space is nothing but the classical limit of —¢(p1,p2). The shift
for the other particle is

— ¢(p2,p1) = E20p,0(p1,p2) — —¢5; = E2(2522A21t = p2loit = —EpAg1z = —Ag1y
(3.26)
We can see from (3.23) that the shifts in the moduli parameters sum up to zero: Ajoy +
Ag1y = 0. This motivates us to work with this moduli parameter and not with the space
displacements or time delays.
In the sine-Gordon theory the 2-soliton solution, ¢o(x,t,y1,y2) = @2, can be written
in terms of the two 1-soliton solutions as [27]

,8(,02 e1 + e 91—92 e : o
tan - elg = T Zoen :  u1p = tanh 5 Dol = e cosh 0;z—m sinh 0;t—y;
— UT79€1€2
12

(3.27)
This solution, except for some local interaction domain, can be considered as two non-
interacting one soliton solutions. The effect of the interaction is that the solitons experience
some time delays. To calculate these time delays we analyze the solutions in the asymptotic

limits. As the energy density is proportional to the nontrivial contributions come

1
(512+€;21)2
from the domains when e; is not close either to 0 or to co. These are the places where the
solitons are localized and agree with the zero of the exponent of e¢;: E;x — p;it —y; = 0.
Analyzing the t — —oo limit we can see two nontrivial domains contributing. For x < 0

the quantity es vanishes, while for > 0 the other e; goes to infinity leading to

e1 for <0

el = 1 (3.28)
- for z>0

2
u12€2
We can reparametrize the x > 0 soliton as

1

2
U9€2

N u%2€2 — emcoshéngmsinh02t+¢f2 ; ¢(132 = log (tanh2 <91592>> (329)

In the ¢ — oo we found
€9 for <0

ez = 1 (3.30)
—— for >0



Parametrizing the particles’ trajectories before and after the collision as E;z— pz‘(t—t;t) =0

we can read off that before the collision ¢, = 0 and ] = p; '¢$,, while after the collision
t; =0and t; =p; ! {9- These lead to the following time delays:

44 12 D1

Aupt =ty =ty = m sinh 61 - pT

Clearly the relation p;Aiat + poAoit = 0 is satisfied.

C C
c Agt=tf —t; =0-— —12 712 (33
’ = 2 2 msinh92 P2 ( )

n-particle. The n particle solution with momenta p1,...,p, denoted by
on(x,t;y1,...,yn) depends on the space-time coordinates and on the moduli pa-
rameters y; € M" = R™ which are the respective translations of each individual

particles. By shifting the leftmost particle to y; — —oo the n particle solution reduces
to the n — 1 particle solution: ¢, (x,t;00,92...,yn) = ©n—1(x,t;y2,...,yn). By shifting
the same particle to y; — oo it scatters on each particle and suffers 2?22 Aqjy dis-
placements. Additionally, it shifts the other particles by Ajjy leading to the solution
on (T, 00,92, ..., Yn) = On—1(z,t;y2 + A21y2, ..., Yn + Ap1y). In general, the n particle
solution reduces to the n— k particle solution, whenever the other k particles are translated
to infinity.

In the sine-Gordon theory the n-soliton solution, ¢, (z,t;y1,...,Yn) = ¢n, can be
written as [27]

O TR RERD DN § (G20 | G AL

11;={0,1} j=1 i<j

where 0 _ o
e; = emcoshé)iw—msmheit—yi : uij = tanh 7 J

(3.33)

The classical time delay of the it" particle after passing through the j** particle is inde-

pendent of the other particles and reads as
(&
C_ 0: — 0.
Ayt = —lj ; i; = log tanh? %

(3.34)

3.2.2 Classical form factors

As we mentioned before the quantum average of the operator O(¢(z,t)) should correspond
in the classical limit to an average of the function O(p(z,t)) over the moduli space of clas-
sical solutions. Since the infinities which appear for the expectation values in the quantum
theory are present also at the classical level we develop proper subtraction procedure. We
proceed in the particle number. For reference we present the form factors of the trace of
the energy-momentum tensor in the sine-Gordon theory

m? 8m

O%(p) = (1 — cos By) =
32 (tan %" + cot %)2

32
Vacuum. The classical limit of the vacuum is the constant classical vacuum solution g

2

(3.35)

and the classical limit of the vacuum expectation value of the operator O(¢) is simply its
value O[gp]. If there are many vacua then the expression might depend on which vacuum
we evaluate the operator.

In the sine-Gordon theory ©(¢y) is vanishing on the vacuum ¢ =0 = %’r

~10 -
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Figure 2. One particle moduli space M; = R. Black dot indicates the point, whose neighbourhood
contributes to the 1-particle form factor.

