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Introduction

The AdS/CFT correspondence [1-3] represents a remarkable tool in the study of the
strongly coupled gauge theories which can be mapped to a dual, weakly coupled gravi-

tational description. The correspondence is best understood, and mostly used, in the limit

in which both N and A, the rank of the gauge group and the 't Hooft coupling of the

gauge theory, respectively, are infinite. This maps to the classical supergravity limit of

the string side. Investigating departures from this limit implies introducing o’ and loop



corrections for the string and it is clearly of the utmost importance for a series of reasons,
from achieving a deeper understanding of how the correspondence works in larger regions
of the parameter space, to modeling more realistic gauge theory systems, where N and A
are obviously not infinite. A systematic treatment of o and loop corrections is however a
tall order, given their complexity. For example, the leading finite coupling corrections to
type IIB supergravity arise as stringy corrections with schematic form o/3R*.

One more modest approach is to consider simple generalizations of Einstein gravity,
where higher curvature corrections are under control and calculable, in the hope to gain
some qualitative understanding of the effects they might have and, perhaps, uncover some
universal properties. A well-studied family of corrections is represented by Lovelock theories
of gravity [4-7].} These theories are defined as natural extensions of the Einstein-Hilbert
action to dimensions higher than four. The main characteristic of Lovelock gravities is
the fact that, albeit being defined in terms of higher curvature/derivative terms, they yield
second order equations of motion and are free of pathologies. The first Lovelock correction,
which is present already in five dimensions, is given by the Gauss-Bonnet (GB) term, which
is quadratic in the curvature. Another point of interest in this correction is that, besides
being calculable, it possesses a wealth of exact black hole solutions with AdS asymptotics;
see e.g. [11, 12] and [13] for a comprehensive review.

It is clearly worthwhile to try to find as many new solutions as possible and increase
the arena of models where explicit computations can be performed. With this motivation
in mind, in this paper we consider a GB correction to Einstein-Hilbert gravity in five di-
mensions with a negative cosmological constant and a coupling to an axion-dilaton field. It
is not clear whether this system might be obtained by some string theory compactification,
so that our philosophy in this work is ‘bottom-up’.

The first result of our analysis is a new solution of the equations of motion representing
a black brane with a translationally invariant but anisotropic horizon. The force responsible
for keeping the horizon in an anisotropic state is furnished by the axion field, which we
take to have a fixed profile in the radial coordinate but to depend linearly in one of the
horizon coordinates. This is similar to what has been done in [14] and later in [15, 16].
This new solution is interesting from a purely General Relativity point of view, for it opens
up the possibility to study the thermodynamics of a black brane which depends on several
parameters (the temperature, the GB coupling and an anisotropy parameter), presumably
giving rise to a rich phase space. In this paper we move a first step toward the study of such
thermodynamics by computing the boundary stress tensor, which represent our second and
perhaps most important result. This computation requires the machinery of holographic
renormalization. More specifically, we use a Hamiltonian approach to the problem, rather
than the more commonly used Lagrangian one, in the incarnation of the recursive Hamilton-
Jacobi method developed in [17] for the AdS-Einstein system with axion-dilaton (without
higher derivative corrections). Holographic renormalization of Einstein gravity with the
GB term, but without any other field turned on, has been performed in [18].

'Reviews on Lovelock theories with an emphasis on their relevance in the AdS/CFT context can be
found in, e.g., [8—10].



A more applied motivation for our work is given by the study of the quark-gluon
plasma (QGP) produced in the ultra-relativistic collision of heavy ions at RHIC [19, 20] and
LHC [21]. Contrary to naive expectations, this plasma turns out to be a strongly coupled
fluid [22, 23], rather than a quasi-ideal free gas of quarks and gluons. This fact renders
a perturbative approach of limited applicability and motivates the use of the AdS/CFT
correspondence; see [24] for a review of applications of AdS/CFT to the study of the
QGP. One of the diagnostics of the strongly coupled nature of this fluid is represented
by ‘elliptic flow’, i.e. the anisotropic evolution of the fluid in the initial stages before
isotropization. Recently, there has been some interest in modeling this anisotropy at strong
coupling [15, 16] and in studying how various observables may be affected by it. Some of
the studies that have been performed include the computation of the shear viscosity to
entropy density ratio [25, 26], the drag force experienced by a heavy quark [27-29], the
energy lost by a quark rotating in the transverse plane [30], the stopping distance of a
light probe [31], the jet quenching parameter of the medium [28, 32, 33], the potential
between a quark and antiquark pair, both static [28, 32, 34, 35] and in a plasma wind [34],
including its imaginary part [36], Langevin diffusion and Brownian motion [37-39], chiral
symmetry breaking [40], the production of thermal photons [41-43] and dileptons [44], and
the introduction of a chemical potential [45, 46]; see [47] for a review of some of these
computations and [48] for similar computations in a fluid with dilaton-driven anisotropy.

