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1 Introduction

The minimal renormalizable supersymmetric SU(5) model [1], with just 3 pairs of 10 © 5
fermion representations and an adjoint 24 plus a 5 @ 5 pair in the Higgs sector, is the
simplest supersymmetric Grand Unified extension of the Standard Model. It is therefore
particularly important to test this model in detail, and possibly to rule it out. Although the
choice of the gauge group, supersymmetry and minimality do not need a special motivation,
it is more difficult to justify the absence of non-renormalizable terms in the superpotential.
Experimental evidence tells us that some of these terms must be strongly suppressed. For
instance, the superpotential operators Q1Q1Q2Li/Mpianck (k = 1,2, 3) induce proton decay
at an unacceptable rate unless they come with coefficients smaller than about 10~7. Their
smallness will lead us to assume in this paper that for some (to us unknown) reason all
non-renormalizable operators can be neglected, and to adopt the minimal renormalizable
supersymmetric SU(5) model as a benchmark.!

It has been shown long ago [7] that the region of the parameter space of the minimal
renormalizable supersymmetric SU(5) model corresponding to TeV-scale soft terms is ex-
cluded.? The reason put forward was the incompatibility between the colour triplet mass
constraints associated with gauge coupling unification on the one hand, and with proton
decay on the other hand. This conclusion relies however on the assumption of a relatively
light superpartner spectrum (although masses as large as 10 TeV for the first two gener-
ations of sfermions were considered in ref. [7]). The purpose of this paper is to ascertain
whether it can be extended to the region of larger superpartner masses.

! Another option is to give up renormalizability and to assume that the non-renormalizable operators
giving rise to fast proton decay are suppressed, while harmless higher-dimensional couplings can be sizable.
Under this assumption, it is possible to avoid fast proton decay from heavy colour triplet exchange [2-5]
and to correct the (phenomenologically inaccurate) SU(5) relations between charged lepton and down-type
quark masses [6] (for a review on these issues, see ref. [4]).

?In the case of decoupling scenario of heavy first two generations of sfermions considered in [7] proton
decay can still be consistent with the experimental bounds providing the flavor sfermion sector gets a very
specific form [3].



In order to answer this question, several constraints have to be imposed on the model:
precise gauge coupling unification, correct predictions for charged fermion masses, the Higgs
mass constraint, the experimental bound on the proton lifetime, and finally the experimen-
tal bounds from flavour physics and from direct searches for supersymmetric particles. We
also require perturbativity of the model. The observed down-type quark and charged lepton
masses are accounted for by generation-dependent supersymmetric threshold corrections
with large A-terms [8-14], which in turn are bounded by considerations related to the stabil-
ity of the electroweak vacuum [15-17]. The soft supersymmetry breaking terms are required
to respect SU(5) invariance but are not assumed to be flavour universal as in the so-called
mSUGRA model (as a matter of fact, generation-dependent A-terms are needed to correct
the SU(5) fermion mass relations). To avoid potentially dangerous flavour effects, we will
therefore take the GUT-scale sfermion soft terms to be aligned with fermion masses® [18].
Neutrino masses can be generated either through bilinear R-parity violation* [19, 22-24] or
by adding right-handed neutrinos to the model in order to implement the seesaw mecha-
nism [25-29]. Finally, if the neutralino sector does not contain a suitable candidate for dark
matter (either because the lightest neutralino is not the lightest supersymmetric particle,
or because it is too heavy), this role may be played by the gravitino.

Not surprisingly, the main constraint on the superpartner mass scale comes from pro-
ton decay, which pushes the spectrum above the 10 TeV scale (the conflict between the
proton decay and unification constraints pointed out in ref. [7] is resolved by relaxing the
upper bound on the superpartner masses). Perturbativity imposes an upper bound on the
coloured triplet mass, which translates into an upper limit on superpartner masses once
gauge coupling unification is imposed. The observed Higgs mass, together with vacuum
metastability constraints associated with the stop A-term, also excludes large portions of
the parameter space. A priori, there is no guarantee that the minimal renormalizable su-
persymmetric SU(5) model will survive all these constraints, even if very large values of
the soft terms are allowed.

To give an idea of how the parameter space is restricted by the various phenomeno-
logical requirements, we show in figure 1 the approximate constraints in the (tan 3, msusy)
plane obtained by making several simplifying assumptions. Namely, all sfermion masses are
taken to be equal to mgsy at the low scale, as well as the p parameter and mp, (m%[u >0
is assumed, and m%{d and the B parameter are computed from the electroweak symmetry
breaking conditions), while the gaugino masses assume a common value M /5 = mgusy at
the GUT scale and are split by renormalization group running. Obviously, these inputs are
not consistent with SU(5) symmetry of the soft terms at the GUT scale, but they make it
possible to show several constraints in a single plot. Imposing SU(5) boundary conditions

3Flavour violating soft terms are going to be generated from renormalization group running (due to the
CKM matrix, and possibly to right-handed neutrino couplings and R-parity violating couplings), but this
will lead only to small effects in flavour-changing processes, especially in view of the large superpartner
masses. We shall therefore neglect these small RG effects.

4The SU(5)-invariant bilinear R-parity violating operators y;5;55 also contain baryon number violating
terms, which however are harmless by virtue of the doublet-triplet splitting if p; < Mgur [19, 20]. Contrary
to ref. [21], we assume negligible trilinear R-parity violating couplings.



perturbativigy,

Mgysy

vacuum metastability

=
@
0]
3
)
")
)

tang

Figure 1. Approximate constraints on the minimal renormalizable supersymmetric SU(5) model
in the (tan 3, msusy) plane. The region to the left of the red curve is excluded by the measured
Higgs boson mass, while the area to the right of the purple curve is excluded by vacuum stability
considerations (namely, the value of the stop A-term needed to reproduce the observed Higgs boson
mass would render the electroweak vacuum unstable with a lifetime shorter than the age of the
universe). The experimental lower bound on the proton lifetime is satisfied above the green line,
and the perturbativity constraint my < Mpjanck/10, where my is the colour triplet mass, is satisfied
below the black line. The green area is consistent with all four constraints. In this plot, the sfermion
masses, the p parameter and my, are all equal to mgysy, as well as the common gaugino mass at
the GUT scale. Since these values are not consistent with SU(5) boundary conditions, the figure
should be considered as illustrative only.

will significantly affect quantities such as the heavy colour triplet mass and more crucially
the proton lifetime, making the investigation of the parameter space of the minimal renor-
malizable supersymmetric SU(5) model more involved than suggested by figure 1. As we
are going to see, phenomenologically viable points typically feature superpartners in the
O(10? — 10%) TeV range, with values of tan 3 between 2 and 5, but lighter spectra with
supersymmetric particles as light as a few 10 TeV can also be found.

In the process we have generalized the procedure of refs. [30, 31] for deriving approxi-
mate semi-analytic solutions to the one-loop renormalization group equations (RGEs) for
the MSSM soft terms. In this way we are able to write the low-energy soft terms as linear
or quadratic functions of the initial (GUT-scale) parameters, making it possible to explore
the parameter space without having to solve the RGEs for each point. In practice, one
just needs to solve numerically the RGEs for gauge and Yukawa couplings for each choice
of tan 8 and mgy,sy, the matching scale between the SM and the MSSM. The low-energy
soft terms and their dependence on the other model parameters are then simply given by
linear and quadratic algebraic equations.

The paper is organized as follows. Section 2 introduces the minimal renormalizable
supersymmetric SU(5) model. In section 3, the running of the model parameters is dis-
cussed, and the semi-analytical procedure used to solve the renormalization group equations



(RGESs) is presented in section 4 (more details can be found in appendix A). Proton decay
and the constraints associated with the metastability of the electroweak vacuum are ad-
dressed in sections 5 and 6, respectively, with technical details relegated to appendices B, C
and D. Finally, we present our results in section 7.

2 The minimal renormalizable supersymmetric SU(5) model

In this section, we briefly describe the minimal renormalizable supersymmetric SU(5)
model [1] and present our notations. The Higgs sector includes the adjoint 24y, which
spontaneously breaks the SU(5) gauge group to SU(3)xSU(2)xU(1), and a fundamental
and anti-fundamental representations 55 and 5 containing the two light Higgs doublets
responsible for electroweak symmetry breaking. The 55 @ 55 Higgs fields also includes a
heavy pair of colour triplet and antitriplet that mediate proton decay through d = 5 op-
erators. All matter fields belong to 10; and 5; representations (leaving aside right-handed
neutrinos in the singlet representation that may also be present), where i = 1,2,3 is the
generation index.

In order to connect the minimal renormalizable supersymmetric SU(5) model with
experimental data, one has to deal with three different theories: SU(5) above the unification
scale MguT, the Minimal Supersymmetric Standard Model (MSSM) between Mgyt and
the supersymmetry scale mgyusy, and the Standard Model (SM) between Msusy and the
weak scale myz. Since the heavy GUT states (resp. the superpartners) are not degenerate
in mass, the matching between the SU(5) theory and the MSSM at Mgyt (resp. between
the MSSM and the SM at mgysy) will involve threshold corrections.

In the next subsections we give the relevant parts of the corresponding Lagrangians
(i.e. the Higgs and Yukawa sectors and the soft supersymmetry breaking terms, which
determine the superpartner spectrum) and we specify our notations and assumptions.

2.1 The SU(5) model

The superpotential of the minimal renormalizable supersymmetric SU(5) model is deter-
mined by its field content, gauge invariance and renormalizability. It can be divided into
two parts describing the Higgs and Yukawa sectors, respectively:

A _
Wy = %Trzzﬁ;{ + §5Tr24?;q + 5y (e + 0w 24m) 55, (2.1)
1 E — _
Wy = 5 A7 1010;5 — V2 A5 510,55 , (2.2)

in which we have omitted terms involving right-handed neutrinos as well as R-parity vi-
olating couplings that may be present, depending on how neutrino masses are generated.
After having solved the equations of motion for the 24y in the SM singlet direction:

<24H> = 0o Dla‘g(27 27 27 _37 _3) 9 g0 = /,65/)\5 ) (23)

and performed the fine-tuning needed to achieve doublet-triplet splitting in the Higgs sector,
one can write down the masses of the heavy states in terms of the SU(5) superpotential



parameters:
my = 5gcurdo,  mr =5nyog, mg=—m3=—5mi = 5500, (2.4)

where my is the mass of the SU(5) gauge bosons in the representations (3, 2)_5/3@(3, §)+5/3
of the SM gauge group; myp is the mass of the colour triplet and antitriplet pair (7,7)
contained in 55 ® 5; and my, m3 and mg are the masses of the SM singlet, SU(2) triplet
and SU(3) octet components of 24y, respectively. Demanding that the superpotential
couplings A5 and ny be in the perturbative regime and taking into account the fact that
the unified gauge coupling gsyr is of order 1, one obtains the following constraint:

mr, Mg, M3 g my . (2.5)

We also assume that supersymmetry breaking is coming from above the GUT scale, as
for example in supergravity. In practice this means that the soft terms should be SU(5)
symmetric at the GUT scale:

~ ~ adiiad 1 ~ ~ E = o~ —
—Leott = (m3g)ij 1010, + (m2);; 515, + (2 A 10,10;55 — AY; 510,55 + h.c.)
a _ 1 _
+m2, 545 +m2, 5450 + (Bs5uby +he) + 5 M1 XA (2.6)

We will consider the possibility of generation-dependent soft terms (as explained in the
introduction, generation-dependent A-terms are needed to correct the SU(5) fermion mass
relations), but in order to comply with the strong constraints coming from flavour physics
we must ensure that they do not induce large flavour-violating effects. To this end, we
assume that the soft sfermion mass matrices are diagonal in the basis in which the Yukawa
couplings A® are diagonal, and that the A-term matrices are diagonal in the corresponding
fermion mass eigenstate basis:

(m%o)ij = mfoiéij N (m%)” = m2 5@']’ s AZEJ = A?(SU in the basis AZSJ = A?(SU s (27)

5
A} = Al%;; in the basis A} = Aj%0;,  (2.8)

so that all flavour violation at the GUT scale is concentrated in the up squark sector and
controlled by the CKM angles, yielding an effective alignment of sfermion soft terms with
fermion masses [18]. In addition, we assume that the soft masses of the first two generations
of sfermions are degenerate:

2 _ 2 2 _ 2
mip, = Mip,, Mg = Mg . (2.9)

Finally, we will take M, /o and the A-terms (as well as the y parameter u = uy — 3ngoo)
to be real. This may be more than what we need to evade flavour and CP constraints from
low-energy experiments, especially in view of the fact that the superpartner spectrum is
heavy, but this choice also helps reducing the number of parameters. In our subsequent
exploration of the parameter space of the minimal renormalizable supersymmetric SU(5)
model we shall completely neglect flavour violation in the sfermion sector, including the
small amount of flavour violation that is generated from the running of the soft terms.



2.2 MSSM
Below the scale Mgur, the relevant theory is the MSSM, with superpotential
Wassm = AL USQjHy — A D§QjHy — AJ E{LiHy + pnHyHy (2.10)
and soft supersymmetry breaking terms
— Lot = (m)i @4 + (m3e)ij G5 + (me)iy €585 + (m3 )i [T + (m3)yy did!
+ (AY @ gha — A diha — AL &Lha + hic.)
+ m3y, hihy +m3y hiha + (B hyhg + h.c.)
1 - .1 -1
+ §M1 BB + §M2 WZWZ + §M3 §a§a7 (211)
where the contraction of SU(2); indices is understood (for instance, H,H, stands for
e,;H H) = HFH; — HOHY, where i,j = 1,2 are SU(2),, indices and ¢;; is the totally
antisymmetric tensor with e;2 = +1). Due to the boundary conditions (2.7) and (2.8),

and to the fact that we are neglecting the effects of the CKM matrix in the running, the
sfermion soft terms keep a diagonal form all the way down to low energies.

2.3 Standard Model

Below the matching scale

Mausy = /17, (o) 1, (M) = [y, (M) s (M) (2.12)
(where the last approximation is valid as long as the mixing in the stop sector is small,
ie. mXy < mQ , ) the relevant theory is the Standard Model. The Higgs potential

is given by (with the SM Higgs doublet given by h = f(cosﬁhd +sin Bic?h}) in the
decoupling limit):

A
Vim = —m2hth+ 2 (hTh) , (2.13)
while the Yukawa Lagrangian is
Lvukawa = —Hg ﬂRiﬁqu — HZ? JRih‘qu — Hg éRithj + h.c., (2.14)

where h = io2h*.