1-particle. The classical limit of a 1-particle asymptotic state is the moving 1-particle
solution. Its moduli space is M1 = R and the classical analogue of the quantum expectation
value should be the average for the moduli parameter y;:

6lOW)" = [ dn O (@.t.) (3.30)

Similarly, however, to the quantum case (3.10) the expression is divergent if the operator
has a vacuum expectation value. Analogy with the quantum case suggests to define the
diagonal form factor after a proper subtraction (3.11): we define the classical 1-particle
diagonal form factor of the operator O(p) to be the integral

r= | gy {O(pr( ) — Ol0)} (3.37)

—00

As the 1-particle solution agrees with the vacuum solution away from the trajectory of
the particle the function O(p1) — O(pg) is well localized. Consequently, the integral has
a finite support and gives a finite result. As the moduli parameter y; shifts the classical
solution (both in space and in time) the integral is actually independent of the space-time
coordinates (z,t). This fits very well to the picture of being the classical limit of the
quantum diagonal form factor, which is also space-time independent. As this will be true
also for multiparticle form factors we put + = t = 0 and omit to write out the space-
time coordinates ¢n(y1,...,Yn) = ©n(0,0;91,...,yn). To further simplify our formulas
we analyze operators without vacuum expectation values. This can be easily arranged by
redefining the operators as O(p) — (O(¢) — O(¢p)). These newly defined observables are
then localized where the particles are localized. In particular, the 1-particle integral (3.37)
collects its contribution from a small domain around y; = 0, which is indicated with a
black dot in the moduli space.
In the sine-Gordon theory the one-particle connected diagonal form factor of © is
M2

1 2
FP(0) = Z(FlToo — iy = MT(coshQ 0 — sinh? ) = . (3.38)

where M is the soliton mass. Let us calculate the classical form factor from (3.37):

&0 m? 8m? [ dey 1 Am?
Ff = dy1 —5 (1 — cos = — — = 3.39
! /oo . 52( Ber) B2 /o er (e +e;t)?2 B2 (3.39)

which is consistent with the quantum formula as the classical limit of the soliton mass is

c_ 4m
M—ﬁ.

- 11 -



Figure 3. The insertion of the operator as compared to the two particle scattering solutions.
Special configurations for the operator are labeled from 0 to 6. 0 labels the location of the operator
for y1 = 0 and y2 = 0 and it is assumed that we collect contributions in this case. 1: yo > 0 only
contribution from particle 1 at y3 = 0. 2: y; > 0 only contribution from particle 2 at yo = 0.
3: y1 < ¢y only contribution from particle 2 at ya = ¢f5. 4: @7y < y1 < 0 and ¢y < y2 < 0
two-particle contribution. 5: ya < ¢, only contribution from particle 1 at y; = ¢¢,. 6: generic
point, not mentioned above: no contribution at all.

2-particle. The moduli space of the two particle solution, My = R?, contains separate
shifts in each particle’s locations y; and yo. The classical analogue of the quantum average
should correspond to the integral

(p2,p1|O|p1,p2)© — /M2 dy1dy20(p2(y1,92)) (3.40)

However, as the quantum formula (3.13) suggests the integral is infinite whenever the one
particle form factor is nonzero. Indeed, for operators without vacuum expectation value,
the contributions come from the trajectories of the particles, which form the scattering
process on figure 1. Let us analyze this two particle scattering picture and insert the
operator at the origin to see the effects of the various shifts in y;. Technically it is simpler
to draw the particle trajectories unchanged and shift the operator in the opposite way, see
figure 3. The characteristic quantity in the process is the space-time displacements, which
translate to the moduli parameter as Aoy = E1A 122 = —¢fy = —Ao1y = —E2Agx.

The translation of figure 3 into the moduli space tells the domain where the particles
are located or, equivalently, the domain where the function O(p12(y1,y2)) is non-vanishing
and the integral (3.40) collects its contributions from. See the left of figure 4. Near the
1-particle lines the other particle is far away and the solution can be approximated with
a l-particle solution, which depends only on one moduli parameter. The integral for the
other moduli parameter will then give infinite contribution. To define a finite quantity we
have to subtract the contributions of the infinite one particle lines. These one particle lines
are not the same before and after the interactions, i.e. they are shifted by Aoy = —¢fs.
The interaction domain is localized within a square of size Ajoy and in subtracting the
one particle lines we have an ambiguity in choosing the end and the start of the shifted
semi-infinite lines. Different choices lead to different form factors and we present here only
the one, which corresponds to the classical limit of the connected form factors, see the right
of figure 4. From the subtraction point of view we consider the interaction to be point like
at y1 = yo = 0. For y; < 0 we shift particle 1 to —oo, while for y; > 0 we shift it to +oo
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Figure 4. Domains in the moduli space My where the function O(p12(y1,y2)) takes non-vanishing
contributions are indicated on the left. Subtracted one particle contributions are indicated on
the right.

and subtract the obtained contributions. We repeat the same for particle 2 and arrive at
the definition of the classical two particle diagonal form factor:

F5(p1,p2) = /OO dy1 /OO dyo [0[802(,@1,2/2)] — O(~y1)O[p2(—00,y2)] (3.41)

—O(y1)Olp2(00, y2)] — O(=y2)Olp2(y1, —0)] — O(y2)Olpa(y1,00)]

This integrand is localized in both moduli parameter in a finite domain around the origin
denoted by the shadowed region on the left of figure 4, i.e. on ¢, < y1 < 0 and ¢, < y2 < 0.
In the sine-Gordon theory the 2-particle connected form factor of © is

1 M?
F2@(01 —by) = Z(FQTOO — FQT“) = TZgblg(cosh 61 cosh 6 — sinh 6 sinh 65)
M2
= 7@512 COSh(el - 92) (342)
We can compare the classical limit of this expression with our definition, which reads as
1
F5(61,62) d d —0O(— 3.43
—O( )7—9(— ) ! — O )é
- (ea+e5')? v (ufzen + (ufpe2)~1)? v (e1+e1')?
Alternatively we can change the integration variables for e; and es:
8m? d61 d62 1
FC(91,92) = / / @(1—61)
2 B2 Jo (e12 + 6121)2 (ufqen + (ufpe)~1)?
1
-0 —1)——————0(1—e¢
@) O
1
—O(eg—1)——m—— 3.44
e )(€1+61_1)2] .
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e1teo 2