In order to achieve a more realistic model of the anisotropic plasma it is obviously
important to relax some of the assumptions (like the infinite coupling and infinite number
of colors) that go into the simplification of having a classical gravity dual. The GB cou-
pling that we introduce here corresponds to allowing for different central charges, a # ¢,
in the gauge theory [49-51]. We compute these two central charges for our particular so-
lution, verifying that they are indeed different. On general grounds, looking at how higher
derivative terms affect physical observables on the gauge theory might also be useful to
constrain the string landscape, e.g. by excluding regions of parameters that would result
in pathologies, as advocated for example in [12, 52]. As a final, concrete application of our
geometry we compute the shear viscosity over entropy density ratio (in a few, equivalent
ways) and the plasma conductivities.

This paper is organized as follows. In section 2 we present our solution and compute its
temperature and entropy density. In section 3 we carry out the holographic renormalization,
obtaining general formulas for the expectation values of the stress tensor and of the axion
and dilaton operators. In section 4 we specialize those formulas to the case at hand and
discuss the various features of energy density and pressures. In section 5 we use the solution
as a model for a strongly coupled anisotropic plasma and compute various transport coeffi-
cients of interest, such as the shear viscosity over entropy ratios, both along the anisotropic
direction and in the transverse plane, using the membrane paradigm. We finally discuss our
results and outline possible future extensions of our work in section 6. A series of appendices
contains some of the more technical details of our computations, like the explicit derivation
of the solution and the derivation of the shear viscosity tensor using alternative methods.



2 Action and solution

We are interested in five-dimensional gravity with a negative cosmological constant and
the inclusion of a Gauss-Bonnet term, which we also couple to an axion-dilaton system in
the following way

12 e2® 02
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The scalar fields ¢ and x are the dilaton and axion, respectively, Agp is the (dimensionless)
Gauss-Bonnet coupling and

Lop = R* — 4R R™ + Ryppys R™S (2.2)

is the Gauss-Bonnet term. £ is a parameter with dimensions of length that we set to one
in what follows, without loss of generality. We use the Latin indices m,n, ... for the five-
dimensional coordinates (¢, x,y, z,u), with u being the radial coordinate. The term Sy is
the usual Gibbons-Hawking term, necessary to render the variational problem well posed.
When Aqg = 0 the action above can be obtained from type IIB superstrings [15, 16], but
this is no longer true when the Gauss-Bonnet coupling is turned on. In fact, it is not clear
whether (2.1) can be obtained from any string theory compactification, so that our point
of view in the present paper is ‘bottom-up’, as already discussed in the Introduction.
The field equations for the metric resulting from the action above are given by

Ron = 5 9mn Rt 2220 Lemn = 50m® 9+ 5¢%0mx Ox — 222 | (99)? + €% (0x)? — 12] |
(2.3)

where
5£Gan = _.ngnEGB - 4Rerrn + 2RmnR - 4RrsRmrns + 2RmTStRnrst (24)

is the variation of the Gauss-Bonnet term. The equations for the dilaton and axion read
instead

On(V=99""0nd) = V=9¢*?(0x)*,  On(V=9e**g""0ux) = 0. (2.5)

We want to obtain a solution which displays a spatial anisotropy. This is achieved by
singling out one direction, say the z-direction, which will be later identified with the ‘beam
direction’ in a heavy ion collision experiment occurring in the boundary theory. To get
an anisotropy between the z-direction and the xy-directions (the transverse plane to the
beam), we consider the following Ansatz?
5 1 9 du
ds :u2< FBdt* +dx* + dy* + H dz* + F) (2.6)

All the metric components F', B, and H, as well as the dilaton ¢, depend solely on the
radial coordinate u. This guarantees that the solution be static. In this parametrization

ZNote that this Ansatz is slightly different than the one used in [15, 16].



the boundary is located at w = 0. F'is a ‘blackening factor’ that introduces an horizon in
the geometry at u = uy, where F'(uy) = 0. There is a scaling symmetry in the coordinates ¢
and z that allows us to set Byg,y Flary = Hpary = 1, thus recovering a canonically normalized
AdS metric in the UV region (with radius 1//F,q, ). Here and in what follows we use the
subscript ‘bdry’ to denote the value of the fields at v = 0.
Following [14, 15] we consider an axion field which has a constant profile in the radial
direction and depends linearly on z
X=az. (2.7)

The parameter a has dimensions of energy and controls the amount of anisotropy. It is
clear that this is a solution of the axion equation, since the metric is diagonal and the
metric and dilaton do not depend on z.

