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1 Introduction

The present paper is about Witten index [1] of one dimensional gauge theories with at least
N = 2 supersymmetry. We do not attempt to consider the most general gauge theories
but restrict our target to a class of theories called “gauged linear sigma models”. A theory
in this class has gauge group with at least one U(1) factor and has the Fayet-Iliopoulos
(FI) D-term

(D) (1.1)

in its Lagrangian. The space of FI parameter ( is decomposed into chambers called “phases”
by the pattern of classical gauge symmetry breaking. Typically, the gauge group is broken
to its finite subgroup when ( is inside a phase, and a continuous unbroken subgroup shows
up when ( reaches its boundary. With N' = 2 or more supersymmetry, the vector multiplet
has at least one scalar component, and hence the appearance of continuous unbroken gauge
symmetry means emergence of non-compact flat direction, called the Coulomb branch. In
particular, we expect a phase transition as ( moves from one phase to another through the
mutual boundary. This is unlike in two dimensional models [2] where the actual transition
is avoided by turning on the theta angle which can lift the Coulomb branch.

Witten index enjoys the usual good properties such as integrality and deformation
invariance, under the condition that there is no flat direction. Suppose the only possible
source of non-compactness is unbroken gauge symmetry. Then, the index enjoys the good
property and does not depend on ( as long as it is inside a phase in which the gauge
symmetry is broken to a finite subgroup. However, as ¢ approaches a phase boundary, the
index ceases to have that property. If ( enters another phase, it may regain that property
but there is no reason for it to have the same value as in the original phase. Namely, Witten
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index may jump as ¢ moves from one phase to another. This behaviour, called the “wall
crossing”, is a distinguished feature of one dimensional models. In two dimensions, wall
crossing will not happen since the flat direction can be avoided by turning on the theta

angle. Absence of wall crossing is also observed in three dimensional models [3].



The goal of the present paper is to compute the Witten index in one dimensional
gauged linear sigma models, to see how it depends on the phase, and to understand the
physics of the wall crossing.

Apart from its own interest, the present work has a strong motivation in string theory.
An effective theory of D-particles in Type II superstring theory is provided by the NV = 16
maximally supersymmetric SU(n) matrix quantum mechanics [4], or by a class of gauged
linear sigma models called quiver quantum mechanics [5-7], depending on the background.
BPS bound states of D-particles correspond to supersymmetric ground states of the effec-
tive quantum mechanics, and the index computation in the latter is an extremely important
problem. For example, the index for N' = 16 theories [8, 9] is relevant for the M-theory con-
jecture. The spectrum of BPS states can change discontinuously as the theory is deformed.
Such behavior, also called “wall-crossing,” was initially discovered for BPS solitons in super-
symmetric field theory (d = 2 BPS kinks [10], d = 4 BPS solitons in strongly coupled [11-13]
and weakly coupled [14-18] regimes) and then for BPS black holes in supergravity [19].

When the effective theory is given by a gauged linear sigma model, it is natural to
expect that the two notions of wall crossing are related. After the pioneering works on D-
brane stability and the role of FI parameter [20, 21], the relationship was first discussed in
detail by F. Denef [22] when the effective theory is a simple class of N' = 4 quiver quantum
mechanics. The decay of BPS bound states, which had been known to be due to infinite
separation of constituents [15-17, 19], was rephrased by Denef as the run away of the ground
state wavefunctions to infinity in the Coulomb branch of the quiver theory [22, 23]. Around
the same time, Reineke gave a master formula for counting the index in the geometric Higgs
description [24], although this was limited to tree-like quiver theories.

Recently, there have been renewed efforts for systematic and explicit counting of in-
dex for all N' = 4 quiver quantum mechanics [25-33], but much of these efforts rely on
approximate schemes, either Coulomb or Higgs. The Coulomb approach in particular is
physically attractive, as it explains the origin of wall-crossing behavior intuitively, and, for
theories without superpotential, has been successfully demonstrated to be equivalent [34]
to predictions via the Kontsevich-Soibelman algebra [35-37]. For theories with superpo-
tentials, such an approximate scheme often fails dramatically and only a limited subset of
such theories have been explored so far [23, 30-32, 38]. Nevertheless these new studies lead
to a glimpse of very rich and surprising vacuum structure, whereby emerged the concept of
quiver invariants and their proposed role as microstates of BPS black holesin d = 4 N = 2
theories. In view of these new developments, the need for a more efficient and faithful
method for computing the index of gauged quantum mechanics is all the more pressing.

The present paper offers a sweeping new approach to the index computation, which
does not resort to any truncation or approximation to one sector, and thus is capable of
computing full quantum mechanics index exactly, with wall-crossing taken into account.
For quiver quantum mechanics, in particular, this opens up a new line of attack where both
wall-crossing behavior and quiver invariants can be computed simultaneously.

To compute the index, we employ the method of supersymmetric localization, extend-
ing the recent computation of elliptic genus of two-dimensional (0, 2) gauge theories [39, 40]
to quantum mechanics. In one dimension, the classical Coulomb branch cannot be lifted by



&
o O

e ————

S

Figure 1. The moduli space 9 for a U(1) gauge theory.

quantum corrections, unlike in two dimensions where it can [41, 42]. This is one reason to
limit our target to gauged linear sigma models with phases in which the gauge symmetry
is classically broken to its finite subgroup. We may also turn on twist by a global symme-
try that commutes with an A/ = 2 supersymmetry. This is necessary especially when the
theory has a non-compact Higgs branch. If the global symmetry has a compact set of fixed
points, the twist or the corresponding mass term lifts the flat direction, and the twisted
index regains the good property. The index to compute is

IR = Ty (~1)F @ e, (1.2)

- F
where 2mG"(2)

is the twist. Outline of computation is as follows.

The index is realized as the path integral on the circle, and the main idea of localization
is to take the limit of vanishing gauge coupling constant e — 0. The path integral first
localizes on the supersymmetric configurations for the N = 2 vector multiplet, which
consists of a pair of the holonomy on the circle and the constant scalar that commute with
each other. The moduli space is 9t = (T x t)/W, where T is a maximal torus of the gauge
group, t is its Lie algebra and W is the Weyl group. To be precise, we need to excise from
Txt=:Ma neighborhood A, of the union of singular hyperplanes in which the scalar
components of the N' = 2 chiral multiplets have zero modes. It turns out that the integrand
is a total derivative, and by Stokes theorem we have an integral on the boundary of 95I\A5.
The boundary consists of —9A. as well as the boundary at infinity 99 = T' x dt, which
exists because t is non-compact. See figure 1. Presence of the latter boundary is the main
new feature in the one-dimensional theories compared to the two-dimensional theories in
which the moduli space was a compact space (1" x T')/W. And this presence of infinity is
the main reason for the wall crossing. This is in accord with the picture of wall crossing
that is associated with the emergence of the Coulomb branch, and this non-compact t is
indeed the Coulomb branch itself!

At each boundary component, we have an integral of the Cartan zero mode of the
auxiliary D-field, which is the A/ = 2 superpartner of the coordinates of 9. The integral

dg((;))) exp <—21€2D2 - z’((D)) , (1.3)

where Q is an element of it* that depends on the component of d(90 \ A.) under consid-

is of the form

eration. At the boundary —0A., the integral can be processed in exactly the same way
as in [39, 40]. There, we have chosen an arbitrary generic element n € it* that specifies



the way to deform the D integration contour. That procedure resulted in having a sum
over the isolated intersections of singular hyperplanes, where the summand is the so called
JK residue [43-45] of a meromorphic form on M that is obtained by the one-loop integral.
There, the integral (1.3) is either zero or picks up the simple pole at Q(D) = 0. In either
way, the ( dependence is washed away. The residues depends only on 7. The main question
is what to do with the component at infinity OM in which we put Q = Q. There, we
need to evaluate (1.3) directly, along a contour specified by 7. The simplest way to proceed
is to set

n=¢  Qe=¢ (1.4)
Then, it is the integral over ((D) along the contour R — ie.

At this stage we recall that we are taking the limit e — 0, which is potentially singular.
The limit is regular, however, if ( is inside a phase where the gauge group is broken to a
finite subgroup, and if the Higgs mass scale My = e\/m is held non-zero. That is, at the
same time as e — 0, we scale up ¢ so that ¢’ = e?( is held at a fixed value inside the phase.
In this scaling limit, which may be called the Higgs scaling, the (D) integral vanishes. To
see this, we scale the ¢ component of D as e?D’. Then, (1.3) is proportional to

1y e2 e—s "(D' o1y
[ S (i) = St o

To summarize, with the choice (1.4) and in the Higgs scaling, all the integrals at

infinity vanish. We are therefore left with the sum over isolated intersections of singular
hyperplanes,

H(2E G — |W1|ZJK;Res@(p),c)[g(w)dfu}, (1.6)

where Q(p) is the set of charges of the chiral multiplets that define the singular hyper-
planes that meet at p, g(u, z) is the result of one-loop integral under the supersymmetric
background, and d‘u is a correctly normalized holomorphic volume form on M (¢ is the
rank of the gauge group).

What happens if ( moves from one phase to another? If we keep 1 and () at the initial
value of ¢ during the process, nothing happens to the sum over isolated intersections of the
singular hyperplanes. On the other hand, the integrals at infinity may become non-zero,
since Im((D) may go from negative to positive: the integral (1.5) does not vanish if the
contour R — e is replaced by R + ie. Therefore, the change of the index can be expressed
as a certain sum over integrals at infinity. This matches with the picture of wall crossing
due to the emergence of the Coulomb branch. In fact, one can sum up the integrals at
infinity and make the relation to the Coulomb branch more precise, at least for a “simple
wall crossing”. A phase boundary is called simple when the unbroken gauge group there
is isomorphic to U(1). Any phase boundary is simple for a general theory with Abelian
gauge groups, and many are simple also in non-Abelian theories. At such a simple phase
boundary, the states that are responsible for the wall crossing can be analyzed reliably.
They have wavefunctions supported on the mixed Coulomb-Higgs branch, and the analysis
yields a wall crossing formula. And that formula matches precisely with the wall crossing
formula obtained by summing up the integrals at infinity!



The rest of the paper is organized as follows.

In section 2, we introduce the one-dimensional gauged linear sigma models with at least
N = 2 supersymmetry and describe their symmetries. We define the indices we are going
to study in this paper. To be precise, (1.2) is only a mnemonic, and the actual definition
is only in (2.54) in general. We show that the index depends holomorphically on the twist
parameter, thus motivating that mnemonic. We also prove that, in an effectively compact
N = 4 theory, the ground states have charge zero under N = 4 flavor symmetries. We
introduce the notion of phases, Coulomb, Higgs, mixed branches. We end with presenting
three classes of examples illustrating the phase structures.

In section 3, we describe the effective theory on the Coulomb branch near the phase
boundary of U(1) theories as well as the effective theory on the mixed branch near simple
phase boundaries of a general theory. This analysis is new for N' = 2 theories but is of
course a review of [22] for N' = 4 theories. A complete detail is presented for the N' = 2
CPN~! model. We present a wall crossing formula for the index, for the case of simple
wall crossing, as a result of the Coulomb and mixed branch analysis.

Section 4 is the main section where we compute the Witten index, as outlined above.

In section 5, we derive the wall crossing formula at simple phase boundary, first in
U(1) theories, next in a general Abelian theory and then in a general non-Abelian theory.
Complete agreement with Coulomb or mixed branch formula is observed.

The remaining sections are devoted to examples that illustrate our findings in the
earlier sections. In section 6, we compute the index for N' = 4 theories, including the
linear sigma models for Grassmannians and hypersurfaces in projective spaces, models with
compact and non-compact Higgs branches with flavor symmetries, and “the two parameter
model”. We see that Coulomb and mixed branch analysis can tell us also about Hodge
diamond, which carries finer information than the index. We illustrate flavor decoupling in
compact theories, and flavor non-decoupling in non-compact theories. In the non-compact
theories, we find that the index without R-symmetry twist does not depend on the detail
of the flavor twist even though its presence is certainly needed even to define the index.
We also study the full Coulomb branch in “the two parameter model” and examine the
meaning of the result.

Section 7 is devoted to N’ = 4 quiver theories which are important for 4d N' = 4 BPS
states counting and wall crossing phenomena. We start by illustrating the computation of
the index for cyclic Abelian quivers and triangle non-Abelian quivers. The computation
reproduces the known results on Abelian quivers, while it produces new results for non-
Abelian quivers. We then move on to examine the idea of quiver invariants [30, 31] and
an existing proposal [60] on how these enter the full indices of quiver theories as building
blocks, with a brief introduction to that subject. Our new results provide a non-trivial test
of this over-determined system.

In the final section 8, we compute the index for A/ = 2 theories, including the linear
sigma models for CPY~! and Grassmannians, Distler-Kachru model, and triangle Abelian
quivers. In CPY~! and Grassmannian G(k,N), we see that the result agrees with the
Weyl character formula for representations of SU(N), in agreement with Borel-Weil-Bott
theorem. In Distler-Kachru model, we observe an interesting process of wall crossing,



where a pair of bosonic and fermionic states go down together to have zero energy before
entering the wall crossing regime. We also illustrate the mixed branch wall crossing formula
AT =T 4w AT©),

In appendix we describe 1d N/ = 2 superfield formalism.

After this work was completed, presented [46, 47], and at the stage of being edited,
two papers with partial overlaps [48, 49] appeared in the ArXiv.

Notational convention:

1. In the rest of this paper, we denote a compact Lie group by an upper case roman
character and its Lie algebra by the lower case Gothic character, G and g for example. We
denote their complexifications by putting subscript C, as G¢ and gc. We call elements of
g C gc pure imaginary, while elements of ig C gc are called real. This is motivated by
the fact that the Lie algebra of U(1) is naturally the vector space iR of pure imaginary
numbers. For a given compact Lie group, say G, we shall write T" and t for a maximal
torus of G and its Lie algebra, Np for the normalizer of T in G, W for the associated Weyl
group N7 /T, Zg and j for the center and its Lie algebra.

2.  For a meromorphic function f(z) of one variable, res,—,f(z) is defined with a
factor of extra 27¢ compared to the standard,

res f(z) = j{dz f(2). (1.7)
zZ=qa a

For example, res,—q(1/z) = 2mi. The same applies to JK-Res as in (1.6). It is (274)¢ times
the standard one.

2 Gauged linear sigma models in one dimension

2.1 The models

We consider an N = 2 supersymmetric quantum mechanics with a compact gauge group
G and a certain set of matter multiplets. We first describe the variables, supersymmetry
and Lagrangians. Much of the construction is obtained from the dimensional reduction of
2d N = (0,2) gauged linear sigma models [2], while a part is borrowed from the boundary
interactions of 2d N' = (2,2) theories [50]. We shall use the component expressions. See
appendix A for the description in superspace.

N =2 supersymmetry

An N = 2 supersymmetric quantum mechanics has the supercharges Q, Q and the Hamil-
tonian H obeying
=2

Q*=Q =0, {QQ}=4H. (2.1)
We may also have the R-charge J which obeys

J.Ql=-Q, [J,Q=Q, [J H]=0. (2.2)



Q and Q are the adjoints of each other while H and J are self adjoint. We shall write the
supersymmetry transformation of field variables by

50 = [—ieQ + ieQ, O], (2.3)

where € and € are complex conjugate pair of fermionic variational parameters which have
R-charges +1 and —1 respectively.

Vector multiplet

The vector multiplet consists of a gauge field v;, a scalar field o, a complex conjugate pair
of fermions A\, \, and an auxiliary field D, which are all valued in the adjoint representation
of G. (vt, o and D are “real” in the convention stated in the introduction.) They transform
under the N’ = 2 supersymmetry as

oy = —0o = %eX—}— %E)\,
0N = e(Dta +iD>,
1

— 1
5D = 5eD§+>A - §ED§+))\. (2.4)

Here and in what follows, for a field O in a representation of G, we write D;O := O+ iv O
for the covariant derivative and put

DH0O = D0 +icO. (2.5)
Note that A is chiral, {Q, A} = 0. The supersymmetric kinetic term is
1 -t
Lguge = 5317 | (De0)” + i) DN+ D2 |. (2.6)
For an adjoint invariant linear form ( : ig — R, we have the Fayet-Iliopoulos term
Lyr = —((D). (2.7)

Note that ¢, which belongs to i(g*)¢ =2 i(t*)"V, can be regarded as an element of i3* since
()W < t* — 3* is an isomorphism.
Chiral multiplet

A chiral multiplet consists of a scalar field ¢ and a fermion 1 which are valued in a unitary
representation Vepiral of G. The supersymmetry transformations are

5¢ - _61/}7
5 = ieD M. (2.8)

Note that ¢ is chiral, [Q, ¢] = 0. The supersymmetric kinetic term is

Leniral = DidDid+ip D)p+ ¢ {D — 02} ¢ — ihp + ih Ao. (2.9)



Fermi multiplet

A fermi multiplet consists of a fermion 1 and an auxiliary field F which are valued in a
unitary representation Vi, of G. The supersymmetry transformations are

on = eF +eE(9),
§F = ¢ (—mgﬂn + W&E(qﬁ)) , (2.10)

where (¢,) is a chiral multiplet in a representation Vipirar of G and E : Vepiral — Viermi
is a G-equivariant holomorphic map, i.e., a Vigmi-valued holomorphic function E(¢) of
¢ satisfying E(g¢) = gFE(¢). Note that {Q,n} = —iE(¢). Thus, 1 is chiral only when
E(¢) is trivial, in which case the multiplet may be called a chiral fermi multiplet. The
supersymmetric kinetic term is

Lieewi = 7 D{ '+ FF ~E(@)E(¢) ~ 10 B(@) - §'0:E(Gm.  (2.11)
Superpotential

For a chiral multiplet (¢, ) in a representation Vepira and a fermi multiplet (7, F') in another
representation Viermi as above, let J : Vipiral — Vi be a G-equivariant holomorphic map,
such that J(¢)E(¢) = 0. Then, J(¢)n is chiral, {Q, J(¢)n} = 0. In such a case, we have a

supersymmetric interaction terms,
Ly =4'0;J(¢)n— J($)F + c.c. (2.12)
We shall call this the F-term associated to the superpotential 20 = J(¢)n.

Global anomaly

As always in gauge theory, we need to impose the Gauss law constraint. Here we would
like to point out that a non-trivial condition is required for that to be possible.

Let us consider a (not necessarily supersymmetric) gauge theory with a gauge group
G, a bosonic variable in some representation of G and a fermion pair, n and 77, which
take values in a unitary representation Vp of G and its dual V respectively. We assume
Lagrangian of the form

dr
L=mDmn+--=i Y 7, <5%(i+i(vt)%> 4. (2.13)
a,f=1
where dp = dim Vr and + - -+ are terms that do not involve the time derivatives of n and
7. Quantization of the fermionic variables is standard. The canonical anticommutation
relation is {n®,7g} = 6%, {n*,n°} = {Ma>7Ms} = 0, and the hermiticity is n*t =7,. The
space of states Hp is built on a “vacuum” |0) annihilated by all n%’s,

|0>7 ﬁa|0>7 ﬁaﬁmo)’ sy ﬁlﬁdp’0> (214)

Gauss law requires physical states to be G-invariant. For this, we need to specify how G
acts on the states. Throughout the paper, we take the standard quantization rule where n



and 77 play symmetric roles. At the infinitesimal level, this yields the following expression
for the gauge charge corresponding to £ € g

G(e) = gl &nl + -+ = 5E3a ]+ (215)

where + - - - is the bosonic contribution which is unambiguous. For example, G(£) acts on
the “vacuum” |0) by multiplication of —%trVF (£). The question is whether this g-action

lifts to a G-action. The condition is that g € G — detéFg € U(1) is a well-defined group
homomorphism. That is, the one-dimensional representation det Vi = A% Vi must have a
square root. Absence of a square root can be regarded as a global anomaly. Suppose there
is one, det? Vp. (If G is connected, it is unique when it exists. If there is an ambiguity, we
make a choice.) Then, as the space of (fermionic) states we can take

Hp = det 2 Ve @ AVp. (2.16)

This global anomaly is in fact the same as the more familiar form of global anomaly,
which is usually discussed in the path-integral quantization. For illustration, let us take
the system of a single 7,7 pair where 1 has charge one under G = U(1), with the simple
Lagrangian L = inDyn, and consider the partition function on the Euclidean circle of
circumference § with anti-periodic boundary condition. Assuming that v, is a constant
—27a/f, the Dirac operator is diagonalized by the Fourier modes e 2mm7/B and the
partition function is the product of the eigenvalues

Zgi(a) = C <27rm + m) . 2.17
(a) mellg 5 3 (2.17)
where C' is a normalization constant. a and its integer shifts are all gauge equivalent since
they are related by large gauge transformations. Indeed the set of eigenvalues is invariant
under the shifts. However, the partition function is not: as we continuously deform a to
a+ 1, (2.17) changes by a sign, since a single eigenvalue of the Dirac operator goes from
negative to positive. This is the standard statement of global anomaly. To relate this to
the above discussion, we note that Zqi(a) is identified as

Tryy, ¥ (@) (2.18)

and also that (2.17) can be computed as

o TT (1= (97 = € ermia 4 oo 2.19

Hl( (£)7) = Steme s oo (2.19)
m=s

for another normalization constant C’. We see that the symmetric quantization (2.15)

agrees with this result, and that the globaly anomaly in the canonical quantization is

really the same things as the globaly anomaly in the path-integral.

Let us apply this to our N/ = 2 supersymmetric system with gauge group G, a chiral
multiplet and a fermi multiplet with values in Vepira1 and Viermi. The fermion in this theory
takes values in Vr = gc @ Veniral © Viermi- Note that det gc has a square root. Thus, the
anomaly free condition is

det(Veniral © Viermi)  has a square root. (2.20)



Wilson line

An important class of supersymmetric interactions is provided by a supersymmetric version
of the Wilson line. Let M be a Zs graded vector space with a hermitian inner product, on
which the gauge group elements act as unitary operators, p : G — U(M). We suppose that
there is a G-equivariant holomorphic map @ : Vipiral — End®? (M), whose values square to

Qg9) = p(9)Q(d)p(9)~",
%Q(¢) =0,
Q(¢)* =0 (2.21)
Let us put -
A = p(ue+0) = 0'0,Q(¢) + ¥ 0:Q(¢)" +{Q(8), Q(9)T}. (2.22)

Then, under the supersymmetry transformations (2.4) and (2.8), letting the variational
parameters €, € depend on t, it transforms as

6A; = Dy (—ieQ — ieQT) + ieQ + ieQ" (2.23)

with ;Y := 4Y +i[A;,Y]. This means that matrix factor

—dt
Pexp (—z’ / Atdt> (2.24)

has A/ = 2 supersymmetry and can be placed as a path-integral weight. Moreover, the é
terms in (2.23) shows that the supercharges act on the space M as

Qlu = —iQ(¢),  Qlu =1iQ(¢)". (2.25)

When the anomaly free condition (2.20) is met, p : G — U(M) must be a genuine repre-
sentation. One advantage of the Wilson line is that, even if the condition (2.20) is violated,
the anomaly may be cancelled by choosing p which fails to be a genuine representation of
G — we only need Hp ® (M, p) to be a well-defined representation.

A class of Wilson lines may be induced from a fermi multiplet. If we quantize the fermi
multiplet, we obtain the space of states

M = det*%‘/fermi & /\vaerrni- (226)

This factor itself may or may not be a genuine representation of G, but that does not matter
as long as the total system is anomaly free. The interaction terms in (2.11) and (2.12) are
nothing but —A; with

Qo) = NE(®) + J(¢)n = E(d) A +J(¢)-. (2.27)

Note that Q(4)? = 0 is equivalent to the condition J(¢)E(¢) = 0. Note also that this
expression for Q(¢) is consistent with the supersymmetry transformation — compare (2.10)
and (2.25). This construction, however, is special in that the dimension of M is a power of 2.

,10,



N = 4 supersymmetric systems

An important class of systems have N’ = 4 supersymmetry — in addition to Q = Q and
Q=Q ., there is another set of supercharges Q_ and Q_ which obey the same algebra
as (2.1) and anticommute with Q1 and Q.

The N = 4 vector multiplet consists of the N' = 2 vector multiplet (v, x3, A\, D) and
an N = 2 chiral multiplet (o,i),) in the complexified adjoint representation.! An N = 4
chiral multiplet consists of an N = 2 chiral multiplet (¢, ) and an N/ = 2 fermi multiplet
(1—, F') in the same representation, say V, with E(c, ¢) = 0¢. The N’ = 4 invariant kinetic
terms are just the sum of the A/ = 2 invariant kinetic terms:

1 ~
Lgauge:Lgauge (Uta X3, A, D) + @Lchiral(fﬁ 1Ay, *)7 (2'28)

Lchiralchhiral(¢a 1/J+, *) + Lfermi(w—a F7 *)a (2'29)

where “¥” stands for the A" = 2 vector multiplet fields or E = o¢ with its superpartner.
For a G-invariant holomorphic function W (¢) of ¢ € V, an N/ = 4 invariant superpotential
term is obtained from the N = 2 F-term with the superpotential 20 = —3;W (¢)¢* (i.e. set
J(¢) = —dW(¢)). The Fl-term (2.7) is N’ = 4 supersymmetric by itself. Note that JE =0
follows from the G-invariance of W and the anomaly free condition (2.20) is automatically
satisfied.

N = 4 invariant systems are obtained from 4d N' =1 or 2d N' = (2,2) systems by
dimensional reduction. To write the Lagrangians in a more familiar form, let us introduce
a triplet scalar X = (x1, X2, x3) for o = x7 — iXy, and doublet fermions

e e - (-
= (A=, A4), )\_</\+>’ = W_,vy), IP—(m)- (2.30)

>

We also write 1
D+ 5[0, o] = D. (2.31)

Then, the N = 4 invariant Lagrangians can be written as

1

Lgange= @Tr (Dix)? + XD + D? + ;[Xu X517 = A% A | (2.32)
i<j
Lepirai= DDy + i Dyap + FF + ¢ {D — x>} ¢ — b Xop + ipAep — ipXp.  (2.33)
4 1 . .
LW = anzW(d)) - iv,b%/ﬂ&ajW(qﬁ) + c.c., (2.34)
Ly = —((D). (2.35)
Here we used X := Ej 0;jX; where 01,092,03 are the Pauli matrices. We also used the

contractions Agp := A\ytp_ — A_¢; and Y := —p A_ 4+ ¢_\,, etc, as in [51]. The N =4
supersymmetry transformation
00 = lie4 Q- —ie_ Qi — e, Q_+1ie-Q,, O] (2.36)

'"We shall use a special notation for N = 4 theories: (o, \) of the N” = 2 vector part of the A = 4 vector

[7pl)

multiplet is denoted by (X3, A_) and instead , “o” is used for the scalar component of the N' = 2 chiral

part of the N' = 4 vector multiplet.
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is given by

ov,y, = %Em)\ - %Xﬁme,

OX = (iD + 0™ vpy) €,

6D = %EmDm)\ + %DmXEme, (2.37)
d¢ = ey,

0 = ic"eD,, ¢ + €F,

OF = i€6" Dyyth — €. (2.38)

Here we follow the Wess-Bagger convention [51] for the contraction of spinors and the sigma
matrices. m,n run over 0, 1, 2,3, and we write vg = v, vj = Xj, vo; = DiXj, vji = 1[Xj, X,
DyO = DO, D;O = ix;O0. The N' = 2 supersymmetry is obtained by setting e, = 0,
€. =0, =¢,and €. =€

There is a no go theorem for Wilson line (2.22) in an N' = 4 supersymmetric theory.
In the present case, a Wilson line would be of the from

Ar = plor +X3) — 04, 0,Q + X} 050 Q + 05 3QT — X107 QT + {Q, Q). (2.39)
The fields involved transform under the second ' = 2 supersymmetry as

(5”(’1)15 + Xg) = ’L.(G_A,_X_t,_ + E+)\+), 5//¢ = €+'¢_, 6//0 = —7;6+A_,

§py = —e40p+ e F, A = —i6+{(D —iDyx3) + %[a, a]}.
It is clear that 6”.A; cannot be written as DY = ;Y + i[A;, Y] for any Y. Therefore, the
Wilson line does not preserve the N' = 4 supersymmetry. Of course as remarked earlier,
we do have a Wilson line if we quantize the N' = 2 fermi multiplet, which is (¢, F') in the
present case. If we do so, —.A; constitutes a part of the sum of (2.33) and (2.34), and is
N = 4 supersymmetric only with the remaining part of the sum. The theorem states that
there is no Wilson line which is A/ = 4 supersymmetric by itself.

