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1 Introduction and results

Supersymmetric field theories have seen dramatic advances in recent years, many brought

about through the study of partition functions on compact manifolds admitting Killing

spinors. Most often those are the sphere partition function and the superconformal index
related to the S9! x S' partition function. The latter, first introduced for 4-dimensional
theories in [1, 2], is a generalization of the Witten index [3]. As such, it counts the states

of the theory according to their fermionic or bosonic nature, as well as according to their

quantum numbers. These charges, for symmetries which commute with the Hamiltonian

and preserved supercharges, are introduced in the usual trace formula through fugacities.

In this paper we study the index of 4d N/ = 2 superconformal theories on S% x S!.

The representations of the corresponding superconformal algebra SU(2,2|2) are labelled



by the Cartans (E, j1,jo, R, ) of its bosonic subalgebra. E is the energy, (j1,72) are the
Cartans of the SU(2); ® SU(2)3 isometries and (R, ) are the Cartans of the SU(2)p®U(1),
R-symmetry group.

The superconformal index generally has three independent fugacities coupling to lin-
ear combinations of these Cartans, and in addition fugacities for flavour symmetries (see
appendix A). We are interested in an unrefined version of the index, known as the Schur
index [4-6], where one relation is imposed between the three fugacities, but it turns out
that the resulting index depends only on one unique fugacity q. The charge that this fu-
gacity couples to commutes with a pair of supercharges @ and @', which, following [5, 7],

we choose such that
§=2{Q,Q"Y =FE —2jo — 2R +r,

i (1.1)
8 =2{Q,Q"} =E+2j; —2R—r.

The Schur index is then given by!

T — Tr(_l)Feﬁéeﬁ’a’qz(E—R) H eZiu<“)F(a) : (1.2)

a

2l are the fugacities for the charges of the superconformal and flavour

where ¢ and e
groups respectively, and F(®) are the flavour charges. We express the flavour fugacities
in terms of their chemical potentials u(®, which appear in a natural way in the explicit
expressions for the index below. The sum in (1.2) is taken over all states of the theory, but
following the usual Witten argument [3], contributions from fermions and bosons cancel
for all multiplets except for those with 6 = §’ = 0, so that the index is independent of 3, 3.

As shown in [1, 2], there is an elegant way to express the index (1.2) as a matrix model.
It was first noted in [8] that the contributions from each multiplet can be neatly expressed
in terms of elliptic gamma functions. For the Schur index, the contributions combine in
such a way that they can be written as g-theta functions (see appendix A and [6]). We
give here the expressions for each multiplet, in terms of Jacobi theta functions and the
Dedekind eta function (see appendix B for their definition and for useful identities). We
consider U(N) (or SU(N)) gauge groups, and use the gauge freedom to reduce the integral
over the Lie algebra to an integral over a Cartan subalgebra that we parametrize with «;,
1=1,--- ,7rq, which are 7 periodic and where rg is the rank of the gauge group.

The contribution from an N = 2 vector multiplet, including the integration with the
Haar measure is (A.6)

el
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Here |W)| is the order of the Weyl group of the gauge group and we use the notation
g=-e

iTT

We use a slightly different definition of the fugacity than in most of the literature. ¢ in [6] corresponds
to ¢ in our notations.



An N = 2 hypermultiplet in the bi-fundamental representation of the gauge groups
G x G contributes to the index as (A.3)

~1/12

q /()

Thyp = | | , (1.4)
P i Uy (agl) - 04§-2) + u, q)

where u is the chemical potential for the U(1) flavour symmetry, which enters in the index
as defined in (1.2). For U(V) theories we can also include Fayet-Iliopoulos (FI) parameters.
On S3 x S! the FI parameters ¢(@) are quantized to integers [9] and contribute as

SUPELIY (1.5)

The simplest matrix model of this class corresponds to N' = 4 SYM, which in this
N = 2 formalism has one U(N) gauge group, as well as one adjoint hypermultiplet. The
model for this particular case was solved exactly in [10]. This was made possible by
expressing the matrix model as the partition function of a 1-dimensional free Fermi gas.
In the context of supersymmetric field theories, this type of manipulation was pioneered
in [11], who studied the S partition function of ABJM theory [12], as well as more general
circular quiver gauge theories. This led to numerous results, such as the discovery of the
universal Airy function behaviour of the perturbative part in the large N expansion for all
circular quivers [11], as well as a complete understanding of the non-perturbative effects of
the ABJ(M) partition function (see [13] for a review). This formalism was also successfully
applied to many other three dimensional superconformal theories, with wide ranging gauge
groups [14] and quiver structures [15, 16], and was also used to understand the relationship
between topological strings and 3d partition functions [17-19].

The key step in this method is the use of a determinant identity which expresses
the integrand of the matrix model as a determinant. Indeed, in [10] we used an elliptic
generalization (C.4) of the Cauchy determinant identity which resolved the interactions in
the matrix model of the index of N/ =4 SYM.

In the present paper we study theories that are a natural generalisation of N = 4
SYM, namely circular quivers, and apply the Fermi gas formalism to compute the Schur
index. A circular quiver of length L has gauge group U(N)% (or SU(N)¥), with vector
multiplets for each gauge group factor and bi-fundamental hypermultiplets connecting them
in circular fashion, as depicted in figure 1. These theories are of particular interest as the
circular structure is most susceptible to a Fermi-gas interpretation in terms of traces of
single particle density operators (theories with a quiver structure of a D Dynkin diagram
are also interesting candidates, and a discussion of these will appear in [20]). It would
be interesting to understand whether any of the techniques developed here could also be
applied to non-Lagrangian “class-S” theories.

Unlike 3d circular quivers, where many theories with N' > 2 flow to conformal fixed
points, in 4d we cannot add extra fundamental hypermultiplets. The resulting theories
are neither conformal nor asymptotically free. Nonetheless, it is rather easy to add to the
matrix models factors associated to fundamental matter, but since we do not have a 4d



Figure 1. A diagram of A/ = 2 circular quiver theories. Each node of the diagram represents a U(N)
or SU(N) vector multiplet, while a solid lines connecting two nodes represents a bi-fundamental
hypermultiplet.

interpretation of this, we do not consider these here.? Note however that in the calculation
of the Schur index of N' =4 SYM in the presence of Wilson loop operators [21], the matrix
model gets enriched by terms somewhat similar to those due to fundamental matter fields.
It would be interesting to try to generalize that calculation to the circular quivers studied
here and explore this generalization of the matrix model.

We find that for either U(NN) and SU(NV) circular quivers one can use the elliptic
determinant identity to write the index as the partition function describing a set of N
interacting fermions. The interaction terms are due to the center of mass dependence
of (C.4) for the U(NN) case and from the tracelessness condition for the SU(N) case. We
avoid handling these interaction terms directly by expanding them in Fourier series, at the
cost of introducing an infinite number of terms, each of which can be interpreted as the
partition function of a free Fermi gas.

When the gauge groups are SU(N) the resulting infinite sum has a natural interpreta-
tion as a Fourier expansion in flavour fugacities of a rescaled index (provided the product
of the flavour fugacities is 1). Thus each Fourier coefficient of the rescaled index is given
by the aforementioned partition function of a free Fermi gas (2.9). Each Fermi gas can
then be studied independently, and we do so by considering the associated grand canonical
partition function with chemical potential pu.

For a circular quiver of arbitrary length we are able to write down (when the product of
the flavour fugacities is 1) a closed formula for the grand partition function (2.25), involving
a product of Jacobi elliptic theta functions evaluated at the roots of a polynomial (3.1),
whose degree grows with the length of the quiver.

2Supersymmetric partition functions and indices have been calculated for non-renormalizable theories,
including gauge theories in d > 4 and supergravity theories. So there may yet be a meaning for the index
of 4d theories with positive S-functions.