In this paper we limit ourselves to considering the case of small anisotropy, which will
allow for an analytic solution of the equations of motion. To do this we expand all the
fields around the (isotropic) Gauss-Bonnet black brane solution®

$(u) = a’¢s(u) + O(a?),

F(u) = Fy(u) + a®Fy(u) + O(a?),

B(u) = By (1+ a®Ba(u) + O(a")) ,

H(u) = 1+ a®Hy(u) + O(a*), (2.8)

where

1 ut 1
H

This is a solution of the equations of motion when a = 0. In order to have a unit speed of
light at the boundary we set

By = % (1 /1o 4)\GB> . (2.10)

This is possible due to the scaling symmetry in ¢, which we have mentioned above. Note
that only even powers of a can appear in the expansion because of the symmetry z — —z.

Luckily it is possible to solve the equations analytically at order O(a?). The equations
at this order and the explicit solutions are detailed in appendix A. A plot of representative
solutions is contained in figure 1, where the regularity of the geometry is explicitly exhibited.
Here we just mention that we have fixed the integration constants in such a way that all
the metric functions are regular at the horizon and moreover

¢2,bdry = F2,bdry = B2,bdry = HQ,bdry = 07 (211)

thus recovering AdS in the UV. A direct computation of the Kretschmann invariant
Rpnpg R™™P? shows no singularity in the geometry except for Agg = 1/4, which is how-
ever excluded, as can be seen from (2.9).

Unfortunately, we have not been able to find analytic solutions beyond order O(a?) and
most likely a numerical analysis will turn out to be necessary to go to higher anisotropies.

3See e.g. [53] or [9] for a review.



Figure 1. The metric functions at order O(a?). Here we have set Agg = 0.2.

This is however beyond the scope of the present paper. It should be possible, in principle,
to consider arbitrarily large values of a, as in the pure Einstein-Hilbert case of [15, 16].

The temperature of the solution can be computed as usual from the standard require-
ment that the (Euclideanized) metric be regular at u = uy. One finds that

F’ B
e ONEC) . (2.12)
47 U=Uuyg
Specializing to our solution this becomes®
o (1 2o O+ Vialos ($558) —les (k)
B 487(1 — 4han) una” + O(a)
(2.13)

This equation can be easily inverted to find uy as a function of 7.
For planar black holes in GB gravity the entropy density is still given by the usual for-
mula in terms of the area of the horizon. We find (here V3 is the infinite volume [ dz dy dz)
Ahor m

1
= = 273 4+ “TBya® + O(a*) ) . 2.14
=i = g (7T TR0 =

We notice that for Aqg = 0 this matches the result obtained in [15, 16].

A final comment on the IR behavior of the geometry is in order. The solution of [15, 16]
was interpolating between AdS boundary conditions in the UV and a Lifshitz-like scaling
solution [14] in the IR. We believe that the finite Aqp generalization discussed here does not
share this feature with [15, 16], although we have not been able to prove this rigorously.
More specifically, we have not been able to find a scaling solution in the IR (even for
T = 0), as done in [14] for the case Agg = 0. One obstruction might be that Lifshitz
solutions in GB gravity seem to require to tune the cosmological constant in ways that are

4Note that this expression is valid, and real, even for negative Ags.



not compatible with our equations. For example, in the case of GB gravity coupled to a
massive vector field the condition for a Lifshitz scaling is that the cosmological constant
be half of the usual value [54].° It would certainly be interesting to settle this point, but
this goes beyond the scope of the paper.

3 Holographic renormalization

In this section we use holographic renormalization techniques to compute the 1-point func-
tion of the boundary stress tensor associated to our gravitational system; see [56] for a
review. In fact, we consider a generalization of (2.1), where the coefficient of the axion
kinetic term is allowed to be a generic function Z(¢) of the dilaton. We also maintain the
metric and axion-dilaton generic. We use the recursive Hamilton-Jacobi method that was
introduced in [17] for axion-dilaton gravity without Gauss-Bonnet term. Our main result
are the expressions (3.39)-(3.42) for (Tj;), (Op) and (O, ), which are general and which we
specialize to our solution (2.8) in the next section.