Global symmetry and real mass

We recall that the R-symmetry group of N' = 2 supersymmetry is U(1) generated by J
under which the variational parameters ¢ and € have charges 1 and —1. The R-charges
of the component fields in the vector, chiral and fermi multiplets are as follows (the real
variables vy, 0 and D cannot have any R-charge):

Al ¢ |n F
J\1re re —1rere—1

(2.40)

Te @ Veniral — Vehiral a0d 7f © Viermi — Viermi are the R-charges of the chiral and the fermi
multiplets. The system has U(1) R-symmetry when we can find r¢, r¢ and/or ray : M — M
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so that E(¢), J(¢) and/or Q(¢) have R-charges r¢+1, 1 —r], and/or 1 respectively in the
sense that,

Ew"¢) = " E(g), (2.41)
J(wreg) = J(¢)w' ™, (2.42)
wWwMQPw M = wQ(g). (2.43)

The system has a discrete R-symmetry when these hold for w in a subset of U(1).
Suppose there is a set h of unitary transformations hc, ht and hpr on Vepiral, Viermi and
M that commute with the gauge group action, obeying

E(he¢) = heE(9), (2.44)
J(het) = J(d)hi !, (2.45)
Q(hed) = harQ(¢)hy, - (2.46)

Then, we have a global symmetry that acts on the chiral and fermi multiplets as (¢, ) —
(heo, het)) and (n, F') — (hgn, he F') while keeping the vector multiplet (v, o, A, D) intact.
It commutes with the supercharges Q and Q. We shall call it a flavor symmetry.

When there is a continuous group G of flavor symmetries, the theory can be deformed
by the following procedure: promote G'r to a gauge group, turn on a supersymmetric con-
figuration (v}, o, DF,A\F") of its vector multiplet, and then demote it back to a flavor
group by turning off the gauge coupling. In view of (2.4), the condition of supersymmetry
is DtFaF =0, D =0 and A\ = 0. For example, we may turn on constant vtF and o' =m
that commute with each other. This m is an analog of real mass in 3d N' = 2 theories and
twisted mass in 2d (2,2) theories, and shall be called real mass again. v/” may be called fla-

vor Wilson line. This deformation preserves the supersymmetry but deforms its algebra as
{QQ} = H-G (v +m), (2.47)

where G'(€) is the Noether charge of ¢ € igr. The parameters v/ and m enter into Lepiral,
Liermi and Af . The latter two depends only on the combination Uf 4+ m. Lehival depends

also on vtF — m but its variation is Q-exact: for £ € igp we have

(03 — 8 Leniral = —i66 D\ + iD{M g0 — 25y

This means that supersymmetric correlators depend on v/” and m only through the com-
bination v + m.

The R-symmetry group of N' = 4 supersymmetry is O(4) which rotates the four real
components of the supercharges Q4+ and Q.. The R-charge J of the A" = 2 subalgebra is
J, that rotates the phases of Q = Q, and Q = Q o only. The subgroup of elements that
commutes with Q4 and Q . is generated by the charge J_ which rotates the phases of Q_
and Q_ only. In fact, J+ generate the maximal torus of U(2) C O(4). Its SU(2) subgroup
is always a symmetry in the systems introduced in the previous section, under which x
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and A form a triplet and a doublet. In this paper, we shall consider theories which are
invariant also under the central U(1) subgroup of U(2). This requires the superpotential
to be homogeneous, that is, there is an endomorphism R : V' — V under which

W (wh¢) = W (9). (2.49)

Then, the system is invariant under SU(2) x U(1) with the following charge assignment,?

Ao Al Py | - F
J=Jy 1|1 o|fL&_1] & £_1 (2.50)
R R R R
Jojo|-1-1% L jE_1 8

Since J_ commutes with the ' = 2 supercharges Q. and Q 4, it can be considered as
a flavor symmetry of the A/ = 2 theory. Indeed, the J_ charges in the table (2.50) are
the same for the fields in each N = 2 multiplet, and zero for A_ in the A/ = 2 vector
multiplet. If there is a unitary transformation i : V' — V that leaves W (¢) invariant, then
we have a flavor symmetry that commutes with the N' = 4 supersymmetry generators. For
a continuous group of such flavor symmetries, we have a deformation of the theory by a
supersymmetric background v{", x* = (my, ma, m3) of the flavor group. Note that the four
elements v}, m1, ma, m3 must commute with each other. Extending the terminology in
2d (2,2) theories, we may refer to m = my + ime as the twisted mass. This deformation
preserves the supersymmetry and the supersymmetry algebra is deformed as

{Q+, QL) = H— GF(vf +my), (2.51)
{Q-.Q,} =G"(m), {Q+,Q_} = G"(m). (2.52)

When there is such a continuous flavor symmetry, there is an ambiguity in the choice of R.
Unlike in theories in higher dimensions where we would like to find the “correct” R-charge
that corresponds to the R-symmetry of the superconformal field theory in the infra-red
limit, there is no distinguished choice in quantum mechanics.

2.2 The index

The main purpose of the present paper is to compute the Witten index [1] of N = 2
supersymmetric gauge theories, possibly with a twist by a flavor symmetry,

I(h) = Tr, ((—1)Fﬁe—ﬁH) . (2.53)

This can be identified as the path-integral on the Euclidean circle of circumference 5 with
the boundary condition O(7) = hO(7+ ) on all fields. This is equivalent to the circle with
periodic boundary condition, but under the influence of the background flavor gauge field
with holonomy h. Suppose there is a continuous group G of flavor symmetries, and let us
consider the index with a twist by an element of the form h = €% for ¢ € igp. Then, the

“The J3 component of SU(2) and the U(1) generator R is related to Ji as 2J3 = —J_+J4, R = J_+J4.
2J3 and R are respectively the axial and vector R-charges in 2d (2,2) supersymmetry.

— 14 —



flavor gauge field can be taken to be of the form vl = —¢/3. At the same time, we may
also turn on the real mass m € igr that commutes with £. Then, we have a two parameter
family of Witten index

I(&,m) = Try ((—1)Feinn<€> e—ﬁHm), (2.54)

where (Hp, Hy,, GL) is for the theory deformed by the real mass m. Due to the remark
given in the previous subsection, it depends on —i&/B-+m but not on —i§/B—m. (Note that
Wick rotation ¢t — —it does vf" — ivf.) That is, it is a holomorphic function of ¢ + i3m.

The index enjoys the well known nice properties [1] when the theory is effectively
compact, that is, when the spectrum is discrete and each level consists of finite number
of square normalizable states. In particular, it receives contribution only from the finite
number of supersymmetric ground states, I(h) = Stryguqy (ﬁ) For the twist by an ele-
ment e’ of a continuous flavor group G, the function e — StrHSUSY(eiGF(O), being
a (graded) character of a finite dimensional representation, has a holomorphic extension
U&FiBm) StrHSUSY(eiGF@”Bm)). By the uniqueness of holomorphic extension, it must
agree with (2.54). That is,

I(&,m) = Ty ((—1)FeiGF<f+iﬁm> e—ﬁH). (2.55)

This can also be shown directly: using the deformed supersymmetry algebra (2.47), we
have eiGm(€) g=BHm — oiGr(E+ifm) e_ﬂ{Q’Q}, while the charge of a normalizable state is
quantized and is constant under deformation. In either way, we have seen that the real
mass plays a minor role for the index — it simply complexifies the twist parameter. In
other words, the index with a complex twist parameter can be identified as the index with
a unitary twist, of the theory deformed by a real mass.

Things are subtle when the theory is not effectively compact, which happens when
the scalar potential has a non-compact flat direction. In such a theory, the index may not
even be defined — the path-integral may diverge by the non-compact integral without ex-
ponential suppression; also, it is a delicate problem to define the trace of an operator on a
non-separable Hilbert space. Here the flavor twist and/or the real mass m play an essential
role. When a maximal torus of the flavor group acts on the flat direction with a compact set
of fixed points, then the twisted path-integral will converge, and that would provide a defi-
nition of the twisted index. On the other hand, with only such a twist, it is not clear if the
operator definition as in the right hand side of (2.53) makes sense. If the real mass is turned
on, however, the potential term ¢m?¢ is introduced and the theory becomes effectively com-
pact. Then, the index can certainly be defined in the operator formalism by (2.54). In
what follows, to simplify the notation, we shall write the twisted index as (2.55) and refer
to it as the index with complex flavor twist, even if the actual definition may only be (2.54).

One of our main interests in A/ = 4 theories is the index twisted by the R-symmetry
J _ that commutes with J = J,

I(y*7) = Ty ((~1)Ty>= ™), (2.56)
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for y € C*. Of course, if there is a flavor symmetry, i.e., h : V' — V that leaves W(¢)
invariant, we can also twist the index by that. For a continuous group of flavor symmetries,
not only the twist but also the triplet mass deformation (mj, ms, ms) may be considered.
However, the twisted mass deformation m = mq + ims is forbidden in the presence of
the R-twist y27/~. This is because J_ rotates the complex scalar o of the N' = 4 vector
multiplet, and hence would not be a symmetry if the twisted mass is turned on. Only the
real mass mg is allowed and we have the complex flavor twist (along with y27/-), as in the
general N' = 2 theories.

When the theory is effectively compact, the supersymmetric ground states have van-
ishing flavor charge. This can be shown as follows. Let us consider the twisted mass
deformation. (This is just for the proof of the claim.) The deformed theory has a deformed
supersymmetry algebra (2.52). Taking the m derivative and then setting m = 0, we find

{Q-,0:Q.} +{0:Q-,Q.} = GF(6m). (2.57)

Suppose |¥) is a supersymmetric ground state. Applying the above operator identity to |¥),
we see that GI'(6m)| W) is of the form Q_|a)+Q, |B). Since G is a symmetry, G'(5m)|¥)
is also a supersymmetric ground state. If Iy denotes the projection to the space of super-
symmetric ground states, we find G (§m)|¥) = IIyG (6m)|¥) = I (Q—|a) + Q. |3)) = 0.
Since this holds for any dm, this means that the ground state |¥) has vanishing flavor
charge. Note that we needed the effective compactness of the theory so that the spectrum
changes smoothly under the twisted mass deformation.

This means that the index does not depend on the twist by a continuous flavor sym-
metry. In particular, possible ambiguity in the R-charge assignment does not affect the
index. Therefore, “the index with just the R-twist (2.56)” has an unambiguous meaning
and that is our primary interest in effectively compact N = 4 theories.

When the theory is not effectively compact, the spectrum changes discontinuously
when the twisted mass deformation is turned on, and the above argument does not apply.
As remarked above in a general N' = 2 theory, for a non-compact theory, flavor twist is
very important even for having a well-defined index, and the result of course depends on
the twist parameters.

The above proof does not apply to a theory with only A/ = 2 supersymmetry, even if it
is compact. One might try to repeat the argument using the deformed algebra (2.47). But,
as the real mass m is deformed, the Hamiltonian also changes and one cannot conclude
that the ground states have vanishing flavor charge. In fact, our primary interest in N' = 2
theories is the dependence on the flavor twist. Also, presence of flavor twist is sometimes
necessary for the localization computation.

2.3 Phases

Let us consider a system of N/ = 2 supersymmetric quantum mechanics with gauge group
G, a chiral multiplet in Ve and a fermi multiplet in Viemi. As the Lagrangian, we take
the sum of Lgauge from (2.6), Leniral from (2.9), Lgermi from (2.11), Lgy from (2.7) and L
from (2.12), and we may also include the Wilson line —A; from (2.22). (Not all of them
has to be non-trivial.)
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Our main interest is the space of supersymmetric ground states. Classically, super-
symmetric vacua correspond to configurations of the scalar variables, ¢ and ¢, at which
the potential vanishes. The scalar potential of the system is

e/ —
Ulo,6) = oo + (66— ¢) + B +|T(0)
+o(0) +{Q(9),Q(¢)"}. (2.58)

The second and the fourth terms are obtained after integrating out the auxiliary fields D
and F' and called the D-term potential and the F-term potential respectively. %( )2 is
the quadratic form on ig* defined as the dual of ﬁTr( -)2. ¢¢ inside that parenthesis is
the moment map of the G action on Va1 defined by (¢¢, &) := ¢ £¢p. When M has rank
2 or higher, the potential is valued in hermitian matrices. The term p(o) is not positive
definite, which may appear strange in the presence of supersymmetry. However, as we will
see, positivity does exist if the Gauss law is taken into account. Since that is a quantum
effect, in the classical analysis which we present now, we shall simply forget about the term

p(0). Then the vacuum equations are

op =0, (2.59)
06 = C, (2.60)
E(¢)=0, J(¢) =0, {Q(¢),Q()}=0. (2.61)

Notice that the FI parameter ¢ enters into the second equation (2.60), called the D-
term equation. For a generic (, this forces ¢ to have a non-zero value, which breaks the
gauge group G to its subgroup Gp and forces o to lie in its Lie algebra. The space of
solutions to the vacuum equations is in general a union of components labeled by the
unbroken subgroup GG1. A component is called a Higgs branch if G is a finite subgroup so
that ¢ # 0 and o = 0, a Coulomb branch if G is G itself so that ¢ =0 and o # 0, and a
mized branch if GG1 is a continuous proper subgroup of GG so that ¢ and ¢ are both non-zero
while obeying o¢ = 0. At each branch the gauge group is further broken to a subgroup of
G'1 by the values of o, generically to its maximal torus — thus the name “Coulomb”. The
pattern of gauge symmetry breaking depends very much on the value of . The space i3* of
FI parameters is stratified by cones labelled by the symmetry breaking pattern. The cones
of the maximal dimension shall be called the phases, following the terminology used in
two dimensional systems. Cones of codimension one are called walls or phase boundaries.
When the gauge group G is Abelian, it is broken to a finite subgroup in each phase and to
a rank one subgroup at each wall. When G is non-Abelian, the situation can be different.
Some models contain phases with continuous unbroken subgroups. Examples are the 1d
versions of the 2d models in [41, 42, 52].

Inside a phase where the gauge group is broken to a finite subgroup and the vacuum
manifold is a Higgs branch, we can often find an effective description of the system that
correctly captures the supersymmetric ground states. Since the continuous part of the
gauge group is completely broken, the vector multiplet together with the gauge orbit direc-
tion of the chiral multiplet acquire a non-zero mass by the Higgs mechanism. (In quantum
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mechanics, “mass” should better be rephrased as “frequency”, but we shall keep the ter-
minology used in higher dimensions.) By looking at the term |0$|? in the potential and
the D-term equation ¢¢ = ¢, we find that the mass is of the order of

My = ev/|C], (2.62)

where |(] is the typical size of the FI parameter that is responsible for the gauge symmetry
breaking.® Therefore, the vector multiplet and the gauge orbit modes decouple from the
physics at the energy scale E below M.

When the FI parameter ¢ is on a phase boundary, the space of classical vacua has
mixed or Coulomb branch components. Quantum analysis is required to obtain the effective
theory at or near the phase boundary. Simple cases will be treated in the next section.

Let us make a brief comment on the ' = 4 systems. The vector multiplet includes an
N = 2 chiral multiplet (o,i\;) in the adjoint, and the chiral multiplet includes an A/ = 2
fermi multiplet (¢_, F') with E = o¢. Therefore, the scalar potential reads

1 2 2 e? s - 1 B 2 ) )

U(x,¢) = @HX:J”UH + [x30|" + 5(¢¢+ @[o,o] — C) + ool + |dW (9)|
1 2, 2

= 5oz 2 I xIP 4 xf + (66— ¢ )+ [dW (@) (2.63)

1<g

where we paid attention to the normalization 515 of the kinetic term of (o,iA;) in (2.28).
We also used (([o,7]) = 0 and |x3¢|> + 3¢[0,7]¢ + |0¢|? = [x¢|? to go to the second line.
Deep inside a phase where the gauge group is broken to a finite subgroup, the entire N' = 4
vector multiplet together with the A/ = 4 chiral multiplet in the gauge orbit direction
decouple from the low energy physics. In particular, we can set all three components of x
to zero. This is the N' = 4 Higgs branch. At the phase boundary, the vacuum manifold
has mixed or Coulomb branch components. In each of them, the vanishing of the term
|[x:, x;]|?/2€? requires all three components of X to lie in the Lie algebra of a common
maximal torus of the unbroken gauge group Gf.

Now, let us describe two typical phases — the geometric phase and the Landau-
Ginzburg phase. There can also be hybrid of the geometric and Landau-Ginzburg phase.

Geometric phase

Suppose G is completely broken, the set of solutions to the equations of (2.59)-(2.61) is
a compact smooth manifold Cy,., and the modes transverse to the solution space have
non-zero masses. Then, as the effective description, we may take a non-linear sigma model
whose target space is the quotient space X = Cyac/G, which is a Ké&hler manifold. The
sigma model may have fermions valued in a holomorphic vector bundle and/or a Wilson
line determined by a complex of vector bundles.

The non-linear sigma model with a target Kahler manifold (X, g) is described by a
chiral multiplet (¢, 1) where ¢ takes values in X and v takes values in the pull back ¢*Tx

*In one dimension, the various fields and parameters have the following dimensions: [D] = energy?,
[¢D] = [D?/e*] = energy, and hence [¢] = energy ' and [¢?] = energy®.
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(T'x is the holomorphic tangent bundle of X). Its Lagrangian is

Lx = 9(¢, ) + ig(®, D)), (2.64)

where Dyt is the covariant derivative with respect to the pulled back Levi-Civita connec-
tion. The model may have a fermi multiplet (7, F) with values in a holomorphic vector
bundle with a hermitian metric (£, h) on X. Its Lagrangian is

Le = ih(, Din) + (7, Fa(, &)n) + h(F, F), (2.65)

where Dy is the covariant derivative with respect to the pull back of the hermitian con-
nection A of (&, h), Fa(1,v) := Fijwlﬂj with the curvature Fj; of A, and F:=F— I Ajn
is the covariantized auxiliary field. See appendix A.3 for a more detailed description. The
model may also have a Wilson line associated to a complex of vector bundles

1—2 . i—1 . i . i+1
AN AN LN S AN (2.66)
Each F' is equipped with a hermitian metric h* which determines a hermitian connection

A®. The Wilson line is valued in End(F,F) with F = @;F* and is given by

Ay = =i(¢" Ay = 3FA(,T) ~ $'0Q() + TOQ(0) +{Q(0).Q@)1).  (207)

The construction is the same as in 2d (2,2) theories with boundary. See [50] for detail.
The anomaly free condition is reflected in the effective description as the condition
that the fermionic Hilbert space tensored with F,

VEx @ ANTx @det 2E @ ANE® F (2.68)

forms a well-defined vector bundle on X. Note that F should not be a well-defined vector
bundle if VK x ® det™2 £ is not. The bundle (2.68) is isomorphic to Qg;' ® F with § =
VEx ®@det 2@ NERF by the isomorphism Tx = T'y.

The states of the system are sections of the vector bundle (2.68), or equivalently, anti-
holomorphic forms with values in §. As always in a theory with the supersymmetry (2.1),
the space of supersymmetric ground states is isomorphic to the cohomology group of one
of the supercharges, say Q. This operator acts on the states as

iQs = 0s + @Qs. (2.69)
Thus, the space of supersymmetric ground states is

Hsusy = H%_;Q(X, 3)- (2.70)

Since X is compact, the Witten index is given by the Riemann-Roch formula

I(id) = / tdx e 29 (X)=21E) ch(AE)ch(F) (2.71)
X

where ch(AE) = S5 (—1)ich(A'€) and ch(F) = 32,(—1)"ch(F).
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Suppose X admits a spin structure, & = 0, and F is just a vector bundle (F? = 0 for
i #0). Then, VK x ® ATy makes sense as a vector bundle — it is the spinor bundle of X.
Therefore, the states are spinors with values in F. One can also show that the supercharge
Q + Q is the Dirac operator. Indeed, (2.71) is the Atiyah-Singer formula for the Dirac
index since tdy e_%cl(X) = ;‘:X.

The N = 4 supersymmetric non-linear sigma model with the target (X, g) is obtained
by setting £ = T'x and F = 0. In this case, we have § = Kx ® ANTx = AT with a shift of
the Zs grading by n := dim X. Hence the states are differential forms on X, and the space
of supersymmetric ground states is the Dolbeault cohomology, which is isomorphic to the

de Rham cohomology for the Kahler manifold,

Hsusy = @ H%q(X, NPTx[n]) = Hae gpam (X, C)[n]. (2.72)
P,q=0

Vanishing of the flavor charge of the supersymmetric ground states is obvious in this rep-
resentation, thanks to the identity £, = doi,+i,0d for a vector field v on X. In fact, this
is the origin of the general statement and its proof based on the identity (2.57), presented
in section 2.1. The ground state for a (p, q) class carries 2J3 =p+q¢—n and R= —p+q.
If we take (—1)F = (—=1)2’3, the canonically twisted index is

I(y*) = Y (-ppreny 2nppa(X) = (=1)P "ty I (X APTY). (2.73)
p,q=0 p=0

This is the x, genus of X for y = y =2, up the prefactor (—y)". The untwisted index I(id)
is the Euler number x(X) times (—1)". Indeed, (2.71) is the Gauss-Bonnet formula since
tdx e~ ch(ATy) = (=1)4™Xe(Tx) which follows from e e (1 - €)=~z

We should note that one of the first applications of supersymmetry after [1] is the

derivation of these index formulae via supersymmetric localization of the non-linear sigma

models [53, 54].

Landau-Ginzburg phase

Suppose the vacuum equations (2.59)—(2.61) have a unique (up to gauge) solution at which
the gauge group G is broken to a finite group I'. Then, as the effective theory, we can take
the Landau-Ginzburg model of the massless variables modulo the gauge group I', that is,
the Landau-Ginzburg orbifold.

A Landau-Ginzburg orbifold is obtained by the gauge theory described in the previous
subsection by taking the gauge group to be the finite group I'. In particular, there is no
vector multiplet. The only role of the gauge group is the Gauss law, i.e., I' invariance of
physical states, which makes sense when we can find det_% (Vehiral © Viermi) @ M as a genuine
representation of I'. As remarked earlier, a fermi multiplet can be traded into a part of the
Wilson line. Thus, we may consider only the chiral multiplet valued in Vipira with a Wilson
line determined by (M, p, Q). The anomaly free condition is then § = det™> Viehiral ® M is
a genuine representation of I'.
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The states are I'-invariant antiholomorphic differential forms on Va1 with values in
T, and the supercharge Q acts as (2.69). By the standard argument (see for example [50]
section 2.2.3), the  + Q cohomology is isomorphic to the @ cohomology acting on the
space Hol(Vehiral, §) of holomorphic functions on Vepipa with values in §. Thus, the space
of supersymmetric ground states is

Hsusy = HO(Hol(Venirat, 3))' (2.74)

where the superscript I' stands for taking the I' invariants. When (M, p, Q) comes from a
fermi multiplet, as in (2.26) and (2.27), this is the untwisted and left-handed sector of the
2d version of the system [63, 64].

The N = 4 Landau-Ginzburg orbifold with a I'-invariant superpotential W : V — C
is obtained by taking M = det™2 V ® AV and Q = —dW . In this case, we have an
isomorphism § = det ' V @ AV = AV* (with a shift of Zy grading by n := dim V)of T
representations, and @ acts on Hol(V, AV*) by —dWA. The cohomology concentrates on
the top degree forms and we have

Hol(V, \"V*) r ;
i) o

=~ 2.7
Hsusy (dW/\?—lol(V,A”—lv* (2.75)

This is nothing but the untwisted RR ground states in the 2d version of the system [55].

2.4 Examples
Example 1: projective space

Let us first consider the N' = 2 system with U(1) gauge group and N chiral multiplets
(¢1,91),. .., (én,¥nN) of charge 1. We turn on the Wilson line A; = q(vy + o). The

anomaly free condition is

N
5 TaEZ. (2.76)

The FI parameter ¢ is naturally a real number and the D-term equation reads ||#||> = C.
When ( is positive, the solution breaks the gauge group completely. The U(1) quotient of
the space of solutions is the complex projective space CPY~!. The modes transverse to
the solution space are all massive and we are left with the non-linear sigma model whose
target space is CPN~1. Thus ¢ > 0 is a geometric phase. The equation of motion sets
v to be the pull back of the gauge connection of the line bundle O(1) and therefore the
Wilson line induces the “line bundle” F = O(q). This yields § = O(q — &), which is
indeed a genuine line bundle over CPY ! by the anomaly free condition (2.76). The space
of ground states of the effective sigma model is isomorphic to the Dolbeault cohomology
@ H*(CPY~! 0(q— &)). The dimension of each component is known to be

q>N. hoﬂ'(CPNfl,o(q— g)) - {0 L 2:7&0 (2.77)
2 (qN2—1 ) i =0,
_g cq< g: ho,i(CPN—ljo(q_%>) —0 Vi (2.78)
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When ( is negative, there is no solution to the D-term equation, and we expect that there
is no supersymmetric ground state.

Let us also consider the N = 4 system with U(1) gauge group and N chiral multiplets
(1, V14, F1)y ..o, (ON, ¥N+, Fiv) of charge 1. No superpotential is allowed for this matter
content, and there is no room for Wilson line in an A/ = 4 system as shown in section 2.1.
The D-term equation is still ||¢||? = ¢, see (2.63). When ( is positive, the solution breaks
the gauge group completely. We are in the geometric phase where we have the A/ = 4 super-
symmetric non-linear sigma model with the target space CPY 1 as the effective description.
The space of supersymmetric ground states is @, H p’q(CPN ~1) whose dimension is

lp=q=0,...,N—1,
pra(cpN-1y =] P =1 (2.80)
0 otherwise.

When ( is negative, there is no solution to the D-term equation, and we expect that the
supersymmetry is broken.

Example 2: hypersurface in projective space

Let us consider the model which has a geometric phase and Landau-Ginzburg phase.

N = 4 model. We start with a much familiar system with A" = 4 supersymmetry, with
gauge group U(1), N chiral multiplets (X1, ¢4, F1),..., (XN, YN+, Fv) of charge 1, one
chiral multiplet (P, py, Fp) of charge —d, and superpotential W = P f(X), where f(X)
is a polynomial of degree d which is generic in the sense that the common zero of f(X)
and its first derivatives is X = 0 only. The D-term equation is || X||? — d|P|* = ¢, while
the F-term equations are f(X) =0 and PO f(X)=--- = Ponf(X) =0.

When ( is positive, the solution to the D-term equation has non-zero X which breaks
the gauge group completely. By the genericity of f(X), the F-term equations require
P = f(X) = 0. Massless modes are modes of X multiplets tangent to the vacuum manifold,
which is the hypersurface Xy = (f = 0) of the projective space CPN-1. 1t is a geometric
phase described effectively by the N’ = 4 sigma model whose target is X¢. The space of
supersymmetric ground states is isomorphic to the cohomology group @, ,H?(X ).

When ( is negative, the solution to the D-term equation has non-zero P which breaks
the gauge groups to Z; C U(1). By the genericity of f(X), the solution to the vacuum equa-
tion is unique up to gauge: P # 0, X = 0. Only the X multiplets are massless, and we are
left with the Landau-Ginzburg orbifold with superpotential W (X) and orbifold group Zg.

N = 2 model. We next consider a system with N' = 2 supersymmetry. This is taken
from the two-dimensional version [64] and shall be called the Distler-Kachru model. It
is a U(1) gauge theory with N chiral multiplets (Xi,%1),...,(Xn,¥n) of charge 1, one
chiral multiplet (P, p) of charge —¢, one fermi multiplet (§, F¢) of charge —d, M chiral
fermi multiplets (', F'Y), ..., (nM, F™) of charge qi, ..., qur, and the superpotential 20 =
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Figure 2. Triangle quiver.

F(X)E+ >, Pga(X)n®, where f(X),g1(X),...,gm(X) are polynomials of degree d, ¢ —
qi,-..,¢— gy which are generic in the sense that their common zero is X = 0 only. (This
requires M + 1 > N.) We do not turn on the Wilson line. The anomaly free condition is

M
N—l—d+) qu€2Z (2.81)

a=1

The model has a global U(1)r symmetry under which X, P, £, n have charges 0 1, 0, —1
respectively. The D-term equations are || X||> — ¢|P|?> = ¢ and the F-term equations are
F(X) = Pgi(X) = - = Pgyy(X) = 0.

When ( is positive, the solution to the D-term equations have non-zero X which breaks
the gauge group completely. The F-term equations require P = f(X) = 0. Massless modes
are modes of the X multiplets tangent to the vacuum manifold X as well as the modes of
n satisfying the equation ) go(X)n® = 0. It is a geometric phase described by the sigma
model with the target X, and with the fermi multiplet valued in the kernel £ of

M M
D O(q.) =5 0(0). (2.82)
a=1

The space of states in this effective theory is the space of anti-holomorphic forms with
values in § = \/Exf ®det 2 EQNE = O(—3(N—d+ SM  go — £)) ® AE which is indeed
a well-defined graded vector bundle over X in view of (2.81).

When ( is negative, the solution to the D-term equation has non-zero P which breaks
the gauge groups to Z; C U(1). The solution to the vacuum equation is unique up to
gauge: P # 0, X = 0. Massless modes are the chiral multiplet of X and the chiral fermi
multiplets of £, n',...,n™. The U(1)p charges are 1/¢ for X, —d/¢ for & and —1 + ¢, /!
for n®* — these are obtained by dressing the original assignment with a gauge symmetry so
that P has charge zero. We are left with the Landau-Ginzburg orbifold of these variables
with the superpotential 20 = f(X){+ >, 9o(X)n® and the orbifold group Z,.