In section 3 we then present a computation which gives the full perturbative (in N)
expression for the index in the large N limit. We first calculate the leading term of the grand
canonical partition function at large chemical potential u, for which we give two different
methods. In one method we solve for the roots of the polynomial (3.1) in the large p limit,
while in the other we use a Mellin-Barnes representation of the grand potential to extract
its large p behaviour. For the SU(V) case we can then carry out the resummation over
the Fourier modes to obtain

ol

q
b (rn? (%)
We find here that the leading term is N-independent, as was already pointed out in [2] for
N = 4 SYM, that there are no perturbative 1/N corrections, and that the result is also
independent of the flavour fugacities.

ISU(N) = + O(C_CN) y c>0. (16)

It should be noted that this scaling does not match the supergravity action, which
grows as N2. Indeed the correct quantity to compare on the field theory side to the
classical supergravity action is the partition function on S% x S!, which is related to our
index through a factor, dubbed the supersymmetric Casimir energy [22, 23], which does
scale like N2. There is still a discrepancy with the supergravity calculation, possibly due
to missing counterterms of supersymmetric holographic renormalization. As we see above,
we find the same N scaling for the index of N =2 theories, and have not calculated the
Casimir energy. It is unclear whether the N'= 2 generalization could shed light on this issue.

In the cases where we can find the non-perturbative corrections at large N, which are
N =4 SYM [10] and the two node quiver (see section 4), there should be an interpretation
of the instanton corrections in terms of some other supergravity saddle points and/or D-
brane configurations, but such an understanding is also lacking.

As just mentioned, for short quivers we are able to go beyond the perturbative large N
result (1.6). This is based on the expression for the grand partition function in terms of the
roots of a polynomial, which for L = 1 and L = 2 is quadratic, so the roots can be obtained
explicitly. This allows us to compute the complete, all orders large N expansions of the in-
dex for these theories in section 4. For the two-node case, we find that the independence of
the asymptotic expression (1.6) on the flavour fugacity gets lifted by non-perturbative cor-
rections. Furthermore, in the absence of flavour fugacities, we extract exact results in terms
of elliptic integrals for finite values of N in section 5. Finally in section 5.3 we are able to
obtain similar finite N results also for longer quivers by comparing the ¢ expansion of the in-
dex and polynomials of elliptic integrals, and present results for quivers of up to four nodes.

2 Circular quivers as free Fermi gases

Using the formulae given in the introduction, the matrix model for the Schur index of a

U(N) circular quiver gauge theory with L nodes is

_LN? 3NL
¢ ()
NI\LgNL
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where it is understood that ozZ(LH) = agl)

, and we have used the notation ¥;(z) = ¥;(z, q).
We allow here for arbitrary FI parameters ¢(® for the gauge fields and arbitrary chemical
potentials ©(® for the flavour symmetries of the hypermultiplets.

The integrand in (2.1) can be rewritten using an elliptic determinant identity (C.4)

given in appendix C

[Ty 91 (0" aﬁa))ﬂl(af““)—a(-““)) < 9 >N
@ _

11, ; 194( (a+1) + u(a)) Y4193 22)
N2 N2 A(@) _ g(at1) |y (a) '
U3 g T etV (A A +ul®)) (a) (at1) (@)1 .02
O sy (a6 0).
Here we have used the notation 9; = 9;(0, ¢) and introduced the centers of mass
1Y )
(a) — — a
A ~ ; o (2.3)
Putting this together allows us to write the index as
- iN ul@) L
;074 LZ / H(dNo‘(a) 1931 )
N! 0 15 O3 (N(A@ — AlatD) 4 yla) 4 T7TY) (2.4)
ic@al® U3 (@ _ fatD) | (e
X dgt (62 ¢a ﬁ en (o — o™ + u@)9?) ),

where we have used the identity (B.7) to simplify the a-independent factor.?

Each determinant can then be written as a sum over permutations, and by relabelling
the eigenvalues, one can factor all but one of the permutations, picking up a factor of N1¥~1
and leading to

q—N2(é—iU) o [ L N (@ s
=4 - (_1)”/ <d al — >
N (a) 19
X H ( H Qlc(a)a cn ((Oé,fa) _ a§a+1) + u(a))’ﬁ%) (25)
=1

L
X e%cmaw@) ﬁ cn ((a(L) — oz((fl()i) + UUJ)W%))a U= Zu(a) ‘

27 v

This expression strongly suggests that the eigenvalues describe fermionic degrees of free-
dom. The difficulty in writing down a single particle density operator comes from the
presence of the center of mass coordinates A(® which introduce complicated interactions.
It is possible to overcome this problem by expanding the center of mass dependent terms
in Fourier modes, generating a weighted sum over partition functions of free Fermi gasses.
We explain this now separately for the cases of SU(N) and U(N) gauge group factors.

3The factor of 93 /27 is included with the cn functions to simplify their Fourier expansion below.



2.1 SU(N) quivers

In the case of a quiver with SU(N) nodes, the center of mass parameters A(® all vanish.
This elimination of this degree of freedom has four important consequences: first, it sim-
plifies the denominator in the first line of (2.5). Second, there is an extra overall factor of
gon(r)~2
the eigenvalues aga) are subject to the (periodic) delta function constraint (5(N A(“)). We

, as can be seen from (1.3).* Third, there cannot be any FI parameters. Lastly,

choose to represent all but one of these L delta function constraints in difference form
S(NAEN)TIEZL §(N(A@ — Aleth)y),

From these considerations, (2.5) becomes

-N?(L—vy L L
where Z(N) is a rescaled index, given by
xL—1
Z(N) = 1)) / [T ¥ e @5(N(A@ — A6+ _ y(@))
aeSN a=1
x /0 dVa P (N(AD) + U — u))) (2.7)
X ﬁ (ﬂ% cn ((a( ) _ a +U)93) 1:[ —% (@) _ a(aﬂ))ﬁa))
i\ 2r : ) 2% 2m ‘ )
where we have shifted the eigenvalues as ald - ) + Zb Lu ®) so that the u’s appear

only inside the delta functions and one cn.

Though there is no longer any dependence on the center of masses A(® in the theta
functions in (2.6), they still appear in the delta functions. To remedy that we represent
the delta functions by their Fourier expansion

5(N(A(L) +U— H 5(N N(A@ — glat]) _ u(“)))

2.

iNS L p(@)y@) o NUR(E) 2in(L) (L) = (a) (a) _(at1) 29
— Z e~ 20 Saein'Yu 2INUR'™) 2in Do H e2in >l —ay ) 7
nezl a=1
with 7 = {n{®}. We can then write the rescaled index as a sum

Z(N) _ Z efQiN 25:1 n(@)qy(a) 62iNUn(L)Z-’ (2 9)

= - .

nezl
Now each Fourier coefficient Zz is a partition function of a free Fermi gas expressed as

N
Zii = N' Z U/ dNainﬁ(aiaaa(i))7 (2.10)

oeSN

“For the single node theory (N = 4 SYM) the traceless condition also applies to the hypermulti-
plet, where the adjoint is of dimension N? — 1 rather than N2. This introduces an additional factor of

g (7)0a(u).



in terms of a single particle density operator

pﬁ(a (1) L+1 / p2in(FalL) 792 H 2in(@) (a(®) _q(a+1))

X cn ((oz(L) oY) L1 93) H o) — a(a+1))19§) ,

(2.11)

where in Zz we substitute a() = a; and oL+ = Qg(j)- Note that the Fourier modes n(@
play a role in Z; analogous to the FI parameters ¢(® in (2.5) and couple to the flavour
chemical potentials ©(® in the expansion (2.9). In fact, this Fourier expansion closely
mirrors the original definition of the index with flavour fugacities (1.2) and were it not for
the u dependence in the rescaling factor in (2.6), then Zz would be the index for fixed
flavour charges F(@ = —Nn(®),

The Fermi gas partition function (2.10) is completely determined by

Zio = Tr(p / dzy - - - dxzg pi(x1,22) - - - pr (T, 1) (2.12)

often referred to as the spectral traces. Indeed, conjugacy classes of Sy have my cycles of
length ¢, and from the definition (2.10) of Zz(IN) we get