Since ejp = the integral depends only on uf{,. We managed to perform this
2 12

1—u%261e
integral and obtained
am2 u?y, + 1 8m? 0, —0
F5(61,02) = _?uéz — log ujy = 3 cosh(f; — 63) log tanh? 172 (3.45)
12

which is the classical limit of the connected diagonal form factor.
For the application of the HHL three point functions we calculate the classical form

factors of the operators
Orp) = e*fe —1 (3.46)

in the sine-Gordon theory. As these operators do not have any vacuum expectation value
the 1-particle form factor is obtained as

0o o . 1N 2k
Ok _ dyy (M1 — 1) = dey 2261—+ﬁ -1 (3.47)
1 1
o 0o € er+e

Performing the integral we found

16 92 704
FOr =)y 2 22 2L k=1,2.3.4 3.48
1 { 37 15’ 105} ’ (3.48)

for the first few cases. In the following we focus on the two particle form factors and
evaluate the general formula

FQ(,Qck = /OO dyr /Z dyo [Ok[w(yhyz)] — O(—y1)Ok[p2(—00,42)] (3.49)

—O(y1)Ok[p2(00, y2)] — O(~y2)Ok[p2(y1, —00)] — O(y2) Ok[p2(y1, 0)]

First, using the definition of e1o, we can rewrite the operator as

2 —e19 + €5 2k
Oulp) = e 1= (B2 tim ) (3.50)
€12 + €5
The integrand can alternatively be reformulated as
Ok(y1,92) — Trem Ok (—00,y2) — 1o Ok (y1, —o0)
eyl 61/2

_1 T en Ok(ooayQ) - 1+ ev2 Ok(ylaoo) (351)
since the difference integrates to zero. In the following we change variables from (y1,y2)

to (e1,ez2). Clearly the integral depends only on u1o = tanh 91;92, what we abbreviate by

u in the following. We performed the two integrals one after the other and obtained the
following result:

16(u2+1)
7]
FE1(6,,0 “
2@ (61,02) 64(u2+1)°
By (61, 02) = 3(u?-1)° logu ; w=tanh b1 — 0>
F2(93 (61, 62) o 16(23u10+155u8+590;L6+E;90u4+155u2+23) & ’ o
FO(0,.0,) } 15(u2—1)
2 VY2 256(u2+1)" (11u8+100u5+738u?+100u>+11)
105(u2—1)7

(3.52)
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The higher formulas get heavy after this point and but it would be nice to have a compact
expression for them.

n-particle. In the case of n-particles the quantum average should go to the classical
moduli average:

(Pny- -, p1|Olp1, ..o D) — » dyy ... dynO(en(y1, - -, Yn)) (3.53)

To regulate this expression we have to subtract successively the lower particle number
contributions in the spirit of (3.9). The subtraction, which corresponds to the classical
limit of the diagonal connected form factor reads as:

Fr(p1y-ypn) = H/ dyz{ [on W1, yn)]l = > Oeiwi)Olen(yr, - - - €00, .. )]

1,65

+ Z €zy276jy] O[‘Pn(ylw--veiooa , €500 ...,yn)]+...
1,7, €3,€5
k Z O(€i, Yirs- -+ €Y, ) Olon (Y1, - - -5 €,00, . . ., €, 00 ,yn)]—l—}
{ik,ﬁk}

=11 /_ i Olon(yns- )l (3.54)

where O (€, Yiy s - - -, €, Yip) = H§:1 O (€4, yi;). We can also express each term in terms of the
lower order connected terms. This unifies the signs as:

Fé(pr,- -, p) —/M dy*{cf)[gon(yl,...,yn =S 0 Olenyns - €600, -yl
1,65
Z O(€iyi, €5Y5)Olen(Y1s - - -, €00, ..., €00, ..., Yn)lc + ... (3.55)
1,J,€4,€5
_ Z @(eilyil,...,eikyik)(’)[cpn(yl,...,eiloo,...,eikoo,...,yn)]c—i—...}
{ikvek}

where we denoted the integration for the moduli space as [, ., dif = [1; [“o, dy

4 Diagonal form factors and expectation values in finite volume

In this section we generalize the previous analysis for finite volume. We assume that the
volume L is asymptotically large and neglect all exponentially small vacuum polarization
effects. We start by recalling the available results for the quantum theory and then develop
the classical finite volume form factors in parallel with section 2.

4.1 Finite volume diagonal form factors

We analyze a quantum field theory in a large volume L and focus on the leading (poly-
nomial) finite size correction of the expectation values. In this approximation the finite
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and infinite volume form factors differ only by the normalization of states [28]. The finite

volume states |p1,...,pn)1 are eigenstates of energy and momentum with the eigenvalues
n n
Plpr,...opn) =Y _prlpis-- a5 Hlproooop)e =Y Epr)lp1s- - pa)r (4.1)
k=1 k=1

which are formally the same as the ones in infinite volume. The basic difference is that
a finite volume state is symmetric in the momenta, and the momenta are quantized in a
volume-dependent way by the Bethe-Yang equation

et T SGep) =1 k=1....N (4.2)
ik

In practice, we take the logarithm of this equation

q)k = pkL —1 Z ]Og S(pkypj) = 27TIk (43)
Jii#k
and use the quantization numbers {I;} to label finite volume states |p1,...,pn)r =
\I1,...,I,). Due to the discreteness of the finite volume spectrum the states are normalized
to Kronecker d-functions:
(Jmy -, o In) = Onm0rgy -+ 01,0, (4.4)

in contrast to the infinite volume states which are normalized to Dirac ¢ functions. Both
the finite and infinite volume states form complete bases and we can relate them for large
volumes by comparing the resolution of the identity. For large volumes the momentum
eigenstates are very dense and we can change variables {p;} — {I;} via eq. (4.3) leading
to the relation

p1,-spn)n = Npu-opa) 5 N7U= [T SWipi)ea(prs - pn) (4.5)