Example 3: quiver quantum mechanics

An interesting class of examples with AN/ = 4 supersymmetry is quiver quantum mechanics.
Let us describe the phases for the triangle quiver as in figure 2. It has a gauge group
G = (U(ka) x U(kr) x U(kc))/U(1)diag, bifundamental matters as in figure 2, and a
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generic superpotential of the form

W=>" Aluw(Z"Y;X;). (2.83)
i7j7h
We parameterize the FI parameter as?
¢ ¢! ¢ -¢
(D) = atr(DA) — %tr(DB) + o tr(De¢). (2.84)
The D-term and F-term equations read
¢ ij b
YYT—ZTZ:k—lkA, Y AlzMY; =0, Vi,
* ih
77t - XX = —gBlkB, Y AlXZM =0, v (2.85)
ih
¢ -¢ J
Xxt-vly = o Lo > AYY;X; =0, Vh.
i,J

where X XT:= )", XiX;r etc.

In order to find the phase structure, it is best to start looking for possible solutions
to (2.85) with unbroken gauge symmetry. A typical unbroken subgroup is associated with a
partition of the rank vector (ka, kg, kc) into two, (K, k5, ki) + (K}, k'S, k), and includes
the U(1) subgroup of elements of the form

"1y 0 "1 0 "1y 0
“ K s e . (2.86)
0 Z”lkll 0 Z”lk’” 0 Z”lk”
A B C

A solution invariant under this subgroup exists only when the FI parameter vanishes on

R AVEN T AW
¢ _ B -4 C =0. 2.
(kc ks ¢+ n e ¢“=0 (2.87)

This is an empty condition when ¥/, /ka = ki3 /kp = k(/kc, that is, when k4, kp, ko have

its Lie algebra,

a common divisor. In such a case, for any FI parameter, there is a solution with unbroken
gauge group. In what follows, we assume that k4, kg and ko are relatively prime. Then,
the equation (2.87) defines a line in the FI-parameter space.

The line (2.87) is a candidate of the phase boundary. In many cases, however, only half
of the line is the actual phase boundary, since the equations to be solved takes the form
like |¢|> = ¢ and has solution only for one sign of ¢. It is also possible that a solution does
not exists along both halves of the line. Obvious examples are &y and £’ both non-zero
but k7%, = ki, = 0. In such a case, X,Y, Z must be of the form

X =0, Y:(ﬁ/), Z:<Z’0>, (2.88)

It is an invariant linear form on g = u(ka) © w(K5) @ u(kc)/u(1)diag, i-e., it must be invariant under
conjugation and the shift of (D, Dp,Dc) by (1k,,1kg, 1k, ). A general solution is (2.84).
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Figure 3. The phases of the model (1,1,1).

and the D-term equations include Y'Y'T = ﬁlk/ and —2"17" = £1 ", which have no
ka Ky ka=Fa
solution if { # 0. There are non-obvious examples where a solutions does not exist for some
range of (a, b, c) because the number of equations is too large compared to the number of
variables.
In what follows, we present the phase structure of the model for some range of rank
vectors. We assume that a, b, ¢ are all positive.

Rank (1,1,1)

The model has three phases as in figure 3.

In Phase I, supersymmetry is unbroken if and only if a + b — 2 > ¢, in which case
we have the effective theory on the Higgs branch given by the non-linear sigma model on
the complete intersection of the ¢ hypersurfaces Z” A;LjXZ-Y} = 0 in CP*! x CP" L.
Zh = 0 there. The other phases are similar: to go from I to IT and to III, we do the cyclic
rotation ¢ -+ b — a and Z — Y — X. The three phases are separated by three phase
boundaries. In the table below, we describe the unbroken gauge group G7, the type of
vacuum configuration, and the Higgs part of the mixed branch, at each of them:

Gy type  |Higgs part
I |{[z,1,1]} 2 U()|Y =Z=0| CP*!
I-ITT |{[1, 2,1]} 2 U(1)| X = Z =0 CP’!
M-I ({[1,1,2]} 2 U(1)| X =Y =0| CP¢!

(2.89)

Rank (k,1,1)

The model has at most four phases as shown in figure 4. When b, ¢ > k, Cambers I and 11
are phases by themselves. Chambers III and IV combine into one phase when

b>k, c¢>k (b+c)(k—1)<a+ (k—1)2 (2.90)

and are different phases otherwise.
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Figure 4. (Possible) phases of the model (k,1,1).

In chamber I, supersymmetry is unbroken when a > 1, > k and k(b—k)+a—1 > ¢k,
in which case we have the effective theory on the Higgs branch — the zero of the ¢ sections
Do A;'lein of the rank k vector bundle S; , K O(1) over G(k,b) x CP%!. (Here G(k,b)
is the Grassmannian of k-planes in C? and Sk is its tautological vector bundle.) The
description of chamber II is obtained from this by the exchange Y <> Z, b <> ¢. In chamber
IV, supersymmetry is unbroken when b > k, ¢ > 1 and k(b — k) + k¢ — 1 > a, in which
case we have the effective theory on the Higgs branch — the complete intersection of a
hypersurfaces >, A;LthYj =0 in P(S]?ig). Description in chamber III is obtained from
this by the exchange Y <+ Z, b <> c.

The Higgs branches in chambers IV and III are the same as complex manifolds if and
only if the condition (2.90) is satisfied. To see that, let us regard Y and Z as kxb and ¢ x k
matrices. Then the defining F-term equations are 3, , AZj(Z Y)hj = 0 in both chambers.
A possible difference is the condition on the rank of Y and Z. In chamber IV we have
rank(Y') = k and rank(Z) < k while in chamber III we have rank(Y") < k and rank(Z) = k.
The two manifolds are the same if rank(Z) is always k in chamber IV and rank(Y’) is always
k in chamber III. This obviously fails when b or ¢ is less than k. But even when they are both
bigger or equal to k, it fails when, say in chamber IV, there is a solution with rank(Z) < k—
1. Since Y has rank k there, this is equivalent to that the ¢ x b matrix ZY has rank (k—1) or
less. This imposes (c—(k—1))(b—(k—1)) conditions on ZY. On the other hand, the F-term
equation >, A;f(Z Y)hj = 0 imposes a conditions on ZY. Thus, there is such a solution
when be—1 > (¢—(k—1))(b—(k—1))+a, which is the opposite of the last inequality in (2.90).

Accordingly, there are at most four phase boundaries. In the table below, we describe
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the data of the (possible) mixed branches:

G type Higgs part
I-11 {lg,1,1]} =2 U(k) Y=27=0 cpe!
LIV {13, 2,1]} 2 U1) X=2Z=0 G(k,b) (2.00)
T1-111 {1, 1,2} 2 U®Q) X=Y=0 G(k,c)

-1V {[(9 1l>,1,1]} >~ Uk — 1) Y_G” : Z:(oz”> o

The first three mixed branches exist when a > 1, b > k and ¢ > k respectively. On the

III-IV wall, [ ranges over 1,...,k — 1. H; is a variety of dimension {(b+¢) —1?> —1—a and
is non-empty when this number is non-negative. For [ > 2, it is singular if there is a locus
where rank(Y"”) = rank(Z"”) drops from [, and the singular locus is isomorphic to H;_;.
(H; is smooth when #H;_; is empty.) H; is always smooth and is given by the complete
intersection of a hypersurfaces Zjﬁ A;ijhyj = 0in CP’"! x CP“!. The space of classical
vacua is a union of the mixed branches,

k—1
Mi-y = U R3*-D « Hi. (2.92)
=1

Note that the I-th and the (I — 1)-th mixed branches touch each other at the singular locus
of H; of the former and the origin of the R factor of R3*~!*1 of the latter. When b, ¢ > k,
Hy—1 has the largest dimension among H,;’s. Therefore, the space (2.92) is non-empty if
Hj—1 is non-empty, and that is so when the last inequality of (2.90) is violated. Thus,
[TI-IV wall is indeed a genuine phase boundary when the mixed branch exists there.

Special cases of this class of triangle quivers are studied in two dimensions in [56]: the
cases are (a,b,c) = (kn,n,n) where the Higgs branches are Calabi-Yau manifolds — in
that paper, k here is denoted as (n — k). The above structure of mixed branches on the
ITI-IV wall (2d version) was worked out by KH and was conveyed to the authors of [56] who
initially missed the possibility that the III-IV wall may not be a phase boundary. Among
models with Calabi-Yau threefolds as the Higgs branches, an example where III-1V wall is
not a phase boundary is k = 2 and (a,b,c) = (8,4, 4).

Higher ranks

As the rank vector increases, the number of phases proliferates, as shown in figure 5.
This is because the lines (2.87) corresponding to different partitions of the rank vector are
generically different. The case of rank vector (k,1,1) was special in that the partitions
(k,1,1) = (k —1,0,0) + (I,1,1) all define the same line, which includes the III-IV wall.
For example, for the case of rank vector (k,2,1), the partitions (k—1,1,0) + (I, 1,1) define
different lines ¢* = (2(k —1)/k)¢?, which appear, for example in k = 5, as the four dashed
segments in the south-west directions in figure 5-Left. Also, for higher ranks, it is more
difficult to explicitly describe the Higgs branch in each phase as well as the mixed branches
at each phase boundary. The index formula which we will derive in this paper will be
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Figure 5. (Possible) phases of the models with k = (5,2,1) (Left) and k = (5,3,2) (Right).

particularly useful in such a circumstance, since we do not need to solve the D-term and
F-term equations nor think about computing the cohomology on the space of solutions.

3 Coulomb branch

As we have seen, when the FI parameter ( is deep inside a phase where the gauge group is
broken to a finite subgroup, the Higgsed modes, consisting of the vector multiplet and the
chiral multiplet in the gauge orbit direction, decouple from the physics below the energy
scale Mg = e\/m . In this section, we would like to analyze what happens when the FI
parameter ¢ comes close to the walls.

For N = 4 systems, this was studied extensively, first by Denef [22] and later by many
people including two of the authors of the present paper. As far as we are aware of, the
analysis of N/ = 2 systems has not been done. As we shall see, they have much richer
structures than A = 4 systems.

3.1 The outline

When the FI parameter ¢ comes close to a wall, the mass of the Higgsed modes approaches
zero. There, it is natural to look at the Coulomb branch — the region of the field space
where the scalar component of the vector multiplet has large values. The chiral multiplet
has a large mass in such a region and hence can be ignored, or to be more precise, should
be integrated out. This leaves us with an effective theory of the vector multiplet. The
main task is to determine this effective theory and then study its ground states.

We shall present the analysis for the theory with U(1) gauge group. We believe that
this captures the essence of the general case, since typically only a single U(1) subgroup
of the gauge group is unHiggsed at the wall. We shall examine later if that is indeed the
case. Also, we shall start with the N/ = 2 systems, where the scalar o takes values in the
real line. Note that there are two disconnected regions with “large |o|” — large positive o
and large negative o. The analysis should be done separately.

“Integrating out the matter chiral multiplet” is usually done by path-integral, where
we can take the one-loop approximation for large values of |o|. However, the operator
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formalism is more convenient in order to impose the Gauss law constraint. In that formu-
lation, we shall find the ground state of the matter system in the background (o, A, D) of
the vector multiplet. The gauge field v, is used up already at this stage for the Gauss law.
The matter theory has N = 2 supersymmetry in a supersymmetric background, which
satisfies (see (2.4))

6 =D=0, X=0. (3.1)

The matter system may or may not have a supersymmetric ground state. Correspondingly,
the effective theory of the vector multiplet may or may not have a supersymmetry. It may
happen that the matter system has a multiple of supersymmetric ground states. In that
case, the effective theory decomposes into a multiple of sectors of supersymmetric theories.
In general, the spectrum of matter ground states depends on whether o is large positive
or large negative, and correspondingly the character of the effective theory of the vector
multiplet depends on the regions of o.

When the matter system preserves the supersymmetry, the effective Lagrangian must
be supersymmetric. A supersymmetric Lagrangian of (o, A\, D) is of the form

26(10)2 <d2 + %(X)‘ - X)\) + D2> - <4e(1a)2>D)\)\ + 1 (o)D — %h"(a)XA, (3.2)

to the second order in O(o) = 0, O(%) =1,0(D) =1, O(\) = 1 and O(e) = —3. (This
order assignment is taken from [22].) The prime ' stands for the o derivative. Note that
the classical Lagrangian has e(o) = e and h/(c) = —(. We know that the effective gauge
coupling constant behaves at large |o| as 1/e(0)? = 1/e2+#/|o|3+- - -, for some numerical
constant #. At large enough values, |o|? > €2, we may ignore the correction and assume
the following form of the effective Lagrangian,

1 L9 T 2 / _1 "Ny
Lot = 55 (a +iNA+D ) +1(0)D = Sh"(0)XA
1 -2 3% e? / 2 Low v
5 (g +m) - E(h (a)) — 5" (@) (3.3)

When the matter system breaks the supersymmetry spontaneously, then the effective

12

Lagrangian must have a supersymmetry breaking term. For example, the ground state
energy of the matter sector, combined with the contribution from the Wilson line, is of the
form 2Np|o| for some positive integer Np, so that the effective potential is

e? 2
Uuit(0) = 5<h’(0)) + 2Ng|ol. (3.4)

The potential is positive and we do not expect to have a zero energy state. This only
means that there is no supersymmetric ground state supported in the region of ¢ under
question. It is still possible that there are supersymmetric ground states supported on the
other side of the ¢ line or at ¢ = 0.

Let us come back the case where the matter system preserves the supersymmetry. It
turns out that the function h'(o) is of the form

_ Neff
2|o]|

h' (o) -, (3.5)
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Figure 6. The effective potential and the wavefunction for the case ¢ > 0 and Neg > 0.

for an integer N.g that depends on the choice of the matter ground state. In particular,
the effective potential is given by

V(o) = 2(;7;7 —<)2 . (36)

Note that (3.3) is the famous system introduced in [1]. It is found that the exact super-
symmetric ground state, if it exists, must be either of the following two,

U= e M|0)eg or Wy = N0, (3.7)

where |0)eg is the state annihilated by A. Which (or none) to be taken is decided by the
requirement that the wavefunction is square normalizable. Integrating (3.5) we find

eff

hO) — || ELsen(o) g—Co (3.8)

Suppose we have the supersymmetric effective theory (3.3) with (3.5) on the o > 0 Coulomb
branch. If ¢ > 0, we should take W4 for square normalizability at o — oco. In addition,
if Neg > 0, then the wavefunction W4 vanishes as o — 0. It is square normalizable over
o > 0 and is supported around o = Neg/2(. (See figure 6) Thus, it qualifies as the
supersymmetric ground state on the ¢ > 0 Coulomb branch. If N.g < 0 on the other
hand, the wavefunction ¥4 diverges as o — 0 and is not square normalizable over o > 0.
That it is not square normalizable at ¢ — 0 may not be a serious problem since we are
interested in large values of |o| anyway. However, the fact that its support is toward o — 0
disqualifies it to be a Coulomb branch vacuum. Subtle is the case Neg = 0: the state Uy
does not diverge as ¢ — 0 and is perfectly square normalizable over o > 0, but the peak of
the support is toward o — 0. Therefore it is not clear at this point if we should discard it
or not. If ¢ < 0, we should take ¥, and it qualifies as a supersymmetric ground state on
the o > 0 Coulomb branch only when Neg < 0. Similarly for the case where we have the
supersymmetric effective theory (3.3) with (3.5) on the ¢ < 0 Coulomb branch. If ¢ > 0
(resp. ¢ < 0), we should take W (resp. Wy) and it qualifies as a supersymmetric ground
state on the x < 0 Coulomb branch if Neg > 0 (resp. Neg < 0). Subtle is the case Neg =0
where it is normalizable but has a profile which is peaked toward the origin o — 0.
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Let us see what happens to the ground states as the FI parameter ( is varied across
zero, say from positive to negative. For concreteness, we consider the ¢ > 0 Coulomb
branch. First suppose Neg > 0. As we have seen, for ( > 0, there is a supersymmetric
ground state W4 which is supported around o = Neg/2¢. As ¢ approaches 0 from above,
the location of the support runs away to infinity. For ¢ < 0, there is no supersymmetric
ground state on the o > 0 Coulomb branch. This is the wall crossing phenomenon — a
normalizable supersymmetric ground state disappears by exiting the field space at infinity.
When Neg < 0, the opposite happens: there is no supersymmetric ground state for ¢ > 0.
As ( crosses zero and goes negative, a supersymmetric ground state ¥ enters from infinity.
Subtle is the case Neg = 0: there is a square normalizable supersymmetric ground state
before and after ¢ crosses zero — W4 for ¢ > 0 and ¥ for ( < 0. As ¢ — 0, its profile does
not run away to infinity but instead spreads out. As we will see in examples, it does play
a particular role in the wall crossing phenomenon.

The effective theory on the Coulomb branch has a characteristic energy scale

Mg = e*¢2 (3.9)

To show this, let us rescale the fields as ¢ — eo and A\ — e\ so that they have the
canonically normalized kinetic terms. Then, the effective Lagrangian depends on e and (
only through the combination e¢ which has the dimension of ,/energy. It depends also on
Neg and possibly also Np but they are integer valued discrete parameters. All relevant
energy scale is M times a numerical constant. Indeed, the hight of the potential U.g at
lo| — oo is €2¢2/2 (in the supersymmetric region). Also, the perturbative spectrum around
the supersymmetric ground state ¥4 discussed above has level spacing w = 2¢2(%/Nog since
the potential behaves near the bottom o = ]\;—‘Zﬁ + e€ as Uy >~ %252.

Let us now describe the Coulomb branch of the A/ = 4 systems with a U(1) gauge
group. Everything is essentially obtained in [22]. We would like to find the effective
theory of the variables (x,A, D) at large values of |x|. The matter sector always has
a unique supersymmetric ground state in the supersymmetric backgrounds, and yields a
supersymmetric Lagrangian for (x, A, D). It must be of the form

Leg = % (5(2 QAN+ D2) —V(x)D - A(Xx) - X+ C(X) - Ao, (3.10)

with C' = %VV = —%V x A, to the second order in O, if we neglect terms that vanishes
in the regime e2/|x|> < 1. An explicit computation, say in path-integral, yields

(4) (4)
N 4 N X
V=(-= A=NDA,, €= " 3.11
C 2|X‘ 9 eff onos 4 |X|37 ( )
where
N e(;lf) := #(positively charged fields) — #(negatively charged fields), (3.12)

and A ono is the Dirac monopole of unit magnetic charge. In particular, A has first Chen
class N, éé) on the sphere surrounding the origin. The four supercharges are proportional
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Ao-Da—V), (6-Da+V)A, (3.13)

where Dy is the covariant derivative, (D4); = 0; + iA;, for A in (3.11). Note that the
SU(2) x U(1) R-symmetry is present in this effective theory, since the background (V, A,
C) is rotationally symmetric. U(1)p is just a phase rotation of A and .

The supersymmetric ground states are of the form

U (x)Aa|0) (3.14)

osc?

for U(x) satisfying
(0-Da+V)¥(x)=0. (3.15)
The doublet wavefunction ¥(x) is a spinor on R?\0 with values in a line bundle of magnetic

charge N g‘f) . We may regard it as a spinor on S? with values in O(N éé)) which depends on

r = |x|. With respect to the chiral basis on S?, the vacuum equation (3.15) takes the form

9 0 1[(10 v\
(00 )20 )+ pea] v} ()0 e

W is the left /right component of ¥, i.e., an r-dependent section of the line bundle O(N e(é)i

1). Dg2 4 is the Dirac operator on S? which swaps the left and the right components. We
may decompose ¥ into eigenmodes of IDg2 4. A non-zero mode has both the left and the
right components and hence cannot solve (3.16). A zero mode has only the left or the right
component and can solve (3.16). Recall the index theorem

: _ W

ind Dg2 4 = Ny . (3.17)
In fact the index is the actual number of zero modes. When N, e(;lf) is zero, there is no zero
mode. In particular, there is no supersymmetric ground state for any value of (. When

N é?f) is positive, W_ has Né;lf) zero modes which may be represented by the holomorphic

(4)

sections of O(N. e(lf_lf) —1). They form the spin j = % representation of SU(2) (Borel-Weil

theorem). The equation (3.16) reads

(4)
o 1 N
[m+r+c—2iff] U =0. (3.18)

N®
For ¢ > 0, it has a unique solution that vanishes at infinity, ¥_ o r=5~1e=¢". Note that

N 2
P _Poc [r2 e, (3.19)

which shows that it is square normalizable. This also shows that the probability to be
in the shell of radius r is largest for r = Ne(é)/(QC). As ¢ N\ 0, the peak runs away to

®There is a sign error in [22].
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infinity, and for ¢ < 0 there is no normalizable solution. Therefore, when N e(é) is positive,
(4) _

N e(é) supersymmetric ground states forming the spin j = % representation of SU(2)

run away to infinity in |X| as ¢ is sent from positive to negative. When N e(é) is negative,

¥, has |Ne(§)| zero modes represented by anti-holomorphic sections of O(Ne(ff) +1). The
equation (3.16) reads

o 1 NG

- == — = U, =0. 3.20

[ or r e 2r * ( )

For ¢ > 0, there is no normalizable solution. For ¢ < 0, there is a unique normalizable
solution such that

@ 2
Neff
2| W, | o <r_ 2 eCT> . (3.21)
Note that the peak r = N, e(ff) /(2¢) runs off to infinity as ¢ 0. Therefore, when N, é;if) is
4),_
negative, |N. éff)\ supersymmetric ground states forming the spin j = % representation

of SU(2) come in from infinity in |x| as ¢ is sent from positive to negative.

The above ground states, whose wavefunctions are of the form (3.14), have vanishing
U(1) R-charge. This is because only A and A have nonzero R-charge, and the conjugate
At]0) s A+A-0)
respectively. In view of the relation between Jy and the generators of SU(2) x U(1)g (see

invariant quantization yields R-charge 1,0, —1 on the states |0)

osc? osc? osc?

the footnote in page 14), we see that these ground states have Jy = +.Js.
In what follows, we illustrate these results in some of the examples introduced in
section 2.4.

3.2 The CPN~1 model

Let us look into the detail of the Coulomb branch of the CP ! model (Example 1). First,
the A/ = 2 supersymmetric system: U(1) gauge group, N chiral multiplets of charge 1, and
Wilson line of charge ¢, obeying the anomaly free condition (2.76), N/2 + q € Z.

The Lagrangian of the system is

L= 722 (d2+¢XA+D2) — (D —q(v; + 0).
+|Dyg)* + b Dy + ¢ (D — %) ¢+ oy — igMp + ¥ A (3.22)

We first quantize the matter system, with the Lagrangian on the second line, in the su-
persymmetric background (3.1), i.e., D = A = 0 and o constant. Later, fluctuations away
from the background shall be taken into account as perturbation. This matter system is a

free theory and we know the exact spectrum. Let us denote by a, and ag (resp. ajb and

GTE) the annihilation (resp. creation) operators of ¢ and ¢. The Hamiltonian and the gauge
charge are

Hpatter = w (alaq& + GTEQE + N) — 0 [w’zw] s (323)

Gatter = CL:;(IQS - a%aa + (324)



The oscillator frequency is w = |o| for now — it will be replaced by w = v/o? — D when
the fluctuation is introduced. A general state is of the form

N Tnz aTnz

In, 71, m) = H F \/Li’“ [y (3.25)

which has energy and charge

N

Enatter = w(n|+ 2|+ N) -0 (\m[ — 2) , (3.26)

N
Qmatter = |’I’L’ - |77L| + |m‘ - 5 (3.27)

In the above expressions, |0).. is the state annihilated by ag,, g, and 1);, and we define

0OSsC
In| = Z@]\L | N, etc. Note that n; and n; run over all non-negative integers while m;
runs over 0 and 1. In particular, |m| can range only over 0,1,..., N. The Gauss law is
(Gmatter + 4) [phys) = 0, which requires the state (3.25) to satisfy

_ N
In| — ||+ |m| — ) +q=0. (3.28)

Including the linear potential qo from the Wilson line, the state has energy

N
B = w(lnl + ol +3) =7 jml - 5 ~a)

N
2|a] <\n\ +5 Tt q> = 2|o| (|| + (N — |m])) for & > 0,
(3.29)

N
2|o| <‘ﬁ|+2_Q> = 2|o| (|n| + |m|) for o < 0.

The energy is indeed non-negative if the Gauss law is taken into account. It is zero (i.e.,
the state is supersymmetric) when:

N
c>0: |n|=0, |m|=N, |[n =45 (3.30)
_ N
0<0: |n|=0, |ml=0, |n|=q-— 5 (3.31)
Since |n| and |n| are non—negative, supersymmetric ground states exist at o > 0 (resp.
o < 0) if and only if q < —5 (resp q> ﬂ). The degeneracy is the number of n’s with
In| = —q— & (resp. ’s Wlth in| = q— %), which is

(Y e (T e

When this condition is violated, i.e. on o > 0 for % +q >0 (resp. on o < 0 for % —q>0),
supersymmetry is spontaneously broken. The ground states are those with |n| = 0 (resp.
|n| = 0) having energy

o = 2o <N + q> <resp. 2o <N - q)) (3.33)
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There is a degeneracy with multiple possibilities for |n| = |m| — N + (% +q) (resp. |n| =
~fm+ (¥ ~ q)).

Let us now take into account the fluctuation from the supersymmetric background (3.1)
as a perturbation. We describe in detail the region of o where the unperturbed system has
supersymmetric ground states. The effect of non-zero D simply occurs in w = Vo2 — D =
lo| — % + ---. To the first order in D, it shifts the ground state energy as

D
ApEy = —(In| + |n| + N) 57—
2|o]

—— (5 +1d) 5 (3.34)

where we used (3.30)/(3.31). The effect of non-zero \ is the perturbation AyH = ip ) —
A = —\/%(ag - al')))\w + \/%@X(aqg - a%), which can be treated in the standard way.
Since all the ground states have the same |m| and AyH changes the ¢ number, the energy
shift vanishes to the first order. The second order shifts are the eigenvalues of the matrix

AXNH ) o;m(AXH )mo;

o (
Ay = m%:g 0 : (3.35)

where {0;} are the basis of the ground states and m runs over the excited states, in the
unperturbed system. In fact it is diagonal with all the same eigenvalue,

1 iXA >i(ni+1) (o> 0) B E sgn(o)~
0= 2 {mxzxnm) (7 <0) (Z+) 5™ e

A\Ey =

where (3.30)/(3.31) is used again. To summarize, to the first non-trivial order, the effect
of perturbation is the shift of the ground state energy by

N D 1 —
AE=—|— — 4+ AN .
( 5 + |q]> sgn(o) [20 + 17 } (3.37)
When the unperturbed system breaks the supersymmetry, the effect of non-zero D is similar
to (3.34) though the coefficient |n|+ ||+ N depends on the choice of the degenerate vacua.
The effect of non-zero A is far more complicated to explain here.
Integrating out the auxiliary field D, we find that the effective potential is of the form

€2 [ Nog 2
Uet(0) = ) 20| —(¢ | +2Nglo|. (3.38)

Np is read from (3.29) and (3.33). In the region o > 0 for q < —% and o < 0 for q > %
where the matter system preserves the supersymmetry, Ng = 0 and

N
Negt = 5 +al. (3.39)

The effective Lagrangian is of the supersymmetric form (3.3) with (3.5), with Neg given
by (3.39). In other regions where the supersymmetry is spontaneously broken in the matter
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Figure 7. The effective potential for the case q > %
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Figure 8. The effective potential for the case f% <q< %
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M\Z

Figure 9. The effective potential for the case q < —

system, Np and Neg are positive integers which depend on the choice of matter vacuum.
We depict the graph of the potential in figure 7, 8 and 9.

The wavefunctions of the supersymmetric ground states, which exist for ¢ > 0 and
la| > &, are

(3.40)

Q< 00)lo] 5 e ( ) i UM Inl=—a— 3 (341)
where 0(x) is the step function: 1 for z > 0 and 0 for < 0. Note that the R-charge of the
latter is bigger than the one of the former by (N — 1): see (2.40). If we assign 7. = 0 to ¢
and take the conjugation symmetric charge assignment to |0),., the former and the latter
have R-charges —% and Y51 respectively. This is the same as the spectrum of the super-
symmetric ground states of the theory on the Higgs branch, written in (2.77), (2.78), (2.79).
That is, all the supersymmetric ground states deep in the geometric phase ¢ > 0 become
the Coulomb branch ground states for small positive (. They disappear to infinity in the

limit ¢ N\, 0, and there is no zero energy state in the Coulomb branch for small negative (.
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In particular, no supersymmetric ground state is left for ¢ < 0. This is consistent with the
fact that there is no solution to the D-term equation for ¢ < 0.

For completeness, we describe the Coulomb branch of the N' = 4 supersymmetric
CPV~! model: U(1) gauge group and N chiral multiplets of charge 1. We see that N e(;lf) =
N. Therefore, for ¢ > 0 there are N Coulomb branch vacua constituting the spin j = %
representation of the SU(2) subgroup of the U(2) C SO(4) R-symmetry. They run away to

infinity as ¢ \ 0. For ¢ < 0, there is no supersymmetric vacua.