Zmz )(f 1)m

=311 ”W.W , (2.13)

{m[} K

where the prime denotes a sum over sets that satisfy >, ¢my = N.
To evaluate Zj.¢, we first simplify the expression for the density pz (2.11) by using the
Fourier expansion of the elliptic function

n(z93) = — , : (2.14)
( ) V3 % coshimr (p _ %)
and we obtain
(L) L 1 1
= i(2p(L) 1)U 1
pﬁ - el : : (215)
p;ZL -, 27 coshimT (p@) — 1)
L—-1
/ H do 2m(L)a(L) 2l(p(L>—*)(a(L)—o¢(L+1)) H e2i("<a)+p<a)—%)(a(‘w—a(tﬂrl))‘

a=1

Shifting the summation over p(® — p(®) —n(@) and doing the integration over the a(®’s gives

L
_ Z 2i(p—n(l) -1 )U€21(p——)o¢(1) sz(p (k) — oz(L+1 H 1

N (a) —
= ot cosherp n
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(2.16)



As explained above, we are interested in computing the quantity Zj,, (2.12). For £ =1
we find

1
Z’r_i;l = / dapn(a OL) = 5n(L) Z 21 p n®) 7% v H . . (217)
0

T
pEZ 2 coshint(p — n(®) — 3)

This structure persists also when considering the convolution of several p’s, with a con-
straint on n(F) and a single sum over p

i(p—n(H-1) 1 ‘
Zm_é L)ZQQ p— U€H<2COShiTrT( _n(a)_%)> . (2.18)

pEZ p

The presence of the 6,y factor in the expression above tells us that the sum in (2.9) is in
reality only over {n(®} € ZE~! with n(®) = 0. From now on we omit this Kronecker delta,
and the modes n(® run over a =1,--- ,L — 1.

We can plug the expressions (2.18) into (2.13) to evaluate Zz(N) and then sum over
the integers i € ZF~! to find the index Zgu(ny (2.6), (2.9). An alternative, which avoids
the combinatorics in (2.13) is to sum over the indices of quivers with arbitrary ranks N.
For each 71 € Z'~1, we define the associated grand canonical partition function

Ea(k) =1+ Y Za(N)sN. (2.19)

k is the fugacity and we write it also in terms of the chemical potential i as k = e#. This
definition is easily inverted to recover Zz(INV)

1 1T _ _
Zz(N) = 2m/ dpZq(et)e MV (2.20)
—4T

The combinatorics simplify when considering the grand potential

X 1\, euﬂ
Ji(11) = log 2 (et) :-Z“)fn?", (2.21)

(=1

and we can then easily sum over ¢ and find a very compact expression

= (Y nH—1)u 1
Zalk) = H (1 + et H 2 coshirr(p — n(®) — %)) ' (2.22)

PEZL

From now on we focus on the case with U = 0, i.e. the product of the flavour fugacities
is 1. This allows us to write Z5 as a product of theta functions evaluated at the roots of a
polynomial. Indeed, for U = 0, each term in the product over p in (2.22) can be written as

Xqun K+ H£:1 (1 + X2q72n(a))

1
, X=q¢"2, 2.23
15, (1 + X2g2n) (2:23)




where n = ZaL:1 n{®). The numerator of (2.23) is a polynomial of degree 2L in X with
coefficients that depend on ¢, n(® and &, but not on p. It can be factored as

[, (L4 €20 x)
oy (1+ X2 22@)

Now take the term in (2.22) with p — —p + 1. We can write it also as (2.23) with the

same denominator. The numerator is then of a similar form with n(® — —n(® which
2id,

(2.24)

is factorized by the inverse roots —e Splitting then the product in (2.22) over only

positive p gives

_ lo_o[ H?il (1 + eQidjqp—%) (1 + e*Qidjqp—%) 1—[2L 193(dj,q%)
- ;n—l HaLzl (1+¢720 @ g2=1) (1 + g2 g2 1) 19L [15_, 93(n@n7,q)
oy 2 (2.25)

1
= 19L19L H’[93 ], 2

We cannot find the explicit roots of a polynomial of arbitrary degree, but for L =1, it
is quadratic, which is what allowed us to solve the index for N' =4 SYM in closed form [10]
(see section 4.1). In fact, for even L the numerator of (2.23) can be viewed as a polynomial
of degree L in X?, which we use in section 4.2 to solve the index of the two node quiver.
Explicitly, equation (2.24) factorized into L terms is

Hle (1 + ezid'jXQ)
[Tooy (14 X2g720)

and the grand partition function is now expressed in terms of theta functions with nome ¢

(2.26)

rather than q%
iy (n(®)? -
Zeven L QT H V3(d;) . (2.27)
j=1
Clearly the 2L roots for X are given in terms of the new ones by the pairs +e~i and the
expressions (2.25) and (2.27) are related by a simple application of Watson’s identity (B.9).

It is rather intriguing that the grand canonical partition function ends up also as a
product of Jacobi theta functions, similar to the superconformal indices of the free hy-
permultiplets and vector multiplets. The reason for this is not clear to us, but it is a
manifestation of the modular properties of the Schur index, discussed in [6]. The same can
be said for the expressions we find for finite IV in section 5.

In the rest of this section we briefly comment on the case of U(NN) gauge groups. In
section 3 we compute the d;’s at leading order in the large p expansion, from which we
obtain the leading large N contribution to the index. In section 4 we focus on the cases
of L =1 and L = 2, for which the numerator of (2.23) is quadratic and so can be easily
factored algebraically, and the roots obtained exactly.” This allows us to go beyond the
large N limit, and obtain an exact all order expression for the index.

5Note that the numerator of (2.23) can also be factored algebraically for L = 4, but we haven’t investi-
gated this case.

~10 -



2.2 U(N) quivers

A slight modification of the approach above allows to study quiver theories with U(N)
nodes. In that case the center of mass dependence is not in a delta function but in the
inverse Jacobi theta functions in the first line of (2.5). Those too can be expanded in a
Fourier series.

From the expression

1
193 _ 2(]4 Z (_Unqn(n-‘rl) (2 28)
93(2) Yoy ~ 1+ e2izg2n+1’ ’
we obtain the Fourier coefficients
1 oo
=S R, By= LS )R gD (2.00)
nez V294 =

The index (2.5) then becomes

2 . . a a—
IU(N) = q7¥q1N2U6212(€:1(<( )szll U(b)) Z < 2inL) NU H F (a) an( )> C,(N), (230)

neZl

where we have shifted once again the eigenvalues as a(® — o(® 4 307} Lu®), Z & (N) is
exactly the same as (2.10) where now the subscript combines the FI parameters and Fourier

modes as

¢'@ = pla b 4 Z ¢® (2.31)

The analysis proceeds as in the SU(N) case, where now the Kronecker delta in (2.18)
requires the sum of the FI parameters to vanish ¢/(1) = >l (@) = 0. Likewise the grand
partition function (2.22) is the same with 7 replaced by .

The main difference from the SU(N) case lies in the highly non-trivial Fourier coef-
ficients in (2.29) and the sum over = weighted by those coefficients is much harder to
implement than the SU(V) case, which we return to in the rest of the paper.

3 Large N limit of the index

In this section we compute the Schur index for SU(N) circular quivers with L nodes in the
large N limit and with the product of flavour fugacities set to 1, so that U = 0. The result
for all the theories scales as NV, is independent of the flavour fugacities, and there are no
perturbative 1/N corrections. We address the exponential corrections in N for L = 1 and
L = 2 in the next section. In the subsections below we present two different methods which
both give the same perturbatively exact large N result.

- 11 -



3.1 Asymptotics from the grand canonical partition function

The first method relies on the expression (2.25) for the grand canonical partition function
Z7 in terms of the roots of a degree 2L polynomial. We solve for the roots of the polynomial
at large p, from that obtain =5 and through (2.20) find Z;. Taking the sum over the Fourier
modes (2.9) and including the prefactors in (2.6), we finally obtain the index up to non-
perturbative corrections in the large N limit.