3 Renormalization group equations

In this section, we collect the SM and MSSM renormalization group equations (RGEs) and
various expressions used in our analysis (from boundary to matching conditions). We use
the SM RGEs [32] between myz and mgysy, and the MSSM RGEs [33] between mgysy and
MgauT. The gauge and Yukawa couplings, as well as the Higgs quartic coupling are evolved
with the 2-loop RGEs, with the 1-loop threshold corrections accounting for the splitting
of superpartner masses added at the scale mg,sy. All soft parameters (A-terms, gaugino
masses and soft scalar masses) are run at 1 loop.



3.1 Gauge couplings

The 2-loop RGEs for the gauge couplings g; (i = 1,2, 3 for the gauge groups U(1)y, SU(2),
and SU(3)¢, respectively, with g1 = 1/5/3¢’) read:

d %, T
% = amp’ Zngg > Cia Tr(ALAG) | (3.1)

a=u,d,e

where ¢ = In(m/mg), m being the renormalization group scale, and the S-function coeffi-

cients below and above mg,sy, are given by:

bPM = (41/10,-19/6,—7), pMSSM _ (33 /5.1, —3), (3.2)
[199/50 27/10 44/5 [199/25 27/5 88/5
BiM=1 9/10 35/6 12 |, BYSM = 9/5 25 24 |, (3.3)
| 11/10 9/2 —26 | 11/5 9 14
[17/10 1/2 3/2 [26/5 14/5 18/5
M= | 3/2 3/21/2], CMSSM _ 1 ¢ 6 2 |. (3.4)
2 2 0 L4 4 0

In the last term of eq. (3.1), the MSSM Yukawa couplings A, should be replaced with the
SM ones (H,) below mgysy-

At mgysy, the running gauge couplings should be converted from the MS scheme to the
DR scheme, in which the MSSM RGEs are written:

i H(Msusy +€) = a7 (Musy — €) (3.5)
_ _ 1

042 l(msusy + 6) = a2 l(msusy — 6) — G 5 (36)
_ _ 1

a3 1(msusy + 6) = ag l(msusy — 6) — E s (37)

where o; = g?/(4m) and € — 0.

3.1.1 Threshold corrections to gauge couplings

Imposing gauge coupling unification at the GUT scale:

ar1(Mgur) = aa(Mgur) = a3(Mgur) = agur (3.8)

implies certain relations among the masses of the various thresholds (supersymmetric part-
ners of the SM fields and heavy GUT fields). Adding 1-loop threshold corrections [34-38]
to the running gauge couplings evolved with the 2-loop MSSM RGEs between the scales
Msusy and Mgyt yields the following relations (i = 1,2, 3):

2-loop single-scale MSSM 1-loop low-energy threshold corrections

—1 1 (n)4 msusy
agur = & (Mgur) - ZN) — (3.9)

n

1 M, M M, M,
- Abylnﬂ+Ab§mﬂ+Ab§1nﬂ+Ab{mﬂ

2 my ms ms mr |’

1-loop high-energy threshold corrections



where the @; denote the values of the gauge couplings obtained by solving numerically the
2-loop MSSM RGEs with all superpartner masses at the scale mgysy, and n runs over the

(n)

superpartners. Their contributions Ab;”™ to the S-function coeflicients are given by:

A = (1/30,1/2,1/3),  Ab} = (2/5,2/3,0),
AbY = (4/15,0,1/6), AbA = (1/10,1/6,0),
Abd = (1/15,0,1/6), Abb (0,0,0), (3.10)
AbF = (1/10,1/6,0), = (0,4/3,0),
AbY = (1/5,0,0), bg = (0,0,2),
while the contributions of the heavy GUT fields are:
A8 = (0,0,3), Ab3 = (0,2,0),
Ab} = (0,0,0), AbT (2/5,0,1), (3.11)

AbY = (—10,-6,—4).

Taking appropriate combinations of the three equations (3.9), one obtains:

Bk
mg

m T __ __ _
T _ exp [6 (—al ! —1—30421 — 204 1) (Mgur)

Mgaur
5/3 3 4 2\ 1/12 4 1/6
% <mw> H in mLi <m~mA> (3‘12)
mg bl m%gmgf m?j@ mgusy
1/3
L N
Mcur 18
1/9 1/36
mwmg i1 m%l ’
1/5 4/5710/3
5 12 2 1 mg’ "m
-1 ——1 ——1 ——1 8 3
Agur = [(—goﬁ Ty % Ty )(MGUT)} +2771n[mv']
1/18

12,.3,.32. 8 3 13,3
1 1 m MM Mg inmLi 514
+ on mol Ii[ 2 .9 (3.14)
T Susy i1 mﬂfmég‘

At the 1-loop level, the matching scales Mgyt and mgeusy drop out from egs. (3.12)

and (3.13), while only mgusy drops out from eq. (3.14). Since mgusy > mz, one can
neglect the mixing between the higgsinos and the electroweak gauginos and identify:

mj = p, (3.15)

ma = 2+ 1 () (1+ 1/ tan? 5)
oy, (M) — 1y, (o)) (1002 3+ 1)/ (26— 1), (3.16)

mg/mg ~ as(mg)/as(mg), (3.17)




where tan 8 = (h0)/(hY) is the ratio of the two MSSM Higgs doublet vevs, and yu satisfies
the electroweak symmetry breaking (EWSB) condition (again neglecting m?%):

mir, (Msusy) — miy, (Msusy) tan B

AT (3.18)

uf? ~

In spite of the initial historical success [39-42], it is well known that gauge couplings do
not unify accurately at the 2-loop level in the MSSM with TeV-scale superpartners. High-
energy threshold corrections thus play a crucial role in achieving precise unification [37].
Using egs. (3.12) and (3.13), one can express the combinations of GUT state masses needed
for exact 2-loop unification in terms of the superpartner masses [37]. Assuming that all
superpartners have masses equal to mgyusy, one obtains for the colour triplet mass and for

the combination of heavy gauge boson and adjoint Higgs masses m%/smé/ 3.

15 Mgusy | */°

~ 2%1 _susy 1

mp x 107 GeV <1TeV> , (3.19)
2/3 1/3 m —2/9

mySmy'? ~ 2 x 10'° GeV <1;§}}) , (3.20)

where we have used the fact that ms = mg in the minimal renormalizable supersymmetric
SU(5) model. For superpartner masses in the TeV range, the colour triplet is far too
light and makes the proton decay too fast, which led ref. [7] to conclude that the minimal
renormalizable supersymmetric SU(5) model is excluded (this conclusion has been found
to be mitigated at the three-loop level [43] though, and can be avoided for a specific choice
of the soft terms [3]).

3.2 Yukawa couplings

For the Yukawa couplings, we use the 2-loop Standard Model RGEs [32] below the scale
Msusy, and the 2-loop MSSM RGEs [33] above it. We neglect all CKM contributions and
work with diagonal Yukawa matrices. In the absence of threshold corrections, the matching
conditions at mgy,sy are:

)\t,c,u(msusy) = ht,c,u(msusy)/Sinﬁa (321)
)\b,s,d(msusy) = hb,s,d(msusy)/cosﬁu (322)
)\T,,u,e(msusy) = hT,,u,,e(msusy)/COS/B- (323)

where the h couplings (resp. the A couplings) are the diagonal entries of the SM Yukawa
matrices HY'P'F (resp. of the MSSM Yukawa matrices AV:P-F).

3.2.1 Threshold corrections to Yukawa couplings
At the GUT scale, the SU(5)-invariant boundary conditions apply:

Au(Mgur) = AL (Mcur), (3.24)
Ap(Maur) = A(Mgur). (3.25)



Threshold corrections due to the splitting of the heavy GUT state masses slightly modify
these relations (see later). After running down to low energy, egs. (3.25) lead to predictions
for down-type quark and charged lepton masses that are in gross contradiction with the
data. Supersymmetric threshold corrections at the scale mgyusy may cure this problem.

Supersymmetric threshold corrections to light fermion masses. In the following,
we will neglect supersymmetric threshold corrections to the leptonic Yukawa couplings, and
consider only the corrections to the down-type quark Yukawa couplings,” whose dominant
contributions are proportional to a3 and A? (see however ref. [44]). This will allow us to
derive the SU(5) Yukawa couplings AS by simply running the charged lepton couplings up
to the GUT scale. The leading supersymmetric threshold corrections to down-type quark
masses are given by the gluino and higgsino contributions [8-10, 12-14] (the latter can
safely be neglected for the first two generations):

Amg, 2ai3 2 2 2 N 2 .2 2
i -3 mg X4, Ig(mg,mchi,m~Ri) + 16,2 Xy tan 8 Is(|p ,mfl,m£2) diz, (3.26)
where
Xy = A/ —pcotf, (3.27)
Xg, = Adi/)\di — ptan 3, (3.28)
Xe, = Ae;/Ae; — ptan 3, (3.29)
and the loop function I3 is defined by:
1 1 1
(—y)y—2)(z —2)
with the limits
1—(z/z)+ (z/z)In(z/x)
I = 31
3(1"7‘/1:’ Z) .’E(l — (Z/CL‘))2 ) (3 3 )
1
Iy(z,z,z) = % (3.32)
The matching is done at the scale mgysy:
Amyg.
mSM = ISSM <1 + md> , (3.33)
mg,
where
mSi\/I = hg,(Msusy) v, m%SSM = Ag; (Mgusy) vcos 3, (3.34)

in which v = (h°). As a first approximation, b—7 Yukawa unification is a relatively suc-
cessful prediction of SU(5), while the discrepancy between the prediction and the data is

5Supersymmetric threshold corrections to up-type quark masses remain under control, as no large A-
terms are needed to correct the SU(5) prediction. As for the top quark mass, even the large stop mixing that
may be needed to reproduce the measured Higgs boson mass does not induce sizable threshold corrections.
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much more important for the first two generations. As can be seen from eq. (3.26), the non-
holomorphic (o< ptan 8) contributions to Amg/mg and Amg/mg are the same for equal
first two generation squark masses, while the ratios ms/m, and mgq/m. are widely different.
This implies that large A-terms Ay and A are needed to bring these ratios into agreement
with experimental data,® which in turn makes the electroweak vacuum metastable [12, 13].
This issue will be discussed in section 6.

High-scale thresholds corrections to A\, and A\;. In addition to supersymmetric
corrections at the superpartner mass scale, Yukawa couplings are also subject to high-scale
threshold corrections due to the heavy GUT states. These may affect in particular bottom-
tau Yukawa unification, which as explained before is an important constraint on the model,
hence one must take them into account. In practice, all one needs is the difference between
Mp(Mgur) and A (Mgur) induced by the GUT-scale threshold corrections. One can check
that it is given by:

)‘T(iMGUI) 2 AjGUl 2 M
— =2 A (M In —4 In . (3.35
(47)2 i (Mgur) Your ( )

GUT threshold corrections also affect strange quark-mu and down quark-electron Yukawa

M (Maur) — Ar(Mgur) =

unification, but the numerical effect is negligible compared with the size of the low-scale
(supersymmetric) threshold corrections that are needed to account for the observed masses.

3.3 Higgs quartic coupling

For heavy stop masses, the proper way to compute the lightest supersymmetric Higgs
boson mass (for the standard computation, see refs. [45, 46]) is to consider the effective
theory below the scale mgy,sy, in which all superpartners and heavy Higgs bosons have been
integrated out and the Higgs boson mass is determined from the Higgs quartic coupling A,
with the value of A\(mgysy) determined by the supersymmetric theory valid above mgygy. At
tree level, the matching condition is A\ = (3¢%/5 + ¢3) cos? 23/4, while at the 1-loop level
it is given by:
3, cos? (23)

Aeiy) = (208 0mmy) + gBmay) ) 22 4 AN 1 AN 4 ANY, (3.30)

where the first term on the right-hand side of eq. (3.36) is the tree-level contribution, A\™8
accounts for the conversion of the gauge couplings from the DR scheme to the MS scheme,
and AX? and ANX are the one-loop threshold corrections due to scalars and electroweak
gauginos/higgsinos, respectively, whose expressions can be found in ref. [47]. The dominant
contributions are the ones proportional to (my/v)? in AX?, which in the case where all
sparticle masses lie close to mgysy (and in particular mea, = My ~ Msusy) reduce to the
leading stop mixing term:

6hi X7 [1 Y ] (3.37)

SIncidentally, it turns out that the correct ms /m- ratio cannot be obtained from the corrections propor-
tional to ptan 8 and to X; alone, and that a large A is also needed.
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Figure 2. Higgs mass constraint in the (tan 8, mgysy) plane for different matching conditions, with
all SM parameters set to their central values. The red curve corresponds to the tree-level matching
condition and the blue curve to the full 1-loop matching condition (3.36), while for the green curve
only the leading 1-loop threshold correction (3.37) was used. Both the blue and green curves assume
maximal positive stop mixing (X; = v/6 Msusy)- Lhe superpartner spectrum is chosen as in figure 1.

For large values of tan 5 and/or large values of X} -, one should also include on the r.h.s.
of eq. (3.37) the leading sbottom and stau contributions, which in the limit me, ~ Mg, ~

M, > Mgy > Msusy read:

6hi X} ll 1 Xf] 2nt X2 [1 1 X2 ] (3.38)

(47)2 my, my, 12 mg, Mg, (T2 msms | 12msms,

Considering only the leading term (3.37), one can see that for each value of mgygy
and tan 8 there exist either 4, 2 or 0 different values of X; satisfying the matching condi-
tion (3.36). There also exists a lower bound on mgysy for each value of tan 3, reached when

X; becomes

AXtmaLX = i\/émsusy, (3.39)

where the stop mixing contribution reaches its maximum [48] (when higher order corrections
are included the Higgs mass also depends on the sign of X;). This is illustrated in figure 2, in
which the lower bound on my,sy is represented by the green curve, assuming a superpartner
spectrum as in figure 1. The comparison with the red curve shows the importance of the
1-loop threshold corrections to the Higgs quartic coupling. Note that the SM parameters
were set to their central values in this figure; taking into account the uncertainty on the top
quark mass would spread the curves into bands which become very broad at small tan
values. For a discussion on this point, see ref. [48].
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3.4 A-terms

As discussed in the introduction and in subsection 3.2, we assume the A-term matri-
ces to be diagonal” in the corresponding fermion mass eigenstate basis, with generation-
dependent entries:

Ay = Diag (A’LL7AC7At)7 (3‘40)
AD = Diag (Ad,AS,Ab), (3.41)
Ap = Diag(A¢, Ay Ar) . (3.42)

These matrices are run with the 1-loop MSSM RGEs, with the SU(5) boundary conditions
imposed at the GUT scale:

Ay(Mgur) =

Al (Mgur) , (3.43)
Ap(Mcur) = Ap

(Mgur) - (3.44)

3.5 (Gaugino masses
For the running of gaugino masses we use the 1-loop RGEs:

d b;
—M,; = i M; 4
p 27r04 (3.45)

and impose the SU(5) boundary condition at the GUT scale:
My(Mgut) = Ma(Mgur) = M3(Mgur) = My);. (3.46)

3.6 Soft scalar masses
We also assume the soft sfermion mass matrices m (X = Q,u e L,d°) to be diagonal
with generation-dependent entries:

= Diag (m~ m§~{2 m.2>~(3)’ (3.47)

however with mX = m? % imposed at the GUT scale. Furthermore, SU(5) invariance

requires the followmg relations to hold at Mgyt (1 =1,2,3):

mg,(Mgur) = mas(Maur) = mee(Mcur) = mao, , (3.48)
mii(MGUT) = mj@(MGUT) = msi . (3.49)

7

Hence the splitting of the soft sfermion masses within SU(5) representations and between
the first two generations is only due to the running, performed at the 1-loop level as for the
other soft terms. As for the soft Higgs masses, we allow the possibility of different boundary
conditions for the two Higgs doublets of the MSSM, namely m%lu(MGUT) % m%{d(MGUT).