3.3 General U(1) theory

It is straightforward to extend the analysis to a general theory with U(1) gauge group.
Consider the U(1) gauge theory with chiral multiplets (¢;, ;) of charge Q; (i € I), fermi
multiplets (n;, F;) of charge ¢; (j € J), and Wilson line of charge q, possibly with E(¢)
and/or J(¢) which are assumed to be quadratic or higher in ¢. The anomaly free condition
is q+ %ZZ Qi + %ZJ q; € Z. We also assume that there is an Abelian flavor symmetry
group T which acts on the fields with the charges Q{ , q]f and have Wilson line of charge
qf, where f € F is the label of the generators of Th.
The matter Hamiltonian and the gauge U(1) charge are

Hpotter = Z { (aTaZ + a az + 1) Qio [%72%’] } + %:qja 77‘2 , (3.42)

‘ n..nd
[¢12¢z] } + Z Qj [77]’277 ] , (343)

to the quadratic order. Here w; = /(Q;0)? — Q;D. The expression for the flavor charge
G/ is obtained from (3.43) by the replacement Q; — Qlf and ¢; — q;f . Higher order
terms exists in H if there is an E(¢) and/or J(¢). In the present analysis at large |o|,

Gmatter = Z Qz {Cl;rai — a;fag =+
A

however, they have effects suppressed by inverse powers of |o| and will be ignored. We
label the states as in (3.25), where we write n;, n;, m; and m; for the powers of the creation
operators. The energy and the charge of the state are

Ematter = {wi (ni +1; + 1) — Qio <m - )} Zq] <mj - ) . (3.44)

Qmatter = ZQ@ {nz n; +m; — } qu (m] > . (345)

The expression for Q7 is similar. Under the Gauss law Qmatter + q = 0 and in the super-
symmetric background D = 0 where w; = |Q;0|, the energy E = Epatter + go is indeed
non-negative,

l?:E:ﬂ@ﬂ0u+m+1%%%dm—ﬂQ—Qm@mf—D}

Z Qi(n; +my) + Z |Qil(Ri + (1 —my)) o <0

i>0 ;<0
T i (3.46)
> Qi+ (1—mi)+ > [Qil(ni+my) o> 0.
Qi>0 Qi<0
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It vanishes under the following conditions:

c0<0: Qi>0=n,=m;=0; Q;<0=n;=1—m; =0,

_ZQZ<nl > ZQ(n >+Zq]<mj—;>+q_0 (3.47)

Q>0 Q<0

c>0: Q;i>0=n,=1-m; =0; Q;<0=n;=m; =0,

ZQZ(”Z ) ZQz(nz >+qu<mj >+q—0 (3.48)

Q>0 Q<0

For each solution to this equation, we have a supersymmetric effective theory on the
Coulomb branch with

N = Z(ni+m+1)— Z(ni+m+1). (3.49)
Qi>0 Q;<0

Suppose Neg > 0. Then, the effective theory has a supersymmetric ground state for ¢ > 0,

Ne
o<0: |o| 2 eng, g, mg, my), (—1)F = (=1)I", (3.50)
Nog —_
7 >0 |o| 5" e Nng, g, mg, my), (—1)F = (~1)mH (3.51)
which runs away to infinity as ¢ \, 0. For ¢ < 0, it has no supersymmetric ground state.

Suppose Neg < 0. Then, the effective theory does not have a supersymmetric ground state
for ¢ > 0. For ¢ < 0, it has a supersymmetric ground state

[ Negrl —
7 <0 o] 5 e N ng, g, mg, my), (—1)F = (—1)mIH (3.52)

|
8 e ng, fig, mg, my),  (—1)F = (~=1)Im, (3.53)

o>0:

which runs away to infinity as ¢ 0. Finally, suppose Neg = 0. Then, the effective theory
has a zero energy state both for ¢ > 0 and ( < 0, with the profile as in (3.50)—(3.51)
and (3.52)—(3.53). It is square normalizable but it is not clear if it qualifies as the Coulomb
branch vacua since its profile is peaked near the origin. However, the wavefunction spreads
out to infinity as ( — 0. Hence there is a chance that they play a role in the wall crossing
phenomenon.

Let us compute the change of the index I(yGF), where yGF = Hf y](c;f, as ¢ goes from
positive to negative. There is no subtlety concerning the contribution from the sector with
Negg > 0 or Neg < 0: the states (3.50) and (3.51) go away to infinity as ¢ ~\, 0 or the
states (3.52) and (3.53) come in from infinity as ¢ < 0 is turned on. The contributions to

the change in the index in the two cases take the same form, (—1)I"I+! Hf y?f from the

o < 0 branch and (—1)™ 1, y?f from the o > 0 branch, where Q7 is

o<0: ZQf(nl > ZQf<nz+ >+Zq{<mj;>+qf, (3.54)

Qi>0 Qi<0
QZ;O % (m > QZ<:O % <nl ) ’ Zq] ( > talo (3:59)
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Subtle is what to do for the sector with Neg = 0 where the states do not run away but
simply spread out as ( — 0. The contribution to the change of the index takes the same
form as the Nog # 0 cases if we take the average — a “half” of (3.50) and (3.51) go away
to infinity and a “half” of (3.52) and (3.53) come in from infinity. If we decide to do so,
then, the change of the index takes a concise formula:

AcI(y® )= 3 (- |m'“H FAEED N Sy | E7a (3.56)
;

(3.47) (3.48)

We will see that this is in perfect agreement with the wall crossing formula that will be
derived in section 5. This invites us to propose that, for the N.g = 0 sector, a “half” of
the ground state for ¢ > 0 plus a “half” of the ground state for { < 0 contribute to the
wall crossing of the index as if they were a single state. Recall, however, that the Nog = 0
states have main support toward the origin ¢ — 0 of the Coulomb branch, and hence we
need more information there to say whether the state really exists. The index result is
understandable if the state exists only in the ¢ > 0 side or only in the ¢ < 0 side.

In the above computation of Agl (yGF), we assumed that the twist parameters are
unitary yy = e’f, so that we do not need to turn on the real mass m ¢- Turning on real
masses would change the form of the Hamiltonian and we would need to start the analysis
over. However, the wall crossing part is sensitive only to the behaviour of the wavefunction
at large values of |o| to which the finite real masses have only a minor effect. The only
effect we need to have in mind is the the deformed supersymmetry algebra (2.47) which
dictates how my enters into the result: that is, we can simply set y; = i€ +iBms) in the
result (3.56). This can also be seen buy looking at the result (3.56) itself. It is a Laurent
polynomial in y;’s and the holomorphic extension from y; = e%f to yr = ci€stiBmy) ig
straightforward. This is so even when the theory is not effectively compact. (Of course,
in an effectively compact theory the replacement e®és — ei(&r+i8mys) ig valid everywhere.)
Thus, the wall crossing formula (3.56) is valid for arbitrary complex twist parameters
ys € C*, whether or not the theory is effectively compact.

Let us also write down the wall crossing formula in N/ = 4 systems with U(1) gauge
group. We recall that the Coulomb branch vacua exists only when ¢ has the same sign as
Ne(ff), defined in (3.12). They are invariant under U(1) R-symmetry (so that J_ = —J3)

@ _
and form a representation. of thg SU(2) R—symmetry group of spin j = %, which has
character x(y~2/3) = y =% +y~2+2 ...+ y%. Asa convention, we assign (—1)" = (—1)2%.
Therefore, as ¢ goes from positive to negative, the change of the index is

(4) (4) (4)
AcI(y?=y®") = (~1)Mt sign(NF) (y (Ve 7 oyl 2 (3.57)

This is true even when the theory is effectively non-compact and when there is a flavor twist,
as included in the notation. This is because the wall crossing states belong to a discrete
part of the spectrum in which the effect of the real and twisted masses is continuous. In
particular, the operator identity (2.57) makes sense on those states and we can prove that
all the Coulomb branch vacua that contribute to the wall crossing have zero flavor charge.
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3.4 Simple wall crossing

Let us next consider theories with higher rank gauge groups. On the wall between two
phases, there are classical vacua with continuous unbroken gauge symmetries. In general,
the symmetry breaking pattern is complex and it is not clear how to analyze the wall
crossing. For example, in the III-IV wall in the triangle quiver with rank vector (k,1,1)
with k > 3 (see figure 4), the space of classical vacua is stratified by mixed branches of
different unbroken gauge groups. However, in some cases, we have a simple symmetry
breaking where the unbroken gauge group is isomorphic to U(1). This is always the case
in the interior of a wall in a theory with an Abelian gauge group, but there can be such
walls even in non-Abelian gauge theories. Let us analyze the wall crossing across such a
wall, which we shall refer to as simple.

Thus, suppose we have a simple wall between two phases, with the unbroken gauge
group GG1 C G isomorphic to U(1). When ( is close to such a wall region, we must look at
the effective theory on the mixed Coulomb-Higgs branch where the Gy component of the
vector multiplet scalar field is very large while the complementary gauge group C(G1)/G1
is Higgsed. Here C'(G1) C G is the subgroup of commutants of G;. We decompose the
fields into two groups: (C) those which are charged under G; and (H) those which are
invariant under G;. When G is non-Abelian, the components of the vector multiplet which
do not commute with G; should be included in (C) — as fermi multiplets in /' = 2 theories
and as chiral multiplets in A/ = 4 theories. Accordingly we have two theories:

Theory (C) gauge group G, matters from class (C), and the FI parameter close to zero,

Theory (H) gauge group C(G1)/G1, matters from class (H) and the FI parameter in the
wall region.

The effective theory on the mixed branch is the “semi-direct product” of the Coulomb
branch of Theory (C) and the Higgs branch of Theory (H). We say “semi-direct” because
each vacuum of Theory (C) may carry its own charge under C(G1)/G1, which provides a
background charge, i.e., the Wilson line, in Theory (H). Note that C'(G1)/G; is regarded
as a flavor symmetry in Theory (C).

In N = 4 theories, however, Coulomb branch vacua of (C) that contribute to the wall
crossing has charge zero under the flavor symmetry, as shown right above. Therefore, the
Coulomb and the Higgs dynamics decouples and the mixed branch is the direct product
of the Coulomb and the Higgs branches. In particular, supersymmetric ground states are
the tensor products of the ground states on the two branches, and the contribution to the
change of the index is the simple product:

ALy yS") = 1T y") x AcTOy?). (3.58)

wall
Let us illustrate this in the wall crossing in the Abelian triangle quiver (Example 3, k=
(1,1,1)). We look at the wall between Phase I and Phase II (see figure 3). The unbroken
gauge group is G1 = {[z,1,1]} 2 U(1) and the fields are decomposed as
(C) y1,.6(1), 21, (=1),
(H) 21,0 (D).
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To the right of the fields, we put their charges with respect to G; for (C) and G/G
for (H). The Coulomb branch of (C) has Néé) = b — ¢ so that we have AcI(©)(y?J-) =
(—=1)b=cLsign(c—b)(y~(b=cl=1 4 ... 4 ylb=cl=1)  The Higgs branch of (H) is CP?~! which
has I (y2J-) = (=1)* 1 (y~(@1 4 ... 4 yo=1). Thus, as ¢ moves from Phase I to Phase
II, the index changes as

Al(y*-) = (-1)otre(y=lemtp oy yoty sign(c— b) (y (0" ylb=el=1y 0 (3.59)

We will see more examples in later sections.

In a theory without N' = 4 supersymmetry, each vacuum may have a non-trivial flavor
charge and hence Theory (H) may have different background charges for different (C)
vacua. Therefore, the change in the index is not in general the simple product, but is a
“semi-direct” product, which may be denoted as

AI(yS") = W« AcT©)(yS). (3.60)

wall

We will present illustrative examples in later sections.

4 The index
In this section, we compute the Witten index
1(y8") = Ty ((~1)7yS" ). (4.1)

As we have seen, the spectrum of supersymmetric ground states depends very much on the
region where the FI parameter ( belongs. When it is deep inside a phase where the gauge
group is broken to a finite group, the ground state spectrum is that of the effective theory
on the Higgs branch, and in particular the index should agree with the Higgs branch
index. “Deep inside” means that 1/8 is comparable to or smaller than the Higgs mass

My = ey/|A(] (see (2.62)),
1
2

e’ |AC] ~ 7 (4.2)
where |A(] is the distance to the walls of the phase. As ( approaches a wall, some of the
ground states start to have supports on the Coulomb branch and eventually disappear by
running away to infinity. As a consequence, the index must undergo a transition as ¢ goes
across the wall. The effective theory on the Coulomb branch has a characteristic energy
scale Mo = €?|A¢|? (see (3.9)). Thus, the wall crossing transition is expected within a

range where it is vanishingly small compared to 1/8,

1
2 2
e“|A < —.

We shall employ the method of supersymmetric localization to compute the index,

(4.3)

which includes taking the limit e? — 0. This limit is potentially singular because it turns
off the D-term potential and the Higgs mass. The singularity is especially severe in the
one-dimensional system because of the non-compact flat direction in the Coulomb branch.
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As we will see, in order to obtain a sensible answer, we need to take particular scaling
limits in which A( is sent to infinity. In addition, there is a subtlety in the definition of
the index associated to the non-compactness, and some of the above expectation needs
to be reexamined. All these are unlike the similar computation of the elliptic genus of
two-dimensional (2, 2) supersymmetric theories [39, 40] where the Coulomb branch is lifted
by the R-symmetry twist.

4.1 Setting up the computation

We consider a general N' = 2 supersymmetric gauge theory introduced in section 2.1,
with the gauge group G, the matter contents specified by Veniral, Viermi and M, and the
interaction given by ¢, FE(¢), J(¢) and Q(¢). We suppose that there is a group Gp of
flavor symmetries.

The index (4.1) is equal to the path integral on the Euclidean circle of circumference
with periodic boundary condition, with the flavor Wilson line v!” and real mass m turned

on, for y = e Blivr +m)

B B
I = /Du exp (—/ Lg d7'> Strj,Pexp <—/ iATdT) . (4.4)
0 0

The Euclidean Lagrangian is obtained by the Wick rotation ¢ — —¢7, which includes the
rotation of the auxiliary fields, D — iDp, where Dp is real valued (i.e. Dg € ig), and
F — iFg, F —iF}:

Ly = 55 Te[(D;0)* + XDIA+ D} | + iC(Dp)
|D:6D:6 + % D70+ 6 {~iDp + 57} 6 + igh — i 39|
5 (1D + FLFp + E()E(6) + 10:B(@)0' + ¥ 0 E(@)n]
—' 0,1 (¢)n + i (¢) Fr — 70w (¢) 10" +iF I (9), (4.5)
iAr = plity +5) — $'0iQ(¢) + ' %Q(0) + {Q(9), Q(9)'}. (4.6)

Here we put v, := v, + vf and & := 0 +m, and in particular, we have D&i) = % +ivr+ o
We assume that there is a region of parameters ¢, vf’, m, J(¢), etc, where the theory is
effectively compact. Then, the index is well-defined and is independent of parameters as
long as they are in that region (except the dependence on v + m due to (2.47)). In
particular, it is independent of e and g, and we evaluate the path-integral in the regime
where e and g are very small. The basic strategy to evaluate the path-integral is mostly
the same as in the computation [39, 40] of 2d index, but we shall see important differences.

We will eventually take the limit where the gauge coupling constant e is sent to zero.

In that limit, the path-integral is dominated by the configurations satisfying

D.o=0, Dg=0. (4.7)

— 492 —



The only observable of a gauge field on the circle is its holonomy, h = Pexp (—z’ foﬂ deT>,
and a parallel section o is determined by its value at 7 = 0 that commutes with h. There-
fore, the moduli space 9t of solutions to (4.7) is the space of commuting pairs in G x ig
modulo the adjoint action, which is isomorphic to

M = (T xit) /W, (4.8)

where T' is a maximal torus of G and W is the Weyl group of (G,T). A solution is
realized by constant profiles with values in it, v, = v', and o = of. Since the holonomy is
h = e~ we see that the shift of Bol, by an element of 2rQY is a gauge transformation,
where QY C it is the coroot lattice — the kernel of the map & € it — e*™ e T. It is
convenient to take the supersymmetric combination

= E(—U;O +i0}) € te, (4.9)

27

which has periodicity QV. It defines a system of complex flat coordinates of the cover
M = tc/QY of the moduli space, M = tc/(QY x W) = M/W. In contrast to the 2d
index computation, the moduli space 91 is non-compact, and that is responsible for the
wall crossing phenomenon which is the distinguished feature in 1d.

Note that (4.7) is the condition of supersymmetry, 6A = dA = 0. Therefore, I is
also the moduli space of supersymmetric background for the vector multiplet. In fact, the
above discussion guarantees that our discussion in section 2.2 on the flavor twist and real
mass was general enough. Just like (4.9), we write

z:= ﬂ(—vf +im) € trc, (4.10)
27
for the complex parameter of the flavor twist, y = €>™% € Tpc.
The index can be written as the integration on the moduli space,

1
I= /Em d%uFe,g(u):W /Sm d*u F, 4(u), (4.11)

where F¢ ¢ (u) is the result of path integral over all fields except the commuting zero modes
of v, and o. The integrand F¢ ,(u) depends on e and g, even though the the integral (4.11)
does not. The matter integral for a given gauge multiplet is simplified if we can take the
limit g — 0. This is certainly valid when the scalar component ¢ of the chiral multiplet
does not have a zero mode. Along the supersymmetric background specified by u € tc,
this is the case except when e2™(ut2) . Vo s Voo has eigenvalue 1. Let

chhiral = @ C(Ql7 QzF)7 (412)

iel
be the weight decomposition. Then, the i-th component ¢; of ¢ has a zero mode when

Qi(u) + QF(2) =0 modulo Z. (4.13)
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We denote the locus (4.13) by H; C 9 and call it a singular hyperplane for the field ¢;. If u
is away from any of such hyperplanes, then, the limit g — 0 can obviously be taken. We fur-
ther make the following assumption that allows g — 0 (for non-zero e) even along singular
hyperplanes: at each point u, € 9, let (¢i)ic1,, be the set of fields which has zero modes at
uy. Then, we assume that the space of (¢;);e1,, solving the D-term equations is compact.
For example, for G = U(1), this means that the fields having zero modes at each point of
M = 9 have either positive charges or negative charges, but not both. Under this assump-
tion, the limit g — 0 can be taken everywhere on 95?, provided e is non-zero. Moreover,
this allows us to ignore the contribution from an infinitesimal neighborhood of the singular
hyperplanes and take a limit e — 0 at the same time. To state it precisely, let us put

Ao = JA(H)), (4.14)

i€l

where A.(H;) is the e-neighborhood of H; in 9. Then, there is a double scaling limit
e — 0 and € — 0 under which the contribution from A.; at g = 0 vanishes, so that the
integral (4.11) can be replaced by

1

I =— lim > u FLo(u). 4.15
] 28 Jaa, & Fe0 ) (4.15)

e—0

Thus, we would like to compute F, z(u) for v away from the singular hyperplanes, in
the limit e — 0 and g — 0. Note that the moduli variable u, i.e., v}, and o} are not
closed under the supersymmetry (2.4) but is a part of the supermultiplet consisting of the
constant modes of the Cartan part of the vector multiplet (v, of, \§, XB, DY,). To obtain
Fe4(u), we first do the path-integral over all the supermultiplets which are orthogonal to
this Cartan zero modes, and then do the integration over A}, XB and D%,. In the limit
e — 0 and g — 0, the first part can be done exactly by the one-loop integral.

4.2 One loop integral

Vector multiplet. We write the vector multiplet modes which are orthogonal to the
Cartan zero modes as (v, o', N, X, D). The gauge fixing amounts to dropping the integral
over (v.,0’). The simplest way to see this is to note that the Gauss law is simply D,o =0
in the limit e — 0, which sets v, = ¢/ = 0 and leaves us with the integral over the moduli
space 9. Thus, the one-loop integral is just over (X', X, D), which yields

Z\//ector = det/D:’((]+) . (416)
The operator D;(J) = % + ad(ivl, + of) = % - %ad(u) is diagonalized via the Fourier

modes e~2™7/8 and the root decomposition of g, and we find (we omit writing (iz)%’r
that multiplies each eigenvalue)

\I/ector = H m H H (m + a(u)>

m=#0 o meZ
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o H (e*’”'o‘(“) — e’ri”‘(“)> . (4.17)

«

Each root factor in (4.17) can also be understood from the operator formalism: the index
of the Ay, Ao system may be written as Z, = Tr(—l)Fez’”G(“) e P with H = 0 and
G(u) = #[Xa, Ao]. If we assign (—1)f =1 to the Fock vacuum annihilated by A, then
we find Z, = e "W — ¢™(¥) Tt may be more natural to put v, to G and o to H, but
the result is the same.

In the remaining part of the one-loop integral, the fluctuation modes (v., o', X', N, D})
will never appear. To simplify the notation, we denote the Cartan zero modes simply as
(vr,0,\, A\, D), dropping the super/subscripts t/0. We also write

B2

= ol (4.18)

for a dimensionless variable.

Chiral multiplet. Since we shall eventually perform the integral over the 2¢ gluino zero
modes, we may drop the terms i\ — i1) A\¢ from the exponential, and look only at

_ Barla(—p2is2_; ZH) B_ B__ ¢
Zehival = / DéDi)e I3 ar[6(~D3+62~iDi)p+DS w](ﬁ})Q < /0 dIpdr /0 ¢>\¢>d7’>

det D) 1 p_ B__ ¢
= T Avd Aopdr’ ) 4.19
det<—D2+52—¢DE)<(f!)2 </0 ¢w7/0 v ¢T>> (#19)

In view of the weight decomposition (4.12), this is equal to

4
ZLchiral = gchiral(uy D) - det h(“v D) H )\axaa (420)
a=1
where
I m+ Qi@ +Qf )
gchiral(ua D) = 1€l meZ (421)
111 (\m+Q )+ QF (2))* — Qi ))
i€l meZ

and det h(u, D) is the determinant of the ¢ x ¢ matrix

h(u, D) := Qi . (4.22)
;Zm:(\m+@( +QF (2)) — iQu( )) (m +Qi(@) + Q (2))

If we set D = 0, the function gcpiral simpliﬁes

chiral (U, 0
Jchi 1( ) HHm+Qz +QF())

i€l meZ
1

T (omi@+QF () _ —mi @i+ QF ) )
11

i€l

(4.23)
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It is the index of a chiral multiplet in the supersymmetric background, which explains the
holomorphic dependence on u and z, see section 2.2. The precise form (4.23) can also be
understood from the operator formalism. For this purpose, it is enough to consider the
U(1) gauge theory with a single chiral multiplet of charge 1. Quantization of the chiral
multiplet in the constant background ¢ has been done in section 3.2, as its special case
N = 1. The energy and the charge spectrum is given in (3.26) and (3.27). If we assign
(—1)F =1 to the oscillator vacuum |0),., we see that the twisted index is

rI\r(_l)Fe—iBG(vT) e—BH _ Z Z m 71,31)7—(71 n+mff) fﬁ|a|(n+n+1)+,30'(m 2)
n,ne€Z m=0,1

—ifvr(=3) oBo(=3) _ oiBvr(3) ¢Bo(3)

(1 — 7 g=Aloly(1 — ¢iBvr ¢=Blely

1
= —— (for both signs of o), (4.24)

eﬂ"L’u — e*ﬂlu

_ e
_ o Bl

which is indeed of the form (4.23).

Fermi multiplet. Let

Viermi = @ C(Qj, q]F) (425)
JjeJ

be the weight decomposition. Then, the one loop integral is given by

Zferml = det D(—H H H m+QJ +qj ( ))
jeJmeZ

x H ( —mi(q; (u)+qj (2)) _ eﬂi(qj(Uqu(Z))) ) (4.26)

jeld

The final expression can also be understood from the operator formalism.

Wilson line. Let

M = P C(ax, af)[rs] (4.27)
keK

be the weight decomposition, where rp, = 0 for the even part and r; = 1 for the odd part.
Then, the Wilson line gives the following factor

ZWilson = Z(_l)rk e2ﬂ-i(qk( )Jqu (Z)) (428)
keK

Summary. After performing the gluino integral, we have

Ny 20 / ¢ < (27()4 2 .(271’)2 >
I = — lim d“u [ d°D g(u, D)det h(u, D)exp | — D% —i——((D) ),
|H/‘|z 8 ~\ E it g( ) ( ) 26263 /8 C( )

(4.29)
where N; is a normalization constant to be determined, and g(u, D) is the product of
Z! (1), Gehiral(ty D), Zgermi(u) and Zwyiison(u), which is normalized so that g(u, D = 0)

vector

— 46 —



is the product of the right hand sides of (4.17), (4.23), (4.26) and (4.28),

[T 2isin(~n(gi(w) + 7 (2)))

2isin(—7a(u jEJ (1) e2milak (u)+aj, (2))
H Hstm u) + QF(2))) ,%:(
i€l
(4.30)

It remains to perform the u and D integrals and then take the limit. For this purpose,
there is a very useful identity

g(u, D) = —ih®(u, D) Dy, g(u, D). (4.31)
aua
As in [39, 40], this can be used to turn the integral into the residue integral around inter-
sections of the singular hyperplanes. We first consider a theory with U(1) gauge group.

4.3 U(1) theories

If the gauge group is U(1), the moduli space is one dimensional, 9t = M = C/Z = C*, and
singular hyperplanes are points of 9. We denote by M) and M) the sets of singular

sing sing
points corresponding to positively charges fields and negatively charged fields respectively.

By the assumption made above, they have no overlap, ?Jﬁgm)g N fmémg = (). We denote by
Agi) the epsilon neighborhood of iméml,, so that A, = Agﬂ U Ag ). We set B = 2w to

simplify the notation.
For a U(1) theory, the integral (4.29) is

I= N, lim 4%y / dD g(u, D)h(u, D) exp (—%D2 - 27m'CD> , (4.32)
e—0 W\As R e

e—0

and the identity (4.31) reads

g(u, D)h(u, D) = u, D). (4.33)

i 0
FTA
The plan is to insert (4.33) into (4.32), apply the Stokes theorem in the u-integral, and then
evaluate the integral at each boundary component. It turns out to be useful to deform the
domain of D integral in advance, from the real line R to a contour in the complex D-plane
that goes around D = 0. This is valid as long as the deformation does not hit the poles of
the integrand of (4.32). Denoting the new contour by I'" and applying the Stokes theorem,
we have
1= % lim [ dD du

e—0
e—0

—g(u, D) exp (—%DQ _ 27m‘§D) . (4.34)
r aema. D e

There is a simple pole at D = 0 in the integrand, even though it must go away after the
u-integration, as D = 0 was perfectly regular in (4.32). It goes away if the sum over all
components of I(M\ A;) is taken, but survives in the individual component. That is why
we deformed the D contour in advance. We denote by I'_ (resp. I') the contour that goes
below (resp. above) D = 0. To be specific, let us take I' = I'_. We emphasize that the
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ue dAl?) we oA we oM

Figure 10. Poles and the contour I'_ in the complex D plane.

contour deformation should be small enough so as not to hit the poles of (4.32), i.e., those
of g(u, D).
Note that 9(9 \ A.) has three groups of components,

DM\ AL) = 09m — HAT) — oA, (4.35)

where 991 is the boundary at infinity (two circles at u — +i00). Let us look at a component
of aAE) that encircles a singular point u, € E)ﬁgi)g In addition to D = 0, there is a pole at
D = —iQ;e? for each Q; satisfying (4.13) for u = u,. In the limit £ — 0, it collides with the
pole at D = 0. The other poles stay away from the real axis, even after the limit. Recall
that the sign of such Q; is fixed: it is positive if u, € E)ﬁé:lzg and negative if u, € ‘,m;;i,
On the other hand, at u € 99, there is one pole at D = 0 and other poles are on the
imaginary axis and are infinitely far away.

Let us first compute the contribution from the components of 8A§7). (See figure 10
left.) No pole approaches D = 0 from the lower half D plane in the limit. Thus, the
contour I'_ can be deformed further away from D = 0. In particular, we can take the
€ — 0 limit holding the contour I'_ fixed. As a function of wu, the integrand is continuous
and its absolute value is bounded from above for any . Hence the integral vanishes in the

€ — 0 limit since the contour simply shrinks. Thus, we find

1 0
lim - I D =g(u, D) exp (=23 D? = 2i(D ) = 0. 4,
lim - lim 5 d NS du Dg(u, ) exp = i 0 (4.36)

Let us next consider the components of YN (See figure 10 middle.) No pole
approaches D = 0 from the upper half D plane, but one pole D = —iQ;e? for each Q;
satisfying (4.13) approaches D = 0 in the limit. And the contour I'_ goes between D = 0
and these poles. Therefore, we cannot take that limit holding the contour fixed. To avoid
the complication, we decompose the contour as

I_ =T, +Cp, (4.37)
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where Cj is a circle of radius smaller than 2 that goes around D = 0 counter-clockwise.
The integral along I'y vanishes in the limit for the same reason as in (4.36),
1 m
I D —g(u, D) exp (~3D? = 27i(D ) = 0. 4.
lim . d A du Dg(u, ) exp = miC 0 (4.38)

e—0

The integral along Cj, on the other hand, remains,

1 m
lim - 1i D —9(u, D) exp (~5D? = 2iC D)
lim - lim o d A du Dg(u, ) exp = mi¢
T T . _1 2 .
= ll—r}(l) il_r{(l) 271 éAgH du g(u,0) exp ( = 0 27?2(0)
= 2772'?{ du g(u,0). (4.39)
NS

Finally, let us study the contribution of 990. This is the main new point compared
to the 2d index computation [39] where 9t was closed and had no infinity. In 1d, the
index should undergo a transition as ¢ crosses a wall, and it is the integral on 997 that is
responsible for that transition. As we have discussed at the beginning of this section, the
result should depend on the distance |A(| to the wall in relation to e and . Since we are
taking the limit e — 0, we should also scale ¢ accordingly. Here we present one particular
scaling limit, which we shall call the Higgs scaling. (A more detailed discussion will be
presented in the next subsection.) It is to scale up |(| as the limit e — 0 is taken so that

(=€ (4.40)

is held fixed. Then, the D integral can be processed as follows:

d_D T 2 .
ot Dyexp (—;21) - 2ng>
an’

DY

e dD’
<29 / o g(u,0) exp(—Qm’C'D’)
r_

(u,e?D') exp (—7’[‘62D/2 —2mi¢'D’)

0 ¢">0 : ,
— = O(— . 4.4
{Qm,g(u’ 0) ¢ <0 2mi0(—¢")g(u, 0) (4.41)

Summing up the contributions, we find

I = M [O — 277@']{ dug(u,0) + 277i6)(—§’)% dug(u,O)]
2 NS om

= FTNimi ng(i) du g(u,0) for £¢’ > 0. (4.42)

If we choose I' = 'y, then, we have non-zero contribution from 8A£¢_), zero from

AAL" | and similar (but opposite) contribution as (4.41) from 99t. The sum is

=M [mf du g(u,0) +0 — 27”'@(6’)% dug(u, 0)}
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= $N17Ti?{ du g(u,0) for +¢' > 0, (4.43)
RINS
which is indeed the same as (4.42).