1<j
Here the density of states is defined by the Jacobian:

0%;

pn(p1, .- pn) = det[Qy] 5 @y = E(pi) o <E(pz‘)L + Zdhk) bij — ¢ij (4.6)
! k=1

We also included the multiparticle S-matrix to compensate the order dependence of the
infinite volume state. We denoted the derivative of the phase of the S-matrix with respect
to the first argument as

0
bik = o(pj, pr) = —iE(pj)% log S(pj, pr) (4.7)
J

The derivative w.r.t. to the second argument is related to ¢j; by unitarity:
—iE(pr) g0 108 S (pj, pr) = —Pij-
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Using the finite volume norm of states Saleur suggested an expression for the finite vol-
ume expectation value in terms of the infinite volume connected diagonal form factors [29]:°

L(Pns - 01|O|p1, - .- Pn)L

S DI AR (19
Fo+ Y p{i} o a{1, .ty oon} + 30, pli, Y Fao{1, o Gy}
- p{l,...,n}
where
plit, ... im} = detjy [®i;4,] (4.9)
is the determinant of the minor of the Jacobi matrix involving the set of labels {i1,...,im}.

In particular, for one and two particles we have

LI = = (Fi)+ m@)F) ¢ ;) = EL (410)
(p2, p1|Olp1, o)1 = F>(p1,p2) + p1(p1)Fi(p2) + p1(p2) Fi(p1) + p2(p1,p2) Fo (4.11)
PR p2(p1,p2) ‘

where

p2(p1,p2) = L*E1Bay + L(¢12E> + 921 B1) 5 pi(p1) = E1L+ ¢12;  p1(p2) = EsL + ¢
(4.12)
and E; = E(p;).

The expression (4.8) for the finite volume expectation values are valid upto exponen-
tially small corrections. It incorporates all polynomial correction in L~!, which come from
two sources. Its explicit dependence sits in the norm of the states, while implicitly it
depends on L via the momenta, which satisfy the Bethe-Yang equation (4.3). Observe
that this expression is finite and provides a regularization of the analogous infinite volume
formula (3.10).

4.2 Classical limit of expectation values

Recall that the expectation value can be thought of as the quantum average of the operator
O(¢(z,t)) in a finite volume energy-momentum eigenstate. The classical analogue of this
formula should be in which we integrate the function O(p(z,t)) over the moduli space
of the classical finite volume solutions with the same energy and momentum. Similarly
how the finiteness of the volume regularized the quantum average, the classical integral is
finite, too. The quantum formula (4.8) expresses this finite average in terms of the infinite
volume diagonal form factors and the sub-densities p. In an analogous way we express
the classical average in terms of the classical diagonal form factors and the classical limit
of the sub-densities p. We start by constructing the finite volume multiparticle solutions
and by determining their moduli space. We then rewrite the classical average in terms of
the classical diagonal form factors.

®Similar formula was proposed for symmetric diagonal form factors in [25] and proved later in [30].
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Figure 5. The 1-particle trajectory in finite volume is x(¢t) = vit + 21 — nL, where x being
understood modulo L. The moduli parameter shifts the solution both in space and in time and its
periodicity is Y1 = F1 L.

4.2.1 Classical solutions and their moduli space

The main difference between the infinite and finite volume solutions is that the moduli
space of the latter is finite. Let us analyze it with increasing particle numbers.

Vacuum. The vacuum solution is automatically periodic and doesn’t have any moduli
parameter.

1-particle. The finite volume one particle solution is usually very complicated and in-
corporates exponentially small finite size corrections. As we focus only on the polynomial
correction in L~! the exact solution can be approximated by the infinite volume solution.
In this approximation the particles can be considered pointlike and we merely continue the
particle’s trajectory periodically as shown on figure 5.

The periodicity of this solution in time is 77 = % and within each time period the
finite volume 1-particle solution is

o1(z, t, 1)L = gst(Erx — y1 — p1(t —nT1)) (4.13)

with some appropriately chosen n. The time/space periodicity translates into the y- peri-
odicity on the moduli space as:

n=y+¥r 3 Yi=pTi=EL=p] (4.14)

Denoting the shift vector y; — y1 + Y1, by A1y = Y7, the finite volume moduli space is the
factor space

Ml
Ay

which can be chosen to be the interval [0, Y;]. Clearly this moduli space is finite.