"Due to the CKM mixing in the quark sector, this assumption is not renormalization group-invariant.
However, the off-diagonal entries generated by the running from the GUT scale to low energy are suppressed
by the small CKM angles (the same statement holds for the soft sfermion mass matrices). We shall therefore
neglect this effect in the following.
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Note that our boundary conditions are less restrictive than the so-called minimal super-
gravity ansatz (mSUGRA), which assumes universal scalar and gaugino masses as well as
A-terms proportional to the Yukawa couplings. By contrast we allow for some generation
dependence in the sfermion soft terms, but we require them to be aligned with fermion
masses (exactly at the GUT scale, approximately at low energy due to the running) in

order to minimize supersymmetric contributions to flavour-violating processes.

3.7 p and By terms

Contrary to the other MSSM parameters, the yu and By terms are not fixed at the GUT scale
and renormalized down to low energy, but rather determined from the tree-level electroweak
symmetry breaking conditions at the scale mgsy, as is usually done (by inserting the
running soft terms in the tree-level Higgs potential one ensures that the most relevant

1-loop radiative corrections are taken into account). This procedure yields:

2 2 2
2 = T~ M, tan” 5 mj (3.50)
tan? 5 — 1 2’
sin2f (m%{d — m%]u)tanﬁ mZZ tan 3

B = (m%{u +m%{d +2|,u|2) (3.51)

2 tan? 3 — 1 C tan2p+1°

while the sign of p remains undetermined.

4 Solutions of the RGEs for soft terms

Here we present (approximate) semi-analytic solutions to the 1-loop renormalization group
equations for the MSSM soft terms. More details about the procedure used to derive them
can be found in appendix A.

4.1 Gauge and Yukawa couplings

As a first step, for each choice of mg,sy and tan 3, one runs the gauge couplings g;(t) (i =
1,2,3) and the Yukawa couplings A, (t) (n =t,b,7,¢, s, u,u,d,e) from tz =Inmy to tg =
In mgusy with the 2-loop SM RGEs. Then, after applying the matching conditions (3.5)—
(3.7), (3.21) and (3.23) at the scale mgy,sy, the gauge couplings and the up-type quark and
charged lepton Yukawa couplings are further evolved up to the GUT scale with the 2-loop
MSSM RGEs. At Mgyt the SU(5) boundary conditions (3.25) and the heavy threshold
corrections (3.35) are imposed, then the down-type quark Yukawa couplings are run back
from tg = In Mqur to tg = Inmgy,ey (in this procedure one needs to fix the heavy GUT state
masses my and my, in addition to the GUT scale itself). This provides us with numerical
solutions for the running gauge couplings g;(¢) (i = 1,2,3) and Yukawa couplings A, (t)
(n=1t,b,7,¢,8,1,u,d,e) in the range tg < t < ty, accurate at the 2-loop level.

4.2 (Gaugino masses

The solutions to the 1-loop RGEs for gaugino masses read:
My(m) = Myjpe” S CUT dt e (6) IS5 (2m) (4.1)

These 3 equations connect linearly 4 variables: M 2 3(msusy) and My /o.
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4.3 A-terms

As explained in appendix A, the hierarchy of Yukawa couplings makes it possible to solve
the 1-loop RGEs for A-terms in a sequential way, from A; to A.. With the convention that
the index n runs over the ordered values {t,b,7, ¢, s, u,u,d, e} (such that e.g. p < ¢ means
p=t,bor 7), one can write the (approximate) solutions as:

Ay o pA t 7t///A//
An(t) — An(to)eﬁodt/ﬁn(t) ‘I‘ e‘[todtﬁn(t)/ dt/ <’7;?(t/)€ ‘ft() dt ﬁn(t )) , (42)

to
where 7' is a function of the gauge and Yukawa couplings, and 74 is the product of \,
times a linear combination of gizMi and A\, A,, with m < n, all of which are already known
quantities, since the RGEs for the A,,’s are solved in order of increasing m. One can
therefore rewrite eq. (4.2) in the form:

Z nm (1) Am (to) + bn (£) My 2 , (4.3)

in which the coefficients ap,(t) and b, (t) are integrals that can be evaluated numerically
after having solved the MSSM RGEs for the gauge and Yukawa couplings. Imposing
the SU(5) boundary conditions Ag,(t9) = A, (to), one obtains the running A-terms at
an arbitrary scale as linear combinations of the SU(5) soft parameters Mj s, Al A?
(i = 1,2,3), with numerical coefficients depending on the choice of mg,sy and tan 5 (and
very mildly on Mgyr, mp and my).

In practice it may be more convenient to express the A,(t) in terms of other input
parameters, for example M3(mgysy) and the Ag, (mgusy) (4 = 1,2, 3), since these quantities
enter the supersymmetric threshold corrections to the down-type quark masses needed to
fit the experimental values. One may also want to trade A" for Ai(mgysy ), which is directly
constrained by the measured value of the Higgs mass. To this end, it suffices to invert the
linear relations (4.3) so that the A, (t) can be rewritten as a function of the desired input
parameters. In the following, we shall choose:

Ms (msusy)a Adi (msusy)a Au, (msusy) (71 = 17 2a 3) . (44)

4.4 Soft scalar masses

Following appendix A, we first introduce the combinations of masses (which appear in the
RGE:s for soft scalar masses):

S = —de—}—Z[ 2 —m~ — 2m2e —|—mdc—|—mc}, (4.5)
and
Sy, = m +mie +mi, (4.6)
Y = m%_+mj~c+m§{d, (4.7)
Ye, = m —|—m —|—de (4.8)
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The 1-loop RGE for S is easily integrated to give:

L) 7\ pMSSM
S(t) = S(t) eleo AT/ (4.9)
where S(to) = m¥; (to) — m%{d (to) due to the SU(5) boundary conditions on soft scalar
masses, while the RGEs for the X,,’s can be solved sequentially in a similar way to the A-
term RGEs, taking advantage of the hierarchy of Yukawa couplings to neglect subdominant
terms. We then define:

1

I = dt’ A2(t 4.1
1) = (g [ A A (4.10)

I (t) = — | dt! g?(t")ME (¢ 4.11
e (4@2/% FMAW) (4.11)

1 t

Is(t) = dt' g3 (t)S(t'). 4.12
s() = g [ @ aH(E)S() (4.12)
With these ingredients one can express the solutions to the 1-loop RGEs for soft scalar

masses as:

mg(t) = m(to) +ZT°“ n(t0) +Z Unla, (8) +) Vi In(8) +RIs(t) , (4.13)

where the index « runs over {Hu,Hd,Qg,gyl,11572,1,é§7271,l~13,2,1,cz§7271}, and the numerical
coefficients 7%, U5 and V,* (resp. R®) are given in table 4 (resp. table 3) of appendix A.
Plugging the previously derived semi-analytic expressions for A, (t), eq. (4.3), and for X,,(¢)
into eq. (4.13), one then arrives at

= > cap(tymj(to) + Z omm (£) A (t0) A (t0)
B
+ Z Can(t) An(to) My sz + fo(t) M)y, (4.14)

in which the coefficients c,g(t), danm(t), €an(t) and fo(t) are integrals that can be evaluated
numerically just from the knowledge of the solutions to the 2-loop MSSM RGEs for gauge
and Yukawa couplings. Finally, imposing the SU(5) boundary conditions on soft terms, one
obtains the running soft scalar masses m?(t) at an arbitrary scale as quadratic functions
of the SU(5) soft parameters mig,;, M3, m, (Mcur), de(MGUT), M1/2, A@lO and A?
(¢ = 1,2,3), with numerical coefficients depending on the choice of mgysy and tan 8 (and
very mildly on Mgy, mp and my).

As was done for A-terms, one can easily rewrite the running soft scalar masses in
terms of other input variables by inverting the system of equations (4.3) and/or (4.14).
As explained before, a convenient choice for exploring the parameter space of the minimal
renormalizable supersymmetric SU(5) model is to trade the 7 SU(5) parameters M o,
A% and A? for Ms(msusy); Ad; (Msusy) and Ay, (Msusy). One may also invert 8 of the
17 equations (4.14) in order to replace the GUT-scale masses mio,, ms,, mu, (MguT) and
mu,(Mgut) by 8 low-energy soft scalar masses, so that (for given values of mgysy and tan 3)
the whole supersymmetric spectrum is parametrized by 15 low-energy input variables.
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5 Proton decay

Proton decay is one of the main prediction of Grand Unified Theories, and since it has
not been observed yet, it sets strong constraints on the parameter space of the minimal
renormalizable supersymmetric SU(5) model. Qualitatively, the proton lifetime behaves as:

7 =~ 7(p = KT0) o« mbm2,, tan? /(1 + tan? 3), (5.1)

susy
implying a tan S-dependent lower bound on the superpartner mass scale.
To compute precisely the proton lifetime we will need the following input parameters:

my = 0.9383 GeV my+ = 0.4937GeV (5.2)
a3(2GeV) =0.31, as(mp) = 0.22, (5.3)
Wi'2(2GeV) = (0.111 4 0.027) GeV?, W3 (2CeV) = (0.036 +0.014) GeV?,  (5.4)

where W12 and Wi2! appear in the hadronic matrix elements for proton decay, as well as
the entries of the CKM matrix:

1—2\2/2 A AN (p —in)
Vekm(mz) = -2 1—-A%/2  AXN? : (5.5)
AN(1 — p—in) —AN? 1

here written in the Wolfenstein’s parametrization, with [49]:
A=0.22537, A=0814, p=0.117, n=0.353. (5.6)

Details about the computation of the proton lifetime can be found in appendix B. The
predicted proton lifetime is compared with the experimental constraint 7(p — K*v) >
2.3 x 1033 yrs (90% C.L.) [50].

6 Vacuum (meta)stability

In the general MSSM, some regions of the parameter space lead to instabilities of the
electroweak vacuum. One may encounter two kinds of dangerous situations.

The first one is the possible existence of directions in field space along which the
potential is unbounded from below (UFB). To remain on the safe side, we will allow only
the points in parameter space that do not possess any such direction. The associated
constraints on the model parameters will be summarized in subsection 6.1.

The second one is the metastability of the electroweak vacuum, which due to the large
trilinear soft terms needed to correct the SU(5) predictions for fermion masses cannot be
avoided. This means that there are minima in field space, lower than the electroweak vac-
uum, into which it will eventually decay. These new minima are the so-called charge and
colour breaking (CCB) vacua. Although one cannot forbid the decay of the electroweak
vacuum into a lower minimum, one can check whether its lifetime is long enough on cosmo-
logical time scales. The procedure followed in our analysis is summarized in subsection 6.2.

All computations in this section are done at the tree level. The generalization to higher
orders is conceptually straightforward, although technically much more involved, so we will
leave it for future work. Below we summarize the discussion presented in appendices C
and D, where technical details and relevant references can be found.
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6.1 Unbounded from below directions

As explained in appendix C, the tree-level constraints associated with the absence of UFB
directions can be written as (neglecting myz):

my, +mi >0, (6.1)

which must be satisfied for any of the three slepton generations.

6.2 Charge and color breaking vacua

We shall discuss the constraint applying to A; separately from the ones applying to all
other A-terms. The reason to treat them differently is that in the second case the D-terms
can be considered to be vanishing to a good approximation, thus providing constraints on
the fields, while in the first case this assumption is not justified due to the large top Yukawa
coupling.® We will nevertheless set the colour D-terms to zero for simplicity, but allow for
non-vanishing hypercharge and SU(2) D-terms.

6.2.1 Constraints on A, (n #t)
Let us first define:
M3(, %, H,H) = M3? + M20% + (my + |uf*) H? + (m% + |ul? ) H? — 2BHH, (6.2)
M3, H, H) = —2¢*(AyH — \yppH), (6.3)
2,9, H H ;) = 2(20° + .9 + H? + H?), (6.4)

and write the SU(2) D-term constraint:
0= —*+(3—2c)0* + H? — H, (6.5)

where 1, 1) are sfermion fields and H, H Higgs fields that parametrize a specific direc-
tion in field space along which a CCB minimum is present. The different possibilities for
the constant fields ), v, H, H, their mass parameters and the coefficients ¢ and ¢, are
summarized in table 5 of appendix D.

To evaluate the lifetime of the electroweak vacuum, we consider the (normalized)
bounce action, which for A, # A; can be approximated by:

22 M3

S =
M3

(Y9, H, H) . (6.6)

This action is then minimized by varying the direction in field space (¢, v, H,H ), subject
to the constraint (6.5). In order for the lifetime of the electroweak vacuum to be larger
than the age of the universe, the minimum of & must satisfy

Smin > 9, (6.7)

8Strictly speaking, the same comment applies to A in the large tan 3 regime. In the minimal renor-
malizable supersymmetric SU(5) model, however, large values of tan 8 are excluded by a combination of
constraints (see section 7), so only the case of a large A; needs to be discussed separately.