4.4 Scaling limits

In the evaluation of the integral along 991, we have taken the scaling limit where e — 0,
|¢| — oo holding €%C fixed at a non-zero value. To see the physical meaning of the limit,
let us restore the circumference 8 of the circle and also use the physical Dg variable. The
important factor of the integrand is

exp (—;;D% — iﬁCDE> . (4.44)

Note that the exponent is indeed dimensionless, as the parameters and variables have the
following dimensions (see the footnote in page 18):

(D] = energy?®, [¢?] = energy®, [(] = energy™', [8] = energy . (4.45)

In any computation of path integral, it is natural to neutralize the dimension of integration
variables. Since there are more than one dimensionful parameters, there are more than one
ways to do so.

The scaling of the variable Dg in the above computation is, when [ is restored,

Dp = Be?D,. (4.46)

This D' is indeed dimensionless and the factor (4.44) is written as

ox _5362 IN2  :p2 2,19
p (-5 (DR) — 8D ). (4.47)

The limit we have taken is €24 — 0 holding ¢/ = $2€%C fixed at a non-zero value. Even
though e vanishes, the D-term potential remains because [(| is sent to infinity at the
same time. In particular, the Higgs mass e\/m is kept finite and non-zero, in compar-
ison to 1/5. Moreover, the potential barrier on the Coulomb branch is infinitely high,
e2¢?/2 = [(¢")?/(2¢28%)](1/B). Therefore, this is a regular limit where the theory at the
energies below €2|(| = ¢’/ is well approximated by the theory on the Higgs branch. In
particular, the obtained answer must agree with the index of the Higgs branch theory.
That is why we called it the Higgs scaling.

Let us consider another scaling limit which attempts to probe the Coulomb branch
dynamics, having characteristic energy scale e2¢2. That is to hold (" = \/Be( fixed when
taking the limit 3% — 0. The natural rescaling of the variable D is

e

Dg NG

D, (4.48)
so that (4.44) is written as

exp <—;(D§§)2 — z'\/BecDg;> : (4.49)
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Then, the Dg integration at infinity behaves as

dDg 2 15} )
g TEQ(U’ (fT)zDE) exp <—262D125 - %BCDE>
dD” 2, 1 .
/F D,,Eg(u, (25)2\/31?%) exp (—2(1)%)2 _ ZC”D%)
E
e—0 dDU 1 .
= [ Fstw 0o (~5(05) — "Dy ) (4.50

As long as I" avoids the pole at Dy = 0 and asymptotes to the real line, this is absolutely
convergent and depends continuously on (”. If we choose I' = I'_, it vanishes in the limit
¢" — +o00 and approaches 27mig(0,u) in the opposite limit ¢ — —oo. The difference from
the limit value is exponentially small for large |¢”| as £+v/2mieI<"1?/2/|¢”| times g(u,0).
Thus, in this scaling limit, the index is a continuous function of ¢” that interpolates the
Higgs scaling result at ¢’ > 0 and the one at ¢’ < 0. According to a numerical evaluation
of the integral, the transition occurs essentially within the range |¢”| < 5.

This smooth transition appears to be different from the expectation (4.3) that we have
a sharp transition within the range |¢”| < 1. This discrepancy can be understood by noting
a subtlety in the definition of the index.® Recall that, when there is a non-trivial wall cross-
ing, the effective potential on the Coulomb branch approaches E; = €?[¢|?/2 = [¢"|?/28
at infinity, which is finite in the scaling limit under consideration. In such a situation, the
spectrum is continuous above E1 = e?|¢|?/2. As long as the gap Ej is positive, supersym-
metric ground states must be normalizable, and the index can be defined unambiguously as

#(bosonic zero energy states) — #(fermionic zero energy states). (4.51)

(Here we suppress the flavor twist for simplicity.) In particular, it is an integer and is de-
formation invariant. However, there is an ambiguity if we try to define the index as (4.1),
that is,

Try, (—1)F e PH, (4.52)

The expression (4.52) is not absolutely convergent due to the continuum above Fj, and
hence depends on how it is defined. Our localization computation provides one defini-
tion to (4.52), but it may not agree with other possible definitions. In particular, it does
not have to agree with (4.51). One may estimate the ambiguity to be of the order of
e BB — ¢ I"IP/2 That is in fact the order of the difference of (4.50) from the Higgs
scaling result, as estimated above at large |¢”|.

In the Higgs scaling, on the other hand, the asymptotic gap £y = |¢'|?/(2¢?8*) blows
up to infinity as remarked earlier. Hence, (4.52) is absolutely convergent and must agree
with (4.51).

It is the index as defined by (4.51) that is expected to undergo a sharp transition by
the runaway of Coulomb branch vacua. Since it is deformation invariant as long as the gap
F4 is bounded from below by a positive energy, the total jump of our localization result
must agree with the one from the picture of runaway vacua. In fact, we shall explicitly

SWe thank Edward Witten for a guide on this point.
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show the agreement in section 5 whenever the wall crossing on the Coulomb branch can be
evaluated.

We now move on to the computation of the index of the theory with a general gauge
group. We shall take the “Higgs scaling”: e?3% — 0 holding the distance of ¢! = %e%( to
the walls fixed.

4.5 Higher rank theories
We set 8 = 2r. We define G(u, D) := Ny(—%)’g(u, D) o~ 2 P*=2mD) and consider it as a
function of (u, D) € 9 X to. Let us introduce a te-valued one form v on M X to by

v(€) = —idu,hg,, ¢ € te. (4.53)

Both G and v are meromorphic in D. In terms of these, the index formula (4.29) reads

1
I=——lim p, =G du A (v(dD)M. (4.54)
W (F\AL)xT

I' C tc is a contour of D-integration. The real locus I' = it was chosen in (4.29), but we
shall deform it away so as not to hit the poles of the integrand, as in the U(1) case. The
identity (4.31) reads

JG = v(D)G. (4.55)

One can easily show that 9y h% is symmetric in a, b, ¢, which means
v =0. (4.56)

For a set {Q1,...,Qs} C t*, put

aQ\(D) . dQ.(D)
D QD)

[10y...0. = s - Gdu A (v(dD)) NS A (4.57)

s(s+1)
with ¢s = (—1)5(5_1)+ > . Here (Qo’s may or may not be taken from the charges of the

fields. Note that it vanishes if Qq,..., Qs are linearly dependent. For the empty set, we
have pg = p. It follows from (4.55) and (4.56) that

s

dgre = 3 (1 Uy G o (4.58)

a=1

where “hat” means omission.

We shall use this identity and Stokes theorem successively to reduce the dimension of
the u integration. To show the idea, let us pretend that G and v had no-singularity and
consider integration on 9 rather than M \ A.. (We ignore the D integration for now.)
We also pretend that 901 is compact without boundary for now. We choose a good cell
decomposition of M. By “good” we mean that a codimension k cell is at the intersection
of (k + 1) codimension (k — 1) cells (e.g. codimension 1 cell is at the intersection of 2
maximal dimensional cells). Write {C’C(yn)}a for the set of all n-dimensional cells. We
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20

choose, randomly, an element @), € it* for each maximal dimensional cell Cy ™ and use

p = dpg, there. Then,

= d =
- Z/(Qen (MQB+ - 'UQB*) - Z/(zzn d'uQB*’QB* - Z/ (2¢—1) ’uQﬁ*’Qﬁ*
3 Cﬁ 3 C/B 3 805

= Z/Cm” <MQW1,Q72 —HQ,1,Q.3 + ,UJQ727QA,3> = 2/80(242) HQ 1,Q.2,Q 3
- (4.59)

In this way, we can lower the dimension of u-integration, and eventually we hit the middle
dimension, i.e., £. There we have complete cancellation because of the identity (4.58) and
HQyy o Qypyy = 0. Thus, we get zero.

Now let us consider the real situation where 901 is non-compact and we delete A, from
oM. To avoid possible misunderstanding, we denote by g the set labelling the singular
hyperplanes. g is different from the set I labelling the weight decomposition (4.12) of
Vehiral since different components may define the same singular hyperplane. Thus, (4.14)
could also be written as

Aci= ) Ad(H)). (4.60)
1€Ig
We consider the non-degenerate case: all the intersections of hyperplanes are transversal.
In particular, there is no point where distinct (¢ + 1) hyperplanes meet. The boundary
0A. is separated into tubes with holes,

S; = OA- N OA(H,). (4.61)

We give it the natural orientation. We also introduce a cut-off at infinity, Mp = it/ QY X tg,
where tr consists of vectors of lengths < R. In (4.54), we replace 9 by Mg and send R
to infinity at the end of the computation. We put

Soo := —(8MR) \ A.. (4.62)
Note that
IMr\Ac) == S (4.63)
€S

Here and in what follows, unless otherwise stated, the index i runs over .# = g U {oc}.
Le., 7 may be the label of a singular hyperplane or i = co. We write S;, ;. = S;, N---N.S;,

and we also give it the natural orientation. It is totally antisymmetric in ¢1,...,75 and
0Siy..i, = — Z Sir..isj- (4.64)
jeS

We would like to choose a cell decomposition of Mg \ A.. Because it is a manifold
with boundary and corners, we cannot take a good one, but we try to take it to be as
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good as possible. We require the following conditions (i)-(iii). (i) Each open cell is either
in the interior or contained in the interior of exactly one S;, ;.. (ii) It is good in the
interior of Mz \ A.. That is, the valence condition is satisfied at the (closed) cell in the
interior. To describe the final condition, we note that a neighborhood of Mp \ A; of an
interior point of a corner S;, ;. is of the form (R4 ) x R%’S, which is the domain in R?¢ =
{(@iy, .. @iy, Yst1, - - ., y2e) } defined by x;; > 0,...,2;, > 0. For {j1,...,75p} C {i1,...,1s},
the corner Sj, . j, includes S;;. ;, and is identified as the region z; = --- =x; = 0. We
introduce a cell decomposition of (R)* x R?~% as follows. For {ji,...,j,} € {1,...,s},
we define the cell Cj,__;, by the condition.

0<zj =-=u1; < all other z;’s. (4.65)

Note that the boundary of Cj, _;, consists of S and Cj, ;- The orientation of C; is

1---Jp
the one induced from 9 and we can assign an orientation of Cj, _j, so that

0Cj, 4, = =Sjr gy T Y Cir i (4.66)

We can now describe the condition (iii): a cell touching the interior of S;, ;. coincides with
one of Cj, . ;,, or its subdivision in the R2(~# direction, in a neighborhood of S;, ;..

Under such a cell decomposition, we compute the integral fiﬁtR\ AL M as follows. To each
maximal dimensional cell, we assign an element of it*. For a cell away from the boundary,
the assignment is random. If it touches the interior of S;, with i € Zg, we assign the
charge @; of a field defining H;. If it touches the interior of S, we assign an element
Qoo € it" which may or may not be one of the charges. More generally, if it touches the
interior of S;, . ;,, it must be contained in one of C; for j € {i1,...,is}, then we assign Q;.
The integral in the interior region can be processed as in (4.59), and we obtain zero. From
the cells touching the boundary, we have other contributions. From the cells touching the
interior S of S;, we have

Z /C’(%l) HQ;- (4.67)

ot Vese " P

To see what you obtain from the cells touching the interior of higher codimension corners,
let us look at the region (R, )® x R?~% around S;, . ;..

/(R+)5><R2eS : ; /C’Z fe: ; /acz. Ha (4.68)
= Z/\S,MQ’L—’_ZZ/C"~NQZ‘+[.”]

!
:Z/ HQi+Z/ HQi»QjJ’_[”']
i /S i<y 9Ci
- ne+X [ oo+ Y [ o]
i S i<j Y ~Sii i<j ki, Ciik
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= —2/ 1Q, — Z/ 1Qi,Q; — / HQiy iy T 10 ]

1<j i.ls

where we used (4.58) as well as (4.66) in the intermediate steps. For example, we used the

following in i,
> / HQ, = / (BQ: = hQ,) =) / dnQi, =) / e (4.69)
1 jF 1<j 1<j 1<j

The terms +[- - -] that appear after partial integration consists of the boundary terms in
the interior, which will contribute to the complete cancellation as in (4.59). Collecting all
these, we have

14

R S S S VD MR
(M\A)xT i i<j 11 <<ty p=1li1<--<ip
where

S. X

i1...ip

We emphasize again that the index i, runs over .# = Fg U {o0}.

4.6 The D-contour

So far, we have focused our attention to the integration over Mip \ A.. Let us now bring
the D-integration back into our consideration. An appropriate choice of the contour I"
will allow us to process the integral further. Our original choice is I' = it* with a fixed
orientation. We may shift it to

— 6+ it, (4.72)

for some ¢ € it which is small enough so that the integrand p remains non-singular over
M\ A. as the contour is shifted from it to id 4 it. Let us fix such a § which is generic
enough so that @;(d) is non-zero for any i € .#. Of course, the final result does not depend
on the choice of ¢, but each term ;. ;, in the expansion (4.70) may depend on it. So let
us denote it by I, (0).

Let us look at the term I;, _;, () where all the indices are from Sg. If Q;,(6) > 0 for
some 1,4, the integrand is regular even if the neighborhood A (H;,) is shrunk to the zero
size. Therefore, I;;. ;,(6) vanishes in the ¢ — 0 limit. If Q;,(0) < 0 for all of iy,..., iy, we
deform I" upward in each @Q;, (D)-plane so that it decomposes into a union of the infinite line
in the upper-half plane and the component that encircles the origin. The former vanishes in
the € — 0 limit, while the latter picks up the simple pole at Q;, (D) = 0. We are therefore
left with the D-integration along the common kernel Ker Q);, .. ;, of all Q;,’s. Here, just as
n (4.72), there is a freedom to set the new contour at

Z.Csil...ip + Ker Qil...ipa (473)
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where d;,_;, € Ker @, ;, is small enough. The result does not depend on the choice of
0iy...ip- Taking one step backward, we may write the result as

p

Ly iy (0) = [T 0(-Qua(9)) / 1w s (4.74)

am1 Siqip xTiq iy

where 0(x) is the step function (1 on > 0 and 0 on z < 0) and
Dy iy i= Ciy iy X (1634, + Ker Qi .4,) - (4.75)

Here Cj,..i, C tc is any p-dimensional contour whose @;,-image is a circle around the
origin. We provide I';, . ;, the orientation that is induced from T in (4.72) by the above
deformation.

The integrals in (4.74) can be processed further. Let us take {Qj,,...,Q;,} C it
so that the p + s elements Q;,,...,Q;,,Qj,,-..,Q;, are linearly independent. We have
from (4.58),

/4

s
_ _1\pts—a - _1\s—b -
duQir“Qinjl'“QJ’s - Z( 1) MQilinanjs +Z( 1) 'uQilmijmst' (4.76)
a=1 b=1

When integrated over T';, _;,, the first p terms of (4.76) vanish since the a-th term does not
have a pole at Q;, (D) = 0: for any chain C' of Mz \ A,

/C><F

In the same way as we obtained (4.70) using a cell decomposition of My \ A, and the
identity (4.58), we find, via a cell decomposition of S;, . ;, and the identity (4.77),

14
[S‘ uQil"'Qip - Z Z [il---ip%ipﬂ---iq(5i1---ip)7 (4'78)

i1 .cip XDy i q=p+1ipi1<-<iq

s

—b
d’u’Qil"'Qinh”'st - Z(_l)s /

=1 CxTiy..ip

MQil---Qinjl---é.];...st' (4.77)

i1..ip

where

Ly ipipgniq(0iy.iy) = /S 1Qiy Qi - (4.79)

iq.ig XLiq g
The total sum (4.78) is independent of the choice of d;,. ;, but the individual term (4.79)
may depend on the choice. Let us assume that Q;(d;..;,) # 0 for all charges Q; which are
linearly independent of Q;,,...,Q;,. Then, the term where all of i,1,...7, are from Fg
can be processed in the same way.
Repeating this procedure enough number of times, the index can be written as the

sum of integrations of the form

/ MQH---Q%? for {ila R 7”} C ij (480)
Siq i XTiy iy
plus the sum of integrations at infinity of the form

/S BQ., Q0 0<P<q<L (4.81)

i1 .igoo XLy g
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The integration at infinity (4.81) depends on the value of ¢ as well as the D-contour.
It is not always possible to simplify the expression. In each example which we studied,
however, as long as we take the scaling limit e — 0, { — oo, keeping ¢’ = €?¢ fixed at
a generic value, those unprocessible expressions either vanish or cancel among each other,
and we find that the final result for the index is a sum of the terms of the form (4.80).

4.7 A systematic procedure

In fact, there is a systematic procedure to find a concise answer. It is to apply the procedure
employed in [40] involving a choice of n € it* which is .Zg-generic, that is, n cannot be
written as a positive span of (¢ — 1) or less elements of {Q;}ic.s;. In the above procedure,
we have successively chosen the shift parameter ¢ :

0 = Oiy..ipy = Oy iy - — (4.82)

fipt1.ig i1 eeipiiptiqiiqh 1 e in

The choice was random, and in general route dependent: J; does not have to be

Lewdipyip1.esig
the same as 6j,..j,:j,.1...5, even if {i1, ... i} = {Jj1,...,Jq}. One feature of the systematic

procedure is to remove the route dependence:

5 (4.83)

i1y $ipy 1o Sipy1eig = Oip.iq-

We recall that d;,..;, is chosen for each subset {iy,...,i,} of 5 such that Q;,...,Q;,
are linearly independent: it vanishes on Q;,,...,Q;,, and takes a non-zero value on each
charge Q; which is linearly independent of Q;,,...,Q;,. (The subset may be empty, for
which 0y = 6.) We also introduce a new notation:

Liy iy [0y . :/ 1Qiy Qi - (4.84)
Siqeoip XTiq ip

Here ', ;, is defined as a set by (4.75), and is provided the orientation which is induced
from the orientation of I' = 0’ + it* by deformation, where § € it* has negative values
on Qjy,...,Q;,. Note that the orientation does not depend on the order of iy,...,7,. The
notation is redundant — the integral does not really depend on the choice of d;,. ;,. For
example, in the new notation, the index I itself should be written as I[0] — J enters into
the integration contour I" via (4.72) but the integral does not depend on it. However, this
notation is useful to keep track of what happens next. As in (4.70) and (4.78), we have

14

Ly ip[6iy..0y) = — Z Z H O(—Qi, (0iy..5,)) * Liy...ig 10413, ]

g=p+1 \ ip+1<<ig a=p+1
in Sg

q—1
+ > ] 0-Qi i) Ly oclGiniy ] |5 (4.85)

ipp1<-<ig—1 a=p+1
in Sg

where
I’i1...iq7100[5i1...iq71] ::/ MQil---Qiqleoo' (486)
SiyigoqooXTiy iy

q—1
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The main ingredient of the systematic procedure of [40] is the choice of n € it*. We require
all 9;,..;, to have negative values on 7:

n(ézlzp) < 0, V{il, R ,ip}. (4-87)

In the present case of 1d index, it is particularly useful to set

n=¢ and Q« =C. (4.88)

This is a valid choice if and only if { is Zg-generic. For this choice, the integration at
infinity (4.86) involves the integration over Q. (D) = ((D) of the following type:

/ d6D) ¢ (D)) exp (—102 - zmg(p)) . (4.89)
CTy iy q) C(D) e?
Note that (4.87) and n = ¢ means ((d;,..i,_,) < 0, which means that the contour of
integration (4.89) goes below the pole ((D) = 0. Hence, just as in the U(1) case (4.41), the
integral vanishes in the Higgs scaling: e — 0, { — 0o, keeping ¢’ = €2 finite. Therefore,
the integration at infinity (4.86) all vanish!

Thus, in the recursion relation (4.85) we are left with the bulk terms only. As in [40],
this recursion relation leads to the following result:

1
L= |[W| Z (-1 H 9(_623'(51‘1..3...1@))/ HQs, .. Qi (4.90)
N G€{it,eyie} Siy.igXTiy iy
imn S

The step function factor is non-zero if and only if { = 1 belongs to the cone CQl-qu‘[

spanned by @, ,...,Q;,. Therefore, the index can also be written as
1
I = G > L, (4.91)
CECQ;...q;,
Lo = (-1 [ H0u 0, = G [ Crglw0)d'u, (492
Siq.ipgXTiy iy Siq.ig
£(64+1)

where Cy := Ny(—1)" 2 (7i)* and

inl( ) o dQle( )
/ Q) N QuD)

In view of the orientation of T';, ;, as described below Eqn (4.84), €;, ., is a sign that

(271'2')662'1,_.7;2 . (493)

’Ll Zl

is antisymmetric in ¢1,...,% and odd under Q;, — —@;,. Recall also that S;, ;, is an-
tisymmetric in 41,...,7, and even under @;; — —@;,. The product €, ;,5;, . i, is hence
symmetric in 41, ..., 7, and odd under Q);;, = —@Q;,. This together with the constraint that

¢ must belong to the cone Cg, ..., is the defining property of the JK residue [45] (See [40]
for a review). Therefore, the index is the sum of JK residue of Cyg(u, 0)d‘u with respect to
¢ at the isolated intersections of the singular hyperplanes. In the notation of [40], it reads

|W| 3 > IKRes({Qus- o Qi) Q) [cgg(u,O)dfu] (4.94)

L1< <1e pEH;; M-+ ﬁH
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4.8 The result

We now fix the normalization constant Ny. The right choice turns out to be such that
C; = +1, where the choice of sign depends on the definition of (—1)¥". As we will see in the
next section, this choice yields the wall crossing formula that matches with the Coulomb
branch result. To simplify the notation, we shall write Cyg(u,0) as g, or g(u, z) if we want
to make the parameter dependence explicit. Also, we may write the result (4.94) simply as

1
I = — JK-Res gd‘u. (4.95)
Wi ‘

For Cy = 1, we have

H%Sln (w) +4f (2)))

— i (— j€J 1)k e2mi(ak (u)+af (2))
g = [[2isin(—ma(u))2 (=1)™e k
H H2z sin(7(Q; (u) + QF (2))) ,%:(

1€l

7N BT
H T2y 2 —x2y2
_a al jelJ F
= H( ’ 2) o, af o, _af D (1)ray (4.96)
« H <x2y 2 — x_zy_2> keK

i€l

2miu 2miz

with = = e and y = e°™*. The second line is easy to remember, as it carries a clear
meaning in the operator formalism, and also will be useful for the actual computation.
An N = 4 theory is a special case, with a chiral multiplet in the representation gc®V,
a fermi multiplet in the representation V' and no Wilson line. For an effectively compact
N = 4 theory, we only have to consider the canonical y?>/~ twist, with the charges as
n (2.50). We shall often write y = €™ so that the twist is by >/~ (note the difference
from y = e2™%). If we choose (—1)f" = (—1)2/2 where J3 is an SU(2) R-symmetry generator,

then, we need to set Cy = (—1) which yields

1 ¢ sin(—ma(u sin(—7(Q;(u) + (5 — 1)z
g:< >H ( ())H (—m(Qi(u) + (5 —1)2))

2isin(7z) - sin(m(a(u) — z)) i sin(m(Q;(u) + %z)

14 _a o i i . R,
1 2 —x2 r 2y
a <y—y—1> == - H o & o —m (497

where (Q;, R;) are the T-weights and U(1) R-charges of V. If the theory is not effectively
compact, we need to include an N = 4 flavor twist. The effect is to make the replacement

+% +9% 45

x — T2y 2 (4.98)

in the last factors of (4.97), where y is the parameter of flavor twist and Qf are the flavor
weights of V.
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Remarks.

1. The above result is valid under the condition that { is .Zg-generic. When the gauge
group is Abelian, this is always the case as long as ( is in the interior of a phase. However,
this is not always the case in non-Abelian gauge theory. A counter example is found in the
triangle quiver with rank vector (k,1,1): the III-IV wall in figure 4 is in the interior of a
phase when the condition (2.90) is satisfied, but the FI parameter there is not .#g-generic
for any (a,b,c). If ¢ is at such a point, we do not have a formula, while the index is
well-defined and is expected to be the same as the one in the neighboring point. In the
next section, we show that the result does not change if ( goes across such a point, when
the non-genericity is of a simple type.

2. The result (4.94) can be written as
1 ¢
= §p JK-Res(Q(p), ¢) |9 d"ul. (4.99)

where p runs over all isolated intersections of singular hyperplanes and Q(p) is the set of
charges defining the singular hyperplanes that meet at p. This way of writing allows us
to generalize the statement to the case with degenerate intersections of hyperplanes, i.e.,
points p with |Q(p)| > ¢. This generalization is a proposal that remains to be justified.
Recall that the JK residue is defined [44, 45] by the property

dfu _(2m)t if ¢ € Co, ..
- — ) ldet(Q1--Qy)l Q1--Qq
JK-Res(Q(p), ¢) [Ql(u) - .Qg(u)] { 0 otherwise (4.100)

for linearly independent elements @1, ..., Q¢ of Q(p). Note that dependence on ( is only
via the chamber (of it*) with respect to Q(p) to which ¢ belongs. In fact, it is a function
of a chamber, not of a particular element of it* like , in the original definition [44, 45]:
the condition “¢ € Cg,...q,” in (4.100) is replaced by “the chamber C Cg,...q,”-

5 A wall crossing formula

When the FI parameter ¢ goes from one phase to another through a phase boundary, the
index may jump as some of the ground states may run away to infinity of the Coulomb
branch or of the Coulomb directions of mixed branches. Our index computation is consis-
tent with this picture — the change of the index can be expressed as the integral along
a cycle at infinity of the moduli space 9. We have seen this explicitly in the analysis of
U(1) theories, see (4.41) in section 4.3. For a general theory, this can be seen by keeping
7 to be the FI parameter before the wall crossing. Then, the integrals at infinity (4.86),
which are all zero before the wall crossing, may become non-zero after the wall crossing,
while the residues in the bulk of 9t do not change as they depend only on 7, not on (.

In this section, we evaluate this change of the index and compare the result with the
Coulomb branch analysis in section 3, in the simple wall crossing case: i.e. wall crossing
across the phase boundary which supports a mixed branch of rank 1.
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5.1 TU(1) theories

We consider a general U(1) gauge theory and look at the change of the index as the FI
parameter ¢ moves from positive to negative. As we have seen in section 4.3, the change
of the index is given by the integration along the circle at infinity of 9t = C/Z. In the
single valued coordinate z = e*™™, the boundaries are the big circle at = oo and the
small circle at = 0 and the wall crossing formula is given by

L[ f) e

where g(x,y) is given in (4.96) (or (4.97) for N’ = 4 theories).
Let us first consider a general N' = 4 theory. The function g given in (4.97) has limits
at both ends,

g(z,y) — (5:2)

y—y ' | yNet

(4)
(_1)N§§) y Nz — 00
yiet  x — 0.

We recall that N éé) is the number of positively charged fields minus the number of nega-
tively charged fields. Therefore, we find

(4)y N v N
N} - °
Al = (=1)7ef
y—y
= (—1)V sen(N (4>)<yw§?|—1+...+y (NG - 1)) (5.3)

The answer is the same even in the presence of an NV = 4 flavor twist (4.98). This result
agrees with the wall crossing formula based on the Coulomb branch analysis (3.57).