We first compute the large p expansion of the d;, introduced in (2.24). Recall that
X;= —e~2; are the roots of the polynomial

L
H (1 + q_zn(a)X2> +rg "X, (3.1)

a=1

X can be expanded at large r as
X; =XK1+ 0(s%)), (3.2)

where X ](0) is a (non zero) constant and 3; < 0. Plugging this ansatz into (3.1), and
expanding at leading order in k, the roots must satisfy

0= q72n(XJ(O))2LH2’YjL + q*n/{’YjLJrl(XJ(O))L + @(H%(L*l)) , 75 >0,

0= (X}")Fq " + O(r), v=0,  (33)
0=1+ ml_Vqu_”(X](-O))L + O(k=2%) v; < 0.
The second line has no solutions, while the first and third lines each admit L solutions with
Vi = % and v; = —% respectively, and with
X0 = g =1 L (3.4)

J

Going to the next order, we find that for all of the roots (3.2) 8; = —%. We can then
readily deduce the large ;1 expansions for d;

o ip (L4 1-2))7  nwT _2 .
R T 57 +5p HOWTE), =1L, (3.5)

where the indices differ slightly from the ones used in (2.24). Using the above expression,
we can in turn expand (2.25) in the large p limit as

—_
=
—

| gZam ) L <w L (L1-2j)n  nmr %)
STV L ST 2L or "1

in  (L+1-=25)m nrr 1 9/
9 <7 _ ) O(k=2").
“Us\op t 2L or, 97) TOWTT)

This last expression involves the product of theta functions shifted by fractions of .

(3.6)

This product can be done using then the identity (B.14) proven in appendix B

ZLzl(”(a>)2 2L (T . .
= g—e n (2) o MTT L W NTT L —2/L
=i = 5 T o - T 5 . 3.7
I 2L 793(2 + ,q2>193<2 5 ,q2)+(’)(/<; ) (3.7)
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Now using Watson’s identities (B.9), as well as (B.8), gives

L
ke () n(ins. aV0 LYy 4 9 (ins. aF )0 L
i =4 z9§194(0,qL)n(Lr)( 3(ip, " )03(n77,q7) + Va(ip, ¢7)Va(nrT, 07))

+O(2Ey. (3.8)

[1]

From this expression one can obtain Zz (2.10) via the integral transform (2.20) and
the expressions for the Fourier coefficients of the theta function (B.5)

9 L
Z2(N) = Sk (nl@)? LINZ (1)
(V) =g T 2040, ¢P (L) (3.9)

X ((1 + (*1)N)’l93(7'r7'n, qL) +(1- (*1)N)292(7TT1’L,QL)) +...

To get the index we need to sum over the Fourier modes 7, as in (2.9) (recall that
n(E) =0 (2.18)). Using the series representation (B.2) of the theta functions above, we find

L-1/ (a . L-1_(a). (a
S T N SO
nezl—1
— Z gt () HLp? 20N Tl ul) (3.10)
{nprezt
L
_ Z nggf(n<a>+p)2+p2 o 2N X571 (0 4p)u(®) —2iNpull) _ H 93(Nu(@).
{ﬁ,p}EZL a=1
Similarly we obtain

L
3 o=t ()2 o= 2N T D g oy LY = [ 22(vul®). (3.11)

ﬁGZL_l a=1

The sum over Z; is now simple, with only some care required to account for the (—1)¥
factors. For this, we use the formula (see (B.4))

_iN2qy(a)
N2 o 7T g N Y3 (Nul®) | N even,
g 193<Nu( ) 4 —N) = ( ) (3.12)
2 ¢ NPy (Nul®) | N odd,

which gives
L L (a) T
w?  nh(r) 1T U3 (Nul®) + ZEN) N

Z(N)= 3.13
N =050 e L, (3.13)
Substituting this result in (2.6), we finally obtain
%
ge —cN
s - +O , > 0. 3.14
I AR ca i o B S A (319

Writing the remaining theta function in terms of eta functions this can also be written as

L

qs —cN
I =+ 0 . 3.15
SU(N) nL(T)ng (L2T) (e ) ( )
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As previously mentioned, for the case of L = 1 the result is slightly modified, because
the matter multiplet is in the adjoint rather than bi-fundamental representation (see foot-
note 4). (3.15) is the main result of this section, which we reproduce in the next subsection
using different techniques. We find that the full perturbative dependence on N is given
by this constant term with no subleading 1/N corrections (ignoring non-perturbative cor-
rections), and that the results does not depend on the flavour fugacities. We expect the
leading large N result for U(IV) quivers to be of a similar form, since the index is a series in
powers of ¢ with integer coefficients. It would be interesting to study this case by including
the Fourier coefficients in (2.29).

To get to the final result we have first integrated over p and then summed over 7. For
completeness we do it also in the reverse order, first summing =5 over the Fourier modes.

This suggests to define an overall Z(k) as

o0
Er)=1+ Y e ENTa W n §T z (V)R

ezt N=1 (3.16)
— 1 + Z 6_21N Zé’;ll u(CL)n(E) (Eﬁ(/{/) _ 1) )
nezl-1
Using (3.8) and (3.10) we obtain
_ nk(r) T 93(Nu@) L (V@)
2(r) = oy (sl dd) [ =5 — + i) [[ = — | +... (317
n (7) a=1 3 a=1 3

Furthermore, as in the case of N' =4 SYM in [10], we can define the odd and even
parts of = as

Ei(k) == (E(k) £E(—K)). (3.18)

L, L (@
—.+( ) 727 (LT) 193(71 7qL) H 193(]1\; )

(7) a=1 3 (319)
- n*(7) P (Nul@)
\_4—( ) 2 ([ér)ﬁQ(Zuqu)al:Tl 2 193

Recall the factor in (2.6) relating the index with the rescaled index Z (V)

N2L L
g g g L L U3

3.20

which due to (3.12) has a nice alternating behavior between even and odd N apart for a

2
factor of q7¥. This suggest that we can also define a grand index as

~ 0 La?
E(k) =1+ Y q 3 IgyavV)s". (3.21)

— 14 —



This does not involve all the rescaling factors in (2.6), and the difference between even and
odd N is captured by different rescalings of the =1 defined above as

Lo 9 &L
& _= q 3 =
E(k) = E4 () 2L (1) 1:[1 Og(Nu@) e n2 (1) 1:11 792 NU (@)
. a= a= (322)
6
L (Wi ") + Daip ") + ...

Equation (3.15) is easily reproduced from the inverse of (3.21), i.e., the Fourier expan-
sion of Z.

3.2 Asymptotics from the grand potential

In the previous subsection we used the formula for =5 in terms of the roots of a poly-
nomial (2.25) and used the large p expansion of the roots to find (3.8), from which we
deduced the perturbative part of the large N behavior of the index.

We now present an alternative way of obtaining the large p limit of 25 (3.8) in the
case with vanishing flavour fugacities, by applying the large p approximation to the grand
potential (2.21). An analog method was used in the case of 3-dimensional theories and is
instructive as it does not rely on the exact expression for Zj.,, which may not be available
in other settings.