~ 18 —



Notice that one needs to minimize S with respect to two variables only. Indeed, one of
the variables v, 1, H, H is fixed by eq. (6.5), and the quantity (6.6) only depends on ratios
of fields. The minimization is performed numerically. A point of the parameter space is
admitted if the bounce action satisfies eq. (6.7).

6.2.2 Constraint on A;

We now define:

M3 = (m +m2) 2+ (mby, + |ul?) H2 + (m¥y, + [pf?) H} - 2BH,Hy, (6.8

Q

M = —2t*(AH, — MpHy), (6.9)

2 =2(2% + H2 + H}), (6.10)
9° + 45

2
A= A4 + 2H2) + (HZ - HI - #2)". (6.11)

8

Due to the large value of the top quark Yukawa coupling, the bounce action can no longer
be approximated by eq. (6.6). One should instead minimize

_ 2772
o= (1 ’ f(%(o{m)> ZAZZ » (6.12)
with
Flr) = 7T2/6 n 16.5 N 28 L )\%22 S(O) s 619
f(1—4n)3 (1—4r)2 " 1—4r’ = MSQ, — 45.4 . _

The minimization goes again over two variables (for example H,,/t and Hg;/t), and is done

numerically.

7 Results and discussion

We are now ready to address the question we asked in the introduction, namely whether
the minimal renormalizable supersymmetric SU(5) model can be considered as a viable
extension of the Standard Model. To answer this question, we must scan over the parameter
space of the model and search for points passing all phenomenological and theoretical
constraints” (precise gauge coupling unification, correct predictions for the Higgs boson
and charged fermion masses, proton lifetime, experimental lower bounds on superpartner
masses, metastability of the vacuum and perturbativity of the model). This is not a
straightforward task, as the model involves a large number of parameters with boundary
conditions defined at the GUT scale, while most constraints apply at low energy. In order
to ease the whole analysis, we will use the semi-analytic solutions to the soft term RGEs

9As discussed in the introduction, dark matter and neutrino masses can be accounted for by separate
sectors (in particular when the lightest neutralino is not a suitable dark matter candidate), so we do not
include them in the list of constraints to be imposed on the model. We also do not include the experimental
measurement of the anomalous magnetic moment of the muon [51], which deviates by & (3 — 4) o from the
SM prediction [52-54] but still needs confirmation by another experiment.
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obtained in section 4. This will enable us to perform a much more efficient scan — even
though it still involves a large number of parameters.

Before going into this programme, let us first try to identify the region of the parameter
space in which viable points are likely to be found. For a qualitative discussion of how each
phenomenological or theoretical requirement constrains the model, we will consider only
two parameters, tan 3 and the overall superpartner mass scale mgsy:

e a powerful constraint on the parameter space comes from accommodating the mea-
sured Higgs mass, which provides a tan S-dependent lower bound on mgysy (the lower
the value of tan 3, the higher the value of mgusy). Sizable mass splittings among
superpartners can change this bound, but not very drastically.

e another important constraint comes from the non-observation of proton decay, which
provides another lower bound on mgysy, with a different dependence on tan 8. The
actual value of the bound depends on the details of the superpartner spectrum.

e requiring the masses of the heavy GUT states derived from gauge coupling unification
to remain below the cut-off scale Mpjancc bounds mgyusy from above. The main con-
straint comes from the Higgs colour triplet mediating proton decay, whose mass mp
strongly depends (through the gauge coupling unification condition) on the higgsino
mass fi.

e the parameter space is also bounded by vacuum metastability constraints associated
with large values of the A-terms. These are unavoidably present due to the sizable
threshold corrections needed in the down-type quark sector. Furthermore, a large Ay
is necessary to accommodate the observed Higgs mass in some regions of the param-
eter space. Although the required values of the A-terms do not necessarily threaten
the metastability of the electroweak vacuum, significant regions of the parameter
space where the lifetime of the universe would be too short are excluded.

e the requirement that the third generation Yukawa couplings should remain perturba-
tive up to the GUT scale excludes some portions of the parameter space in the small
tan [ region (top quark) and potentially also in the large tan 8 region (bottom quark
and tau Yukawa couplings).

e the perturbativity of the parameters of the SU(5) superpotential, reflected in the
condition my, ms, mg < my, can easily be satisfied by using the freedom allowed by
gauge coupling unification. Indeed, for fixed Mgyt and superpartner masses, mp and
m%/mg are constant (using the fact that the colour octet and weak triplet components
of the adjoint Higgs field have equal masses, ms = mg), see egs. (3.12) and (3.13).
One can therefore increase my and decrease ms = mg by diminishing A5 and ps in
the superpotential (2.1) in such a way that oy = us/\5 increases. Simultaneously,
ng should be made smaller so that mp = 5ngyog stays constant.

One can illustrate how these constraints restrict the parameter space of the model
by plotting them in the (tan 8, mgeusy) plane, in the spirit of figure 1 in the introduction.
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Figure 3. A naive estimate of the allowed parameter space of the minimal renormalizable super-
symmetric SU(5) model (pale green region) in the approximation described in the text, where all
sfermions are assumed to have the same mass mgusy-

To be able to do this, we assume a simplified superpartner spectrum with a common
scale mg,sy for all sfermion masses, the y parameter, mpy, and the SU(5) gaugino mass
parameter M; 5. The down-type squark A-terms and A; are chosen to fit the fermion
masses and the Higgs mass, while the slepton A-terms are taken to be 2/3 of their down-
type quark counterparts,'® and A, and A. are assumed to vanish. With m%ld and the B
parameter determined by the electroweak symmetry breaking conditions, the whole MSSM
spectrum, including the heavy Higgs masses, can be computed. While these inputs are not
fully consistent with SU(5)-invariant boundary conditions at the GUT scale, they make
it possible to display all the constraints discussed above in a two-dimensional plot. The
result can be seen in figure 3, a simplified version of which was shown in the introduction.
Let us now comment it:

e the measured Higgs boson mass excludes the region below the red curve (which cor-
responds to maximal stop mixing);

e the region below the green line is ruled out by the experimental lower bound on
the proton lifetime (assuming the high-energy phases appearing in the proton decay
amplitude, see eq. (B.7), all vanish). The shape of this line can be understood by
noting that the proton lifetime approximately scales as

(p— KT0) o< m> mgusy tan® 8/(1 + tan® B8)?, (7.1)

while given the assumptions made on the superpartner spectrum, the colour triplet

'9This empirical factor roughly mimics the effect of the running from Mgy, where the SU(5) relations
Ag;, = Aei hold, to msusy.
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mass is proportional to'!

mp X mg’égy (tan? 8 + 1)1/12, (7.2)
giving
(p— K™o) mslés/; tan? § (tan® 8 + 1) 711/6 (7.3)

e the region above the purple curve is excluded by the vacuum metastability constraint
on A, while the region above the brown curve (which is almost entirely due to Ap) is
ruled out by the constraints on all other A-terms. In drawing these curves we used
the metastability conditions derived in appendix D, but they can be approximated
to a very good degree by:

|A:] < \/m%[u + m%S +m3,, |4y < \/m%{d + m%g + m3~3 , (7.4)

for A; and Ay, respectively. Note that the constraint on |Ay| is more easily satisfied
for large tan 3 values due to m%; = mg,, (2tan® 5 — 1);

e perturbativity of the top quark Yukawa coupling excludes the region to the left of the
blue curve (which corresponds to A\ (Mgur) = 1). There is no similar constraint for
Ap and A;, which are always in the perturbative regime in the region of the parameter
space shown in figure 3;

e the constraint my < Mpianck/10 (resp. mp < Mpianck) rules out mgysy values above
the solid black line (resp. the dashed black line), while there are no additional con-
straints from mg, mg, mp < my < Mpianck/10;

e the pale green area is the region of the parameter space that is allowed by all the
above constraints.

The tentative conclusion one can draw from figure 3, even though the assumptions
made on the soft terms are not consistent with SU(5)-invariant boundary conditions at the
GUT scale, is that viable points satisfying all phenomenological and theoretical constraints
are likely to be found in the region bounded by 2 < tanf < 5 and 100 TeV < mgusy <
1000 TeV. This definitely needs confirmation from a more careful investigation of the
parameter space. Namely, one should scan over the parameters of the model, which besides
tan 3, sign(u) and the heavy state masses include 15 soft terms: 8 sfermion (10, 55, M5, , ,)
and Higgs (ms, mg) soft masses, 1 gaugino mass parameter (M, /,) and 6 A-terms (A%?m,
A‘;’7273). Since these soft parameters are defined at the GUT scale, one needs to run them
down to the scale mgyusy, Wwhere most constraints apply. In order to simplify the problem,
we shall use the semi-analytic approximate solutions to the soft term RGEs derived in
section 4. This will allow us to trade the GUT-scale soft parameters for low-energy ones
(namely the mgys, values of the running parameters Mz, Ay ¢, Agsp and of 8 suitably

H1ndeed, given the choice p? = m%u = mgusy, one has from the electroweak symmetry breaking conditions

m%d = m2,y(2tan® B — 1) and m% = 2m2,., (tan® 8 + 1). Plugging this, together with the assumption of

equal sfermion masses, into eq. (3.12), one arrives at mr o m?égy (tan? B8 + 1)1/12,
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chosen soft scalar masses) and to use the constraints at mgusy to effectively reduce the
number of free parameters.
Let us describe more precisely the procedure that we are going to employ:

1. first choose a random point in the (tan 3, meusy) plane (where mgusy is now the
matching scale between the SM and the MSSM), together with sign(u) and some
sensible values of Mgur, mr and my;

2. solve numerically the 2-loop MSSM RGE:s for the gauge and Yukawa couplings (tak-
ing into account the GUT-scale relations (3.25) and the heavy threshold corrections
to Yukawa couplings (3.35), as explained in subsection 4.1). Then, following the pro-
cedure of section 4, express the running soft terms at an arbitrary scale as algebraic

2 2

2 2
A m= ms. and
Q123’ di?,s’ usg ‘,u‘ )

which through the EWSB condition (3.50) can be written as a linear combination of

m%{u (Msusy) and m%{d (Misusy);

combinations of the mgy,sy values of M3z, Ay ¢, Adgsp, m

3. impose the following 8 constraints on the myg,s, values of the soft terms: (i) the

definition of the matching scale mgusy = \/mQ3 (msusy)mﬁg (Msusy); (11)-(iii) the
equality of the first and second generation soft sfermion masses, which for simplic-
ity we impose at the scale mgysy, rather than Mgur: m%l(msusy) = m%z(msusy)

and mfz(f (Msusy) = m?% (msusy); (iv) the gauge coupling unification condition (3.12),
in which my and Mgyt are fixed and pu and m4 are functions of m%{u and m%{d
through the EWSB conditions; (v) the 1-loop matching condition for the Higgs quar-
tic coupling (3.36), keeping as a first approximation only the leading term (3.37);
(vi)- (viii) the supersymmetric threshold corrections (3.26) needed for the down-type
quark masses to match their measured values. Whenever these constraints admit
several solutions, we explore all of them. Imposing them allows us to express 8 of
the 15 input parameters at the scale mg,sy in terms of the remaining 7 ones and
of already known quantities; in practice we choose the remaining 7 free parameters
(the ones to which we assign random values in order to explore the model parameter
space) to be mg, ., (Msusy), M (Msusy), M3(Msusy) and Ay c(Msusy)-

4. for each point of the parameter space, defined by the chosen values of mg, (Msusy),
mi . (Msusy), M3(Msusy) and Ay o(Mmsusy) (in addition to the values of tan 3, mgusy,
Mgut, mr and my, already fixed in the first step), one can improve the analysis
by running the soft terms again, this time with the full RGEs, and use the complete
expression for the Higgs mass. Once this is done, the phenomenological viability of
this point must be further checked: proton lifetime, consistency of the superpartner
mass spectrum with the experimental limits, absence of UFB directions and metasta-
bility of the electroweak vacuum (which is checked following the procedure described
in appendix D), perturbativity constraints.

The procedure described above was applied by testing each randomly chosen point in
the (tan 8, mgusy) plane for 1000 different random configurations of the superpartner spec-
trum, which were obtained by scanning over mg, 3(msusy), mge 3(msusy) and Ms(Mgur)
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Figure 4. Left panel: successful (green dots) and unsuccessful (red stars) points among 1000
randomly selected points in the (tan S, mgusy) plane. Right panel: successful points only, where
the colour of a given dot represents the number of superpartner spectrum configurations respecting
SU(5) symmetry at Mgur that passed all phenomenological constraints (the number of solutions
found increases from light yellow to dark green). Also shown is a particular solution (magenta dot)

characterized by a low value of the matching scale mgusy = \/ me, (msusy) Mg (msusy) and described

in greater detail in the text below. In both panels, the red, green, purple and black lines represent
the naive constraints from figure 3 associated with the measured Higgs mass, the proton lifetime,
the metastability of the electroweak vacuum and the condition my < Mpjanck/10, respectively.

in the range [0.5 Mmgysy, 2 Msusy), and over A, .(Mmgysy) in the range [—2 mgysy, 2 Msusy]. The
results of this exploration of the parameter space of the minimal renormalizable supersym-
metric SU(5) model can be seen in figure 4. The plot in the left panel displays all the points
of the (tan 8, msusy) plane that have been checked; the ones for which at least one configu-
ration of the superpartner spectrum passed all constraints are in green, while the ones that
failed this test are in red. The plot in the right panel shows how frequently a solution was
found in the model parameter space for each green point. The more vivid the colour of the
point, the more spectrum configurations survived all the constraints. It turns out that the
naive estimate of the allowed parameter space (the green region in figure 3), despite not
respecting the SU(5) symmetry, tells us something about how likely it is for a randomly
chosen point in the parameter space with given values of tan 3 and mg,sy to be compatible
with all experimental and theoretical constraints discussed at the beginning of this section.
In the part of the green region of figure 3 around several hundreds of TeV (close to the
upper limit given by the requirement mp < Mpjanck/10), a randomly chosen point in the
parameter space has a few percent probability of success, while the probability decreases
when one exits the green region. One can see that the naive constraints associated with
the Higgs mass (red line) and with the proton lifetime (green line) are very robust, which
in the case of the Higgs mass can be traced back to the fact that the leading term in the
1-loop matching condition for the Higgs quartic coupling, eq. (3.37), only depends on mgysy
in the maximal stop mixing case. The naive vacuum metastability bound (purple line) is

— 24 —



less robust but remains a reasonable approximation to the exact condition, contrary to
the naive mp < Mpianck/10 constraint (black line). The main reason for this is that the
black line assumed pi(mgusy) = Mgusy, While a sizable portion of the viable points of the
parameter space feature smaller values of u, thus effectively decreasing the value of mp by
virtue of the gauge coupling unification condition (3.12).