Let us next consider N’ = 2 theories. As a warm up, we first look at the untwisted
index of the CPY~! model with Wilson line q, for which

xq
9(x) = ——— - (5.4)
(&} —a BN
Note that
N 21— H N2> o00
q>—: g(x) — (5.5)
2 0 z—0
N
lq| < 5 g(x) — 0 x — oo and 0, (5.6)
N 0 T — 00,
Q< - glz) — (5.7)
2 { qur%(:c - Nz
Recall that x is related to the zero mode of the scalar component o via (4.9) as
z = ¥ = exp (—ifv, — fo), (5.8)
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and hence x — oo corresponds to ¢ — —oo while  — 0 corresponds to ¢ — +00. In view
of this, the above behaviour of g(z) is perfectly consistent with the behaviour (3.40)—(3.41)
of the wavefunction for the Coulomb branch vacua. The change of the index is

ng: AI:_#{(nl)-"anN) |n|:q—];[}, (5.9)
|q‘<%: AT =0, (5.10)
qg—g: M_(—l)N#{(m,---,nN) In!——q—];[}- (5.11)

This matches with the Coulomb branch result, Al = Acl.
Let us now move on to a general N’ = 2 theory. It is enough to consider one term
of (4.96) with the Wilson line charge (q, qf"):

1 IR

P

Q 9  _a _9f\’
Hx2y2—q; 2y 2

i

M

= gy (5.12)

Let us look at the behaviour at * — oo which corresponds to 0 — —oco. We expand the
= 1

denominator factors as Z%‘;:O(:c_Qiy_Qf)"ﬁ% if Q; > 0 and (—1) Z;’szo(inyQiF)”ﬁi if

Qi < 0. Also, we write the numerator factors as 3, ¢ ,(—=1)" (xqﬂ'yqf)mj_%. Then, the

residue is picked for each (7, n;, m;) solving

q+qu <mj—;)—ZQi(ﬁi+;)+ZQi(ni%—;):O, (5.13)

Q>0 Q:<0
with the result

(1) HIm=T) () #EQi<0} a3 47 (05— 5) X050 @1 (Mt )0, <0 @ (nit ) (5. 14)

The equation (5.13) is nothing but the condition (3.47) for the Coulomb branch vacuum on
o < 0, and the residue (5.14) is equal to —(—1)™y@" for Q¥ given in (3.54) and (—1)I™ =
(—1)23‘ M+ ™ iy which m; = 0 for Qi > 0 and m; = 1 for Q; < 0. In particular, it is
equal to the ¢ < 0 contribution to the result (3.56). The analysis for z — 0 is similar and
matches with the ¢ > 0 contribution to the result (3.56). Thus we conclude Al = Acl.

Using this agreement in a general U(1) gauge theory, we can check that Al matches
with the mixed branch result in section 3.4 for a simple wall crossing in higher rank theories.
We separate the discussion to Abelian and non-Abelian theories.

5.2 General Abelian theory

In a general Abelian theory, any phase boundary W is simple, with a mixed branch with
unbroken gauge group G7 C G isomorphic to U(1). It is a codimension one cone spanned
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by (¢ — 1) charges, or an open cone therein. We would like to compute the change of the
index when ¢ goes through an interior of the wall W.

There are two ways to find it: (i) see what happens to the derivation of the for-
mula (4.91), and (ii) compare the results (4.91) for the two sides of the wall. Both can be
done, but we choose to do (ii) as it is easier to present.

The result (4.91) is the sum of I;, ;, over {i1,... 4} such that ¢ is inside the cone
CQir“Qiz spanned by Q;,,...,Q;,. Therefore, the contribution I;, ;, disappears or appears
when ( goes out of or comes into the cone CQZ.1 ~Qip> respectively. The boundary of CQZ,1 Qi
consists of the cones spanned by (¢ — 1) elements of {Q;,,...,Q;,}. Therefore, there is a
non-trivial contribution to the change Al of the index when that cone includes the wall W
under consideration. This leads to the following formula.

Before writing down the formula, let us introduce some notation. Let ”Hf/rv and H,,, be
the two halves of it* separated by the hyperplane RV that includes the wall W, to which
¢ belongs before and after the wall crossing. Suppose W is included as an open subset of
the cone Cg,... 0, ,- Then ( before (resp. after) the wall crossing is included in the cone
CQi,Qe1,Q, if and only if Q;, € Hyy (resp. Qi, € H,,). Therefore, the change of the
index is

Al = Z — Z Izj...ig + Z Izj...ig . (5.15)
WCCQy, @iy Qi €My, Qiy€Hyy
This formula can be simplified. Recall that
L.y = 611...15/ d“ug(u, 2), (5.16)
Siy..ip

where €, ;, is a sign defined by (4.93). The orientation of I';, ;, is opposite between the
one with Q;, € H, and the one with @Q;, € H,,. Note also that the integrand of (4.93)

does not depend on @;, as long as it is linearly independent of Q;,,...,Q;, ,. So, we may
write €, ., = j:e;g__i[_loo for Q;, € H]jfv Then, inside the big parenthesis of (5.15) can be
written as
0
— EZ...ig_loo/ d*u g(u, z). (5.17)
€IS Siy.ig_qig

Using (4.64), this is equal to

4
GZmieNO/S dug(u,z) =: I;;...il,loo ) (5.18)

il'”i(’,—loo

Therefore, the wall crossing formula (5.15) can be written as

_ +
Al = Z IF o e (5.19)

This can be processed further. Recall from section 3.4 that the effective theory on the mixed
branch at the wall YW has two sectors — (C) with gauge group G; and (H) with gauge
group H = C(G1)/G1 which is T'//G1 when G(= T) is Abelian. Matters in (H) are those
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with charges in the hyperplane RW and everything else belongs to (C). Note that @ € it*
belongs to RW if and only if it vanishes on g;. We denote the projection t — t/g; = b by
u + uy. We also choose an element Qo € it* \ RW such that e?™ — e?mQ (&) defines
an isomorphism G7 C T'— U(1). Then, we have an isomorphism

Sil...ig_lo() = {u S fc/Qv

|Qi,(u) —ci,| =¢,a=1,...,0—1
ImQ(u) = +R

= {uhehc/QE ‘ |Qi, (u) —ci,| =&, azl,...,é—l}
X {Qoo(u) € C/Z ‘ Qoo () = iR}

H
= S, x SQ. (5.20)
This holds including the orientation provided GZ...z‘g,l o = 6§5).¢l,1- The integral (5.18) can
then be written as
+ _ [(H) ¢
Ii1...ig,100 - eil...ig,1 \/‘;(H) /;gé? d'u g(u7 Z) (521)

114..722_1

We may write g(u,z) = g (uy, 2) - ¢ (u, 2), where gt (uy, 2) is the g-function for the
theory (H) and ¢(©) (u, 2) is everything else — we put all Wilson line factors into the latter
even if some of the charges may vanish on g;. The integration of g(C)(u, z) along Sc(,g )
yields the change of the index in the theory (C),

/S(C> dfu ¢ (u, z) = dtuy, AI©) (up, 2). (5.22)

Note that the result may depend on uy and provides background Wilson lines for the theory
(H). Therefore, we have

Al = Z (W ALy, g™ (uy, 2)AI©) (up, 2). (5.23)

ireie—1 |
(H) i1-ig_q
COECQil.A.Qizil

Here we used the fact that W C CQiy--Qig ) is equivalent to (y € Cg,l) 0; where (j is a
_ i Qip_y

point on the wall W regarded as an element of ¢h*. This yields the index for the theory

(H) with the FI parameter (p. The result may be written as

AL = (I8« A1O)(2). (5.24)

Since we have shown Al = A1 for U(1) theories, we find that the above agrees with the
mixed branch result (3.60).

5.3 Simple wall crossing in a non-Abelian theory

Let us now discuss the simple wall crossing in a general non-Abelian gauge theory. Before
starting, we describe the set up and introduce some notations and terminology. The space
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of FI parameters i(t*)"" can be regarded as a subspace of it*. A general phase boundary
is a codimension one cone in i(t*)"V', and it is the intersection of i(t*)"" with cones in 4t*
spanned by (¢ — 1) or less charges. A simple phase boundary W has the following special
property: it is the intersection of 4(t*)" with cones spanned by exactly (£—1) charges, and
the hyperplanes spanned by such charges are Weyl images of one another. The unbroken
subgroup G1 may be defined as the subgroup of 7" whose Lie algebra g; is the orthogonal
to one of such hyperplanes. (Note that G C G is defined only up to conjugation, and
other conjugation images in 7" are the orthogonal to the other hyperplanes.) The effective
theory on the mixed branch at the wall W has two sectors — (C) with gauge group G
and (H) with gauge group H = C(G1)/G1. Let us collect some useful facts on G; and H:

(i) T/Gy =: Ty is a maximal torus of H.

(ii) The normalizer of Ty in H is (Np N C(G1))/G1 and hence the Weyl group of H is
Wu = [(Nr N C(G1))/G1]/[T/G1] = (Nr N C(G1))/T.

(iii) In particular, Wy may be regarded as a subgroup of W consisting of elements that
does not move g; C t.

(iv) Therefore, |W|/|Wg| = |W/Wg| is an integer, and that is the number of hyperplanes
that meets i(t*)" at the wall W.

~

By (i), we may regard the hyperplane gi C t* as the dual of a Cartan subalgebra of H, g =2
tj;. Matters in the theory (H) consists of those whose charges belong to this hyperplane
igi, and everything else belongs to (C). We denote the projection t — t/g1 = ty by u — uy,.

Let us now evaluate the change of the index. Let ’H; and /H;L be the two halves of
1 1

1t* separated by the hyperplane igf‘ to which ¢ belongs before and after the wall crossing.
Suppose the wall W is included as an open subset of the cone Cq, . o, , in igf. Then ¢
before (resp. after) the wall crossing is included in the cone CQi:-vaZ—l:QiZ if and only if
Qi, € 'H;} (resp. Qi, € Hg_ll) Using this as well as the fact (iv) above, we find that the

change of the index is given by

1 | W
w

CCQyy @iy, T\ Qig€HL Qig€Hy1

(5.25)

|
B
. ]
|
g
8

The definition of I Jlr and the process of going to the second line is exactly the same

%1...1p—100
as in the Abelian case. This can be processed further, again as in the Abelian theories,

based on the factorization

~ oH
Sil-niéfloo - SZ'(L.).’L[,l X Sgg)’ (526)
as in (5.20), with EZ...ig_loo = egf{'?.if_l, and the factorization
9(u,2) = g (up, 2)9' (u, 2). (5.27)
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In the latter, the root factor of g(u,z) in (4.96) and (4.97) should be included in g if
o € igf (ie., if it is a root of C(G1)/G1 = H) and in g(©) if a is non-zero on g; (i.e., if gq
do not commute with g;). This yields

1 H _
Al = Wl Z 651“).1-[_1 /s<H> Ay g™ (ug, 2) AT (uy, 2)
406082'”@2‘[71 i1.ip_q
= (IM « AT©)(2). (5.28)

Since we have shown Al = A1 for U(1) theories, we find that the above agrees with the
mixed branch result (3.60).

Note that the above computation applies to the case where }V is not a real phase
boundary. Recall that a non Zg-generic point does not always admit a mixed branch
solution, in which case it must be in the interior of a phase. For example, the III-IV wall
in figure 4 of the triangle quiver in which the condition (2.90) is satisfied. When k = 2,
it is of simple type, i.e., it is the intersection of i(t*)" with the cone spanned by exactly
¢ — 1(= 2) charges. For such a case, since the mixed branch is empty, the index of theory
(H) must vanish, Ig){) = 0, and hence the index does not jump across W, Al = 0.

N = 4 theories

For N' = 4 theories, we have seen that AT is independent of the flavor twist in the U(1)
theories. Therefore, in either Abelian or non-Abelian theory, AI©)(uy, z) depends only on
the J_ part of z (denoted by z),

AT (uy, z) = ATO(z). (5.29)
Therefore, the wall crossing formula has a factorized form,
AI(z) = I (2, zgtner) x AT (), (5.30)

in agreement with the mixed branch analysis (3.58).

6 Systems with A/ = 4 supersymmetry

In this section, we illustrate the index formula and wall crossing in a few examples with
N = 4 supersymmetry.

6.1 Grassmannian

The first example is the U(k) gauge theory with N fundamental chiral multiplets. We set
¢(D) =r-tr(D). When N > k, r > 0 is the geometric phase with the Grassmannian
G(k,N) of k planes in CV as the target space. For 7 < 0 or for N < k, supersymmetry is
broken.

We shall compute the index in the geometric phase. Since the model is compact, de-
pendence of the flavor twist is trivial and any assignment of R-charge yields the same result.
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For simplicity, we set R; = 0 for all the chiral matters, for which the g function (4.97) reads

% _1 1 11 p 1 LAY
B 1 To Pwp —xiTy ? Lo’y — 23y~
9= y —y-1 H T 1 11 H T 1
azb ey Yy L —xa Pxly \a=1 x5 — T4’

Ly POV Tl (e —20) T, (2a —yH)Y
(1= ¥ Mamp(za = ¥2) TTE_ (20 — DN

a=1

(6.1)

Singular hyperplanes are H, = (x, = 1) from the chiral multiplets with the charge vector
eq and Hyp = (24 = y2xy) from the root e, — e, component of the vector multiplet. Here,
e, are the standard basis elements of it* = R¥. Note that

(=r(er+---+ek), r > 0. (6.2)

The isolated intersection H; N---MN Hj should be taken in the JK residue, as ( is a positive
span of the defining charges Q@ = {e1, ..., ex}. What about those involving H,’s? Consider
for example, HiN---NHp_1NH o with Q = {e1,...,ex—1,e,—€q} and HiN-- - NHp_1NHgp,
with @ = {e1,...,ex_1,€q — €x}. The former satisfy the condition that ¢ is in the positive
span of ), while the latter fails. On the other hand, for the former, the residue vanishes
because of the factor (z;—y?)" in the numerator in (6.1). Similar reasoning applies to inter-
sections involving more than one vector singularities, because in order to have co-dimension
k singularity at least on singularity from the fundamental chiral must be involved.

Thus the only pole that contributes comes from Hy N --- N Hy,

1 1 dxq---dag
I = —. LTk . .
B @) / pp—— g(z,y) (6.3)

|1 —1|==|zp—1|=¢

At this moment, we do not have a systematic way to carry out the computation. Instead,
we can check in examples that it reproduces the known formula [22, 24],

[ = (—1)=R). vazl(yii -y . (6.4)
[y —y) I "yt = yh)

6.2 Hypersurface in projective space

Let us next consider Example 2 in section 2.4. ¢ > 0 is the geometric phase with the
degree d hypersurface X; C CPV~!, while ¢ < 0 is the Landau-Ginzburg orbifold W =
f(le---7XN)/Zd-

The R-charge can be anything such that the superpotential W = P f(®) has charge 2.
We take Rp = 2 and Rx = 0, for which the g function is

_1 L _\N d _d
1 T2y — a2y T2 — 1 2
9 = -
y—y 1( x%—ﬂjfé ) x_gy—xgy*1

_ N

N yl=N z—y? 24 1 ;

_(_) ] d 2 (5)

y—Yy z—1 ¢ -y
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In the geometric phase ( > 0, we select the N-th order pole at x = 1:

1 dx
= —¢ —
omi P2 g(z,y)
_ (_1)N—1 yl—N 1 dN_l (:E _ y2)N($d _ 1) (6 6)
y—y ! (N-1)!daN-1 x(zd —y?) I '
For example,
dld—3 _
In=3 = (2) Yy '+y), (6.7)
d(d*> —6d +11), _ d(2d? —6d + 7
Iy = MO (o g2y REZO0RT) (69
d(d® — 10d? + 35d — 50) , _ d(11d3 — 50d? + 85d — 70) , _
Iy = )(y3+y3)+ ( )(y1+y),
24 24
(6.9)

These are the x, genus (2.73) of the hypersurface X ;. By the Lefschetz hyperplane theorem,
the Hodge diamond must be of the form

1
1 0 O
1 0 0 0 1 0
RO RO, R20 pLL 0.2 B30 p21 pL2 03 (6.10)
1 0 0 0 1 0
1 0 O
1

Thus, we can read off the Hodge numbers from the index. For example, for N = 3, Xy

is a curve of genus h'¥ = @ + 1. For N = 4 it is a surface of h?0 = w -1

and hl! = w. Etc. Check that AV=29 = 1 in the Calabi-Yau case d = N. Note
also that hb! = 20 for d = N = 4 (K3 surface) and h*! = 101 for d = N = 5 (quintic
threefold). To find the index in the Landau-Ginzburg phase ( < 0, we use the wall crossing
formula (5.3), in which we set N, e(é) = N — 1. This yields

ILG = Igeometric + (_1)N_1 (y_(N_2) + -+ yN_Q) . (611)

This is also what we have seen in the Coulomb branch analysis. There we have also seen
(4),_

that the wall crossing states form the spin j = % = % representation of the SU(2)

R-symmetry. Since the vertical axis of the Hodge diamond shows the spin J3 of the same

SU(2), the 1’s in the vertical middle of the Hodge diamond (6.10) drops. This leaves us
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with the following Hodge diamond of the Landau-Ginzburg orbifold:

0
0 0 0
0 0 0 0 0 0
RLO 10,1 R20 Bl _1 0.2 R3O0 p21 pl2 p03 (6.12)
0 0 0 0 0 0
0 0 0
0

Note that there is a non-trivial wall crossing even in the Calabi-Yau case d = N where
X is a Calabi-Yau manifold. In that case, the elliptic genus of the two-dimensional version
of the model is well defined and does not exhibit wall crossing phenomenon, i.e., the Hodge
diamond is the same as (6.10) for both the geometric phase and the Landau-Ginzburg
orbifold phase. On the other hand, in one-dimension, there is a wall crossing. The difference
comes from the twisted sector states, which are present in 2d orbifolds but absent in 1d
orbifolds: in the 2d Landau-Ginzburg orbifold, the ground states from the d — 1(= N — 1)
twisted sectors are nothing but the 1’s in the diagonal middle. The horizontal middle
of (6.12) are the untwisted sector invariant states, which are present both in 1d and 2d.

When d # N, the axial U(1) R-symmetry (which determines the vertical axis of Hodge
diamond) is anomalous in 2d and the elliptic genus is ill defined.” However, we can still
consider the relation between the ground states of the non-linear sigma model and the
Landau-Ginzburg orbifold. In 2d, the two theories are related by the renormalization
group. For d < N, it is a flow from the sigma model to the Landau-Ginzburg orbifold, and
for d > N the flow is in the opposite direction. The spectrum of supersymmetric ground
states is continuous along the flow, provided we include the | N — d| isolated massive vacua
on the Coulomb branch in the low energy side. This is consistent with the above result on
the 1d wall crossing that (N —1) states disappear as we go from the geometric phase to the
Landau-Ginzburg orbifold phase. In 2d, in the same direction, (N —d) states go to Coulomb
branch vacua (counted with sign!) and (d — 1) states becomes twisted sector states.

6.3 Flavor decoupling in compact models

In section 2.2, we proved that supersymmetric ground states of an effectively compact
N = 4 theory have charge zero under any flavor symmetry. In particular, the index cannot
depend on the flavor twist parameter. In fact, we have already seen this implicitly for the
CPY~! model. That model has SU(N) flavor symmetry and we may consider the index
twisted by that. Since the index vanishes for ¢ < 0, the index for ¢ > 0 is determined by
the wall crossing part, I = —AI, but we have seen that Al is independent of the flavor
twist in any U(1) theory (5.3).8 In this subsection, we illustrate the twist independence in

"The vector U(1) R-symmetry, which determines the horizontal axis of the Hodge diamond, is conserved
for any d versus INV.

8In section 8.1, we shall study /' = 2 CPY ! model, where we will see that the SU(N) flavor twist
dependence of the index is not only non-trivial but carries important information about the ground states.
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a more complicated model. We shall see this in the form of independence on the R-charge

assignment.

Consider U(1)* theories with k 4 1 sets of chiral fields of charges, a; number of
(1,0,0,---,0), ag number of (0,1,0,---,0), ..., ax number of (0,0,0,---,1), and agy1
number of (1,1,1,---,1). The superpotential is not possible. The classical Higgs branch

is present and is compact when all the FI parameters are positive. When some of the FI
parameter is negative, supersymmetry is broken. Since there is no superpotential, there
is no constraint on the R-charge assignment. For example, we may assign 0 to the first k
groups of matter fields, but ¢ to the last group of ay, 1 fields. Clearly, this is not a part of
the gauge symmetry. This gives

Garasapsapss = <M>kxﬁ<sm(;z((:;; Z)))ai

=1
sin(—m(uy + - 4+ up + (¢ — 1)z)) Qg1
) < sin(m(uy + -+ + ug + 2)) ) '

We of course look at the phase where all the FI parameters (; are positive. Taking
a simultaneous permutations of a’s and (’s, we may further assume that (;2r > ¢ > 0.

There are exactly two relevant poles ufko) ={u; =uy =--- =u =0} and uik) = {u; =
Up =+ =Up_1 =0 = Zle u; + gz}, and the index is

1

a1 ag;ag41 — I"esu:ug‘o) Yaraz-ag;aki1 (u) + resu:uik) Yaraz-ag;aki1 (u) .

Both terms are explicitly dependent on ¢, yet the sum should be independent of q.

This ¢-independence is easiest to see when a; = --- = ap_1 = 1. Integrating
Ui, ..., Uup_1 first, we find
apa
Il,l,...,l,ak;ak+1 = |:uI;€e:S0+ukr:equj| qu b (Uk;,Z), (613)
where
LT (1) = — ‘1 ' sin(—‘ﬂ(uk —z)) @k' sin(—‘ﬂ(uk + (g —1)z))\ “+! . 6.14)
2isin(7z) sin(muy,) sin(m(ug + qz))

The integrand has two other poles, at e?™“k = 0, 0o, which are both simple and with which
we may trade off the poles e?™% = 1,e~279% Residues at e = (), 00 are manifestly
independent of ¢, proving the assertion that the index is independent of ¢q. This simple
argument generalizes straightforwardly to general a;’s, by turning on most general flavor
chemical potentials on the first k& — 1 sets of chiral fields, which reduces all the poles of
u;,... k—1 planes to become simple.

We close with a few examples,

12 2 2
bay=——5——5— 35— ——2y-2y —2y°—y',
oy Yy
12 3 4 s e
Lo = 5+ 5+ g+ 5 Ha+4y +3y +29° 4y, (6.15)
Oy vy
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5 7 9

— 06y’ =3y -y,

which indeed shows no ¢-dependence, showing that all ground states are invariant under
the flavor symmetry.

6.4 Flavor non-decoupling in non-compact models

When the theory is not effectively compact, the decoupling of flavor twist fails, or rather,
flavor twist is necessary to make the index well-defined. The most illustrative example of
this is already mentioned in section 4.2, embedded in the middle of one-loop computation,
though with A/ = 2 supersymmetry. Let us consider the N' = 4 version, that is, the theory
(with no gauge group) of a single chiral multiplet on which the U(1) flavor symmetry acts
in the standard way. The Higgs branch is C and is non-compact. The index with the twist
parameter y for the U(1) is, when we assign R-charge zero,

y ty —yiy !
y2 -y 2

Indeed it depends on the twist parameter y and is singular when we turn it off, y — 1.
As stated in section 2.2, Hamiltonian way to understand it is possible only when the real
mass m = mg is non-zero, i.e. when |y| > 1 or |y| < 1, which makes the theory compact by
the Harmonic oscillator potential. Then, (6.16) can be expanded in the geometric series in
one way or the other, and the result represents the count of states with 0 = {Q4, Q. } =
H,, — GE (m) for each pair of flavor and R-charges. It is interesting to note that the index
simplifies when the J_-twist is turned off,

Ily=1 = —1. (6.17)

How can this happen?

In fact, this holds in general and is another consequence of N' = 4 supersymmetry,
which has another set of supercharges, Q_ and Q_ with charge —1 and +1 under J_.
They obey the lower part of the algebra (2.51), which yields the following identity on
states obeying 0 = H,,, — GE (m):

{Q-,Q_} = Hn+GEh(m) £2GE (m). (6.18)

Therefore, when m # 0, as far as the states that contribute to the index are concerned,
Q_ + Q_ defines a one to one correspondence between bosonic and fermionic states of
non-zero flavor charge, while it vanishes on states of zero flavor charge. Therefore, I|y—;
receives contribution only from the states of zero flavor charge, and hence is independent
of the flavor twist parameter.

Let us illustrate these in a system with gauge symmetry. We take the non-compact
version of Example 2: U(1) gauge theory with charge 1 chiral multiplets Xi,..., Xy and a
charge —d chiral multiplet P, and vanishing superpotential W = 0. This system has U(N)
flavor symmetry that acts in the standard way on Xy, ..., Xy. Positive ( is the geometric
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phase with the total space of O(—d) over CPV! as the target. Negative ¢ is the orbifold
phase where we have C"V /Z;. A generic element of the flavor group g € U(NN) has a compact
set of fixed points — the zero section of O(—d) in the geometric phase and the origin of
CN /Z,; in the orbifold phase. Special elements are those g where g¢ has eigenvalue 1, for
which the fixed point set is non-compact — extending in the fibre direction of O(—d) or
in the ray of CV/Z4. Let us compute the index with the twist parameter y = (y1,...,yn)
for the maximal torus of U(NV). It must be well-defined when y is generic, i.e., when none
of yld is equal to 1. Assigning the trivial R-charge to all fields, we have

L3 3 -1 4 -1
1 T2y Ty —T2Yry T2y —x 2y
9= y—y! H 1 L -1 ‘ -4 g
i=1 xiyl? —x 2y 2 xT2 —x2
1-N N 2 d -2
. N-1 Y T — &Yy r =Yy
= y—y_1H<x—6i>. xd—1" (6.19)

where we introduced y; L' — &, to simplify the expression. The index in the geometric
phase ¢ > 0 is

N 2 d -2
_ € — &y g =y
I = (-1)Vy? NZH( ;_J ) 254—1 . (6.20)
7

o
i=1 j#i R

The diagonals ¢; = € for ¢ # j are only apparent singularity. For example,

(e16254_2(e1,62) + 1)yt + (eed — 1) + (e12984_2(c1,62) + eded)y
(ef = 1)(eg — 1) ’

In—y = (6.21)

where s4_5(c1,£9) = (6971 — €371)/(e1 — €2). The index has singularity only at ¢ = 1 for
some %, as expected. The index in the orbifold phase ¢ < 0 can be obtained from this by

the wall crossing formula (5.3):

Iorbifold = Igeometric + (_1)N_1 (y_(N_Q) + -+ yN_Q) . (622)

Recall that the wall crossing part is independent of the flavor twist, even when the theory
is non-compact, since the non-compactness of the Higgs branch does not affect the effective
compactness of the Coulomb branch. When we turn off the J_ twist, we have

Igeometric|y:1 = (_1)NN7 Iorbifold|y=1 = (_1)N- (623)

Indeed they are independent of the flavor twist parameters. Up to sign, the result agrees
with the Euler number of the fixed point set — the zero section (CPY 1) in the geometric
phase and the origin (one point) in the orbifold phase. Why is that? The real mass
provides a quadratic potential in the direction transverse to the fixed point set X ¥, and
hence at energies below the mass, the theory is well approximated by the sigma model
on X*, whose index is (—1)3mX”y(XF). The trivial action of Z; on the origin in the
orbifold phase might not cause a problem in 1d where there is no twisted sectors. How
about the sign? In the limit of very large masses, the theory of the transverse modes can
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Figure 11. The phases of “the two parameter model”.

be well approximated by the direct product of decoupled copies of a free chiral multiplet
with a large real mass. Using the result (6.17) for the individual component, we obtain
(—1)edimX™ a5 the index. This explains the above result, (—1)' - (=1)N"IN for the
geometric phase and (—1)"V -1 in the orbifold phase.

From this exercise, we can extract the following general statement. Suppose an N = 4
model has an effective theory on the Higgs branch, which is a non-linear sigma model on
an orbifold X. Suppose there is a continuous flavor group whose generic element has a
compact set of fixed points X'. Then the index is well defined if it is twisted by the flavor
symmetry, and as we have learned above, the flavor twist dependence drops out when the
J_-twist is turned off. In particular, I|y—y = I (yGF) must be an integer. Let us assume
that the local orbifold group acts trivially on X . Then, we have

16S7) = D)X, (6.24)

where the sum is over the connected components of X*. When X is a compact manifold,
the index is independent of the flavor twist and its value at y = 1 is (—1)3mXy(X).
Thus, (6.24) is nothing but the Hopf theorem. Therefore, (6.24) can be regarded as a
generalization of the Hopf theorem to N' = 4 linear sigma models with non-compact Higgs
branches. From the derivation, the statement itself must hold for any N/ = 4 non-linear
sigma model on an orbifold X, even without linear sigma model realization.

6.5 “The two parameter model”

The next example is the model with gauge group U(1) x U(1), the following matter content

P X5 Yia3 Z |FI
U(l)-4 0 1 1|t
U(l)2/ 0 1 0 —2|¢?

and the superpotential W = P - f(X,Y,Z) where f(X,Y,Z) is a polynomial of charge
(4,0). This is the 1d version of the 2d (2,2) model which is popular among physicists [57].
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There are four phases as shown in figure 11. I is a geometric phase, II is an orbifold phase,
III is a Landau-Ginzburg orbifold phase and IV is a hybrid phase. The geometry in Phase
I is a smooth compact Calabi-Yau threefold embedded as a hypersurface is a toric fourfold
of A1 = 2.

We may set Rp =2 and Rx = Ry = Rz = 0. Then the ¢ function is

1= () st (st ooy
(m(—w(ul - z>>)3 sin(—m(ur — 2us — 2)) (6.25)

sin(7uy) sin(7(u1 — 2u2))

Below we write the result of residue computation in each phase.

e Phase I:
I = 84y '+ 84y. (6.26)
e Phase II:
I = 82y ' +82y. (6.27)
e Phase III:
I = y 2 +83y ! +83y +y°. (6.28)
e Phase IV:
I = y 2 +86y ! + 86y +y°. (6.29)

We see that non-trivial wall crossing is happening at each phase boundary. Since the
gauge group is Abelian, all of them are simple walls. Let us present the mixed branch
analysis of the wall crossing.