My = (4.15)

2-particle. The exact finite volume two particle solution is usually very complicated,
but we can easily construct a good approximate solution from the infinite volume two
particle solution as follows: we take two free particles which travel as x; = v;t + z; and
are well separated. (In a large volume it is always possible). This can be approximated
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Figure 6. Approximate finite volume 2-particle solution: near the interaction pont we use the
infinite volume 2-particle-, while away of them, the periodically continued infinite volume 1-particle
solutions.

by two 1-particle solutions. When the particles get close to each other we replace this
solution with the infinite volume 2-particle solution. After the collision process, modeled
by the two particle solution, the particles are far away form each other and the 1-particle
approximation is correct again. However, the two trajectories are now shifted as x1 =
vit+ ;] +Arex and 29 = vat + 25, + Ag;xz. When any of these “outgoing” particles reaches
the periodicity border, 0 or L, it will come back from the other side and together with
the other particle form a separated two particle initial state similar we started with. We
then repeat the previous scattering process and by following this procedure we build up an
approximate finite volume 2-particle solution: near the interaction pont we use the infinite
volume 2-particle-, while away from them, the infinite volume 1-particle solutions as show
on figure 6. We denote this solution as ya(x,t;y1,y2)r where y; and yy are related to the
original coordinates (z] , x5 ) of the particles.

Next we should understand the structure of the finite volume moduli space. To
parametrize this space we use the y; and ys shifts of the individual particles’ locations
as we used in the infinite volume case. We search for such transformations on y1, yo which
leave the finite volume solution invariant. We are going to factor out with these transfor-
mations. In the 1-particle case we simply moved the particle around the volume, which
lead to the periodicity. This is similar how we move a particle in the BY equation at the
quantum level. Let us mimic this transformation for the two particle case. If we shift
particle 1 to the right then it passes through particle 2 and comes back on the other side.
Due to the interaction the periodicity for particle 1 is shorthand by the space-displacement
as L1 = L — Ajox. The analogue periodicity in the moduli space is

Y = FhL — E1A19x = E1L + (j)fQ (4.16)

This shift, however, does not leave the two particle configuration invariant, because it is
not the periodicity of the classical solution (trajectory). The reason is that having passed
through particle 2 it suffered a Asjx displacement thus for the full periodicity we have
to move back particle 2 by —Ag1x. Consequently, the full periodicity is the simultaneous
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shifts on the plane

(y1,92) = (Y1 + Y1,92 = 651) = (y1,92) + (Bayr, Diyz) Ay = (E1L + ¢95, —995)
(4.17)
Similarly we can move also particle 2 into the right direction around the circle. First we
leave on the right and appear on the left and then pass through particle 1. As Agjx is
negative the effective periodicity is shorthand to be L — |Agjz| or in the moduli space to

Yo = EsL + EoAg1x = EoL + gﬁtﬁ (418)

Now passing particle 2 from the left through particle 1 the displacement of particle 1 is
—Aqjox which we compensate by adding Ajsx. The full periodicity shift in the moduli
space is then

(Y1,92) = (Y1 — P2, y2 + Y2) = (y1,y2) + (Day1, Daya) Agy = (=i, EoL + ¢15)
(4.19)
The finite volume moduli space is obtained by factoring out the infinite volume moduli
space by the two shift transformations

M2
M= 4.20
B Ay, Mgy} (4.20
The volume of this moduli space is finite,
Vol = p§ = det[A1y, Agy] = L*E1 By + L(¢52 B + ¢§,E)) (4.21)

and is nothing but the classical limit, p¢ of the density of states (4.12).

n-particle. The finite volume approximate n-particle solution is constructed as follows:
we start with n separated straight lines at t = 0 with trajectories z; = v;t + 2* . The
corresponding n-particle solution is approximated by the sum of the one-particle solutions.
Whenever k particles’ lines approach each other (within the interaction distance A;;jx) we
replace the sum of the k one particle solution with the infinite volume k-particle solution.
We do this construction on the cylinder (i.e. in a periodic way). We denote this approximate
finite volume solution by n(z,t;y1, ..., Yn)L-

In order to determine the moduli space we analyze the symmetry of the configuration.
Let us move the " particle around the cylinder. When we pass particle j we use the
two particle scattering, so the it" particle suffers a Aj;x, while the 4t particle a Ajix
displacement. In the moduli parameter we multiply x; by E;: y; = E;x;. The simultaneous
transformation (shifts) in the moduli space which leaves the configuration invariant is

ith: (y177yZ77yn)_>(y1+A2y177y’L+Alyla7yn+Azyn) (422)
Ay = (=, i, =85 5 Yi=LE+ > 6 (4.23)
jiiti

The finite volume moduli space is the infinite volume moduli space factored out by all the
n shift vectors

{Avy,...,Any}

M (4.24)
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Figure 7. Finite volume moduli space of 1-particle solutions. It is periodic with period Y;. Black
dots indicate the region where the 1-particle average (4.26) collects its contribution.

The volume of the phase space is the classical limit of p,:
Vol,, = p;, = det[Ayy, ..., Ay (4.25)

4.2.2 Classical averages

Similarly to the infinite volume case the quantum average of the operator O(p(x,t)) corre-
sponds in the classical limit to the average of the function O(¢(x,t)) over the finite volume
moduli space of classical solutions. We express these finite quantities in terms of the infinite
volume form factors and finite subvolumes of the moduli space.

Vacuum. As the vacuum solution is the same in finite and infinite volumes the cor-
responding form factor is also the same O(gp). To simplify formulas we assume in the
following that the observable, O, does not have any vacuum value.

1-particle. The classical expectation value of the function O(y) in a 1-particle state with
momentum p is its average over the moduli space of the finite volume solution

1 M
L(plOlp)L, = Yl/o dy1 O(p1(z,t,y1)1L) (4.26)

The main difference compared to the infinite volume expression is that it is finite by itself.
In the following we express this quantity in terms of the infinite volume classical form
factor. Clearly the expectation value is independent of the space-time coordinates (x,t)
thus we insert the operator at the origin (0,0), where the 1-particle solution is passing by.
For operators without vacuum expectation value the integral collects contributions around
the origin (denoted by a black circle on figure 7).