To find the grand potential at large p we only need the asymptotic behavior of Zz., at
large ¢. Following [24], we use the Mellin-Barnes representation

RO dl o Zay
J~(u):—/ Bt 0<e< 1, (3.23)
" —ioo ori sinml (
and extract the leading order in the large p from the poles of Z;, with largest Re(?).
The representation (3.23) requires some explanation and justification. We first write
Zie (2.18) as an analytic function of £ by splitting it into two sums, one for positive p
and one for strictly negative p. Denoting the sum over the terms with positive p as Zrlf_ o

we have

o SE (@4}
+ q
an - Z

_m(a) L1\ /¢
= [l (1+q2(p " +2))

[e%e) L

_ sl (n-1) /L K@ (p—n@41) 14

q PSoat Y S D T () B20)
p=0

kezk a=1
L ) L& L
= qiézazl (n(a)ii) Z q*ZZ k(a) ,n(a)77 H ( a)) Z qp(KL-‘rQ Za:l k‘(a’)) .
kezk a=1 p=0

Doing the summation over p, we obtain

(3.25)

*Za 1(2k(“)+€)(n(a)——) L <_€>

q
nﬁ—z eL+2z L k(@) H

keZL a=
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This final form admits an analytical continuation in £ to the complex plane, and a similar
argument can be used for Z_ ,, which is obtained by replacing n(@ — —n(@_ For negative
values of y one can then comf)ute the r.h.s. of (3.23) by closing the contour with an infinite
half circle enclosing the simple poles due to m/sin7¢ at positive values of ¢, but none of
the poles due to Zj,,. Using the fact that

™

= (=", (3.26)

Res
¢=n sin ¢

and the fact that the evaluation of the integral on the remaining part of the contour gives
zero, we recover the representation (2.21) as an infinite sum, which is indeed convergent
for negative p.

To analytically continue Jz(u) to positive values of p, we close the contour in (3.23)
with an infinite half-circle in the Re(¢) < ¢ half-plane. In this enclosed region, the poles of
Zi¢ and of the cosecant are then at

2 & 21
(=23 k@4 = kY eN, lez,
Lz_: Lt (3.27)

{=—n, neN.

It can be shown that the contour integrals coming from the integration over the infinite
half-circle do not contribute, so that (3.23) is determined only by the residues of the
poles (3.27).

As explained in the previous section we are ultimately interested in Jz(u) for large p.
The poles that are not on the imaginary axis are exponentially suppressed in this limit.
We can thus write

Ja(p) = — Z Res — %em +0 (6_2%> , (3.28)

f=2m SIN T
7 LT

where the scaling in p of the next to leading order can be deduced from the lattices (3.27).
For the residue of the pole at ¢ = 0, we obtain

_ LZ"E etn
= 0 sinmf /¢
An? 4 LPa?r? 4 1207 — 1202722 L& (—1)F
= h2irrkn(® —~ 3.29
12L7T +;kzlcos T ksinh —intk ( )
_ Ar? 4 PP 41207 — 120°7%0” By log mn< )) +ﬂ+11 og 4 4
12L7T o 12 kk'

where the sum over k& was done using (B.10).
The sum over the poles on the imaginary axis but away from the origin gives

2mpu

2mmn
B né KM . - m+1%
Z o= 2m s1n7r€ a Z( Y m sinh 271
o m=0 Lt
. o L (3.30)
= log 193(Z(F +n),q L)ﬂggf(ﬁ — n),q L) _ + —log =
92(0,¢'T) sbr 3
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This sum was again done using (B.10) but with the complement nome and corresponding

modulus
2 2
in 5 192 0.4'T B 192 0.0'T
g =2, po R0 g V0.4 (3.31)
93(0,¢'%) 93(0,¢'%)
Applying a modular transformation (B.6) to (3.30) gives
Oy (B 4 1T 05 )9y (i _ 10 % 0 S SR 1 4
ﬁg(o’qg) Tl L 3L 3 kk!

Oy (B 4 1T 05 ) gg (e _ 7R %
J(1) = log (4 5".42) 3L(2 5".q2)
95(0,9%) (3.33)
2L 1 (K2 & 95(rmn@) /L
+ 3 log2+§log7—a:1logT+O(e ).

Finally we use Watson’s identity (B.9) to rewrite the product of theta functions in the
first line in terms of theta functions with nome ¢~. We also replace k, k', l::, K , applying
modular transformations to the latter two. Then we use the quasi-periodicity of the theta
function (B.4), and use (B.7) and (B.8) to express the result in terms of the Dedekind eta
functions to find

J(p) = log (9s(ip, ¢")03(w7n, ¢") + Va(ip, ¢")02(nn, "))

L
n(r)* , ()2 —ou/L (3.34)
+1lo +inT n + O(e “H+).
N v R DI M

a=1
We finally obtain

SE @y n(n)*

9594(0, ¢%)n(L7) (3.35)
X (193(2/'L> qL)Q93(7T7'n’ qL) + ﬁ?(zluv qL)ﬁ2(7r7'n, qL)) + O(K’_2/L) )

[1]

7(k) =q

which is identical to (3.8).

4 Exact large N expansions for short quivers

For quivers with one or two nodes we can compute the Schur index exactly, without hav-
ing to resort to perturbative techniques. Recall that the grand partition function can be
expressed by a product of theta functions (2.25) evaluated at the roots of the polyno-

mial (2.23)
L

Xt e+ TT (1 + X272 (4.1)

a=1
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For L = 1 and L = 2 this polynomial is quadratic in X and X? respectively, and so the
roots are simply algebraic. This results in completely explicit expression for the grand
partition functions which allow us to find closed form expressions for the indices of these
theories. We start by reviewing, the L = 1 calculation carried out in [10], and then show
that the same discussion can be applied to the L = 2 case.

4.1 Single node, N =4 SYM

2iu™ 2

For the single node theory (with the only flavour fugacity e e?U set to one), the

polynomial (4.1) can be factored as

Xr+ 1+ X2 = (14 =245 x ) (1+“*7V;"’*4X), (4.2)
Comparing with (2.24) we readily obtain dy = +2£ 5 log ktvet-4 ”2 il arccos 5.

Unlike the cases of L > 1, there are no Fourler modes to sum over, giving a single free
Fermi gas whose grand partition function is” (2.25)

2 (l arccos £ q%) 1 J9 K
=N=4 _ 73\2 27 _ _
(k) = I = 0 [193(arccos ) + 5 192<arccos 2)] . (4.3)

This is indeed the expression found in [10]. Recall that in terms of the grand partition
function, the index is given by®

In [10] the integral over p was evaluated by studying the large p expansion of the integrand.

We proceed here in a slightly different way, performing instead the complete expansion in

powers of e and ¢. Since the calculation is ultimately exact, we arrive at the same result.
Expanding the square of the theta function in the middle expression of (4.3) gives

e MN

e HN=N=4(¢
(" T 930,

i Z q% m2+j2) (e#+\/2e%774>m+j ) (4.5)

mM=—00 j=—00

Applying the expansion formula (D.2) this is

Z Z Zq% m2452) pa(mtj—2s— (=D m+g)(m+ 5 — s —1)! (4.6)

193194 s!(m +j5— 28)!

m=—00 j=—o0 s=0

SFor the theory with L = 4 the polynomial is quartic and so can also be factored algebraically. It would
be interesting to see if a similar analysis would also give a complete solution for the index of this theory.

" Although the matrix model still has a delta function coming from the tracelessness condition of SU(N),
the Kronecker delta in (2.18) ensures that only the mode with n = 0 contributes.

8Note the additional factor of q12 *(Z)n*(7) in (4.4) compared with (2.6) with vanishing u’s, coming
from the fact that the hypermultiplets are in adjoint rather than bi-fundamental representations of SU(N)
(see also footnote 4).
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Integrating over u simply gives a Kronecker delta d,,4;—2s—n, which removes the sum
over m

Z(N):/ di'“.e—uNEN:z;(eu)

T 211
S | (4'7)
Z Z os— )2 (s+ 22 ()TN 4 25) (N + 5 — 1)!
q .
193194 , sIN!
j=—00 s=0
Finally evaluating the sum over j and including the prefactors from (4.4) yields
1 00
N=4 g4 s (N+3 ) Ns+s?
"7 (N) = B Z_:(—l) (N+25)Tq
=0 (4.8)

M

1 o)
gt [<N+S>+<N+S_1):|qNs+s2.
5:0 N

At leading order at large N this is simply ¢'/*/n?(7), which differs from (3.15) by the
contribution of one free hypermultiplet (see footnotes 4 and 8). As discussed in [10] it
would be interesting to find an interpretation for the exponential corrections, possibly as
D3-brane giant gravitons in AdSs x S°.