3.1 Metric and action in ADM form

The recursive Hamilton-Jacobi method of [17], which we follow closely in this section,
makes use of the ADM formalism, in which a manifold M is foliated with hypersurfaces
> of constant radial coordinate, which we call r in this section. In this coordinate, which
plays the role of Hamiltonian time, the boundary is located at r = co. The metric on M
takes the form

ds? = (N? + N;N")dr? + 2N;drdz’ + v;;dz’da? | (3.1)
where N and N; are the lapse and shift function, respectively, and ;; is the induced metric

on ¥,. We use the Latin indices 4, j, ... to label the coordinates (¢, z,y, z) on ¥,. In terms

of these fields, the extrinsic curvature is given by
.
Ki]’ = ﬁ(’yij — DZN] - DjNZ'), (32)

with the dot denoting differentiation with respect to r and D; being the covariant derivative
associated to v;;.

The axion-dilaton part of (2.1), without Gauss-Bonnet contribution, turns out to be
given by®

Susmatan = [ #'2y=G [ R+ K? = K+ (0= 1)(d ~2)
M 1
5 (# 4 2@ +99000,0 + 2030 |- 33

Here and in the following we leave the function in the axion kinetic term as a generic
function of the dilaton, Z(¢). Later we will specialize to Z(¢) = €2? and to d = 5, which is

5A flow between a Lifshitz solution in the UV and an AdS solution in the IR for GB-gravity coupled to
a massive vector field was discussed in [55].

SWe gauge-fix N = 1 e N; = 0 and set, for this section, ﬁ = 1. Note that we use a different
normalization (a factor of 1/2) in our scalar kinetic terms compared to the scalar kinetic terms in [17].



the case considered in the previous section. We denote with the calligraphic fonts R, R;;,
etc. the curvature on M computed in terms of N, N; and +;;. All the contractions of the

i,4,... indices are performed with ¥%/. The Gauss-Bonnet contribution is (see for example
eq. (2.8) of [18])

1
Sep = 2/ ddﬁ\/—ig{m32 + K? = K3)? — 4(Rij + KKjj — Ky KJ)®
M

4
+(Rijw + K Kj — KuKji)* — §K4 +8K*K},
39 . . A ,
—EKKfKJ’-“K; — 4(K})? + 8K} KFKL K|, (3.4)
with K =~ K;j. The Gibbons-Hawking terms have already been included in the actions
above, but they get canceled by boundary terms coming from the bulk actions. The total
action is then

S = Saxionfdilaton + AGBSGB . (35)

3.2 Radial evolution Hamiltonian

The next ingredient in the algorithm is to compute the Hamiltonian for radial evolution,
which is associated to the Lagrangian L defined by S = [ drL. To this scope, we need the
canonical conjugate momenta

y 1 6L
T = —F
V= 0Yij
= VIR — KV 4 A\ [Y9(RK — 2R K™) — RKY — 2RV K + 4Rk(iK]2
. 1,
2R Ky + 29" (- K + 3K Ky — 2K, K" Ky)
+K?K9 - 2KKjK/* — KVK} + 2K KK
1 0L . 1 oL
Ty = —— = —¢, ™= —F—< = —Z(¢)x- 50
V=780 ARV ()

In our solution it is clear that m, = 0, but we keep this term in this section for full
generality. The Hamiltonian for radial evolution is then given by

H= [ d7lay=—@2rKij + 7y +myx) — L, (3.7)
P

where we used that K;; = ¥;;/2 in the chosen gauge. To write the Hamiltonian in terms of
the canonical momenta and induced metric one needs to invert (3.6), which is a complicated
system of nonlinear equations. This has been done in [18], but only to first order in Agg.
In this section we also limit ourselves to this regime, for simplicity (although, we repeat,
our solution (2.8) is fully non-perturbative in Agg). Using the results from that paper and
adding the axion-dilaton contribution, we find that
2

2 4 2 4 a2y X
(m) +7TU+7T¢+Z(¢)

H = —/&dd—lxﬁ[nﬂd—n(d—m—d_2



1 A 16 .
_5((8i¢)2 +Z(0)(9:x)%) + % (R2 — 4R + Rij — m”ﬁRiﬂ”
N

(-2

16 ki 2d 3d—4
TRy (g gy ()G - 3(61_2)3@)4>] +O(\y). (3.8)

(mH)*R — 2R7Ti2j + SRijﬂjkmi + 4Rijkl7rikﬂ'jl + 277?77?71’271'; — (77%)2

More details about the derivation of this result are reported in appendix B.