The finite volume expectation value in terms of the infinite volume form factor can be
written as

C

Y
1 2 1 [ F:
LolO)E = 57 [ anOleiil =3 [ dn el = T- 2
-3 —00 1

where we used the fact that the contribution comes from a local region around the origin and
extended the domain of integration to infinity. We also used that in our approximation
the infinite and the finite volume solutions are the same. The difference between the
two expressions in (4.27) is exponentially small and can be neglected. This finite volume
classical average is exactly the classical limit of the quantum finite volume expectation
value (4.10).
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Figure 8. Moduli space indicating the domains where the integral (4.28) collects its contributions.
The picture is periodic with the shifts {A;y, Asy} to be factored out.

Y, O v,
, = i —

O I
= |
= - L ‘

Figure 9. 2-particle and 1l-particle contributions of (4.28) in the moduli space. We indicated the
shift vectors {A1y, Aoy} on the left figure explicitly.

2-particle. The classical 2-particle expectation value is defined by averaging the observ-
able over the moduli space

1
L{p2, p1|O|p1, p2)] = Voly e dy1dy20(2(y1,y2)1) (4.28)
L

The integral collects completely well-defined finite contributions from the domain indicated
on figure 8.

This figure is the finite volume analogue of figure 4. Similarly to the infinite volume
case let us separate the 2-particle and the 1-particle contributions. It is indicated on
figure 9.

In order to express the average in terms of the form factor we subtract from
O(y2(y1,y2)r) the one particle contributions and add them back. We should be care-
ful with the subtraction as it has to be done in a way, which respects the shift symmetries
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of the finite volume moduli space, {Ay, Agy}:

O(p2(y1,92))e = Op2(y1,y2)) — O(y1)O(Y1 — y1)O(p2(0, y2))
—O(y2)0(Y2 — 42)O(p2(y1, 0)) (4.29)

This formula is valid in the fundamental domain, and should be extended periodically
with the shifts {Ajy, Agy}. Although two subtracted pieces seem missing as compared
to the infinite volume expression, by shifting this function with the appropriate moduli
transformations the missing pieces can be recovered as

— O(=y1)Opa(—00, y2)] — O(=12)Olpa(y1, —0)] (4.30)

With these subtractions the classical finite volume expectation value is

{2, p1|O|p1, p2)§ = dyldyg{O(m(yl, Y2))e + O(y1)O(Y1 — y1)O(p2(00, y2))

VTIQ Mi
£O(1)O(Ya — y2)O(2a(u1, oo>>} (4.31)

As both the 2-particle and the 1-particle integrands are localized we can extend the in-
tegration domains appropriately to infinity. The integrand in the subtracted/added back
pieces factorize in 1 and y2. As the two particle solutions reduce to the 1-particle solutions
when a particle shifted to infinity @2 (00, y2) = ¢1(y2) the integration for yo give the infinite
volume diagonal form factor F{(p2), while the integration for y; with the © gives only the
respective volume Yj. Putting everything together we obtain

1
L(p2,p1|Op1,p2)§ = 0 (F5(p1,p2) + Y1 F{(p2) + Y2 FT(p1)) (4.32)
9

which is exactly the classical limit of formula (4.12).

n-particle. The n-particle classical finite volume averages can be defined as

1
L{Pns - s01|Op1, ..., p2)], = /Mn dyi - .. dynO(en (Y1, - Yn)L) (4.33)
L

~ Vol,

This can be expressed in terms of the infinite volume connected integrands as

1 B

L{Pns-- > 01|01, ..., p2)] = / dy s O(p1.n(Y1,- -, Yn)e) (4.34)
VOln ME
+> 0{wi}O(en(y1, 00, -, Yn))e

+Z@{yi,yj}(’)(<pn(y1,...,oo,...,oo,...,yn))c +...
2'7j
{ix}
The contributions of the lower order terms are such that after implementing the various
shifts the infinite volume subtractions are locally restored. In particular, it implies that
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the various © terms are the characteristic functions of the orthogonal projections of the
moduli space to the relevant set of variables. For one coordinate it is

1 ify; = a;Ayy;  for some a; € [0, 1]
O{yi} = O(y:)O(Y; —yi) = o ' (4.35)
0 otherwise
For two coordinates it reads as
1 ify; = azAlyZ + Oszjyl' and Y; = aiAiyj + oszjyj
O{yi,y;} = for some oy, a; € [0, 1] (4.36)
0 otherwise
while in general as
1 ifforalla=1,....k:y;, = Z?:l FTAVETS
MYy Yip } = for some for some «;,...,q;, € [0,1]
0 otherwise
(4.37)

By performing the integral the integrand factorizes into the classical connected form factors
in one set of variables and the various classical densities in the complementer set of variables
leading to the formula, in which the average of the observable O over the moduli space of
the classical n- particle solution can be written as

Fﬁ(plv' .. 7pn) + Zz p%(pl)Fﬁ—l(pla e 7]51'7 e 7pn) +...
Ph

L<pm- .. 7p1‘0‘p17 o 7p2>i -

(4.38)
which is the classical analogue of formula (4.8).

5 Some comments on HHL correlation functions

As indicated in the introduction, it was the computation of Heavy-Heavy-Light corre-
lation functions that was our main motivation for developing the formalism of classical
computation of finite volume expectation values and diagonal form factors. In [11] we con-
jectured an identification between OPE coeflicients for ‘symmetric’ operators i.e. when the
two heavy operators are conjugate to each other, and diagonal form factors/finite volume
expectation values.