4.2 Two nodes

For the two-node quiver, L = 2, the polynomial (4.1) can be factored as

RgTXT 4 (L4 X1+ g 2X?) = (14 B x?) (14 Bt g7nx?) | (49)

where & = k + ¢" + ¢~". Comparing with (2.26) we obtain dy = — g +1 5 arccos & & and
substituting into (2.27) gives
n’ mrn 1 K mrn 1 K
2L=2(k) = 192 193( 5 + 5 arccos 5)193 (T — 5 arccos 5) (4.10)
Using Watson’s identity (B.9), this can also be written as the sum of theta functions with
nome ¢2, (cf., the last expression in (4.3)), but this representation will not be simpler for us.
In terms of the grand partition function, the index with flavour fugacities such that
u=uV) = —u?, is given by (see (2.6), (2.9) and (2.20))

—2iNnu i

n* (1) [1. 93 (NZF £ Nu) L 2 e " ' '

One could proceed by evaluating the large 1 expansion of the integrand, but it turns out to
be simpler to perform instead the full expansion of the grand partition function in powers
of e and q.

Expanding the theta functions in (4.10), the integrand of (4.11) can be written as

e HNEL=2 _ e Z Z n2+m?+52 (m+j)<8“+q"+q*”+ (e“+q”+q—”)2—4)m’9
5 .

M=—00 j=—00

(4.12)
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Using the expansion formula (D.1) this is

Z Z qun Fm 452 n(mejHh—l) gu(m—j—k—1-N)

m*—oog——ook 01=0 (4.13)
(m—j—k—1Dl(m—-—j5-1-1)!

x (m— )km(m_j_k_l)!(m—j—k:—l—l)!’

Integrating over p gives a Kronecker delta 6,,—j_j—;—n, which removes the sum over m

v d 3 _ " (2
Zn—/A 277/:1_6 Nz 192 Z qu B4 (N4 (2264 N)
- 3 j=—o00 k=0 =0 (4.14)
(N+k—1DI(N+1—1)
N
<N K)oy

Summing over n (2.9) then gives

o0 7rT
Y e RNmg, - Vs (7 Z ZzemuN j+k)

n=-—00 j=—00 k=0 [=0 (4'15)
(HkHAN)2+§2— (j+k) (j+Hh+N) (N+Ek-—D(N+T-1)!
"4 N+ L+ BN = D

Finally evaluating the sum over j and including the prefactors from (4.11) we obtain

sy

k:O l

oy O E = DU 1D v s
N . (k+)+2kl 2iuN (k l)_ 4.16
2 + NI(N — 1)1E!! ) Y

w\»—t

IL2

Alternatively this can be written as

03! Q[ BN Gy [ | R

N (k+1)+2kl ,2iuN (k1)

X q

At leading order at large N this is simply

TF=3(N) = +0(¢V), (4.18)
in agreement with (3.15). Here we see explicitly how the dependence on u appears from
terms in the sum with k — [ # 0, all of which are exponentially suppressed at large N.

As in the case of N' =4 SYM in the previous section, the large N expansion (4.16) begs
for a holographic interpretation (at least for u = 0). For /' = 4 there is a single sum (4.8)
while here there is a double sum. In both cases the leading exponential term is proportional
to N, suggesting a D3-brane interpretation. The double sum could correspond to two
different types of D3 giant gravitons, with the extra 2kl term signifying some interaction
between the two stacks of branes. It would be interesting to find appropriate supergravity
solutions and/or brane embeddings that would reproduce this structure.
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5 Finite N results for short quivers

In [10] the index of the single node quiver (without flavour fugacity) was also written in
closed form for finite values of N in terms of complete elliptic integrals. This was done by
studying the spectral traces (2.18), which for L = 1 are particularly simple

Z,&‘*:Z( 1(p_%)>€. (5.1)

2 coshinT
PEZ

These sums can be performed using the algorithm of [25]. The result can then be easily
recombined using (2.13) and (2.6) (with the additional factor in footnote 4) to recover the

index. For N =1, ... ,4 the results thus obtained are
22k K “in%(L) —EK + K?
ni(r) n*(7) 2m?
2?(5Vk (—3EK?+ (2-K)K® | K
IN:4(3) _a4n (2)\/> 3 + ( ) L), (5.2)
n*(7) 673 247
TN-ag) = ¢ Tn*(3) (3E2K? — 6EK® + (3 - 2k)K? EK — K>
() 2474 2472 ’

where K = K (k?) and E = E(k?) are complete elliptic integrals of the first and second
kind respectively, with elliptic modulus given by k = 93 /3.

For quivers with more than a single node, we find that computing the spectral traces
becomes intractable, due to the nontrivial dependence of (2.18) on the Fourier modes. In
the case with no flavour fugacities we are still able to proceed by a number of alternate
methods (which work perfectly well also for the single node case). The first two methods
apply to the case of L = 2 and are based on the exact solution and the large N expansion
in section 4. In the next subsection we use the explicit expression for the grand partition
function expanded at small x to find the result for N = 2. In the following subsection
we use the exact large N expansion of the index (4.16) and resum it for finite values
of N. Finally we address some 3-node and 4-node quivers by guessing a finite basis of
polynomials of elliptic integrals and fixing the coefficient by comparing their g-expansion to
the representation of the index as the sum (2.9), (2.18). This can in principle be applied to
quivers of arbitrary length and with arbitrary rank, but requires significant computational
resources when either becomes large.

5.1 Expanding the grand partition function
Recall that the grand partition function for L = 2 is defined as (2.19)

L =14y ZF(N)EN. (5.3)
N=1
Since we found the left hand side in closed form (4.10), we can recover ZL=2(N) for

finite values of N. The index is then given by the sum (2.9) together with the prefactors
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from (2.6), which in the case without flavour fugacities becomes

TE=2(N) = —N2q“92 Nz (5.4)
- 4( ) Nﬂ'T '

n=—0oo

For instance, the coefficient of x? gives

2
_ qv (993(nmT)  sinnaTdy(nrT) — 2cos nwTdy(nwT)
Z}2(2) = o (193 L4 3 — 3 . (5.5)
zsin”nmr U3 sin° nwr
For n = 0 this is
- 1
Z57(2) = {35 (419319" 43072 4 ﬁ3ﬁ§4>) (5.6)
_ 3E?K?—6(1 — k*)EK® + (1 — k?)(3 — 2k*) K* N (1-k*>)K?-KE

6 1272
To get the expression in the last line, one can apply the heat equation satisfied by all
Jacobi theta functions and convert the derivatives into 7 derivatives. Then one can apply
the standard relation 3 = % together with (5.19) to reduce everything to complete
elliptic integrals.
For n # 0 the partition function (5.5) is

s 1 incosnmT — n?sinnwr

Zy23(2) = ; (5.7)

93 16 sin2 nwr 8sin® nwr

where we have used
—n? / . —n? " —n2 gl 2
Us3(nmr) =q " V3, I3(nmr) = —2ing™ " I3, I3(nmr) = ¢~ " (V3 —4n“d3). (5.8)

The sum over n of the first term in (5.7) has been evaluated in [25

]
1

1 K
= 3E — (2 - k)K) —
)3 TosinZnmr — 1272 ( ( 1K)~ 5 (5.9)
n#0
and the prefactor can be written in terms of elliptic integrals as
" _ _ 1.2 2
vy _ AKE 4+ 4(1 — k*)K ' (5.10)
’03 7T2
The sum over n # 0 of the second term vanishes since?
iN COSNTT
—_— = 5.11
Z 8sin® nmr Z 8sin?nar ( )
n#0
Putting this together we obtain
Y 2 12 3 (1 1.2\r4
T=2(2) = 4 s —3E°K*+2(2—-Fk*)EK®> - (1-k*)K 7 (5.12)
n*(7) 6

One can apply this procedure to higher values of N, but we find the approach of the next
subsection to be more efficient.