While these results confirm the naive expectation from figure 3 that the allowed pa-
rameter space of the minimal renormalizable supersymmetric SU(5) model is restricted to
the region of heavy superpartners, isolated points with lighter supersymmetric particles are
likely to be missed in this random search. In fact we were able to find a viable point in the
parameter space with mgusy = 63 TeV and some squarks as light as 22 TeV, depicted by a
magenta dot in figure 4. We give below the input parameters at the GUT scale as well as
the values of all soft terms at the scale mgygy:

INPUT:

e Point in the (tan 3, mgusy) plane:

tan3 = 4.0, (7.5)
Meusy = 63.0TeV (7.6)
Mgyur = 2.0 x 10 GeV, (7.7)
sign(p) = +, (7.8)

e Soft terms at Mgur:

Ay(Mgur) = Diag(2x107%,9 x 1072,13.9) TeV , (7.9)

Ay(Mgut) = Ae(Mgur) = Diag(—0.4,41.2,121.7) TV, (7.10)
M3 = 344TeV, (7.11)

mp, (Mgur) = 106.2TeV, (7.12)
mp,(Mgur) = 531.2TeV, (7.13)

mio, = Diag(79.9,79.9,125.7) TeV , ( )

mg. = Diag(151.8,151.8,141.1) TeV . (7.15)

7

OUTPUT:

e Values of gauge and Yukawa couplings at mgysy, in the supersymmetric
(Mmsusy + €) and in the non-supersymmetric theory (msusy — €):

( ) = (0.47777, 0.61950, 0.88966) , (7.16)
( ) = (0.47777, 0.61900, 0.88742) (7.17)
(Msusy +€) = (0.74778, 0.06325, 0.04229) , (7.18)
( ) = ( ) (7.19)
( ) = ( (7.20)

0.72553, 0.01123, 0.01026) ,
2.61 x 1072, 3.95 x 1073, 2.52 x 1073 ,

— 95—



(hes sy hy) (Msusy — €) =
(Aus Ad; Ae) (Msusy +€) =
(hu7 hd7 he)(msusy - 6) =

e Soft terms at mgygy:

(2.53 x 1073, 0.23 x 1072, 0.61 x 1073),
(5x107%,19x 1076, 12 x 1079),

(5x107%, 12 x 1075, 3 x 1079),

= Diag (0,0, —25.9) TeV ,
= Diag(—0.9,87.6,237.2) TeV,
= Diag (—0.6,55.8,163.4) TeV,

— Diag (16.9,29.9, 62.0) TeV ,

= 82.1TeV,

= 483.5TeV,

106.2,100.0,81.4) TeV |
22.3,22.3,49.0) TeV ,
138.0,132.1,120.1) TeV ,
131.4,128.3,84.4) TeV
= Diag (172.0,164.4, 76.5) TeV

= Diag
= Diag
= Diag
= Diag

~—~~ ~~ ~~

= 91.6 TeV,
= 507.3TeV,

e Values of gauge and Yukawa couplings at Mgur:

g M(Maur) =

geur =
(Ats Ao, Ar)(Mgur)
(>\07 >\s, A,u)(MGUT) =
(Au, Ads Ae) (Mgur)

e GUT state masses:

ms3
my = 8.8 x10'GeV,

(0.68367, 0.67083, 0.66722) ,
0.71339,
(0.51487, 0.03185, 0.03132),

(1.47 x 1072, 1.86 x 1073, 1.86 x 1073) ,
= 3x1075,9%x107% 9x1079),

mp = 7.1 x 10 GeV,

5.1 x 1013 GeV ,

e Other parameters and observables:

-1
agur = 24.7,

7'1,(p+ — Kto) =
Smin —

corresponding to a vacuum

Tvacuum —

3.9 x 10% yrs
1780,

lifetime of

esmin
~ 10°% yIS.

4 3
msusy tuniverse
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Figure 5. Running A-terms and gaugino masses for the parameter space point described in the
text (magenta dot in figure 4), obtained using the 1-loop MSSM RGEs. Top and bottom left figures:
15t, 274 and 34 generation A-terms. The blue, yellow and green lines represent A,,, Ay, and A.,,
respectively. Bottom right figure: the blue, yellow and green lines represent M, Ms and M3,
respectively.

For completeness, we also present the running of the A-terms in figure 5 and of the
soft scalar masses in figure 6.

Let us describe briefly the main features of this point. Most sfermions lie between 50
and 170 TeV, with however the 4r and ¢r as light as 22.3 TeV. The gauginos are typically
lighter than the sfermions and the higgsinos, and the lightest supersymmetric particle
(LSP) is the bino, with mass M; = 16.9 TeV (the @ and the ¢g are the co-NLSPs, i.e. the
next-to-lightest supersymmetric particles). The superpartners are therefore out of reach of
present and next-generation colliders, and supersymmetric contributions to flavour physics
observables are strongly suppressed, but proton decay will be easily accessible at future
large detectors. The Higgs sector is far into the decoupling regime, with a standard-like
lightest Higgs boson and all non-standard Higgs bosons around m4 = 500 TeV. Finally,
there is no suitable dark matter particle in the observable sector, as the relic density of
a 17TeV bino by far exceeds Qcpyh? ~ 0.12 [55]. If R-parity is conserved, a natural
candidate is a gravitino in the GeV range (or lower), to which the bino NLSP would
decay without affecting Big Bang nucleosynthesis. The cold dark matter density would
then be in the form of gravitinos coming from NLSP decays [56] (giving a contribution
AQs = Qgme/My, from which the upper bound mg < 1 GeV follows) and from thermal
production during reheating [57, 58]. In order to avoid gravitino overproduction from the
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Figure 6. Running soft scalar masses for the parameter space point described in the text (magenta
dot in figure 4), obtained using the 1-loop MSSM RGEs. Top and bottom left figures: 15¢, 2°¢ and
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respectively. Bottom right figure: soft Higgs boson masses. The blue line

latter process, the reheating temperature should lie in the TeV range, or lower. In the case
of R-parity violation (which may be invoked to generate neutrino masses, as an alternative
to the seesaw mechanism), the only possible dark matter candidate within this model is
again the gravitino. Since it decays into a photon and a neutrino, acting as a source of
monochromatic photons, extragalactic gamma ray constraints put a bound on its mass.
For bilinear R-parity violation, one obtains mg < 1 GeV [59]. Here, as in the R-parity
conserving case, the maximal reheating temperature is around the TeV scale.

One may wonder whether other points exist in the parameter space of the minimal
renormalizable SU(5) model with lighter superpartners than in the above example. While
performing an extensive scan would probably reveal the existence of such points, it appears
difficult to lower significantly the average superpartner mass scale below a few tens of
TeV (some supersymmetric particles may however be accidentally lighter). The reason
for this is the proton lifetime, which in the limit where all superpartners have the same

gusy x mslés/g (where in the last step the approximate

mass Meysy Scales as 7, o m%m
constraint (3.19) from gauge coupling unification was used). The actual proton decay

constraint depends on the individual superpartner masses,'> and does not prevent some of

12Tp addition, non-zero values of the high-energy phases in the Yukawa matrices tend to increase the
proton lifetime.
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them to be much smaller than the naive lower bound on mgysy, but it seems to be difficult
to reconcile a significantly lighter superpartner spectrum with proton decay and all other
constraints. In fact gauge coupling unification is the main obstacle here, which makes it
hard to accommodate a low superpartner mass scale with a large colour triplet mass [7].

What one may still try is to split the spectrum, making just a part of it light. This is
not easy though, because of the threshold corrections to gauge couplings at MquT and to
the bottom and Higgs masses at mgusy. For example, making the higgsino light decreases
the mass of the colour triplet, see eq. (3.12), and therefore shortens the proton lifetime.
The gluino and/or the br cannot be much lighter than the by, (whose mass is of order mgysy)
either, since this would suppress the loop function in eq. (3.26) and require an enormous
value of X} to reproduce the observed my/m, ratio. This large value of X}, would in turn
imply a large negative threshold correction to the Higgs quartic coupling, see eq. (3.38),
making it impossible to fit the measured Higgs mass for moderate values of mg,sy. All
this motivates the choice of parameter intervals made in our scan, namely mg, ., (Msusy),
m Jh(msusy) and M3z(Mgur) in the range [0.5 mgysy, 2 Msusy). The only remaining possi-
bility is to have the first two sfermion generations lighter than the third one, an opposite
situation to the one considered e.g. in ref. [7]. The investigation of this case would require
the use of 2-loop RGEs for soft terms, as a strong mass hierarchy between different sfermion
generations enhances the effect of 2-loop running and may give rise to tachyons [60]. Such
a study is beyond the scope of this paper, and we leave it for future work.

8 Conclusions

If one excepts the issue of neutrino masses, the minimal renormalizable supersymmetric
SU(5) model suffers from two main problems. The first one concerns the predictions for
charged fermion masses. Although the GUT-scale equality of down-type quark and charged
lepton Yukawa couplings leads to a qualitatively successful prediction for the bottom to tau
mass ratio, it quantitatively differs from the measured value by some 20-30%, while the
discrepancy is much larger for the first and second generations. Second, proton decay is too
fast by a factor 10* or so for typical soft terms in the TeV range, essentially because gauge
coupling unification requires a relatively light colour triplet. Each of the two problems has
been addressed separately in the literature: large supersymmetric threshold corrections
were used to modify the fermion mass predictions (see for example refs. [11, 12]); specific
flavour structures of the soft terms [3] and a heavy superpartner spectrum [61] were invoked
to increase the proton lifetime.

In this paper, we performed a complete analysis of the minimal renormalizable super-
symmetric SU(5) model, taking into account all relevant phenomenological and theoretical
constraints: charged fermion masses, the proton lifetime, gauge coupling unification, the
Higgs mass, experimental lower bounds on superpartner masses and flavour constraints,
metastability of the vacuum and perturbativity of the model. We showed that the model is
still alive, and that the allowed region of the parameter space spreads over a large domain
with mgusy = /Mg, My, ranging from around 50 TeV to 10* TeV and tan 3 from approxi-
mately 2 to 5. Viable points were also found outside this region of the parameter space,
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but they are less frequent. Particularly interesting are the ones featuring some (relatively)
light superpartners. We studied in greater detail one such point in which the lightest
supersymmetric particle is a bino with mass 16.9 TeV.

A generic feature of the model is the metastability of the vacuum, which is not a concern
since its lifetime is typically much larger than the age of the universe. A consequence of
the heavy supertpartner spectrum is that the observable sector does not contain a suitable
dark matter candidate; however, a gravitino with a mass around the GeV scale or below
can play the role of cold dark matter, both in the presence and in the absence of R-parity.

The present analysis is a good starting point for further research. One of the limita-
tions is that we used the central values of the input SM parameters; taking into account
the experimental and theoretical uncertainties will extend the viable region of the pa-
rameter space. We presented in a compact way all the ingredients that are needed for a
more extensive scan of the parameter space of the model. What we have shown is that
the minimal renormalizable supersymmetric SU(5) model is indeed a viable extension of
the Standard Model, in the sense that its parameter space contains points that satisfy all
relevant phenomenological and theoretical constraints. The price to pay is that the super-
partner spectrum is heavy, typically in the 100 TeV region or above, although we were able
to find particular cases in which some of the supersymmetric particles can be as light as
17 TeV, and it is not excluded that viable points with even more split spectra exist in some
corners of the parameter space.

We did not address in this paper the issue of neutrino masses. One possibility is to add
Standard Model singlets (right-handed neutrinos) to the model and to generate neutrino
masses via the seesaw mechanism. Another possibility is to allow either bilinear or trilinear
R-parity violating terms. Notice that integrating out higgsinos and colour triplets with R-
parity violating couplings induces corrections to the Yukawa couplings [21], which opens
the possibility that the SU(5) fermion mass relations are cured by the combined effect of
R-parity violation and of supersymmetric threshold corrections.

The possibilities to test experimentally the minimal renormalizable supersymmetric
SU(5) model are limited. Barring possible isolated points of the parameter space with light
remnants, superpartners are too heavy to be detected at the next generation of colliders
or to give sizable contributions to flavour-violating observables. Proton decay could be
around the corner, but the allowed parameter space is too vast to give a definite prediction
for the proton lifetime. It is, however, possible to rule out the model (or at least most of
its allowed parameter space), either by discovering a light superpartner spectrum or, if the
Higgs sector is light enough to be accessible and studied at the next generation of colliders,
by measuring a relatively large value of tan 5. Finally, in the allowed parameter space
found in this paper, the minimal renormalizable supersymmetric SU(5) model does not
account for the muon (g — 2) anomaly. While theory calculations are generally considered
to be robust, confirmation of the BNL measurement by an independent experiment is
required to establish whether new physics is really needed. If the anomaly would persist
after the proposed new experiment at Fermilab [62, 63] has produced results, the minimal
renormalizable supersymmetric SU(5) model would be under strong pressure.
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A Procedure for solving the soft term RGEs

In this appendix, we derive the expressions for the superpartner spectrum of the minimal
renormalizable supersymmetric SU(5) model that we have used in our analysis. These
formulae account for the splitting of sfermion masses within the same SU(5) multiplet due
to renormalization group running. They are (approximate) semi-analytic solutions to the
1-loop MSSM RGEs for the soft terms obtained under certain assumptions (namely, the
hierarchy among Yukawa couplings allows us to neglect some terms in the RGEs and to
solve them in a sequential manner, as explained below). We have checked that they are
accurate up to the few percent level by running the full set of RGEs. The advantage of
these approximate solutions is that the low-energy soft terms can be written as quadratic
functions of the initial (GUT-scale) values of the soft parameters, which makes it possible
to perform a scan over the parameter space of the model without having to solve the full
set of RGEs for each point. Furthermore, it is possible to scan directly over the low-energy
values of the soft terms (rather than the GUT-scale ones), since these formulae implicitly
respect the SU(5) boundary conditions. A similar approach has already been employed in
the past, e.g. in ref. [30] for mSUGRA and in ref. [31] for SU(5). Here we generalize this
procedure to generation-dependent soft terms with SU(5) boundary conditions.