3.3 Recursive method

Consider now a regularized space M., whose boundary is 3.,., with a fixed r which in the end
is meant to be taken to infinity. We add a generic boundary term S to the action defined
on this regularized space. In [17] it was shown that the variational problem is well defined if

S|, = -8, (3.9)

T

where S, is Hamilton’s principal functional, given by the on-shell action with arbitrary
boundary values for 7;;, ¢, and x on .
It is well known that the canonical momenta can be obtained by taking functional

derivatives of S,
5S, 58, 5,

= , T = —o, Ty = .
0Yij °7 6 *ox

The Hamiltonian is constrained to vanish as a result of the equations of motion for N and IV;

7Tij

(3.10)

H=0. (3.11)

We can determine S, by solving this constraint. The trick is to consider an expansion in
eigenfunctions of the operator

)
5 :/ A e 2y — 3.12
v 5, Yij 57 ( )
One can verify that such an expansion is a derivative expansion
S, = S(O) + S(g) + 5(4) +..., (3.13)

with
578(27” = (d -1 2n)8(2n) . (3.14)

Once we know the solution for §y), we can compute corrections to the action in a system-
atic way by solving algebraic equations. In fact, having to deal with algebraic equations
instead of partial differential equations is the main advantage of the method of [17].

Now we write Hamilton’s principal functional as

S, = / d 1y (E(O) + [,(2) + [,(4) + .. ) . (3.15)

From (3.10) we see that the canonical momenta also admit derivative expansions

7 = W(O)ij —|-7T(2)ij +7r(4)ij +...,



T¢ = To0) + To(a) T To(ay T+
Tx = Tx(o) + Tx@) + Txgay - - (3.16)
Translating (3.14) in terms of the momenta and the Lagrangian density we obtain
27(op) = L
V=

where T(g,) = 7T(2n)il. is the trace taken with respect to v¥. This relation is crucial for the

(d —-1- QTL)E(QTL) 5 (3.17)

algorithm to work. Note that we can obtain all canonical momenta at some given order by
just knowing the trace of the momentum conjugate to the induced metric.

We can now solve the Hamiltonian constraint H = 0. Substituting the above expan-
sions in the Hamiltonian and grouping terms with the same number of derivatives leads to
an equation of the form

HZH(0)+H(2)+H(4)+...=O, (3.18)
which must be satisfied order by order, imposing separately H(y,) = 0 for all n.

3.3.1 Solution at zeroth order

We start by collecting terms with zero derivatives, which results in

2 2
2 o) 2 ™X(0)
Ho) = ~(d=2)(d—1) = mfy) + 2% =75 — 70

dmloy. 7 3d — 4)7 8
1,5 050 ( ) 0) ks l 7(0) j,7(0)
+Acn <2(7r(0)ij) - (d _ 2)2 + 6(d _ 2)3 — T(0); 71—(0) 7T(O)J‘7r(0)lcl + 6 — 3d

+O(M\2p). (3.19)
Following [17], we try with the Ansatz for £
S =2 [ o= Wo), (3.20)
and compute the corresponding canonical momenta
i _ 950 _ i 05 () 05(0)
71'(%) = 571 =W, To0) = 56 20,0V, Tx(0) = o 200V, (3.21)
Substituting into Hg) this gives
(d—DW? 40 W) 2
= —(d-2)(d—1 - —4
(d—4)(d—3)(d — 1)W* 9
+Aas < 6(d— 2)° +0(N\eg) - (3.22)

We know from [17] that in the limit Aqg — 0 the solution for W is the constant d — 2. We
can then write

W(g,x) = (d —2) + AasV(9, x) + O(N2p). (3.23)

Plugging (3.23) into (3.22) gives an equation for V(¢, x), whose solution turns out to be
also a constant

V= d—4)(d—3)(d —2). (3.24)

1
_E(
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3.3.2 Solution at second order

Terms with two derivatives can be collected into the following expression

” 2m(0)m(2) X0 ™x(2) 2
Hp) = —R—2mpme2),+ 19 2Te)Té(2) " W ( 0i9)*+ 52()(9ix)
d Rw? 2d ! T(9). .
kl (0) (0) (0) (2);
—AgB |:4'R, J T(0); 7T(0) e + 2lejl7T(0 —|— (d 2) (d - 2)2 J
871'(0)1?7?'8)77(0)71'(2) . . 87‘((0)1?71'“ T0),:,7(2) w3
_ L jk k,_ij l i'(0) jk (0)7(2)
d—2 +4m(0); T(0)T(0);T(2)py T 634 3d—2)°

2d7T3 ™ 8Rij B 9d
(0) (2) ’/T(O) i &l 7.[.(0),”_(2)
_W—W(o)zj <d_2+7r((j)) (R+27r(0)77(2);€l_(d_2)2>> ] +0(N\2y) . (3.25)

Substitution of the zeroth order solution in H(y) leads to the following simple algebraic
equation for ()

(-2 (0 @ )@= 3)an)R — (0~ )0~ 3)ha ) may 5010~ 5 Z(6)0” =0.