9This equality can be easily verified by studying the ¢ expansions.
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5.2 Resumming the large N expansion

Here we take the result of section 4 for the exact large N expansion (4.16) and resum it
for finite values of N. Inspired by the techniques of [25], we find a systematic approach to
computing this double infinite sum.

The details differ slightly for even and odd N. First we consider (4.16) with u = 0 for
even N = 2r

o,\»-

T52(2r) =

2r+k—DICr+1-1)! o hiryrom
(2 k+1) " . 1
k;ﬂl;ﬂ TR )T e — D 4 (5.13)

Notice that compared to (4.16) we have extended the sums to include negative values of k
and [, for which the summand clearly vanishes. Applying the formula

r—1
2r +k— 1)
7< Tt Zam )(r + k)F 2 (5.14)

where a, (r) are numerical coefficients generated by

r—1 r—1
> am(mt™ =T[5, (5.15)
m=0 j=1

and writing the sums over k and [ in terms of indices j = k+ 7, n = + r yields

- q3q o2 r—1 r—1
=) = e e |Z Zozm
m=0m'=
(5.16)

0o 00
§ :§ :j+n 2r—2m—1 27’ 2m—1q2jn

We are now faced by (finitely many) double infinite sums of the form

(o ¢] o 8“
: +2s+1 _2jn __ T 2 +1 2in __ T
Z Zjana s+lg2im Z Z s jn _ Qm')aAZSH , a,s € N, (5.17)

j=1n=1 j=1n=1

. . . . . 2n
and likewise with j <> n. The quantities Agsi1 = > oo n?5t! 1gq2n

also in the evaluation of certain hyperbolic sums in [25]. They are be generated by’

played a central role

oo
(2t)?* K(K - E) 1 K? 2Kt 4
—1)°A = - — Kk 5.18
sz:;)( ) Az 2s! 472 + 8sin?t  4m? s’ T (5.18)

Arbitrary numbers of 7 derivatives of the Ass41 can be easily evaluated by applying the

formulas
9, _ k(1= KK
o 2 ’
2 2\ 773

Or o FET (1= R)K7 (5.19)
2mi 2

o (1-K)(EK? - K%

2mi 2

915 and sn used below are standard Jacobi elliptic functions (ns = 1/sn).
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Let us now turn to the case of odd N = 2r 4+ 1. Analogously to the even case, the
formula

o + k)1
@rth) + =g Z G (7) (27 + 2k + 1) 2 (5.20)

where & are generated by

r r
S amrtr =] (1 (2 -1)%), (5.21)
allows us to write (cf., (5.16))
1 (2r+1>2
3
YAY 1) =
@r+1) n4(7)(2 (2r +1)12% Zo,nz,:oam
o oo | (5.22)
> ZZ J+n+1)(25 +1)2r 2m(2n+1)27‘ 2mq (25+1)(2n+1)

7=0n=0

In this case we are faced by double infinite sums

ZZ 2j +1)° 2n+1>a+25+1 1(2j+1)(2n+1)

j=0n= O2aaa o Yo (523)
=YY (o )R - S
7j=0n=0 (ﬂ—z)

The quantities Haep1 = Yo o(2n + 1)1 < qq%ﬂ also appeared in [25]. They are gener-
ated by

o 2s+1

t kK 2Kt
§ —1)*Ho, ki 2 I .24
s:O( N CTESY (2s + 1)! Iz sn( 7 > (5.24)

Arbitrary numbers of 7 derivatives of the Hasy1 can again be straight forwardly evaluated
using (5.19).

This algorithm can be easily implemented to sum (4.16) for finite values of N. For
N =1,--- .4 this gives

K2
IL:Q(l) - q4 Gk 2
ni(r) =
T2z _ g3 —3E2K?+2(2— k2)EK® — (1 — k?)K*4
—t(7) 6 ’
78=2(3) g ok (6E2K* — 6(1 — k2)EK® + (1 — k2)2K© _ EK?+KPK! N K?
n*(r) 1276 2474 19272
Ti2gy _ 4 ~% [ —3EAKY 4+ 4(2 — K2)EBKS — 6(1 — k%) E2KS + (1 — k?)2K®
(1) 7278
N I5E3K3 —15(2 — K2)E2K* + (11 — 11k% — 4k ) EKS 4+ 2(1 — k?)(2 — k?)KS
108076
3E2K? —2(2 - KH)EK3 + (1 — k*)K*
- ( JER® + ( ) ) (5.25)
43274

The algorithm can easily be pushed to higher values of N using Mathematica.
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5.3 Results from the ¢-expansion of longer quivers

In all the examples presented above the rescaled index Z (V) (2.6) at finite IV is expressed
as a polynomial in K, F and k. This is also true for the trivial case of arbitrary L and
N = 1. This is just the theory of L free hypermultiplets, where the index without flavour
fugacities can be rewritten in terms of elliptic integrals as

1 L 1.1 L
L1,y [ @ 1203 [ a 2k2K
781 (1) = (772(7)792> Z(1) = (wn%) ) . (5.26)

Inspired by these results, we conjecture that for arbitrary L, N, the rescaled index Z(N)

is always given by a polynomial in complete elliptic integrals and the elliptic modulus'?

K\ (E\"
Z(N):k;%(l—(—l)N)ZaMm/@?J (ﬁ) <7T> . (5.27)
7,lm

Studying which terms appear in (5.2), (5.25) and (5.26) we guess that the only nonzero

coefficients have
j=>0, I>L, k>0,

Il—-m—-2j>0, (5.28)
LN —-1l—m>0 iseven.

These constraints leave us with finitely many a;; ,,, which we can fix by comparing the
g expansions of each side of (5.27). We first use the relations (2.9), (2.19) and (2.22) to
express the left hand side as

L
1
Z(N) = Z H (1 —l—FcH (@ 1 _p+n(a)_1>
a=1 9 2 —|—q 2

AeZL—1 peZ

, (5.29)

P

where |~ indicates extracting the coefficient of x". Now the ¢ expansion can be easily
obtained by truncating the sum over 7 and the product over p at large orders. Solving
the resulting linear problems for the a;;,, and reintroducing the scaling factor in (2.6) we
have obtained the results

75-5(2) = g3 (—EK3+3E°K* —3(1 - K)EK® + (1 - k*)’K®  K*K*

n8(7) 276 8t )’
7533 = ¢ Tk (—(1-K)’(L+K)K®  8EK" — (20 + 21k*)K°

—nb(7) 12079 192075
_ 24F°K® —24(1 — k¥*)EK® + 5(1 — k*)°K" N K3
9677 153673 )’

T4z g% [ —3EAK* 4 4(2 — K?)E3KS — 6(1 — k2)E2K® + (1 — k?)2K8

18() 6

21 = K2+ kYHEK® — (1 — k%) (2 — K*)K©
- T . (5.30)

"Note that ¢4~ 2LCEY) _ pha-uM),

L
793
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To fix a unique solution for the first, second and third equalities of (5.30) we required the
q expansions of (5.27) up to ¢! ¢3® and ¢ respectively. We have further checked that
the solutions reproduce the ¢ expansions of the right hand side of (5.29) up to ¢, ¢°° and
q*® respectively. One could continue to larger values of N and L, but the number of terms

required in (5.29) grows very quickly.
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A The index of N/ = 2 multiplets and theta functions

The most general index of generic N/ = 1 superconformal theory in 4d depends on three
fugacities for space-time and R symmetry, denoted by p, ¢ and ¢. The chiral multiplet with

flavour fugacity z is written as

TS =T (tip% 4%) (A.1)

chir

where I'. is the elliptic gamma function, defined by

Le(z;r,8) = H 1=z

20 1— zrigk
]7

1j+1 gh+1

(A.2)

An N = 2 hypermultiplet then contributes the product of two elliptic gamma functions

Tiyp” =Te (tz:0%,¢°) Te (275507, ¢) - (A.3)

The Schur limit corresponds to ¢ = ¢, and the equation above becomes

1

N2 =Te(qzp%, ¢ e(qz 507, ¢?) = -——5+ . A4
hyp (qzap »q ) (qz D4 ) 0((]2,(]2) ( )
This last expression is a g-theta function defined as
0(zq) = [[(1—2¢")(1 = ¢"*/2), (A.5)
n=0

and it is indeed simple to check from the definition (A.2) that the product of the two
gamma functions in (A.4) reduce to a theta function.