A.1 The procedure

In order to perform a scan over the parameter space of the minimal renormalizable su-
persymmetric SU(5) model, one has to solve a system of entangled differential equations
describing the running of gauge, Yukawa and Higgs quartic couplings, as well as of the soft
terms, which involves a large number of parameters (only in the supersymmetry breaking
sector, there are upon SU(5) unification 15 parameters, namely 6 A-terms, 1 gaugino mass
and 8 soft scalar masses). In addition, these parameters are subject to various phenomeno-
logical constraints defined at different scales. This makes it hard to solve the problem
by brute force, and motivates the use of approximate semi-analytical solutions to the soft
term RGEs.
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Let us first try to circumvent the issue by solving the RGEs in steps. We first integrate
numerically the system of RGEs for gauge, Yukawa and Higgs quartic couplings at the 2-
loop level. Note that these couplings depend on the soft terms only through supersymmetric
threshold corrections, so we can use this fact to determine the values of the relevant soft
terms at the matching scale mg,sy. Then we can solve the 1-loop RGEs for the soft terms
— first gaugino masses, then A-terms and finally soft scalar masses. By working them
out in this particular order, we are able to use in each step the knowledge of the running
parameters that we have computed in the previous steps. Unfortunately this method is not
efficient since one must solve the RGEs for the soft terms every time one changes the input
(GUT-scale) values of the soft parameters. What we would like is to numerically solve the
soft term RGEs for symbolic input values. The computational procedure described below
does precisely that: when the input values of the soft parameters are changed, only the
last step (out of 3) has to be re-run.

Step 1.

1. Choose the matching scales mgusy and Mgy, the ratio of the MSSM Higgs vevs tan 3
and the masses of the heavy GUT states mp and my within the perturbative regime
mp < my < Mplanck (note that mp and my affect the running of the parameters
only through the high-scale threshold corrections to the Yukawa couplings, so their
influence is very mild).

2. Run the gauge, charged lepton and up-type quark Yukawa couplings as well as the
Higgs quartic coupling from their measured values at the weak scale up to the match-
ing scale mgy,sy using the 2-loop SM RGEs.

3. Apply the matching conditions (3.5)—(3.7), (3.21) and (3.23) to the gauge and Yukawa
couplings at the scale mgyusy and use the 2-loop MSSM RGEs to run them up to the
scale Maur.

4. Compute the down-type quark Yukawa couplings at Mgyt from the values of the
charged lepton Yukawa couplings using the SU(5) mass relation (3.25) and the GUT
threshold corrections (3.35). Run them down to the scale mgusy using the 2-loop
MSSM RGEs (the supersymmetric threshold corrections to the leptonic Yukawa cou-
plings are neglected in this procedure).

Step 2.

5. Solve the 1-loop MSSM RGEs for gaugino masses, taking into account the unification
condition (3.46).

6. Assume the hierarchy™ X\, > Xy > Ar > Ae > Ay > Au > Ay > Ag > A and the
unification of leptonic and down-type quark A-terms at the GUT scale to solve the

13This assumption is based on the observed hierarchy of fermion masses, taking into account the SU(5)
boundary condition Ap = AL and the supersymmetric threshold corrections to down-type quark masses, and
is better justified in the low to moderate tan 8 regime. For instance, the relation A\s(Mcur) = Au(Mgur)
implies As(m) > Au(m) for msusy < m < Mgur, while in the absence of this relation and of supersymmetric
threshold corrections to ms one would have As(m) < Ap(m) over most of the range msusy < m < Magur.
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RGEs for A-terms in a sequential way (see details in subsection A.3.2). As a result,
express the running A-terms as linear functions of the gaugino masses and of their
values at the scale mg,sy (which are more convenient input parameters than their
values at the GUT scale, since phenomenological constraints on A-terms apply at
the scale mgysy ), with coefficients depending on the running quantities determined in
Step 1. In this way one does not need to run the A-terms every time one changes
their initial values.

7. Solve the RGEs for the soft scalar masses in a similar manner.
Step 3.
8. Choose the values of the input soft parameters.

9. Make sure that no sfermion becomes tachyonic. Check that the values of the A-
terms and soft scalar masses at mgysy reproduce the observed values of the down-type
quark masses and of the Higgs mass. Verify that all experimental lower bounds on
superpartner masses and flavour constraints are satisfied.

10. Check vacuum (meta)stability constraints and the proton lifetime.

A.2 Input values

All input values of the SM parameters needed for the running were taken either from
ref. [64] or from ref. [65]:

Mpianek = 2.4 x 108 GeV
v = 174.10362 GeV ,
(mz, my, ma)P® = (91.1876, 173.10, 125.66) GeV
) = (0.46167, 0.64822, 1.1666) ,
)(me) = (0.93558, 0.0156, 0.0100),
(me, mg, my)(mz) = (619, 55, 103) MeV
(mz) = (1.27, 2.9, 0.5) MeV,
) = 0.25420,

A~ o~ o~ o~ —~ —~ —~
O
o J O Ot = W N
T — D D — D Y —

where g123(m¢), hep-(m¢) and A(my) are evaluated at NNLO (the NNNLO pure QCD
contribution is also included in hi(m;) [64]), and h;(mz) = m;(mz)/v for the first and
second generations of fermions.

A.3 Approximate expressions for the soft terms

In order to be able to approximately solve the 1-loop RGEs for soft terms, we shall neglect
all mixings. This means that in addition to assuming that the sfermion soft terms are
aligned with fermion masses at the GUT scale (see subsection 2.1), we shall neglect the
effects of the CKM matrix in the RGEs. This may not be fully justified, as the impact of
VokMm on the running of the first two generation parameters can be significant. However,
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this effect is suppressed either by small Yukawa couplings or by small CKM angles and is
therefore never numerically important,' so we shall set Voxwm = 1 in the RGEs and omit
the subleading Yukawa contributions.

With these assumptions, we can derive approximate semi-analytic solutions to the
1-loop RGESs for the soft terms.

A.3.1 Gaugino masses

The 1-loop RGEs for gaugino masses:

. b g doi My (A.9)
dt 27 Todt ooy '

(where the last equality is only approximate because we run gauge couplings at 2 loops)
has the following simple solution respecting SU(5) symmetry:

In M,
Mi(m) = Mype” S CUT dt i (8) BYSSM (2m)

Coi(m) o oi(m) e a;(m) as(Mgur)
z( 9) Oli(mg) - g ag(mg) Oéi(MGUT) . (AlO)

This solution becomes exact when the 1-loop RGEs for gauge couplings are used.

A.3.2 A-terms

For small to moderate tan 3, one can take advantage of the hierarchy among Yukawa
couplings (see subsection A.1, Step 2) to simplify the 1-loop RGEs for A-terms and to
solve them in a sequential way.!> Namely, one can write the A-term RGEs as:

d A 3 A 3
di (4r)? Zp: P ; Y9 T )2 I; A + ; ngEM; |, (A1)

where the indices n and p run over the ordered values {t,b, 7, ¢, s, u, u,d,e} (such that e.g.
p < ¢ means p = t,b or 7) and the coefficients Jy, K are collected in table 1. A su-
perscript * on a coefficient J in table 1 indicates that we neglect the corresponding term
2Jp A ApAp/ (47)% in the r.h.s. of eq. (A.11), consistently with the hierarchy of Yukawa cou-
plings.'® The evolution of each A-term is then (approximately) described by a differential
equation of the form

q
dt

4 Obviously, this statement does not apply to RG-induced flavour-violating soft terms. These are not a

An(t) = 87 (8) An(t) + 7 (8) (A.12)

concern, however, since the superpartner spectrum is heavy and the first two generation squarks are almost
degenerate in mass.

151 case the Yukawa-dependent terms in the RGEs do not follow the hierarchy assumed for the Yukawa
couplings themselves, one can if necessary improve the accuracy of the solutions by iterating the procedure
described below.

18In addition, one does not need to include the terms that are suppressed by small Yukawa couplings in
the RGEs (A.11), as their effect is smaller than the precision of the 1-loop approximation. We nevertheless
give the corresponding coefficients in table 1 for completeness, allowing for the possibility of unusually large
first or second generation A-terms that would make some of these terms relevant.
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plt|b |7 |c|s|pu|ul|dl]e 1 3121
Jh 18| 1 3* 3* Ki 8132
Jh| 1181 3|17 3¢ | 17 Kb |13 L
Jy 3|12 3|1 3| 1 K7 3] 2
Je |3 18 | 17 3 Ke |33
JS 3011181 3|1 K: | %13 &
Jl 311 3|12 3|1 K! 3¢
Ju 3 3 18 | 1* Ky | %3]
Jg 311 3011 18]1 K& 813 &
Jg 311 311 3|12 K¢ 3] 2

Table 1. The coefficients J;}, K[* appearing in the 1-loop RGEs for A-terms (A.11).

where the coefficients 54(t) and ~/'(t) depend on the gauge and Yukawa couplings, and
in addition (t) depends linearly on the gaugino masses and on the A-terms A,,(t) with
m < n. This makes it possible to solve the RGEs (A.12) sequentially, from n =t to n = e.
The solutions can be written as:

t 1 QA (41 t 1 QA (4 t _ ¢/ 1" RQA (411
An(t) — An(to) e\ﬁtodt ﬂn(t) + ej;odtﬁn(t)/t dt/ (’Y,;?(t/)e ‘/;0 dt Bn(t )) , (A13)
0

where, by using the already obtained expressions for the A,,’s with m < n, the integrals
of the coefficients 54(t) and v(t) can be computed numerically after having solved the
MSSM RGEs for the gauge and Yukawa couplings. As a result, one obtains the running
A-terms at an arbitrary scale as linear combinations of the 7 SU(5) soft parameters M; /25
Al-lo, A? (i = 1,2,3), with numerical coefficients depending on the choice of Msusy and tan 3
(and very mildly on Mgur, mp and my). In practice, it will prove convenient for the
exploration of the parameter space of the model to trade these GUT-scale parameters for
low-energy ones, so as to express the A, (t) as a function of Ms(msusy), Ag; (Msusy) and
Ay, (mgusy) (1 = 1,2,3). Note that if the SU(5) boundary conditions at Mgyt had not
been imposed, the A, (t) would depend on 12 initial parameters, namely M;j 23, Ay, Ag,
and A,.

A.3.3 Soft scalar masses

One can apply a similar procedure to the 1-loop RGEs for soft scalar masses. Let us first
define the following variables:

Yu, = m%i + m%i +my (A.14)
Y, = m%l + m% + m%{d , (A.15)
Se; = mi +mig +mi, . (A.16)
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n|t|b|T|lc|s|plul|dle
Ly 1211281212 |8 | 12| 12

Table 2. The coefficients L appearing in the 1-loop RGEs for %,, (A.17).

These combinations of masses appear on the r.h.s. of the RGEs for soft scalar masses, and
obey 1-loop RGEs of the form

d L\ 1 ) , < 5 o
pr (47;)3 Ent e DL, + > LrAZ =S NPgiM?| (A.17)
pFEN p i=1

where again the indices n and p run over the ordered values {t,b,7,c, s, u, u,d, e} and the
coefficients L}, are collected in table 2, while L}, = 2J and N* = 4K;". Neglecting!” the
terms L'A2Y, /(47)? (p # n) on the r.h.s. of eq. (A.17) when the coefficients .J/ are marked
with a superscript * in table 1, one can solve the RGEs for the ¥,,’s sequentially from n = ¢
to n = e, as we did for the A-term RGEs. Indeed, in this approximation eq. (A.17) can be
written in the form:

d
ZZn(t) = B () Za(t) + 7 (1), (A.18)
where 33 (t) is proportional to A2(t), and 7.’ (t) is a linear combination of g?(t)M?2(t), AZ(t)
and A\2,(t)%,,(t) with m < n. The solution reads:

t eSS t eSS t _t/ 1 Q% (411
Su(t) = Tato) e WEE L iy W”/ dt’ <7§(t/)e Jiy 4" )> . (A19)

to

where the integrals involve only already known quantities, since the RGEs for the X,,’s
are solved in order of increasing m. Using the previously obtained expressions for the
running A-terms and gaugino masses, the combinations of masses %, () are then ex-
pressed as quadratic functions of the GUT-scale soft scalar masses mo,, ms,, mu, (Mcur),
mu,(Mgur) and of the mgysy values of Mz, A, .; and Ay s, with t-dependent coefficients
that can be computed numerically using the known solutions to the 2-loop MSSM RGEs
for gauge and Yukawa couplings.
Another combination of masses that appears in the RGEs for soft scalar masses is

S = m%{u —m%{d%—Tr [mé —m%—2m%—|—m%+m%}
3
= m%{u - m%{d + Z [m%z - m%l - Qm% + m% + m%} , (A.20)
i=1

for which the 1-loop RGE takes the simple form:

—S=——=5= oS ~ — —. (A.21)
T

7The terms suppressed by Yukawa couplings of the first and second generations can also be dropped, as
their effect is smaller than the precision of the 1-loop approximation.
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a | Plew | Psa | Prue | @5 | @5 | @F | B*

H,| 6 6 | & |+2

Hy 6 2 6 | & |-2
o | By | TG | P | @5 | Q3 | QF | BY
Qi 2|2 216 | & |+
a | 4 £l 5| =3
& 4 248
z ANBRE
ds 4 ) 15 | +5

Table 3. The non-vanishing coefficients P2, Q% and R® appearing in eq. (A.23).

The last equality is only approximate because we run gauge couplings at 2 loops. Working
in the 1-loop approximation, one can solve eq. (A.21) straightforwardly:

S(m) = S(Mgur) e fllnMGUT dt oy (£) BMSSM / (27)

= [m%ru(MGUT) - m%{d(MGUT)] o(m) , (A.22)
QGUT

where we have used the fact that S(Mgur) = m3; (Maur) —m%{d (Mgur) due to the SU(5)
boundary conditions on soft scalar masses.

We now have all the ingredients needed to write the solutions to the 1-loop RGEs for
soft scalar masses as:

mZ(m) = ma(Mgur) +y_ Pols, (m +Z P2Ia,( Z Q% Iy, (m)+R*I5(m),
(A.23)

where o = H,,, Hy, Q;, ug, €5, L;, dz, the numerical coefficients Py, QY and R* are given in
table 3, and the integrals I, , 1a,, Iy, and Is are defined by:

Inm

Iy, (m) = (4;2 /1an dt N2 ()5 (t), (A.24)
Inm

I (m) = (4;2 /lanUT dt A2(¢) | (A.25)

Di(m) = s [ gt 4bMSSM ey s BL) ECED
Inm at(m

Ig(m) = (4717)2 /lanUT dt 2 (D)S(t) = 5%553 <a1 (;\;GL?T) - 1). (A.27)

Plugging the semi-analytic expressions for ¥, (¢) and A, (f) into egs. (A.24) and (A.25),
one can express the running soft scalar masses as quadratic functions of the GUT-scale soft
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parameters mio,, mz,, mu, (Maur), mu,(Mcur) and of the mgysy values of M3, A, ¢, and
Ag s p, with m-dependent coefficients that can be computed numerically.