I — II. The unbroken gauge group at the mixed branch along this phase boundary is
G1 =U(1)3 and the fields are decomposed as

(C) X12(1), Z(-2),
(H) P(-4), Yi23(1).

As in section 3.4, to the right of each field, we put its charge under G for (C) and G/G;
for (H). The Coulomb branch of (C) has Né;_lf) —2—1 = 1 so that we have AcI(©)(y) = —1.
The Higgs branch of (H) is the degree four hypersurface in CP?: it is a curve of genus 3
and has I (y) = 2y~! 4 2y' (see section 6.2). Thus,

AT = 2y ' +2yh)- (1) = —2y ' —2yl. (6.30)

Note also that the wall crossing states, which go out since N, e(é) > 0, form the following
Hodge diamond
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IT — III. The unbroken gauge group is G1 = {(g?, g)} and the fields are decomposed as
(C) P(=8), X12(1), Y125(2),
(H) Z1).
The Coulomb branch of (C) has Néé) = —1+4+2+3 = 4 so that we have AcI(©)(y) =
y 34y '+y'+y3. The Higgs branch of (H) is one point and hence has I!)(y) = 1. Thus,
Al = y 34y oyl 43 (6.31)

The wall crossing states, which go out since Ne(ff) > 0, form the Hodge diamond with
1,1,1,1 in the vertical middle.

ITT — IV. The unbroken gauge group is G; = U(1)2 and the fields are decomposed as
(C) Xi12(1), Z(-2),
(H) P(—4), Y123(1).
The Coulomb branch of (C) has Ne(;lf) = —2+41 = —1 so that we have A¢gI(®)(y) = 1. The
Higgs branch theory of (H) is the Landau-Ginzburg orbifold W = f4(Y')/Z4 where fy is a
quartic polynomial. To simplify the analysis let us take the Fermat polynomial, for which

the relations are Y = Y3 = Y3 = 0. Since Q = dY; A dYa A dY3 has charge 3, for O(Y)Q
to be Z,4 invariant, O(Y') must have charge 1 (mod 4) under Z4. There are six states:

Y1Q, Y50, Y3Q, Y1YPYPQ, Y2AYRY2Q, YRYAY3Q. (6.32)

The R-charge assignment which is conjugate symmetric is —% for the first three and % for
the last three. Thus, (1) (y) = 3y ! + 3y!. Therefore, the change of the index is

AT = By ' +3y")-1 = 3y ! 43yl (6.33)

The wall crossing states, which come in since Ne(é) < 0, form the Hodge diamond with
0,3,3,0 in the horizontal middle.

IV — I. The unbroken gauge group is G; = U(1); and the fields are decomposed as
(C) P(—4), Yi23(1), Z(1),
(H) Xi2(1).
The Coulomb branch of (C) has Ne(é) =1-3—1= —3so that we have AcI(O)(y) =
y '+ 1 +y. The Higgs branch of (H) is CP! which has I (y) = —y~! — y'. Thus,
Al = (-y ' =y) -y +1+y) = -y -2y =2y -y (6.34)

The wall crossing states, which come in since Ne(é) < 0, form the Hodge diamond with
1,2,2,1 in the vertical middle.

We see that Ipefore + Al = ILger indeed holds for each wall crossing. We have also
determined the Hodge diamond formed by the wall crossing states. Using this, we can
determine the Hodge diamonds of all four phases starting from the geometric phase, where
the Hodge numbers are known by the Lefschetz hyperplane theorem:
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e Phase I (input):

1 8 86 1 (6.35)

—— Phase II:

1 83 8 1 (6.36)

— Phase III:

1 8 83 1 (6.37)

— Phase IV:

1 8 86 1 (6.38)

— back to Phase I.

The Hodge diamond (6.37) of Phase III (Landau-Ginzburg orbifold phase) can be
derived independently. First of all, the 2d Hodge diamond is the same as (6.35) at all
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four phases because the model is Calabi-Yau. In the Landau-Ginzburg orbifold phase,
it is known that the 1,2,2,1 in the diagonal middle and 3 out of the 86 in each of the
two horizontal middle entries are twisted sector states (see e.g. section 2.1.1 of [58] based
on [55]) and should not be taken in 1d. The others are untwisted sector states and should
be included, thus giving (6.37).

There is an alternative approach to extract information on the ground states — it is
to look at the “full Coulomb branch” where we take X to be large generic and integrate
out all the matter multiplets. This induces an effective potential

2

U = 1 (Gur) (6.39)
with (g = ¢ — >, Qi/2|Qi(x)|, plus accompanying vector potential and Yukawa terms.
The effective Lagrangian is reliable in the region where |x| is large enough |x|> > €2. Since
the bottom of the potential is typically at |x| ~ 1/|¢|, we need €?|¢|? < 1 to find a valid
ground state on the full Coulomb branch. That is, the FI parameter must be very close
to the origin ( = 0. It is expected, however, that states that are found there will not
disappear if we scale up (. In the present example, the vacuum equation (. = 0 reads

1 1 1 1
1 2
, — . 6.40
‘ X1 2[x1 — 2xo| ‘ X2| X1 — 2% ( )

We see that there is no solution in Phases III and IV, while in each of Phases I and II,
the solution space is well inside the safe region provided || is small enough. Applying the
well-established routine of equivariant index counting, we find that the contribution of the
full Coulomb branch vacua to the index is

—y 3 —2y 2yl —y3 Phase I
ICoulomb = fy_?’ - y_l - yl - y3 Phase I1 (641)
0 Phases III and IV

The Coulomb branch vacua form an SU(2) multiplet and are expected to have zero U(1)
R-charge. We see that the result (6.41) correctly reproduces the vertical middle entries of
the Hodge diamond at each phase.

It should be emphasized that the mixed branch analysis in section 3.4 and the above
full Coulomb branch analysis are valid in totally different regimes and are good for different
purposes. The former is valid deep inside the phase boundaries and can capture the full
detail of the wall crossing states there, while the latter is valid only near the origin ¢ = 0
and can capture a part of the SU(2) multiplets in each phase. For example, if we go far
out in the I-IV phase boundary, i.e. (! — 0 and (2 — +o0, the vacuum equation (6.40)
forces |x2| to vanish, where the full Coulomb branch is totally invalid.

This is in sharp contrast to two-dimensional theories where it is necessary and valid
to take into account the full Coulomb branch and all possible mixed branches at the same
time, for a common purpose. For example, in the two-dimensional version of the present
model [57], the vacuum equation on the full Coulomb branch reads

g1 etQ _ (0'1 — 20‘2)2

2 )

1
et :447’ =
g1 —20‘2 05

(6.42)
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Figure 12. The (-images of the discriminants (6.42) (black) and (6.43) (red).

where t* = (* — (0% are the Fl-theta parameter. Also, there is just one additional flat
direction — from the mixed branch where U(1)y is unbroken and U(1); is Higgsed —
which exists when

e’ =22, (6.43)

(6.42) and (6.43) together define the discriminant locus in the FI-theta parameter space.
Their (-projection asymptote to the phase boundaries. See figure 12. Note that the
full Coulomb equation (6.42) allows valid solutions even in such asymptotic region. For
5 4% and e — oo: the
vacuum equation does not force oo — 0. We can take o1 — oo holding o9 fixed and large.

example, the asymptotic region of I-IV phase boundary is e

In one dimension, to account for the wall crossing deep inside phase boundaries, we
only need to consider the corresponding mixed branches. This is supported by our index
result which proves the wall crossing formula obtained just from the mixed branch analysis.
There is no room for the full Coulomb branch to play any réle there. However, the full
Coulomb branch is the key element of the recent approach to index counting and wall
crossing, in N’ = 4 quiver theories. We turn to that subject next.

7 N = 4 quivers and quiver invariants

Now we come to N' = 4 quiver theories, which are very important as they address 4d
N = 2 wall-crossing phenomena. A given quiver theory is a low energy dynamics of
particular charge sector, and our index computes the relevant protected spin character [59]

Tr (71)2J3y2((]3+[3)}

with I3 and J3 being the helicity operators of SU(2)r and SU(2) little group, respectively.
The trace is supposed to be taken after removing the universal half-hypermultiplet factor
in the supermultiplet, so that the value is +1 for a half-hypermultiplet and —y — y !
for a vector multiplet. In particular the little group SU(2) of d = 4 descends to SU(2);

R-symmetry while U(1); is inherited from d = 4 SU(2)r R-symmetry [30].
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There has been extensive works for this class during last four years. For quivers
without loops, the index computation in the Coulomb viewpoint have been carried
out extensively, and lead to an explicit and recursive and partition-based index formu-
lae [26, 29] based on a symplectic volume hypothesis. This was later re-derived in an
ab initio computation from Seiberg-Witten theory [28]. For loopless quivers, it has been
demonstrated [34] that the Coulomb branch analysis is sufficient in that the resulting
index agrees with an independent Higgs computation and also with predictions coming
from the Kontsevich-Soibelman algebra [35].

Quiver involving loops, and thus superpotentials, pose more challenges, as the Coulomb
description often fails to capture all supersymmetric ground states. The additional states
can be found from the Higgs side [23, 30, 38]. Some of these latter states, in particular,
are impervious to wall-crossing and have been dubbed quiver invariants [30, 31]. These
new kind of states serve as important building blocks in general BPS state construction.
They are also believed to represent microstates of single-centered BPS black holes of d = 4
N = 2 theories, generalizing and fine-tuning Ashoke Sen’s earlier proposal to separate
singe-center black holes from multi-center ones via angular momentum content [62].

With the new technology developed in this paper, we are now at a position to address
most general quivers such as multi-loop quivers and non-Abelian quivers. In this section,
we address two particular classes; all cyclic Abelian quiver where we reproduces results of
ref. [31] and non-Abelian triangle quivers where we will also test the generalized Coulomb-
like expansion of refs. [60, 61], which fused the quiver invariants and the multi-center picture
of BPS states into a single practical machinery.

7.1 Abelian (k + 1)-gon

Let us start exploring Abelian (k + 1)-gon with arrows a = (aj, a2, -+ ,ar4+1), which will
serve as a prototype. This class of theories were explored from both Higgs and Coulomb
branches [30, 38] and the complete equivariant indices computed [31, 32]. This also lead to
the notion of quiver invariants that we will come back to after discussion of non-Abelian
generalizations.

The model has gauge group U(1)¥1/U(1)giag, bifundamental matters Xff) ~on the

ey
i-th edge and a generic linear combination of monomials of the form X ](»:;1) e X ](11) as the
superpotential. The gauge group is isomorphic to U(1)*, with it* = R*, under which the
i-th group of matters have charge Q; = e; for i = 1,... k, and the last group have charge
Qi1 = —e1 — -+ - — eg. There are (k + 1) phases Cy,...,Cxy1 where C; is the positive span
of all the charges except @Q;. We may assign R-charge 0 to the first k groups of matters
and 2 to the last group. Then, the g function reads

T <2zsni(7rz)>k - (7.1)
y <s1n(—7r(u1 — z))) 1<Sm(—7r(u2 — z))) : < sin(—m(—uy — - — uk)))> k1 |

sin(muy) sin(musg) sin(m(—u; — -+ — ug + 2)
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In the phase C;, we must take the residue at the intersection of the singular hyperplanes of
the fields except the i-group. For Cp41, it is the standard residue at the origin,

Ie,., = / d*u g(u,z). (7.2)

==l ==

For C; with ¢ = 1,...,k, it is the residue at u; =0 (j # i) and —u; —--- —u +2z = 0.
Because of the sign in front of u; of the last equation, we need to include an extra sign,

Ie, = (—1) / d*u g(u, z). (7.3)

lug|= i =lug|=¢

|—uy = —uptz|=c
This exactly reproduces the results of ref. [31] which were based on conventional index
theorem for the Higgs branch, also demonstrating that the Higgs branch captures the
entire index for this class of theories in all chambers.

As a simple example, consider the case k = 2 and a = (6,5,4). The is Example 3 in
section 2.4 with rank vector (1,1,1) and the number vector (a,b,c) = (6,5,4). The three
phases Cy, Ca, Cs are III, II, I respectively, in the notation of section 2.4 (see figure 3). The
index in these phases are

1 2 23
II: / dQUgU,Z — _7_7+7+23y_2y3_y5’ 74
(t2) y> oyl oy (7:4)
[ut|=|uz|=¢
1 24

=~ / Puglnz) = —Z5+ T+ 2y —y", (7.5)

[u1|=|—u1—uz+z|=¢

9 25

Iy = — d*ug(u,z) = ? + 25y. (7.6)

[ug|=|—u1—uz+z|=¢

In section 3.4, we worked out the I — II wall crossing of this example, as an illustration of
the mixed branch analysis. The formula obtained there, (3.59), reads

Aol = (D) P +y P +y Ty +y +y0) - (-1). (7.7)

We see that It + Ay, 11/ = Ij1 indeed holds. Of course, we can also look at the Hodge
diamonds of the phases and the wall crossing states, and find agreement.

7.2 Non-Abelian triangle quivers of ranks (k,1,1)

Now we will generalize this to non-Abelian examples. Here we will consider triangle quivers
(Example 3, section 2.4). When a rank vector is (k,1,1) and intersection numbers are
(a,b,c), there exist four phases at most. See figure 4. The gauge group [U(k) x U(1) x
U(1)]/U(1)giag is isomorphic to U(1) x U(k) by [g,w™,1] +— (w,g). With respect to a
basis {ep;e1,...,ex} of it*, where eg is for the U(1) factor and e, — eg are the roots of
U(k), the matter charges and the FI parameter are written as

QX = €0, QY"‘ = €a, QZa = —€0 — €q;, (78)
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2
C:C160+%(61+"‘+6k)- (7.9)

Here ¢! and ¢? are as in (2.84). We assign R-charge 2 to Z’s and 0 to others. Then, the g
function reads

(L Ty sinea(ue —ug))
1= () 11 40

2i sin by sin(7(uq — ug — 2))
" sin(—m(up —2z)) \" ﬁ sin(—7(uq — 2))\ ﬁ sin(—m(—uq — ug)) \°
sin(mug) ot sin(mug) L5 \sin(m(—uq — uo + 2) '
In chamber I, ¢ is a positive span of Qx and Qy1,...,Qy«, as is evident from (7.9)

and (7.8). A non-zero contribution comes only from the intersection of the corresponding
hyperplanes, (ug,u1,...,ug) = (0,...,0),
1
k!

uo|=lut|="=|uk|=e

I = A"y g(u, z). (7.11)

In chamber I, ¢ = (¢! —Cz)Qx-l-%(QZl +---+Qz,) is a positive span of Qx and Qz,’s. A
non-zero contribution comes only from the intersection of the corresponding hyperplanes,

(uo,ut,...,ux) = (0,2,...,2),

In = Lt / A" g(u, z). (7.12)

k!

luo|=|—u1—uo+z|="=|-up—uo+z|=¢

In chamber 1V, ¢ = (=C')(Qye + Qz.) + %(Qw + .-+ 4+ Qyr) is a positive span of
Qy1,...,Qyr and Qye + Qz, for any «, while in chamber III, ¢ = (¢? — (1) (Qye +
Qz,) + _TCQ(QZl + -+ Qz,) is a positive span of Qz,,...,Qz, and Qye + Qz, for
any «. In these chambers, a non-zero contribution can come only from the point p with
(ug,ug,...,ux) = (2,0,...,0), which is a degenerate intersection where 2k hyperplanes
Hyi,...,Hyr,Hy,, ..., Hz
of the JK-residue [45]. We first choose an element ¢ € it* which is in the same chamber as

meet. At this point, we employ the constructive “definition”

¢ with respect to the set Q(p) = {Qy1,...,Qyr,Qz,,...,Qz, } and is generic with respect
to all the partial sums of Q(p). Then, we set

JK—pReS(Q(p), () = Z v(F) R;s, (7.13)

FEFLT(Q(p)E)

where the sum is over a certain set of flags of it* determined by Q(p) and . See [45] or its
review given in [40]. Let us put

€(e) := C+e(ker + (k—1)ea + -+ + 2e5_1 + €g). (7.14)

For a small but non-zero ¢, this belongs to the same chamber as ( and is generic with
respect to all the partial sums of Q(p). In chamber IV, let us choose & = £(¢) with a small
positive €. Then, the sum (7.13) consists of a single term with the flag

{0} CRQy1 CRQy1 +RQy2 C - CRQy1 + -+ + RQyw C it", (7.15)
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which yields

-1
Iy = (k!)

res - res --- res g(u,z). (7.16)

uo=2z uR=0 u1=0
In chamber III, let us choose £ = &(e) with a small negative e. Then, the sum (7.13)
consists of a single term with the flag

{0} CRQz CRQz +RQz, C--- CRQz + -+ RQz Cit", (7.17)
which yields
-1 k+1
Inp =~—+— res - res --- res g(u,z). (7.18)
k! UO=Z URL=Z—UQ Ul =7Z—uQ

Let us present the result of computation for low values of k and (a, b, ¢). First, k = 2.
With (a,b,c) = (4,1,4), three chambers are empty and

I =0,
1 2 3
1112_75_73_7_3y_2y3_y57
y y y
Iy =0,
Iv =0,

which is consistent with the results derived previously from purely geometrical method [33].
Let us look at the cases where the indices are non-zero at all the four branches. When the
condition (2.90) is obeyed, say (a,b,c) = (7,3,4), the fourth phase boundary between III
and IV is actually moot, and no decay should be possible there. In accordance we find, the
indices at each chambers are

I = 10,

1 2
In= —+ 5 +13+2y° +y°,
y y

1
1111:7-1-114‘}’2,

y

1 2

If we take (a,b,c) = (7,4,5), for which (2.90) is violated, the indices all four chambers are
indeed different from one another as

Iy = 50, (7.19)
1 2 9 4
I = 7+—2+87+2y +y,
ytoy
1 2 4
I = —5+ 5+ =5 +89+4y” +2y" +y°,
y y y
1 2 4
Iv=—+—5+5+5M+4°+2y" +y°.
yooyt oy

Next, let us take k = 3. For (a,b,c) = (10,4, 3), we find
1 2

L =———-=—-2y—y>, 7.20
¥y (7.20)
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In =0,

1

I = ———vy,
y
1

Iy =——-vy.
Yy

while for k = 3 and (a, b, c) = (10,5, 3), we find

1 2 2

==+ -2 —7-2y*+2y* +y%, 7.21
yo oyt y? (7.21)
Iy =0,

11 N
=3 +5+1+y +y,

yt oy

1 4
IIV:7—7—9—43’2+Y4-

Yy y

The final example is for & = 3 and (a,b,c¢) = (10,4,4), which does have its own quiver
invariant. The indices are

I = 20, (7.22)
I = 20,
Ihm= 5 +5+224+2y" +y",

y y

12
Iv=—+ 5 +22+2y° +y*.
yt oy

Note that I-IV and II-I1I walls are simple for any k, and III-IV is also simple for & = 2.
There we can see how the simple wall crossing formula works.

I — IV. The data of the mixed branch is

(C) U(1) x {1k} Xi..a (1), Z{775 (1),
(H)  UKk) Y1 (k).

(C) has Néé) = a — kc and (H) has Higgs branch G(k,b). This yields
AL = Iggy - (—1)* *sign(a — ke)(y 1okt 4o g ylazkel =1y, (7.23)
II — III. The data of the mixed branch is

(©) {(w,w 1)} X1,a (1), V7 (-1),
(H)  U®k) 2" (k).

(C) has Néé) = a — kb and (H) has Higgs branch G(k,c). This yields

AL = Igge - (—1)* *sign(a — kb)(y 1o 7R 4o 4 ylakbl=1y (7.24)
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IV — III (k = 2 case). The data of the mixed branch is

©) {1, () Yo, (), Zp° (~1),
(H) U@) x U(1) X1, (0,-1), Y2 _,(1,0), Zy™(=1,1); W =>_ AJZIVX;.

(C) has N e(ff) = b — c and (H) has complete intersection M (A) of a hypersurfaces in
CP’! x CP°! as its Higgs branch. Thus,

AT = Tyg 4y (=1 sgn(b — o) (y "= 4 ylomel™h), (7.25)

These wall crossing formulae work in all cases above. For example, for the I-IV wall
in the model with k = 3, (10,5,3), we have Al = —Ig35) = —(y S 4+y 2yt +2+
2y? +y* +y9), in agreement with (7.21). As another example, let us look at the IV-III wall
in the model k = 2, (7,4,5), where Al = IMZ,s(A)' Note that MZ,5(A) is the intersection
of seven hyperplanes in a seven dimensional manifold CP? x CP* and hence is a set of
points, as many as (H; + Hy)” = 35. This matches with (7.19), as 54435 = 89. The mixed
branch analysis can also tell us on the Hodge diamond of the wall crossing states.

7.3 Quiver invariants

Now that we accumulated several examples, it is time to talk about quiver invariant. It is
instructive to recall the explicit example given at the end of subsection 7.1. The index and
in fact the full cohomology of this example can be worked out [31]. The Hodge diamond
for the three chambers are

1
0 O
1 0 2 0
0 O 0O 0 0 O
1 0 2 0 0o 0 3 0 O
26 26 0 26 26 0 0 0 26 26 0 O
1 0 2 0 0o 0 3 0 O
0 O 0O 0 0 O
1 0 2 0
0 O
1

This set of Hodge diamond shows an interesting behavior. The dimensions of each chambers
are different, and thus the size of the diamond. Yet, notice how the nontrivial entries along
the horizontal middle remain the same throughout chambers. In fact, more detailed analysis
of states shows that the entries along the vertical middle correspond to states that become
destabilized at the walls, while these 26426 states remain stable even at the walls.

This kind of behavior has been observed for all cyclic Abelian quivers, as demonstrated
precisely in refs. [30, 31]. For this class, the Hodge diamond consists of only two nontrivial
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lines, vertical middle and horizontal middle, just as in the above example; again, the vertical
middle of the Hodge diamonds correspond to states that are detectable in the Coulomb
description and are invariably become unstable at the walls, while states belonging to the
horizontal middle are visible only to the Higgs description and impervious to wall-crossing
instabilities. These wall-crossing-safe states have been dubbed “intrinsic Higgs states” [30]
or “pure Higgs states” [38]. The part of index counting these states only shall be called
quiver invariants, following refs. [30, 31], meaning that for any given they represents part
of spectrum invariant across all chambers.

For these Abelian cyclic quiver, a state is either Coulomb-like, meaning that it becomes
a multi-center bound state at a marginal stability wall, or “intrinsic Higgs.” The split is
clean, so we can define the quiver invariant as

1= QInv + ICoulomb . (726)

In the above Abelian triangle with linking numbers (6, 5, 4), for example, the invariant part

of the index is

26
Qgza| = — +26y. (7.27)
Inv y

There is a potential ambiguity at the center of the Hodge diamond, i.e. H(/25/2) when
the vacuum manifold is of even complex dimension s. For these cyclic Abelian quivers, the
ambiguity was neatly resolved by either the Lefshetz hyperplane theorem or by explicit
counting/construction in the Coulomb description [30].

For general quiver theories, such neat separation of states into two classes cannot
be true any more. As we saw earlier, for theories with rank large than 1, wall-crossing
states are often of hybrid type, approximately a product of Coulomb-like multi-center
wavefunction and tightly bound Higgs-like state. This implies that wall-crossing states,
i.e. states that become unstable at a wall can involve quiver invariants of one or more
subquivers as building blocks. Generally, given a quiver, one should find purely Coulomb-
like states which are multi-center states made from elementary centers, mixed states which
are again multi-centered but with one or more centers belong to the quiver invariant of a
subquiver, and then finally a single-centered wall-crossing-safe states, all contributing to
the full index. The Hodge diamond will no longer be as simple as above, yet it is clear that
there are states along the horizontal middle that are impervious to wall-crossing.

This idea, much in the spirit of mixed phase analysis we saw earlier, is physically
appealing but complex to incorporate; ref. [60] proposed a routine to do this, although
while keeping the quiver invariants as unknown input data. The idea is to break up a
quiver to all possible subquivers, labeled A, and then consider the quiver invariant Qf}w for
each of them. Each of these will act as a building block for wall-crossing states of the full
quiver. Such states can no longer be considered invariant under wall-crossing, yet cannot
be captured correctly if one only count the ordinary Coulombic states.

This tells us that the full index, if we view it from the wall-crossing perspective,
will have to involve a sum over many partitions of the quiver into subquivers, say, {4;}.

— 85 —



Schematically, we have

I=> " IEem x | [ (7.28)
{Ai} i

where each summand treats a subquiver A; as if it is a single charge center with the intrinsic
degeneracy Qﬁfv, and the index I&’?ﬁomb counts the index of the resulting multi-center dy-
namics. Much of machinery developed in refs. [26, 28, 29] can be used not only for Coulomb
branches of quiver theories but also for any multi-center bound state problems in R?® with
four supersymmetries, so Igg;l}lomb makes sense as a multi-center index. Computational
procedure for 7€°U°mP that enter in this expansion is very involved but well-established.
Because the index must correctly reflect the necessary Weyl projections, actual formulae
are a bit more involved than this naive one; please see ref. [61] for the complete prescription.

The sum includes the case where the subquiver is the original quiver itself, which
is precisely where wall-crossing-safe states of the original quiver enters and contributes a
term 1 X Q. In the other extreme, the sum also includes elementary subquivers, i.e., a
single node with rank 1, for each of which €p,, = 1. This shows that the quiver invariant
generalizes the notion of intrinsic degeneracy of a hypermultiplet BPS particle to that of a
single center BPS state of large internal degeneracy.

Theory by theory, isolating such invariant states is a well-defined, if tedious, exercise.
All one needs to do is to solve for ground states and observe which states become unstable
at marginal stability walls and which state never does. In particular, one can send all FI
constant to “zero” where all marginal stability walls collide, leaving behind only invariant
states. Systematic counting is a different matter since these theories are rather difficult to
handle at vanishing FI parameters.

In view of this situation, one could choose a practical viewpoint and consider this
equation as (recursive) definition of the quiver invariants. Then one begins to compute left
hand sides, we can refer to the right hand side and extract quiver invariants. The invariant
of one quiver will appear repeatedly in the index of larger quivers that can accommodate the
former as a subquiver. As we compute the index of quivers with increasing complexity and
ranks, we end up with a hugely over-determined problem therefore. The fact that we always
get consistent answers for {21, in examples below nevertheless, goes a long way to confirm
that the concept of the quiver invariant is robust and also that the above expansion scheme
actually works and catalog faithfully all possible Coulombic, mixed, and invariant states.

Let us now scan through examples of the above triangle quivers. For rank (2,1,1) and
intersection numbers (4,1,4), three of the four chambers are empty, implying vanishing
quiver invariant. In fact, the same is true of rank (1,1, 1) version of the same quiver, and
we find

=0=0,7
Inv

(7.29)

Inv

For intersections (7,3,4), quiver invariant for rank (1,1,1) is known to be null, and we
have

Coulomb 92,171

Iy = Ipnnnv + 9737 (7.30)

Inv
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from which we read off
2,1,1
Q? 3,4

s

=9. (7.31)

Inv
Next, with intersections (7,4,5), both (1,1,1) and (2,1, 1) quivers have nontrivial quiver
invariants, and they show up for (2,1, 1) quiver index as

2,1
Iy = IERM™ + Q2 (7.32)
Inv
and
1,11 2.1,1
I = Il(%ﬁlll%omb +1x Q05 + Q74 (7.33)
Inv nv
Thus, we find
il =49, Qppil =34, (7.34)
Inv Inv

where the latter number is independently confirmed by studying rank (1,1,1) quiver.

The least interesting examples among the rank (3,1,1) quiver is the one with inter-
section numbers (10,4, 3), because for each ranks (k < 3,1,1) there is at least one empty
chambers. This is borne out in the index computation also, and we find

2,1,1 A1
= Q10,4,3 = Q10,4,3

=0, (7.35)

Inv Inv Inv

and Iy are all purely Coulombic for k£ = 1,2, 3. Intersection numbers (10,5,3) is
a little more interesting. Although, rank (3,1,1) and rank (1,1,1) quivers both have an
empty chamber so that
3,1,1 1,1,1
Q1(),5,3‘111V =0= 9107573‘Inv . (7.36)

The quiver invariant of the k = 2 subquiver is nontrivial and enters the index of this k = 3

quiver as
__ 7Coulomb 1 2,1,1
Iy = Iy + |- -y ) xXQss (7.37)
y Inv
and
I = Iggo™ . (7.38)
Again comparison with the Coulomb computation shows,
21,1 6
Moss| = +6y, (7.39)
Inv y

which is again independently verified by directly computing Coulomb and Higgs indices for

the (2,1,1) quiver with (a,b,c) = (10,5,3). The final example is (a,b,c) = (10,4,4), for
which

3,1,1

Q1b,24

P

2,1,1
=19, Q10 4.4

P

1,1,1
= Q10,4,4
Inv

=0. (7.40)
Inv Inv
All these examples exhibit the expected behavior of how the quiver invariants in a self-

consistent manner.
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The interesting dichotomy seen in the cyclic Abelian quivers, between the Coulomb-
like SU(2)r multiplets and the invariant U(1)p states suggest that we can compute not
only the indices but even the full Hodge diamonds, through such recursive constructions
of BPS states.” Whether theses kind of ideas, including the notion of invariant part of
spectrum and the recursive build-up of BPS states will work for more general gauged
quantum mechanics remains to be seen.