— 96 —



As was already done in [8] for the ' =1 case, the contribution from an N = 2 vector
multiplet can also be expressed in terms of the g-theta function as

(q q Zre 1 T 7 a; (o —as
Z%CQ_IW)IWN/O dVa [ o(e7 @m0 ¢?)o(e* (@79 ¢?). (A.6)
1<J

The prefactor includes a g-Pochhammer symbol, defined for |¢| < 1 by

o0

(@; @)oo = [J(1 —aq"). (A7)

r=0

Clearly the g-theta function (A.5) is the product of two g-Pochhammer symbols.

B Definitions and useful identities

In this paper we chose to use Jacobi theta functions and the Dedekind eta function rather
than ¢-theta functions and ¢g-Pochhammer symbols. These are related by

iz —ie?¥1(z,q -
0(c**,q") = (11/6771((7)), (*d%), =a (7). (B.1)

where the (quasi)period 7 is related to the nome ¢ by ¢ = €. The Jacobi theta function
U3(z,q) is given by the series and product representations

00 00
193(z,q) — Z qn262mz _ H (1 _ q2k) (1 + 2q2k71 cos (22) + q4k72> 7

n=-—oo k=
192(2,(]) _ qieiiz'ﬁg ( 27”_ q Z q n+ 2n+1)z (B.Q)
n=—o0o
L oo
= 2q1 cos(z) H (1 - q2k> <1 + 2¢% cos (22) + q4k> )
k=1

The remaining two theta functions are given by

L1
W1(z,q) = igie” 3 (z - %7‘(7‘ — %w,q) ,

. (B.3)
194(27(]) :Q93 (Z_ iﬂ-)Q) .
13 satisfies the quasi-periodic properties for any integers n, m
U3(z + nw 4+ mnt,q) = q7m2672izm193(z, q). (B.4)
We also give here formulae to evaluate integrals of derivatives of theta functions
1 i 1 . 'm2 1
o [ dpem ™0, 03(ip, q) = miq T (14 (=1)™),
21 )i 2
) (B.5)
1 s m2

1
—mu 9l . _ [ m
i ) dpe”"9,9a(ip, q) =m'q 4 5(1 —(=1)™).
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. . . . . ; /
Jacobi’s imaginary transformation with 7 = —1/7/, and ¢’ = ™" are

V1(z,q) = (—i)(—iT) " 2e i 22/”191(7' 2,q),
Ya(z,q) = (—Z'T)_%€ZT,Z2/W’194(T/Z, q), (B.6)
Is (2,q) = (—ir) "2 /My (r'2, )| '
94 (2,q) = (—it) 27 /™ 95(7' 2, ¢')
We also use in the main text the formula
193’[92194 = 277(7’)3 s (B7)
as well as (see 20.7(iv) of [26])
n*(1/2) = dan(r). (B.8)
We also require Watson’s identity (see 20.7(v) of [26])
193(23 Q)193(w7 q) = 193 (Z + w, q2)193 (Z - W, q2) =+ 192 (Z + w, q2)192 (Z - W, q2) . (Bg)

An infinite sum in terms of Jacobi theta functions. We make use in section 3.2 of
the formula

= cosdan irt 1 4 U3 (2, q)
n_ o T — —log ——1~ B.10
nz:l nsinh(—irTn) 12 6 Brp 8 U3(0,q) ( )
which is a combination of (see 16.30.3 of [27])
> (—1)" Vs (2a, q)
—_ (1 — 4 log ———== B.11
Zl nsinh(—im'n)( cos dan) = log 93(0,q) ' ( )
and (see T1.3 of [28])
= (—=1)" irt 1, 4
v P Y e B.12
nZ::l nsinh(—imnT) 12 6 Pkk ( )

where the elliptic modulus and complementary elliptic modulus are respectively defined as

92 92
k=-2 k=22 B.13
72 72 ( )
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A multiple angle formula for theta functions. We prove here a formula for the
product of theta functions shifted by roots of unity used in section 3.1'2

L
HQ(}?’ (z L— 2£+17T q)
j=1

oo L
=TI T - +2¢>" " cos (22 + Z(L+25 — 1)) +¢*" %)
n=1j =1

T T L—2j+1 L—2j+1
H H (1— ) (1 + eim T2 2 g2n1y (1 4 mimE=gHH =20 201 (B.14)

(1 o q2n)L(1 + €2iquL(2n71)) (1 + 672iquL(2n71))

I
::]8 I

3
Il
N

Il
>

3(LZ, qL)

C A determinant identity for Jacobi theta functions

A crucial identity for our analysis is the generalization of the Cauchy determinant identity
to theta functions. For arbitrary xz;,y;,t with 4,7 = 1,---,n we have the identity for
g-theta functions [30, 31]

det

]

( O(txy;) > _ O(tzrwa - - xnyrya -~ yn) LLic; T9i0(i/25)0(yi/y5) (1)

0(t)0(xjy) 0(t) [1;, 0(x;4:) ’

where we have used the notation 6(z) = 0(z, ¢?).
One can recover the usual Cauchy identity by taking the limit ¢ — 0, where 0(z) —
1 — z. Taking also the limit ¢ — co we find

1 - Licj (@i = ) (yj — i)
% (1 - fUﬂ/;) IT,,; (1 — ;) ; (C.2)

and the usual form of the Cauchy identity is recovered by taking x; — z%

In the study of indices we encounter a determinant closely related to (C.1). Making
the replacement z; — €% y; — ge~ 2% as well as t — —¢*T, and rewriting the expression
in terms of Jacobi theta functions yields

[y 91 (o — )1 (o o)
Hz J=1 194 (az 05;)
O3 (e — o +77T) q
da(ai—af) ) 0a(EXi (i —a) +77(T+ ) Va(arT)NT

(C.3)

N2
- —NT 71NZ 1 (ai—af)

= det
ij

2This formula can also be found (without proof) in [29)].
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By choosing T' = —5 we obtain

N2 . N
e e N > iz (ai—er)

Da (0 — o )) 95 (SXi(ai—a) +N%)  957(0)

det (C4)

ij

The ratio of Jacobi theta functions appearing in the determinant is in fact closely
related to the Jacobi elliptic function cn

192(2) 792

2
5a(2) = 9. cn(z93) (C.5)

where cn(z) = cn(z, k?) and the elliptic modulus & is defined in (B.13).

D An expansion formula

Here we present a proof for

<m+q+q1+\/(ﬁ+q+q —4>
k=

z—k—1Dl(z—1-1)! —k—l k1
r . D.1
Olzgk:'l‘x— ey g s T (D-1)

Our starting point is the expansion

<y+\/2y2—4> g s ol (0.2)

sl(z — 2s)!

Ss=

Replacing y*=2* = (k + ¢ + ¢~ 1)*~2% by its multinomial expansion gives

oo 0 X

(—1)*z(x —s—1)!

r—2s—m—j j—m
s!m!j!(x—Qs—m—j)!K T (D-3)

5=0 m=0 j=0

Rewriting the sum in terms of indices [ = m + s and k = j + s gives

00 oo oo _18x($—8—1! o bl ke
ZZZS!(/ﬂ(—s))!(l—3)!(x_]2;_l)!"'i g lqk L (D.4)

Interchanging the order of summation we finally obtain

o0 o0 mln(l,k)

(=1)%z(x — s —1)! ookl kil
MIZ; Zzzo ik — )l — )z — k —1)! e D3)
= zz—k—Dl(z—1-1) okl k]
<Kl —k — Dl —k — 1 1)! '

k=0 l=
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