One can further simplify eq. (A.23) by writing Iy, as a linear combination of the
differences ¥,(m) — X,(Mgur) and of the integrals 14, and Iyy,. Indeed, ¥, satisfies a
1-loop RGE of the form:

d

SEat) = B0 Salt) +7(0), (A.28)

with 2 (t) equal to 12)\2(t)/(47)? for squarks and to 8\2(t)/(4m)? for sleptons. From this
and from the definition (A.24) of Iy, , one immediately deduces that

Yuyd;(m) — By, q,(Mgur) 1 [lom

I — ( i —_ — by A2
Bugd; (m> 12 12 Jin Maur dt FYUi,dz‘ (t) ’ ( 9)
Ee.(m) — Ee'(MGUT) 1 flnm )
I = t L — = dt vz (t), A.30
Eei (m) 8 8 In MGUT /)/61( ) ( )

where the integrals on the r.h.s. can be expressed in terms of I, I4, and Iy, so that
eventually all I, ’s can be written as linear combinations of ¥,(m) — ¥,(Mgut), 14, and
Ipg,. This leads to the following expressions for the running soft scalar masses:

mz(m) = mZ(Mgur) + Y Ty (Zn(m) — Sn(Mcur))

3
+> USRI, (m)+ > VI, (m) + R*Ig(m), (A.31)
n i=1

with the numerical coefficients 7%, U5, V;* (resp. R®) given in table 4 (resp. Table 3).

The quantities ¥,,(m), 14, (m), Ip,(m) and Is(m) on the r.h.s. of eq. (A.31) — hence

2

2(m) — are quadratic functions of chosen initial param-

the running soft scalar masses m
eters, with coeflicients depending on the scale m, tan 8 and mgusy (and very weakly on
Mgut, mp and my). In the above derivation, the initial parameters were taken to be
the GUT-scale soft masses mio,, mz,, my,(Mcut), mu,(Mcut) and the mgyusy values of
M3, Ayer and Agsp. Alternatively, one can trade the 8 GUT-scale masses mig,;, ms.,
mp, (Mgut) and mg,(Mcgur) for 8 low-energy soft scalar masses by inverting 8 of the 17
equations (A.31), so as to express all running soft parameters (soft scalar masses, gaugino

masses and A-terms) as functions of the mg,sy value of 15 of them.

B Proton lifetime computation

In this appendix, we outline the computation of the higgsino-mediated (D=5) proton decay
rate [37, 66—68] in the minimal renormalizable supersymmetric SU(5) model. Integrating
out the heavy colour triplet components of the 5 and 5 superfields generates the following
D=5 operators:

Kijkl 1 Kij
— Q;Q;QrL; | + =
02 2 my

c, C_jc

uujdge; |+ h.c., (B.1)
02

1
2 mp
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n, i t b T c S I u d e 3 2 1
Hy, 1 1 1
T | 8 1 2
H, _1 _3 | _1 _9 | _
U?{q 1 4 . 4 ! 56 9 11
V u 20 9 11
7 3 2 6
THy | 19 2T | 9 | L 9 3 [ _L 3 I
n 1024 512 256 128 64 32 16 8 4
{7 Ha _19 | _27 | _57 | _139 | _117 | _ 8L | _463 | _ 357
n 512 256 512 256 256 512 256 256
v Ha 545 1263 9461
) 48 256 3840
Qs | 5 1
Tn~ 36 6
Qs _5 | _1 | _5 | _ _1 | 5 | _ _1
UT{ 18 3 6 1 3 6 1 3
Vs _u2 | _1 89
i 27 3 135
Uaq 1
Tn? L
3
ug 2
3 _Z _ _
U’Ec 5 2 2
ug 32 44
Vlw 9 4 45
e | L _1 1
an 24 1 2
€5 _1 1 1| 3 | _1 | _1 | _3 | _1
7}6 12 2 4 2 2 4 2 2
& _40 7 _137
Vi 9 2 90
L3 1 _1 1
Tn~ 48 8 1
UL _1 1 1| 3 | _1 | _1 | _3 | _1
n 24 4 8 4 4 8 4 4
viks 20 | _17 | 19
7 9 4 180
ds 1 1
T | —=& 1
3 18 3
d(:
5 1 _2 1 _ _2 1 _ _2
U”ﬁ 9 3 2 3 3 2 3
dC
5 _128 | 10 | _ 14
Vi 27 3 135
T7Q: | _1T | _L | 1 | 5 1
n_ 288 16 24 36 6
Q2 a7 1 17 25 _1 | _23 | _3 | _1
3 144 8 48 72 8 48 8 8
V@2 _182 | _103 | 41
7 . 27 24 1080
11.2 _l l
an 6 3
Ua 1 _2 _
Uch : 1 2 1
u 64 14
V2 _ 64 2 _14
3 9 9
7% | 1L | _3 [ _L | 1 _1 1
"~C 192 32 16 24 4 2
U 1 3 1 41 B | _7 | _9 | _3
ch 96 16 32 48 16 32 16 16
& 59 25 1559
V; 9 16 — 720
Ly | __1L [ -3 [ _1 | L _1 1
TQ 384 64 32 48 8 4
UL 1 3 1 41 B | _7 | _9 | _3
n 192 32 64 96 32 64 32 32
yLe 59 | _ 167 169
7 18 32 1440
T4 | 7| 1 | _1 | _1 1
n 144 8 12 18 3
U 1 1 74 | 1 1| 3 | 1
n 72 4 24 36 4 24 4 4
ds 172 17 83
2 _ila i _ %9
Vi 27 12 108

Table 4. The non-vanishing coefficients T.¢, UY and V* appearing in eq. (A.31). (Part 1 of 2)
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n, i t b T c s 7 u d e 3 2 1
7O | _ 83 3 [ _1 a7 L _1 ] 5 |1
2 2304 128 64 288 16 24 36 6
U 83 3 83 | 203 | 13 | 73 |33 | _3
n 1152 64 384 576 64 128 576 64
v _865 | _997 | _ 2101
i 108 192 8640
T L _1 1
v 12 6 3
i 1 1 1 3 | _2
n 6 2 3 2 3
u 80 83
7 —& 1 —8
7 9 45
T _ 19 [ _o [_3 [_1 [ _3|_1] 1 [_1[ 1
n 1536 256 128 192 32 16 24 2
Ut 19 | 9 | 19 | 139 | B39 | 27 | 463 | 119
ch 768 128 256 384 128 256 384 128
€1 545 91 14069
Vi 72 | 128 | ~5760
7L | 19 [ _9 [ _3 L [_3 [ _1 [ 1 [ 1] 1
n 3072 512 256 384 64 32 48 8 4
UL 19 9 | 19 | 139 | 39 | 27 | 463 | 119
n 1536 256 512 768 256 512 768 256
v 545 | 1445 | 49
7 144 256 2304
i | 1B | 3 | _1 | 7 | _1 | _1|_1]1
n 1152 64 32 144 8 12 18 3
Uk _A3 |3 | 13 | 107 | 1323 | 527 | _ 3
n 576 32 192 288 32 64 288 32
7 _ 385 59 4501
7 54 96 4320

Table 4. (Part 2 of 2)

where the parameters r;jx; and ﬁ;jkl can be expressed in terms of the SU(5) Yukawa

couplings A;7 and A?j defined in eq. (2.2):
Kijkl = A}J(')Azska H;jkl = A%ZOAZJ' —Agl‘zoAiw (B.2)

and the contraction of gauge indices is understood. Since colour invariance implies k5 = 0
and k};,;; = 0, the dominant proton decay modes arising from the above operators involve
a kaon, and in practice p — K7 dominates. The corresponding amplitude is obtained by
“dressing” the D=5 operators of eq. (B.1) with gaugino/higgsino loops. Over the region of
the parameter space considered in this paper, the dominant contribution comes from the
wino dressing of the QQQL operator,'® and the decay rate reads:

2 2
_ m m 2
T(p—K'v) = 3271; (1— n{;;) > ‘Wollz Criaz + Wy 01211‘ ; (B.3)
b I

where Cjjp (1) is the Wilson coefficient of the 4-fermion operator w;d;dyv; and the hadronic
parameter Wéjk is defined by (K*|(urdrj)dri|p) ~ WéjkPLup, where u,, is the proton
spinor. The lattice computation of ref. [69] gives W3'?(u = 2GeV) = (0.111 £ 0.027) GeV?
and W32 (1 = 2 GeV) = (0.036 +0.014) GeV?, with statistical and systematic errors added
in quadrature. In order to minimize the dependence of the proton decay rate on the
renormalization scale p, the Cjjp’s are evaluated at the scale p = 2GeV rather than
at u = my.

8The gluino dressing of the QQQL operator can be neglected as the mass difference between the first
two generations of squarks is small, and the charged higgsino dressing of the u“u“d“e® operator is significant
only for large values of tan 8. Although we consider large A-terms, the left-right sfermion mixing remains
small (Av/MZrmions << 1), hence the wino dressing of the u°u®de® operator is not relevant either.
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The Wilson coefficients Cjjx; are computed at the matching scale mgysy at which su-
persymmetric partners are integrated out by “dressing” the QQQL operators with loops
containing a wino:

K: M * 7 ~ ~ ~ ~
Cz]kl msusy Z ijVnk prmnt (ZV V I WaquauLm) +(5pi I(WauLnaeLl)>v (B'4)

m,n,p

in which V' is the CKM matrix, the parameters Rpmni = Kpmnl — Knmpl are expressed
in the super-CKM basis in which the up quarks are mass eigenstates, and the possible
misalignment between the fermion and the sfermion mass eigenstate bases is neglected. In
eq. (B.4), the CKM matrix entries and the Rpy,p’s are renormalized at the scale mgysy.
The loop function I(W,a,b) is given by:

I(W,a,b) = &2

ar
where the function I3(x,y,z) has been defined in eq. (3.30). For equal sfermion masses

my I3 (m2 m%,m%) , (B.5)

(Me = Mp = Miusy), I(W, a,b) reads:

m? z(z—1-—Inx
I(W,a,b):% ! g( Susy), g(a:):\f( 1o ) (B.6)

4T Mmgusy m?D (v — 1)2

The parameters #;j;; depend on the details of the Yukawa sector of the Grand Unified
Theory. In the minimal supersymmetric SU(5) model, they are given by (neglecting the
running between Mgyt and the triplet mass scale):

Fijrt(mr) = Au,€ %16 VinAe, — M, €8 Vi A, (B.7)

where the Yukawa couplings and the CKM matrix are evaluated at the scale mp, and the
¢; are high-energy phases satisfying the constraint ¢; + ¢o + ¢3 = 0. These parameters
must then be evolved down to the scale mg,s, by solving the appropriate RGEs. Neglecting
the Yukawa couplings, the running simply amounts to an overall rescaling;:

Rijkl(Msusy) = Asp Rijri(mr), (B.8)

where in the minimal renormalizable supersymmetric SU(5) model:

-3 = - 4 2a3(my)
o= (aies)) " () () (o) (o) o0

Finally, the Wilson coefficients C112;(msusy) and Cia1;(msusy) must be renormalized down

to the scale u = 2 GeV before being inserted into eq. (B.3):

Crizi(p =2GeV) = Ailf) Cra21(Msusy) » (B.10)
Clle(M =2 GeV) A ClQll(msusy) (Bll)

where A2 and A}%) are renormalization factors given by (using the formulae of ref. [70]):

_ 36

2 _ 1 az(mz) "
A - 3 |:2 * <062(msusy)> ] ALD? (B12)

1 az(myz) 5
ALb = 3[4 B <a2(msusy)> ] Azp, (B-13)
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W?(‘%M)“‘%@s(mb))*%( oalm). >+ )

a3 (mb) ag (mt) a3 (msusy

as(mz) i a1(mg) “a
8 <a2(msusy)> <a1(msusy)> ’ (B.14)

The fact that A}Z # A} is due to the RG-induced mixing between 4-fermion operators

with different flavour indices; when this (numerically small) mixing is neglected, A} =

121

ALD=<

C UFB constraints

In this appendix, we derive the constraints on the model parameters associated with the
absence of directions along which the scalar potential is unbounded from below. In doing
this we will follow ref. [71].

C.1 UFB-1

The absence of this direction (where H,, = Hy to cancel the D-terms and all other vevs are
vanishing) requires
my, +mi, +2ul* > 2B, (C.1)

which can be rewritten (for finite my) as

2 2 o tan® 5 —1

My, = MH, 2 mzm7 (C.2)
where
m2;, —m?2 tan® 2
’M’Q — Hg 5 H., 5 _ %, (Cg)
tan® g — 1 2
2 2 2
mi, —m tan t
5~ M ; m,)tanf mztanf (C.4)
tan® g — 1 tan® g 4+ 1
Eq. (C.2) is equivalent to
B >0, (C.5)

which is automatically satisfied by assumption. As a cross-check, one can notice that

neglecting my (since we typically consider situations where m%[d,u > m%), the con-

straint (C.2) reduces to:
m%{d > m%{u7 (06)

which is again automatic since |u|? > 0.

C.2 UFB-2

We now allow nonzero vevs for H,, Hy and ¥ only:
V= (m%{d + |u|2)H§ + (m%{u + |u|2>H3 — 2BH.H, + m3i°

/2 2 2
+ % (12— 13- )" (C.7)
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In the limit mz — 0, one can recast eq. (C.7) into a sum of three positive terms:

(%, —m3y, ) (Hatan § — H,)?

V =
tan? 3 — 1

2 2
22 , 9 193 (12 2 -2\?
+ m3 v +T(Hu_Hd_V) ., (C.8)
hence there cannot be any minimum lower than the electroweak vacuum V = 0. For finite
my only the first term in eq. (C.8) is modified, but this does not affect the minimization
of V with respect to o:

4m?2
- | ~2 2 2 L
v | v"—|\H—-—Hf — —*= =0. C.9

l (” ‘ d“ﬂ&] .