(3.26)
Solving the above equation and using (3.17), we obtain L)
V= 12—7d+d?
Loy =54=3) (2R—(am)Z—Zw)(aix)?HGB (6R+(ai¢>2+2(¢><aix>2>>
+O(N\2y). (3.27)

From this we can compute the momenta at second order

i) = —ﬁ [4@73”’ — 060" ¢ — Z(9)0'x?'x) — 297 (2R — (90)* — Z()(9X)?)

Phas(12-Ta+ ) (6RY+0600 01+ 26100~ 12 R+ 010+ 2(0) 00" )|

+O()\2GB)7
2 — (12— 7d + d*)\as , ,
oy = g RPD = 2600 00,
2 - 112 —-7d+ d*) s _ ) _
Tx(2) = 2 2(d—3—i)_ P (Z(¢)D:iD'x + Z'(¢)9;x0'9) + O(Nag) - (3.28)

3.3.3 Solution at fourth order

Finally, at fourth order we have
gL T 2 @ i 27(0) T (4) 27y (0)Tx (4)
Huyy = —T(2);; T2yt d—2 @ Z(0) 2”(0)”(4)”' + d—2 27%(0)7%(4) - Z(9)

+ SRijﬂ—(O)ikW@)jk

PP P | 5 i 873”71'(0)#(2) -
—AGB —QRin 4+ iR + i(R”kl) — 2Rﬂ—(g))ﬂ-(2)ij — 7d —5 4
dn? ey . 87 oy P ey

0)(2);;7(2) 0)M(0)"(2); "(2) jk ij ki ij ki

(d _ 2)]2 - d—2 =+ 27'(2?))77(0)”(2)%#(2)]'1 - 271-;?))77(0)77(2)“77(2)1@1

SR T(0); 7r(2) Qd'R,Tr(O) T(2)
d—2 (d—2)

k _1ij l 7 kl 17 kl
FAT(©0), Ty T(2); T(@) gy T ARikfIT () T(2) = T(0) 45T (0) () T(2) —
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k_ij % 2
Adm() T T2, M) 8T, T TR ) AT, T T | Anly Ty 3dmiy T

(d —2)2 d—2 (d—2)2 (d—2)3 (d—2)3
ij 2 k_ij
2d7r(é)7r(0)7r(4)ij _ SW(O)iW(é)W(O)W(‘l)jk TR R g 9 i Rl
(d—2)? d—2 (0) (0)™(0) ;71(4) gy (0)55T0)T(0)T(4) g
870\ " ooy T4 2dm o). T oy 4 83 odm3
(0); M (0)™(0) j " (4) (0)35(0)T(0) T (4) I (0) (4? _ (0)7(4) +O()\GB) (3.29)
6 —3d (d—2)2 3(d—2)3 (d—2)3

Now we repeat the previous steps. We substitute the zeroth and second order solutions in
H 4, which leads to an algebraic equation for (4 that can be readily solved. There is a
subtlety due to the fact that the relation (3.17) is ill defined for d = 5, which is our case of

interest. In fact 9

E<4):ﬁd—5

However, the Hamilton-Jacobi method can still be applied (see the discussion in [17]) if we
set the radial cut-off to be

T(a)- (3.30)

1
= — 3.31
"Ta-s (3.31)
and define £~(4) such that L[, = —2r£~(4)|T, namely 2(4) = —\/—774). Proceeding in this
way we finally arrive at

; FL““ —8R (’R — (0i9)? — Z(cb)aixaix) + 4(0:0)* +12Z(9)(8:x0" ¢)*
— 42(6)(0:0)(9:)° +42(6)* (00" + 2Ry (R — 0'607 6 — Z(9)9'x0 x)
Z'(¢)
2

+24 <DiDi¢ - (&-x)Q) +247(¢) (D D'x + Z/((q‘f)) (0 aw)))
+ AaB {76722 + 48RRI — 12R ((9:0)* + Z x)%) + Y+ 6Z(4)(0:ix0"p)?
—2Z(8)(9i9)*(9,0)° + 22(6)* (90" ~ 12Ry; (237%”’ —30'60°¢ - 3Z(¢)5ix8jx)
_ i Zl(‘b) Y ? _ i Z/(¢’) ai 2 2

36 (DlD ¢~ =5 (0x) > 36Z(¢) (DlD X+ Z) dix0 ¢) ] +O(\Ep).  (3.32)

Up to some overall factor, this expression coincides with the conformal anomaly, as we shall

see in a moment.