Indeed, in the case where the heavy operator has charges only on the S°, the 2-point
correlation function of the heavy state is

R I

27, (T) = Rtanh k(1 — 79) 25 (T) = and X{yf}(a, T) (5.1)

~ cosh k(T — 70)

where the solution on the S° also depends on its own set of moduli {'} (n moduli for an
n-particle state). We see that there is an additional moduli 79 which is the relative time
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shift between the AdS geodesic and the solution on the S°. The modified prescription for
HHL correlators proposed in [11] is

Crr, = const - lim 1 /T/Z dT(]/ /deUVL [azm (1), 20 (1), X1 11 (o, 7')} (5.2)

T—oo T ) 19 moduli/T wh
where we restricted ourselves to the case of conjugate heavy operators. Here we implicitly
assume that the contribution of the heavy vertex operators in the diagonal case will not have
any moduli dependence and thus will not contribute to the above expression. Once we deal
with the 79 integral, which is usually trivial, the remaining integral over the moduli space
of finite volume classical solutions has exactly the same structure as the integral appearing
in the computation of finite volume classical expectation values discussed extensively in
the previous section. Thus one can adopt the decomposition into diagonal form factors
obtained above also to this case.® We conjectured that such general decomposition extends
also beyond the classical case. This has recently been verified at weak coupling and in the
hexagon approach in [12, 17, 18].

In order to illustrate this formula, let us apply it to an interesting class of scalar
operators including both supergravity and massive short string excitations for which the
vertex operators are known explicitly in the classical limit. This family was introduced
in [31] and the vertex operators are

<x2 - 22>AL [OXKoxK]" (5.3)

Since the AdS part factorizes, the 7y integral can be easily carried out an one is left with
Chmr, / /deO’ [8XK5XK]T (5.4)
moduli/T

Now, specializing to the heavy solution to be contained in the S? C 8%, we can use

Pohlmeyer reduction formula to identify
OXEOXE = cos B (5.5)

where ¢ is a sine-Gordon field. Thus one can reduce the computation of this class of
HHL correlators to diagonal form factors of the operators e?*? in the sine-Gordon theory,
for which we gave some explicit expressions in the previous sections. Note that the full
expression for the finite volume expectation value will be different as the Bethe Ansatz
factors will be different from the ones in sine-Gordon theory.

6 Conclusions

In the present paper we proposed a scheme for performing computations in the classical
limit of two classes of observables in integrable field theories: diagonal form factors in
infinite volume and finite volume expectation values of local operators. A key ingredient

In appendix B we discuss a minor subtlety which is nevertheless harmless.
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of the proposal is an integration over the moduli space of classical multiparticle solutions
which correspond to a single multiparticle quantum state. The integration over the infinite
volume moduli space is divergent which in fact mimics the structure of divergences in
infinite volume form factors in the diagonal limit. The main contribution of this part of
the paper is to provide a concrete prescription for subtraction terms which lead to the
infinite volume connected diagonal form factor which is a perfectly finite quantity.

In the case of finite volume expectation values, although the moduli space has finite
volume, it has a nontrivial periodicity structure due to the time delays characteristic of
soliton scattering. We show that the relevant integral can be naturally evaluated in terms
of the classical diagonal form factors identified in the first part of the paper and volume
factors which turn out to be equivalent to subdeterminants of the Bethe ansatz equations.
In this way the known expression of finite volume expectation values in terms of diagonal
form factors are explicitly realized in terms of the proposed classical expressions. This is a
very nontrivial consistency check of the proposed expressions.

The relevance of the obtained results is twofold. On the one hand, the algorithm for the
classical evaluation of diagonal form factors may be an important and useful crosscheck of
the full quantum expressions, as these are in fact extremely complicated, as they would arise
from a diagonal singular limit of a 2n-particle form factor. On the other hand, within the
AdS/CFT correspondence the evaluation of Heavy-Heavy-Light OPE coefficients reduces,
as advocated in [11], to an integral over the moduli space of the finite volume solution.
This led to the conjecture spelled out in [11] that the HHL OPE coefficients of ‘symmetric’
operators are related to diagonal form factors through finite volume expectation values of
the appropriate part of the worldsheet vertex operator. The contribution of the present
paper in this respect is to provide a framework which works for any number of particles.

There are many interesting directions of future research. It would be particularly
interesting to determine the exact finite volume multiparticle solutions for an integrable
QFT. Then one could analyze the moduli space of these solutions and map its periodic-
ity properties. A proper geometric quantization of this moduli space should lead to the
Bethe-Yang equations. In the paper we provided explicit expressions for the classical limit
of diagonal connected form factors with two particles for the exponential operators in the
sine-Gordon theory. It would be challenging to evaluate the classical limit of the compli-
cated quantum expression including multiple contour integrals to check our proposal. We
calculated the explicit expressions for low powers of the exponential operators directly. It
would be nice to find a closed expression for generic powers and to extend the results for
higher multiparticle states. Work is in progress into these directions. The semiclassical
finite volume form factors analyzed in [23] for the conformal case also revealed a connection
with moduli space and Bethe-Ansatz equations. It would be very interesting to elaborate
the connection between our results and [23] in order to find a unified description.
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A Normalizations

In this appendix we comment on the normalizations of the states and form factors. Clearly
the normalization of multiparticle states affect the form factor of all operators in a uni-
form way.