The solution 7 = 0 brings us back to the UFB-1 case, so we are only interested in the non-
trivial 7 # 0 solution, which is however consistent only for H2 > Hg. One can check both
analytically (using for example the command Reduce in Mathematica) and numerically
that in this case there is an UFB direction only if

m%d —m} <my (C.10)
(plus some extra constraints), or
m%{d —m3, > my, (C.11)
2 2
9 m7 tan® 3 —1
= — C.12
"L 2 tan?fp +1 ( )

(plus some extra constraints). Since none of these conditions is satisfied in our analysis of
the minimal renormalizable supersymmetric SU(5) model, we can conclude that there are
no UFB-2 directions.

Naively one could think that this conclusion may change if instead of 7 # 0 one would
allow a nonzero é = &, because it contributes with the opposite sign to the D-term. This
is however not the case: while the non-trivial solution é = é° # 0 is now consistent for
H? < H 3, there is also a sign change in eq. (C.9). Hence also in this case there are no
dangerous UFB-2 direction.

C.3 UFB-3

One can avoid the UFB-3 direction (with nonzero vevs for H,, 7 and d = d°) if the

conditions

my, +m3 > 0 (C.13)

are satisfied for any of the three slepton generations.

D Decays into CCB vacua

In this appendix, we describe a method to estimate the lifetime of the electroweak vacuum
in the presence of charge and colour breaking (CCB) vacua induced by large A-terms from
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any sector and generation. To this end, we will approximate the minimal value of the
bounce action in Euclidean space [72-74]:

S = 2m [ dre® (Cn + V) (0407) (D.1)

for the solution of the equations of motion

o
o¢;’

subject to the boundary conditions (describing fields sitting in the false vacuum at r = oo

H(r) + () = (.2)

and tending to a lower minimum at r = 0):
¢i(00) = 677, 4(0)=0. (D.3)

The general problem can be solved only numerically [16, 17, 75-79]. We will simplify it by
minimizing the bounce action along a constant direction in field space [80-82], which effec-
tively reduces the problem to a single differential equation. This approximation provides
an upper bound on the minimal value of the correct multi-field bounce action [82, 83]. This
means that the points of the parameter space ruled out in this way are indeed characterized
by a too short vacuum lifetime, but the method retains points that after a more careful
and complete analysis would be rejected.
What we have to do is therefore to minimize an Euclidean action of the form:

S = 272 /0 dr r® (;qﬁ’Q + M2¢? — Ms¢® + A¢4> , (D.4)

where the field ¢(r) parametrizes a direction in field space, and check whether its minimal
value is large enough for the lifetime of the electroweak vacuum to be larger than the age

of the universe, namely

S > 400. (D.5)

This is done by solving the equation of motion (D.2) and plugging the solution back into
eq. (D.4). A semi-analytical approximate solution for the action can be found in ref. [84]
(see also ref. [85]):

22M2 .

S = 2 S(k), (D.6)
where

S(0) ~ 454, (D.7)

and 2

2
K= A—5. (D.8)

M3

k < 0 indicates that the potential is unbounded from below, while x > 1/4 ensures that the
minimum at ¢ = 0 is absolutely stable. Hence we only have to check that the metastability
constraint (D.5) is satisfied for 0 < k < 1/4. In this range of k values, one has:

A

S(k) > 8(0) ~ 45.4. (D.9)
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D.1 An example of CCB constraint

As a concrete example, let us first consider the vacuum decay to CCB minima induced by
a large A-term in the down squark sector [71]; then we will generalize the discussion to
other A-terms. The relevant Lagrangian is:

Liin = W, (1) + [B)? +|d (r) P+ 1(d) (r) 2 + [ (r) 2 + |2 ()P
V = m%lu]hu|2 + 77ﬁqd|hd|2 + mé]cﬂz + m§~|czc]2 + m% é|? + m2|ec)?
+ (Aadedhy — Aapr*d*dly — Bhyha + bec.)
1l (Jhal® + hal?) + al? (121 + d°2 1Rl + [hal?|dI?)

3g7/5 10 2 - 2

+ 208 (g -l + 1P + 21 e + 2l

8 3 3
2 2
92 2 2 72 =2\ L 95 (152 5ei2)?

+ % (1ha* = haf? = 1d = [el*)" + % (1P — 1@°P)", (D.10)
where hy 4, d (d°) and & (&°) stand for the neutral components of the MSSM Higgs doublets,
the scalar partners of the left(right)-handed down-type quarks and of the left(right)-handed
charged leptons, respectively. Generation indices are omitted, and all mixing angles are
neglected. Finally, the parameters p and B are determined by electroweak symmetry

breaking, i.e. in the limit mz — 0:

2 2 2
my, — my, tan® 3

2
lul® = P R (D.11)
(m%{ — m%lu)tanﬁ
B= (D.12)

From now on, all quantities are assumed to be real. This is equivalent to assuming that the
relative phase between Ay and p equals (modulo 7) the relative phase between A; and B
(a condition which may be realized in some scenarios of supersymmetry breaking), because
in this special case all phases can be absorbed in the fields involved.

For all CCB constraints except the one associated with A; (which will be discussed
separately) and the one associated with Ay in the large tan 8 regime (which will not be
considered because, in the minimal renormalizable supersymmetric SU(5) model, large
values of tan 3 are excluded by a combination of constraints, see section 7) one has )\37 de K
913, therefore one can impose the constraint of vanishing SU(3), SU(2) and U(1) D-
terms [71].

As explained at the beginning of the appendix, we will search for solutions to the field
equations of motion of the form:

(hus ha, d,d°, €, (r) = (Hu, Hy,d, d, e, e) ¢(r), (D.13)

with H,,, Hg, d, e constant, where we have in addition imposed the SU(3) D-term constraint
(which also implies that d and d° point in the same SU(3) direction)

d°=d (D.14)
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(the alternative sign choice d® = —d would just flip the sign of M3, see eq. (D.18) below,
without affecting the action (D.6), which depends on M3), as well as the compatibility of
the U(1) and SU(2) D-term constraints:

e“=e. (D.15)
Finally, the vanishing of the SU(2) D-term:
—d* -+ H}-H? =0, (D.16)

will be considered as a constraint in the following.
With these assumptions, the coefficients of the bounce action (D.4) can be expressed as:

M2 = (m% + mfz) d* + (m% + mg) e?
+ (miy, + nP) Hy + (miy, + ) Hf - 2BH,Hy, (D.17)
M = —2d*(AqHy — AapiHu), (D.18)
2= 2(2d 422 + H2 + HJ), (D.19)
A = N\jd*(d® +2HY). (D.20)
Notice that we chose B > 0 (see eq. (D.12); this amounts to fix the sign of H, Hy). Without
loss of generality, we can also choose

Ad > 0, H, >0, (D.21)

while the signs of A4, 4 and Hy can in principle be arbitrary. For a given point in parameter
space (for which the signs of A4 and p are fixed), one needs to consider both signs of Hy.

D.2 General CCB constraints

Let us now generalize the previous discussion to all CCB constraints (except for the one as-
sociated with A;). The coefficients of the bounce action (D.4) can be written compactly as:

M3y, Hy H) = My® + Mo
+ (m¥ + |uf?) H? + (m% + |ul?) B — 2BHH, D.22
Ms(, H, H) = ~20*(AyH — ApuH),
20, H Hyeo) = 2 (20 + .9 + H? + H)
A, H) = Njyp*(° + 2H?)

D.23
D.24

e T T
—~ — — ~—

D.25
and the D-term constraint is given by:
0= —*+(3—2c)0* + H? — H?, (D.26)

where the 6 different possibilities are summarized in table 5 (the example considered pre-
viously was case 2).
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P ¥ H | H Mi M% m%] mJQL—I c. | ¢
1|d(=d) v Hy | Hy mé +m3 m2 my, | mi, | 1|1
2| d(=d%) | e(=e) | Hy | H, m% +m% | mi+mZ | my, | my, | 2|2
3| u(=u v H, | Hq mé +m2 m% my, | my, | 1] 2
4 u(=u) | e(=e€°) | H, | Hy m% +m2 m% +mg | my, m%{d 2|1
5| e(=e) |u(=u)| Hq | Hy | m3 +m? m% +mg | my, | my, | 2|1
6| e(=¢e° (=d°) | Hy | Hy m% + m2 m% + m% m%ld m%lu 2|2

Table 5. The six different cases of CCB constraints considered. The D-term constraints are given
in parenthesis. Whenever d and d¢ (u and u©) are involved, they point in the same SU(3)¢ direction.

For each case, there are several subcases to be checked according to which generation
indices are carried by the ¢ and ¢ fields. For a given generation 1; (the 2 9 fields belong
to the same generation), one must consider all generation choices for the ¢ fields that do
not give a substantial contribution to the F-terms due to the size of the corresponding
Yukawa couplings (otherwise there would be no CCB minimum lower than the electroweak
vacuum). Namely,

e when a single ¢ field is involved (Cases 1 and 3), all generation indices should be
considered;

e when two 1 fields are involved (Cases 2, 4, 5 and 6), all combinations of two different
generation indices should be considered;

e the cases of two 9 fields with the same generation index should also be considered
when the Yukawa coupling of the corresponding lepton is much smaller than Ay (i.e.
one needs to consider only generations of 1’s whose fermionic partners are lighter
than the fermionic partner of ).

In practice, it is enough to check generations of the 1 fields leading to the smallest value
of Mi—), since the bounce action increases with AM2. There are thus 16 possible cases:
3 generations for case 1 with ¢ = (d,s,b), 3 generations for case 2 with ¢ = (d, s,b), 2
generations for case 3 with ¢ = (u, ¢), 2 generations for case 4 with ¢ = (u, ¢), 3 generations
for case 5 with 1) = (e, u, 7) and 3 generations for case 6 with ¥ = (e, u, 7).

Finally, starting from the semi-analytic approximation (D.6), it is easy to show that:

48 A 2 72 2 72 o2 | M3
S = 45(k) g+2¢ (B+ e = 2007 + H?) + (34 c. — 2000 + 2H?) i
> 48(k) vy | (D.27)
Ay

which is very large unless x is very small. Thus only very small values of x may lead
to a short vacuum lifetime, and we can approximate S(x) ~ S(0) ~ 45.4. To a good
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approximation, the quantity that we have to minimize is therefore

S 22 M3
S() Mg

%)
Il
Il

(¢, 9, H, H,¢,c.), (D.28)

subject to the D-term constraint (D.26), and we must check whether

min 400
sm > T 9, (D.29)

hereafter referred to as the metastability constraint. This condition must be satisfied for
all six cases in table 5 to be able to conclude (within our approximate method) that the
lifetime of the electroweak vacuum is longer than the age of the universe.

Notice that one needs to minimize § with respect to two variables only. Indeed, one of
the variables 1, v, H, H is fixed by the D-term constraint (D.26), and the quantity (D.28)
only depends on ratios of fields. The minimization is performed numerically. A point of
the parameter space is admitted if the bounce action satisfies eq. (D.29) in all cases listed
in table 5.

The D-term constraint (D.26) is most easily taken into account in the minimization of
S by choosing a suitable parametrization of its general solution, for instance:

D.2.1 Cases1,4,5 (c=1)

For ¢ = 1, the most general solution of eq. (D.26) can be parametrized as:

H = spHcoshfcosa, (D.30)
Y = Hcoshfsina, (D.31)
¢ = Hsinh6, (D.32)

with sy = +1, 6 € [0,00[ and a € [0,7/2]. The actual value of H # 0 is irrelevant,
as (D.28) only depends on ratios of fields.

D.2.2 Cases 2, 3,6 (c =2)

For ¢ = 2, the most general solution of eq. (D.26) can be parametrized as:

H = spHcoshf, (D.33)
¢ = Hsinhfsina, (D.34)
Y = Hsinhfcosa, (D.35)

with again sy = £1, 6 € [0,00[ and « € [0,7/2]. As in the previous case, the actual value
of H # 0 is irrelevant.
D.3 The special case of the stop

In this case too we will make suitable approximations for estimating the minimal value of
the bounce action (for more details on the subject, see refs. [17, 86-89]). As explained in
ref. [71], one cannot assume exact cancellation of the D-terms here, but we will nevertheless

48 —



stick to the relatively good approximation of vanishing SU(3) D-terms, namely ¢ = #°.
Keeping the contributions of all other fields, one can write:

Lugn = [, (r)* + [hg(r)* + 217 (r)?,
V

m%{u\hulz + qud]hd]z + (m%2 + mtg) R

T (Aﬂ?hu — Ap* 2R — Bhyhg + h.c.)
[l (1l + hal?) + el (1 + 202 )

g/2+92 _ 2
+ T (Il = [l + 12) (D-36)

Assuming again all quantities to be real, we take the same ansatz as for the other CCB
constraints:

(huvhd,g)(r) = (HU7Hd7t) (ZS(T), (D37)

with H,, Hy and t constant. From this we obtain:

M = (m+m?) &+ (miy, + |ul?) H2 + (m}y, + |pf?) HY — 2BH,Hy,  (D.38)
Mz = —2t*(AH, — \pHy) (D.39)
2 =2 (2 + HZ+ H}), (D.40)

12 2 2
A = AM2(t2 + 2H2) + % (H2 - H3 1), (D.41)

Due to the large Yukawa coupling of the top quark, we also have to check the lifetime of
the electroweak vacuum for sizable values of k, as opposed to the previous cases. Hence we
can no longer approximate S(x) by 5(0), and we must minimize the following (normalized)

_ f(k) = £(0)\ 2*M3
S = <1+ ) ) VR (D.42)

bounce action:

with [84
= 72 /6 16.5 28

+ + ,
(1—-4r)?  (1-4r)? 1-4k

f(k) = (D.43)

and S (0) ~ 45.4. The minimization goes again over two variables, for example the ratios
H,/t and Hg;/t, and is done numerically. It is important to keep in mind that S should
be minimized only over the range 0 < x < 1/4, for which the potential is metastable. For
k < 0 the potential is unbounded from below and for M < 0 it is unstable, while for
k > 1/4 the electroweak vacuum is the global minimum of the model.

D.4 How to improve the estimate

We can improve the estimates described above in several ways:

e on top of the 6 cases described in table 5, one could consider the case where both ¢
and ¢ are leptons. One would then need to perform a minimization with respect to
three fields, since there is no constraint due to SU(3) D-terms;
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e one could consider more general radius-dependent directions in field space, which
would require the use of numerical algorithms as in ref. [79];

e we have calculated transitions between vacua of the tree-level scalar potential at the
fixed scale mgusy. To improve our estimates higher order corrections and/or RG-
improved potentials should be considered. Such corrections can be relevant in some
cases [71].

All these generalizations are however quite involved and are beyond the scope of this paper.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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