3.4 Fefferman-Graham expansions

From the counterterms obtained using the Hamilton-Jacobi method we see that the canon-
ical momenta take the form

T = WE]) + 71'(2) 27’7?3) + Wéi) +...,

Ty = T () + T(9) — 2rfr¢(4) + T (4 + ...,
Ty = (o) + Tx2) = 2 x(ay T Txay T+ - (3.33)
The fourth order terms 7'('( 1) T (2 Tx(a) contain the information about the renormalized

one-point functions. In order to determine these terms, we proceed with the asymptotic
analysis. In Fefferman-Graham (FG) coordinates, the metric reads

2

d
ds® = 13 45 ( Y + vij(z,v) dxzda:]> . (3.34)
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As already mentioned in section 2, the AdS radius faqs is given by

(3.35)

and v = e~"/faas Generically, the fields will have the following near-boundary expansions
in these coordinates

1
Vij = 3 (9(0)1';‘ + U2g(2)ij + o (9(4)1;’ + 245 log U) + 0(06)> ;
b = d) + V) + v (¢(4) +2 ¢y log U) +0(0%),
X = X(0) + VX2 + 0" (x(4) + 2 X4y logv) + O(0°). (3.36)
The coefficients g(g " b0y and x() remain undetermined from this analysis, but the other

coefficients can be obtalned as functions of 904 ;@) and x(g) by substituting the above
expansions in (3.6) and comparing order by order in v. For example, comparing terms at
order O(v?) we obtain

1—A 1
92 =~ Rij + 71+ ) (9i00)050(0) + Z(6(0)) DX (095X (0)
1
+5,90) (2(1 — Aae) R — (1 + Aas) (Ord(0) 0% b0y + Z(¢(0))8kX(0)<9kX(o))>
+O(AéB) ,
1—A ) :
b2) = 3 2 (2D(0)i0' b0y — Z' ((0)) 95X (0)0" X (0)) + O(N&s) »
1-—A ;
X@2) = W@;B) (Z(d0))D(0)i0"x(0) + Z'(6(0))0ix(0)0"D(0)) + O(Nes) - (3.37)

Here and in the following the curvatures R and R;; are the ones for g(g);;. Comparing the
logarithmic term, we obtain instead

Tayi; = 2(1 = Ace) (h(4)ij - h(4)kk9(0)ij) +O0(\s) s
1

by = 11— Aan)To(a) + ON\Zs), Xy = oy +O(NZs) . (3.38)

3.5 The 1-point functions

The order O(v?) leads to the following renormalized one-point functions, which represent
the main result of our analysis in this section. For the stress tensor we get
(Tij) = 27,
_ k kl
= —29(2);;92) k T 49(), +2h<4>” +29(2),,9(2)" 90);5 — 49(4) k9(0);; — 20 k9(0)

1 1
29 90,1t — 5921 - *D 9@ D);¢0 — §D<o>i¢<o>D<o>j¢<2>

Z(d(0)) Z(¢( ))
2

k
Di0);x2D0);X(0) + 90,0, X2 D) X(0)

k

Z(d(0)) 1
—5  PoxoPo)xe - *D< 0);D0),92) "k + 3P0, P0):92);

1 1
92" = 3PP, + 392, L0100 Do) ¢0)
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+%g(°)ijD(°)k¢(2)D(0)%(0) * Z(i(o))g(z)w (0 X© D) X(0)
_%g(o)ijD(o)lD(O”fg @+ %Q“’MjD ©0)¢D{0)9) "k = ig(ng(o)UD 0" %0 Do) ¢(0)
/
_Z(qi(O))g(2>k19<0>ijD<0>kX<0)D(0>lX(0) -2 (2(0))¢<2>D(o>ix<o>D<o)jX(o>
!
z (i(o))g(o)ij¢(2)D(O)kx(o)D(o)kx(o) + AasToni; + O(Nag) (3.39)

where

k k kil
Tenij = —49(2); 9@ 5 T 792;9@" k — 69(4);; = 3h();; — 992" 90,

13
~2(92)"%)%9(0); + 690" 19(0);; + 3h(a)"k9(0);; + 19t 292" 9(0) ;R
29 53 53 11
+§g(2)klRika + 49(2)kkRij - ZQ(Q)ijik - ZQ(Q)ikRjk + ZQ@)“Q(O)Z-JRM

'y D D 2w D
+7L©0:22P0);%0) 0);20)P0);92) + —; D) XP0);X0)

Z(¢( ) 37 . 37

— Do X0 Po;xe + 5 Lo, P0,92"  — 5 PoDo)ge)

37 37 1

— 5 Do), D095 + P9, — 59200480 Do) b0
1 k (¢ 0) ) k

— 1905022 L0) P0) — —g 92 L0),X0) L) X(0)