8 Systems with N/ = 2 supersymmetry

In this section, we illustrate the index formula and wall crossing for N' = 2 supersymmetric
theories which do not have N/ = 4 supersymmetry. As explained in section 2.2, dependence
on the flavor twist is the most interesting part.

8.1 The CPN~1 model

The first example is the ' = 2 linear sigma model for CPY~!: the theory with gauge
group U(1), N chiral multiplet and Wilson line of charge g, such that % —q € Z. We have
already computed the wall crossing formula A7 in (5.9)—(5.11). Since there is no negatively
charged chiral multiplets, we have I = 0 for ( < 0. Combining these, we find that I = —ATl
for ¢ > 0, which agrees with the result in geometric phase (2.77)—(2.79).

Here we would like to compute the index (for ¢ > 0) with the twist by the SU(N)
flavor symmetry under which the chiral multiplets form the fundamental representation.

The twist parameter is written as (y1, ..., yn) obeying y; - - - yn = 1. Then, the g function is
x4 25
9= 5 : =W ; (8.1)
R
H(x2yz?—x 2y, 2) H(x—ei)
i=1 i=1

where we write 7/, 1 — ¢, to simplify the expressions. Therefore, the index is

N q+%fl
E.
I = .
i=1 | | (ei —€5)
J#i

os) a+>—1 N—
Z (-1 )55(1)2 65(2)2 T Es(N-1)
seEGN

- . (8.2)

[IGEi—<)

i<j

For q > the right hand side is the Weyl character formula'? for the irreducible

N
2

9We thank Ashoke Sen for bringing this aspect to our attention.
0The character of the irreducible representation of highest weight A of a simple Lie group is

Zwew(,l)f(w)gw@ﬂ?)
eP Ha>0(1 - 87&)
N—1_N-2

where p is half the sum of positive roots. For SU(N), we have e” = ¢}~ "&;
of this formula is [T, _;(ei —&;).

(8.3)

xa(e) =

--en—1 and the denominator
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representation of SU(N) with highest weight 5? 3 , l.e., the (q — —) th symmetric power
of the fundamental representation CV. Since ¢; = yZ , the actual representation is its
dual, S9° (CN )*. In fact we had seen this already on the Coulomb branch (3.40). Also,
this is consistent with the fact that holomorphic sections of O (q — E) over CPY~1 are
polynomials of degree (q — —) of the homogeneous coordinates, and hence transform as
Sq_%(CN)* under SU(N). For |q| < &, this vanishes since a pair of ;’s have the same
power in each term of the numerator on the right hand side, and hence there is a pairwise
cancellation in the permutation sum. The vanishing I = 0 can also be seen easily by
deforming the z-integration contour to 0 and oco. For q < —& it is better to write the

first line of (8.2) in terms of y;’s as

—q+——1
— ()N Z H (8.4)

J#i

Up to the sign, this is the Weyl character of the representation S —a=5 N of SU(N). This
is consistent with the expressions of the wavefunctions on the Coulomb branch (3.41).

The above result is consistent with a particular case of the Borel-Weil-Bott theorem [65,
66]: as a representation of SL(N, C),

SIHCN)* i=0,j>0
STI-NCN =N -1, j < —N, (8.5)

0 else.

I

H'(CPY1,0(j))

8.2 Grassmannian

We next consider the model with gauge group U(k), N chiral multiplets in the fundamental
representation, and the Wilson line in the det? representation. The anomaly free condi-
tion is q + ﬂ € Z. When N > k, the chamber ¢ > 0 is the geometric phase with the
Grassmanman G(k, N) supporting the line bundle § = O(q — —) For N < k or for ¢ <0,
supersymmetry is broken.

Let us compute the index with the twist by the SU(N) flavor symmetry. The g
function is

i=1a=1
at+d —k+1
'1"1 PN xkj 2
= (xa - fL‘b) ( ) > (86)
a#b H($a €:)
i,a
where we set y; ' — ¢;. The singular hyperplanes are at x, = ¢; and the isolated

intersections are where, for each a, z, = ¥;, for some 7,. Note that the residue vanishes
when i, = i for a # b. In particular, the index vanishes when N < k where this is

— 89 —



unavoidable. Since we have 1/|W| = 1/|Sk| in front, we just have to sum over a subset
{i1,...,ix} of {1,..., N} consisting of k distinct (unordered) elements:

I = Z H Eia — Eiy) 6“ -
{i1,eein }C{1,...,N} az£b H H (€ia —€5)

(H €¢)Q+]2V—k Z (1)) [(51 T

i€l se6Gn
_ _ . (8.7)
Ic{;N} H H H(ez —&5)

M=k el jer i<j

'Eik)q+ 2 ~F

For q > %, the right hand side is the Weyl character formula for the irreducible represen-
tation of SU(N) with highest weight (eq - - '€k)q_%. Since €; = y; ', it is the character of
the dual of that representation. By the Weyl dimension formula, the untwisted index is

F (e — 5+ - E g+ Y ')'(k—z’)!
Iyl = || J || ) )

For |q| < %, the index vanishes, I = 0, since a pair of g;’s have the same power in each
term of the numerator of (8.7), yielding pairwise cancellation of the permutation sum. For
q < —4, it is more convenient to use y;’s, in terms of which the middle expression of (8.7)

(I1#)
[ = (-pFN=h %~ e — (8.9)

can be wrltten as
—q+ 5k

Up to the sign (—1)¥(N=F) this is the character of the irreducible representation of SU(N)
with the highest weight (y; - - - yk)qug.

The above result is consistent with a particular case of the Borel-Weil-Bott theorem [65,
66]: as a representation of SL(N, C),

‘ V;‘EaJr---Jrek) i=0,720
HY(G(k,N),0(j)) =  ViLj-N)(erttep) i = k(N —k), j < =N, (8.10)
0 else.

8.3 Distler-Kachru model

We next consider the Distler-Kachru model (Example 2, section 2.4). We recall the data
of the model in the table below:

Xl,...,N P 5 771,...,M
Uy 1 =t —d q..um (8.11)
Ulp| 0 1 0 -1
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The ¢ function is

(@ e [ Ty 2Ty ) iy (@ = D] —y)
(A pp vy s g s YO A G- DV D)
(8.12)

k:—;<d+;qa—N—£>. (8.13)

Note that the anomaly free condition is & € Z. Index computation is strightforward Let
us consider the case M = N — 1, g, = 1, £ = 2, in which case k = %53 (d must be odd).
Then, the index Iy 4 is, in the geometric phase,

I2+,d =d, (8.14)
I, = —dy ™% +dy3, (8.15)
d3 + 23d dB—d dd>—-d
If, = — "yt 1
4d o1 Y 5 T ¥ (8.16)
BP4+11d s d3—d 1 d*>—13d 1 3
I;d:—Ty 2 + 6 Y Q—Ty2+0-y2, (8.17)

and in the Landau-Ginzburg phase,
1 51 P41
_ _d—1 Y2 — da—1 Y2
Ing =3y * ( T + (=177 ) (8.18)
yz —1 yz +1
y_[%]+...+y +1+y+ +y[4 N even,
_[MHL [7} 1
y L4 2 4ty 2—|—y2+ -ty 2 N odd.

The simplicity in the Landau-Ginzburg phase is remarkable. Let us try to understand
it. Recall that the model has gauge group Z, = Zs and has chiral multiplets Xi,..., Xy
of Zy x U(1)p charge (1,3), a fermi multiplet ¢ of charge (d, —7) and fermi multiplets
n',...,nN=1 of charge (1,—1). The U(1)p charges are different from (8.11) but that is
because P has a non-zero value and its U(1)p charge has to be cancelled by dressing
it with the original U(1) gauge symmetry. The model also has the superpotential
W = f(X)+ D, 9a(X)n* In the present model, go(X) are linear in X and f(X) is
of degree d in X. From the genericity requirement stated in section 2.4, we can find a
coordinate such that ¢1(X) = Xo,...,gn-1(X) = Xx, and that the coefficient of Xfl in
f(X) is non-zero. The space of supersymmetric ground states is the 23-cohomology space
before the orbifold projection, and it is easy to see that they are generated by elements of
the form Xf]O) (j=0,1,...,d—1), where |0) is the Clifford vacuum annihilated by ¢ and
n®’s. Orbifold projection is done by selecting Zs invariant elements, but the problem is to
find how Zy acts on [0). To see this we look at the charge of the Clifford vacuum under
the original U(1) gauge group. The vacuum |0) is annihilated also by v;’s and ¥p. Then,
the conjugate invariant charge assignment fixes the charge of |0) to be N — %. In this
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way, we find that the generator of Zsy acts as
0) — (—1)Z Vo). (8.19)

This determines which of X f |0) should be selected. It is evident that the resulting index,
with (=1)¥ =1 on |0), is equal to (8.18).

Let us see how the wall crossing happens, using our analysis on the Coulomb branch
in section 3.3. We consider the case N = 2 in the above series.

The index in the geometric phase is d as in (8.14). This can be directly checked
as follows. For ¢ > 0, the low energy theory is the non-linear sigma model on the
hypersurface f(X) = 0 of CP! with the fermi multiplet with values in the kernel of g (X).
The hypersurface consists of d distinct points for a generic choice of f(X), and g;(X)
is non-zero at each of them. Thus, the target space is the set of d points and there is
no fermi multiplet. We see that there are d supersymmetric ground states which are all
bosonic and have U(1)p charge zero.

Let us now work out the Coulomb branch. The vacuum equation (3.47)—(3.48) reads

c0<0: nx=0, np=0, mx=0, mp=1,

x|+ 2np| + dme + (1 —my) = k. (8.20)
c>0: nx =0, np=0, ]'mX]:2, mp =0,
Inx| + 2/p| + d(1 — me) +my = £, (8.21)

Let us discuss each d one by one.

When d = 1, k is negative, and there is no solution. That is, there should be no wall
crossing. This is indeed consistent with IQJf 1 =I5, = 1. Also, we have seen that there is
a unique ground state of U(1)r charge zero, for both ¢ > 0 and { < 0. It is natural to
expect that it is the unique ground state of the system all the way from ¢ > 0 to ( < 0.

When d = 3, k is zero, and the above equation has a unique solution with all n’s
zero. This means Neg = 1 > 0. Therefore, for ¢ > 0, there is a unique Coulomb branch
vacuum for each of ¢ < 0 and ¢ > 0, both bosonic and with Qr = 0. For { < 0 there
is none. That is, there are two wall crossing states that go out as ( goes from positive to
negative. This is consistent with I;f 3 =3 and I3 =1, and also to the fact that there are
three supersymmetric ground states for ¢ > 0 and one for ¢ < 0, all with vanishing U(1)p
charge. As ( goes from +o00 to —oo, two of the three ground states become wall crossing
states and go out, while one of them stays till the end. We may write the process as

Qr | 0
(>0[ooo0
¢~ +0Jo
¢~ —0
(< | o

(8.22)

|O
fe)

(@]

Here, a white circle means a bosonic supersymmetric state and an underlined circle means
a wall crossing state that goes out as ¢ ™\, 0.
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When d = 5, then k£ = 1, and there are six solutions in total, all having Neg > 0.
Thus, they correspond to wall crossing states at small positive ¢ that go out as ¢ \ 0.

Their profiles are as follows:

support state (—1)F Qp number

o<0 lo| ecaa}(ﬁ@P‘mosc +1
1 o
|o|2 e Y pl0)osc -1
o>0 ||o] e,gga&£¢1¢2)\|0>080 +1
PR
o2 e Cafn¢1¢2A’0>osc -1

0 2
1 1
0 2
-1 1

They induce the following change of the index,

Acl(y®r) =y ' —4+y

(8.23)

(8.24)

This is consistent with IZ5 =5and I ; = y~ '+ 1+y. However, the total number of states

(six) is bigger than the number (five) of the ground states at the starting point, and some of

them are even fermionic. This may be understood as follows: as ( is decreased from large

positive to small positive, two boson-fermion pairs of states, one pair with charge 1 and

another pair with charge —1, descend to have zero energy. As ¢ N\, 0, four of the bosonic

states of charge 0 and the fermionic states of charges 1 and —1 run away to infinity. For

¢ < 0, there remain three bosonic states of charge —1,0,1 supported at the origin ¢ = 0.

This process may be written as

Qr |-1| 0 1

>0 000O0oO0

(~+0joelococooloe

(~—0| o o o

(<0]o o o
Here, a black circle stands for a fermionic ground state.
We can continue in the same way. Here are the next few:
Qr -1 0 1
(>0 0000000
d=T7:/(~+0jcoeecoooooolocese
(~—=0 o o o
C<< 0 e} (e} )
Qr -2 -1 0 1 2
¢>0 90’s
d=9:|¢~+0 cooeeeof80sjooceee
(~—0] ©° o o o )
(<0]| o o o o o
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(8.25)

(8.26)

(8.27)



Qr -2 -1 0 1 2
(>0 110’s
| ~40jooeelo+30's+4e’s|o+100's|o+30's+4e’s X
(~-0locowe o o o oe
(<0 o ) o o o

(8.28)

Overlined circles are wall crossing states that come in as ( enters the negative region.
(Equivalently, states that go out as ( * 0.) To be precise, there is an ambiguity in d = 7
andd=9. Thed =7,Qr = 1 and d = 9, Qr = +2 entries involve N.g = 0 states, whose
fate is not clear just from the Coulomb branch analysis. The above is a minimal possibility.
The actual process could have been another minimal possibility:

d=7
QF:il. o coe

coee coee

d=9, ce
Op = +2 : (8.29)

ol
o

8.4 Triangle quiver

We consider the N’ = 2 triangle quiver, with the gauge group G = U(1); x U(1)y, three
groups of chiral and three groups of fermi multiplets,

Xi,a Yoy Ziemy ™M oM gy M2
U(1), 1 0 -1 -1 1
U(1)2 0 -1 -1 0 1 (8.30)
Ul)p| 1 0 -1 0 -1
Ul)r| O 1 0 -1 -1 0
and the superpotential
M3 M, M>
W= fs (X, V0] + > fraY, Z)08 + Y fos(Z, X )13, (8.31)

fy:l a=1 ﬁzl

where f3,(X,Y), fia(Y,Z) and fop(Z, X) are generic bilinear polynomials of the two en-
tries. The system has U(1)p, x U(1)p, flavor symmetry whose charges had been listed
above in advance. The anomaly free condition is

a+c+Ms+ M, €2Z, b+c+ Ms+ My e 2Z. (8.32)
The D-term equations read
IXI2=1ZIP=¢ VIR =127 = ¢ (8.33)
and the F-term equations read
f3y(X,Y)=0Vy, fia(Y,Z)=0Va, fp(Z,X)=0Vp. (8.34)
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The theory has three phases, just as in figure 3, and their nature depends very much on
the numbers (a, b, c) and (Ms, My, Ms). The g function reads

_ (2i sin(m(uy + ug + 21 + 22)))M3 (26 sin(m(—uy + 22)))M (20 sin(m(—ug + 21))) M2
(2isin(m(uy + 21)))*(2i sin(m(ug + 22)))°(2i sin(m(—uy — u2)))¢

_atMo+Ms  b+My+Mg
2

— (_1)c+M2+M3y1 Ys 2 >
atc—Mj—Mg3 bitc—Mo—M3 (o —1 Ms T — My To — Mo
2, 5 s 5 ( 1T2Y1Y2 ) ( 1 y2) ( 2 Z/l) (8.35)

(21— y; (w2 — yo 1)o(w129 — 1)°

We consider the case (a,b,c) = (1,3,3), (M3, My, My) = (2,2,2) in detail. In Phase I,
the vacuum equations require Z = 0 and that (X,Y) is at a point of CP? determined by
f31(X,Y) = f32(X,Y) = 0. Of the six fermi multiplets, five mixes with the fermions of the
chiral multiplets and only one of the 77% 2 remains massless. With respect to the two flavor
symmetries, which are modified by the gauge symmetry so that X and Y are neutralized,
77%’2 has charge (—1,—1). Therefore, the index is

101 1

I =y2ys —y; 2y,

3 (8.36)

Phase II has a similar structure, and the index is the same as in Phase I,

1
— Y 292 i (8~37)

In Phase III, the vacuum equations require X = 0 and that (Y,Z) is in the complete
intersection X of the hypersurfaces f11(Y,Z) = f12(Y,Z) = 0 in CP? x CP%. (X is the
del Pezzo surface of degree 6 —the blow up at three general points of CPQ.) The fermions
ni 2 mixes with the superpartner of the two transverse directions of X in CP? x CP2. Of
the four remaining fermions, 77:,1”2 and 7]%’2, one mixes with the superpartner of X and we

are left with the three spanning the vector bundle £ defined by

0= & — 00,1225 01,022 B nq 1y 0. (8.38)

Ground states correspond to Dolbeault cohomology classes with values in!!

§=VEx®det 2EQAE = (AE)(—1,—1)
=0(-1,-1) @ £(-1,-1) @ (A2E)(-1,-1) ® O. (8.39)

Using Riemann-Roch formula, we find that the Dolbeault indices of the four terms of
the last expression are 1, —1, —1, 1 respectively. Since n3’s and 72’s both have the
U(1)p, x U(1)p, flavor charge (—1,—1), again after neutralizing y and z, we find that the
index in this phase is

|wo

11
2

3 1
Iy = 3/12922 + yfyz - Y 2y2 — Y "Yy " (8-40)

It is straightforward to check that the above indices in the three phases agrees with the
ones obtained from (8.35) by the residue computation.

11n the final equality, we use A*E = O(1,1) that follows from (8.38).
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Let us now discuss the wall crossing. We first consider the I — III crossing. There we
have a mixed branch with the unbroken gauge group G; = U(1); and broken gauge group
G/G1 =2 U(1)y. The Coulomb and Higgs parts of the fields are

(C) X (1,0]1,0), Zias (—1,-1[0,1), 3% (=1, =1 —1,0), 5> (1,0[0,-1),
(H) Yias (1]0,0), ny* (1] —1,-1).

Inside the parenthesis are the gauge and the flavor charges, copied from (8.30) except that
the U(1)p, charges are modified so that the Higgs fields Y) 23 are neutral. For the fields
in (H), we omit the G; = U(1); charges which are trivial by definition. The charges under
U(1)2 are regarded as those under G/G1 = U(1)2. Let us first analyze the o1 < 0 mixed
branch. The equation (3.47) has a unique solution which yields Neg = —2. Thus, there is
no supersymmetric ground state for ¢! > 0 and a unique supersymmetric ground state of
the form (3.52) for ¢! < 0:

g ~— — — 1 111
(Cac) = [or e R D DB (—3l305)- (84D
We listed the charge of the state under G/G1 xU(1)p x U(1)g,, from (3.54), which provides
the background charge in the effective theory on the Higgs branch. The Higgs branch theory
is thus the CP? model with Wilson line q = —% and the fermi-multiplet with values in
£ = O(1)®2. Ground states correspond to Dolbeault cohomology classes with values in

§=VEKgp: @det 2ERNE® O (—;) = (AE) (=3)
= O(=3)® 0(-2)*2 @ O(-1). (8.42)

There is a unique Higgs vacuum corresponding to H*?(CP?,O(-3)) = C. Since 17;’2 have
U(1)p x U(1)p, charge (—1,—1), their oscillator vacuum, which corresponds to the term
O(-3) in (8.42), has charge (1,1). Taking the background charge (8.41) into account, we

find that the ground state has charge (2,3). Note also that it has (—1)F = 1 if |0),g, is
3 3

even. Therefore, it contributes to the change in the index by +y;y5. Let us next analyze

the o1 > 0 mixed branch. The equation (3.48) has a unique solution with Neg = —2. Thus,

there is a supersymmetric ground state only when ¢! < 0 which is of the form (3.53):
_ 1 1 1
(Covac) = forl T B0 (5]~ 53 )- (5.43)

The Higgs branch theory is the CP? model with with Wilson line q = % and the fermi-
multiplet with values in & = O(1)®2. Ground states correspond to Dolbeault cohomology
classes with values in

§ = VEgp: ©det 2E @ NE® O (;) = (7€) (=2)
= 0(-2)® 0(-1)* a 0. (8.44)

There is a unique Higgs vacuum corresponding to H9(CP? 0) = C. The state 74775/0),
which corresponds to the term O in (8.44), has charge (—1,—1) under U(1)gr x U(1)g,.
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Taking the background charge (8.43) into account, we find that the ground state has charge
1

(—%, —%). Note also that it has (—1)F = —1 if |0)
3 3

the change in the index by —y; 2y, 2. To summarize, the change in the index for the I —

osc 1s even. Therefore, it contributes to

III wall crossing is
3

3 3

2y, 2. (8.45)

3
2

Al = yiys —

The IT — III crossing is similar and we find the same expression for Al as above,

|wo

3 _3 _3
2

Ansml = yiys —y 2y - (8.46)

Finally, let us consider the I — II crossing. There we have a mixed branch with the
unbroken gauge group G; = U(1)2 and broken gauge group G/G; = U(1);. The Coulomb
and the Higgs parts of the fields are

(C) Yias (0,100,1), Zigg (—1,—1]1,0), 13 (=1,-1]0,=1), 5, (0,1] = 1,0),
(H) X (1]0,0), 5% (1] —1,-1).

The gauge and the flavor charges are copied from (8.30) except that the U(1)g charges
are modified so that the Higgs field X is neutral. For the fields in (H), we omit the
G1 = U(1)y charges which are trivial by definition. The charges under U(1); are regarded
as those under G/G; = U(1);. The supersymmetry equation for the matter sector, (3.47)
for o9 < 0 and (3.48) for oo > 0, has no solution. Thus, there is no supersymmetric
ground states in the mixed branch theory for both ¢? > 0 and ¢? < 0. In particular, the
index does not change,

Al = 0. (8.47)

The results for the index, (8.36), (8.37) and (8.40), are consistent with the wall crossing
formulae, (8.45), (8.46) and (8.47).
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A 1d N = 2 supersymmetry

A.1 1d N = 2 superspace

The N = 2 superspace has time coordinate ¢ and fermionic coordinates # and 6. Super-
symmetry is

§=—eQ+eqQ, (A1)
where Q and Q are differential operators
g i-0 — o 1,0
= —+ 60— = —— ——0— A2
Q=9 2% VT g2l (A-2)
which satisfy Q? = QQ =0, {Q,Q} = —id;. They commutes with another set of operators
0 i-0 — g i, 0
D=——-6— D=—-——+-0— A.
a6 2 o 96 2 ot (#-3)
which satisfy D? = D’ =0 and {D,D} = i0.
A chiral superfield ® is a superfield satisfying D® = 0. It can be expanded as
D=+ 00— %9% (A.4)
Supersymmetry variation of the components fields follows from (A.1)
(5¢ = —€¢»
5 = ic . (A.5)

A fermi superfield 9) is a fermionic superfield satisfying DY) = E(®) with E(®) a holo-
morphic function of a chiral superfield ®. It is expanded as

D =n—0F — %0@7‘7 —9E(®). (A.6)
Supersymmetry variation of the components is

dn = eF +€E(¢),

OF =€ (—in+ V' 0,E(8)). (A7)

For the chiral and fermi superfields as above, we have (= stands for equality up to total
derivatives)

/ 40d0 i®d = ¢ + v, (A.8)

[ 64899 = imi+ FF - |E@)F ~m0.E@) - ToE@n.  (A9)

For a set of fermi and chiral superfields 92, J,(®) with D9 = E%(®) and E*(¢)J,(¢) = 0,

the combination 2%.J,(®P) is a fermionic chiral superfield, for which we can take

[a6(0°0a(@)),_ = -1 0uda(@)’ ~ Fa(9), (A.10)

This is the F-term associated to the superpotential 20 = 9 J,(P).
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A.2 Gauge theory

The vector multiplet consists of a gc and an ig valued superfields Q and V(=) which
transform as

e — ntek, V) — NV e+ kN, (A.11)
where k is a G-valued superfield and h is a G¢-valued chiral superfield,
k'=k"', Dh=0o. (A.12)
One may define the covariant derivatives
D:=e¢De, D= 2D e_m, Dg_) = 0y + iV (), (A.13)

which are invariant under the chiral gauge transformation by A but transform covariantly
under the unitary gauge transformation by k:

D—k'Dk, D—k'Dk, D7) kD k. (A.14)
The first two of them satisfy the relations
D'=D2=0, {D,D}=iD" :=i(@ +iVH), (A.15)
for some superfield V(). We define the field strength superfield by
Y :=[D,D7]. (A.16)

It is unitary covariant, Y — k~'Tk, and (covariantly) chiral, DY = 0. The gauge kinetic
term is

Lyage = / a0 o Tr Y. (A7)
For a G-invariant linear form ( : ig — R, we have the FI term
Ly = / dede ¢(v )y, (A.18)
For unitary covariant chiral and fermi superfields ® and %), the kinetic terms are
Lenical = / d0d0 id D VP, Lipmi = / 46doD)Y. (A.19)
Component expressions. Let us define the Wess-Zumino gauge as
Q= —%eé(vt + o). (A.20)
The residual gauge symmetry is
k=g, h=g-— %e@g, (A.21)

for a G-valued function g of t. For this choice, we have

D=-05+56D(", D=0 - 360" (A22)
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where

()

D, =D, +ioc =0 +i(vy £ o).

We may write
V) = w, — o — X — i\ + 66D,
O = ¢+ 00— %0§D£+)q§,

D =5 0F — %eépgﬂqp, —9E(®).

(A.23)

(A.24)
(A.25)

(A.26)

They transform covariantly under the residual gauge transformations (A.21) except iv; —

g Yivig + g7 1g. The field strength superfields is then written as

Y = —\+0(Dyo+iD) + %0@D§”A,.

(A.27)

Under the supersymmetry § = —eQ + €Q, the Wess-Zumino gauge is not preserved. To

bring things back to the Wess-Zumino gauge, we need to perform the following unitary and

chiral gauge transforms (to the first order):

UVt + 0 v+ o

2 )

k=1+0¢ + fe h =1+ 0e(vy + o).

This way, we find the supersymmetry transform of the component fields:

ovy = —do = %eX%— %E/\,
oA\ = €(Dt0'+’iD),

1 (= 1
5D = §eD§+>A - §€D,§+))\,

5¢ = —6%
5 = ieD{ Mg,

on = eF +€E(¢),
JF = ¢ (—iDt(+)17 + wi@-E(gb)) .

The supersymmetric Lagrangians have the following expressions:

o1 -
Leauge = 2—€2Tr [ (Dt0)2 + 1A Dt(+))\ + D? } ,
Ly = —((D),

Leniral = DidDid + i D9 + 3 {D — 62} ¢ — igp ) + ipA,

Lfermi = Zﬁ D1£+)T] + FF - WE(QS) - ﬁalE(gb)d)Z - ﬁ@%ﬁ
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(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)
(A.34)

(A.35)



A.3 Non-linear sigma model

We consider a Kédhler manifold (X, g) and a holomorphic vector bundle with a hermitian
metric (£,h) on X. Locally, the Kéhler metric is written using a Kéhler potential as
gi; = 0;0;K, and the fiber metric h is expressed as a hermitian matrix h,z = h(eg, eq) for
a choice of local holomorphic frame {e,}. The variables are X-valued chiral superfield @
and £-valued chiral fermi superfield ). Their kinetic terms are

/ d0dfi0; K (P, ®)d" = giﬁq'si +ig@@7thpi, (A.36)

0 =\ =0 - —B a B a8 =p o
/ d0d0 h5(®, B)ET Y = ihy s D™ + hogl FLs b0 + hogE B, (A37)
where
Dy = ' + ¢TI 0%, D™ =" + <Z5jA?5775 (A.38)
with I’;k, = gﬂajgkj and A;‘B := h*79;hgy which are the connection forms of T'x and & in

the holomorphic frames. Also, Fﬁaﬂ is the curvature of &,

Fi's == (0i 47 — 054; + [Ai, A7)y = —h™ (51'55’1/% - aﬁhﬁhé@&hﬁ@) (A.39)

and F' are the covariant auxiliary fields,
Fo o= F* — 7 A%, (A.40)

F’s are covariant because F’s transform inhomogeneously under the holomorphic frame
change ey = €qag% as F'* = gO‘B,Fﬁ/ — wi&-g%,nﬁl, which follows from )% = gaﬁ,(CD)QJBI.

A.4 N = 4 theories

An N = 4 vector multiplet consists of an N = 2 vector multiplet (2, V(7)) and an N = 2
chiral multiplet ¥ in the adjoint representation. An A = 4 chiral multiplet consists of
N = 2 chiral and fermi multiplets in a representation, ® and %), which obey DY) = X®.
An N = 4 supersymmetric Lagrangians are

Lymuge = / a0 5T [ D8 4 T (A41)
Lehival = / d6dg [@Dﬁ@ + @@} , (A.42)

(A.43)

Ly = Re/d@ﬁ)i&-W@) ‘9—0’

where W (®) is a gauge invariant and holomorphic function of ®. They are the dimen-
sional reductions of the gauge kinetic term, matter kinetic term, and superpotential term,
respectively, in 4d N =1 or 2d (2,2) gauge theories. The FI term (2.7) is also N’ = 4
supersymmetric.
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