In the paper we chose the normalization
n
(s prlphs ) = [ [ 27 E )8 (pi — p}) (A.1)

which is very natural from the relativistic point of view as it is invariant under Lorentz
transformations. It is nothing but J normalization in rapidity space. In non-relativistic
theories we could alternatively normalize to § functions in momentum space

#(Prs-mlphs - ph)e = [ [ 278 (pi — ) (A.2)

which is indicated by a subscript z as 276(p) = [€P?dz. The diagonal matrix elements
can be easily related in the two normalizations

(p1;-- -, pn|Olpn, - .. HE (i) 2(p1, - - Pl Olpns - P1)a (A.3)

just as form factors
F(p1,...,pn) = HE Pi)F(p1,- -, pn) (A4)

Changing the normalization of states will also change the density of states to

Py (P1, ... Pn) = det [q)ij] ; q)ij = 871)] = (L + Z@k) dij — ¢z‘j (A.5)
' k=1
where 5
jk = 9" (pj o) = —ig —log S(pj, pr) (A.6)
Pj

The finite volume expectation value is related to the Kronecker normalized states and is
thus normalization-independent:

L<pn, cee ap1|0|p1a .. pn>L

Fx+zp{z} ST LTI RN WO S 1108 oY SN AN SN ) SO
p{1,...,n}

As in the classical limit
" (pj, pr) — Djpx (A.8)
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it is more natural to think of the moduli space in terms of shifts of the xz-coordinate of the
multiparticle solution. This coordinate is dual to the momentum coordinate and it is easy
to see from the normalization change

Yi = Eixi N /dyl- = Ez/d:vl (Ag)

that the classical infinite volume form factor can be obtained as

Fy(pi,....pn) = H/_OO dIi{O[@n(UCl,-n,xn)]—Z O(eiz)Olpn(x1, ..., €00,...,2p)]c

1,€;

— Z @(eixi)@(ejxj)(’)[gon(:vl, ce 5 €00, .., €500, ..., xn)]c =+ ...

2,]5€4,€5

k
_ Z H O(€i;2i; ) Olpn (w1, ..., €,00,. .., €,00,. .., Zn)]c+ ... }
{in e} J=1
(A.10)

What is nice about this normalization is that the classical analogue of the Bethe-Yang
equation has a direct geometric meaning. Indeed, moving particle ¢ around the volume the
x-space moduli parameters change as

ith . (@1yee oy Xy oy @y p) = (21 + D,y o + A,y o Xy + Djzy)  (ALLD)
Az = ( —Ayz,. L= Y Ay, —Amm> (A.12)
JigF

The volume of the coordinate-moduli space is indeed the classical limit of the density

of states
n,xr Mn
T . T _ x,c __
M;" = TN Volf = pi¢ = det[Ayx, ..., Ayx] (A.13)

B Connections to HHL 3-point functions

In our previous paper we conjectured that the HHL three point functions can be described
by finite volume diagonal averages. In the strong coupling (classical) limit we suggested a
new way of calculating these 3-point functions by integrating the light vertex operator for
the moduli space of classical solutions. We explicitly checked and connected these proposals
by evaluating the two magnon matrix element of the dilaton vertex operator.

Our analysis for relativistic theories implies that the diagonal finite volume matrix
elements in the classical limit correspond to the integral of the classical observable for
the moduli space of classical solutions. This, when applied to the HHL 3-point functions
would imply the conjecture for multiparticle state, however there is a caveat. Namely the
AdS/CFT correspondence is not described by a relativistic theory. Only its classical limit
can be mapped via the Pohlmeyer reduction to a relativistic theory. In this map one also
introduce a kind of gauge transformation, which changes the effective size of the system
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and it is not quite clear that the quantum-classical correspondence applies. In the following
we analyze the strong coupling (classical) limit of the quantum formulas and show that it
is consistent with the relativistic classical expressions.

We first recall that the strong coupling limit of the scattering matrix is:

in2(PL=P2
. P1 Do sin”( )
_ ZlOg S(p17p2) = —g(COS 5 — COS 2) logm (Bl)

= [
V)
S~—

where ¢ is the coupling constant, which goes to infinity. It is related to the classical
expression, which can be obtained by integrating the time delay, by a gauge transformation
and normalization [32]:

—iglog S°(p1,p2) = —ilog S(p1,p2) — gp1E> (B.2)

In the finite volume formulas we need to calculate the density of states, which is then
expressed in terms of
_ ;9log S(pk, pj)

= gApix+ gE; B.3
apk J J ( )
via
0%; -1
(I)ij:aizg —Aljx—Ej...,g L+ Z(Aij—l-Ek),...,—Anjx—Ej <B4)
Di hehtj
k#j
Introducing
E :gflL—i—ZEi (B5)
i
we can simply write
g_lq)ij = ( — AljJL', - ,E + Z Aijl', ceey —ANil’> - Ej(l, cee 1) (BG)
J#i

The determinant of ®;; is the classical limit of the quantum density, which we would like
to relate to p™¢ . The key observation is that

L™ det[®;;] = g"L ™' p™° (B.7)

This can be shown by simultaneous transformations on both matrices. First, by subtracting
the first column from each we get rid off the extra E; terms everywhere except the first
column, such that the rest of the matrices coincides. In the second step we add each
row to the first. As a result, the first row will be zero except the first element, which is
L, E; = g~ 'L for det[®;;], while L for p®.
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