)
Z(9(0)) k Z'(¢(0)) k
1 90 PoXe Do) X — —¢ 9<o>z~j¢(2>D<o>kX<o>D<o> X(0)

_l’_

o kl 3 0 k 1 l
+290); 00 P09 = 790, P0eDi0)92) "k + 3924901, 20" ¢0) Do) b(0)

Z(¢(0)) (¢(o))

k l
t—g 990 ;L0 X0 Do) X(0) +

(f) D ( )D(O)jX(O) . (340)

For the dilaton and axion we get instead

(Og) = T (4)
= —(2+ Aan)(20) + d(4))
1 1 |
+72 = Aas) | D)iDioy¢2) + 50,9 iD0)'¢0) — Do)’ Do 19),”
(¢(0)) i i
=92, 00/ D(0)'$0) + —5 92,00 X0 D0 x(0)
7 Z”(d) 0 ) i
~2'(90) Do) X2 Do)’ x0) ~ ——5- 6 Do), X0 Do) X0
+0(X2)), (3.41)
and
(Oy) = “Tx ()

—(2+ Aas) (2Z(d0))X (1) + Z(d(0))X (1) + Z'(D(0)) P 2)X(2))
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1 ; Z(d(0))
+Z(2 — AaB) (¢(0)) (0)X(2) + 2(0)

~Z (¢<o>)D<o>1X<o>D<o>j9(2>,~j = 2(60)9(;,00) Do) x0
+Z'($0))9(2) D0y Doy X(0) + Z'(60)) Di0y;X(2) Do) ¢(0)
+Z'(d(0)) D(0);x0) Do i¢>(2) - Z/(¢(O))g(z)ijD(O)i¢(0)D(O)jX(O)
+2"(¢(0))¢(2)D(0) X (0)Py0) b(0)

+O(N2p) - (3.42)

Dy0),92”iD(0) X (0)

We stress that these formulas are generic for any axion-dilaton system with GB term (to
first order in Agg) of the structure given in (3.5).

The zeroth order terms in Agp in these expressions reproduce the results of [17], while
the first order terms in Agp extend the results of [18] to a system with an axion-dilaton
field. As mentioned already, another difference with the analysis of [18] is that we employ a
recursive method which is more effective in cases where multiple fields, besides the metric,
are turned on.

3.6 Central charges

The trace of the stress energy tensor is related to the central charges a and ¢ by the

following expression”
; 1

(T}) = 672 (cW—aFE)+..., (3.43)
where F is the four-dimensional Euler density

E =R?*—4RijRY + RijuR7™ (3.44)
W is the square of the Weyl tensor

g R2 g iy

W = Cl]klcijkl = ? — QRZ‘J‘RU + 'RijklR”kl , (3.45)

and where the ellipsis indicates the contribution by other fields (the axion-dilaton in our
specific setting). The trace of the stress energy tensor [17] is given by the L4y written
above in (3.32)

(T) =

7

- F£(4 (3.46)

To isolate the metric contribution we set ¢ = xy = 0 in that expression and arrive at
’ 1 1 o 19 1 y 23 .
(T}) = ——=R*+ ~RijRY + | = R? + - RijmR™ — Z"RRY ) Aas + O(N2y,) . (3.47)
12 4 24 2 8
Comparing (3.43) and (3.47), we find that

a=72(2-15Xe) FO(N\s,),  c=7%(2—"TAgs) +O(\2y), (3.48)

thus confirming that indeed a # ¢ for theories with GB corrections. These results are in
perfect agreement with previous literature, see e.g. [57].

"Notice that in this section a denotes one of the central charges and not the anisotropy parameter.
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4 Boundary stress tensor

Here we specialize the formulas above to our solution (2.8). As a first step, we need to
rewrite the fields in FG coordinates, to be able to extract the asymptotic behaviors close
to the boundary.

We define the FG radial coordinate v such that®

du? dv? 1—+/1—4X
3 = — +0(v%), Foay = L (4.1)
w?F(u)  v2Fay 2Xan
The relation between the two radial coordinates u and v turns out to be given explicitly by
1
u=v+ 5% 2(Agp + 1) (4.2)
a 2u2(2Xgs(log 32 — 1) + 1 + log4) + 12(Agg + 1) o5

96ul + O(a*, )\éB7 v7).

In terms of v the fields have the following asymptotic expansions

2 2
6(0) = =T = A0 + g (1= Aaw) v 4 00F)
a?
1+2) 2
- ( +u4 cB 1; (14 2log2 — (1 —12log 2))\GB)) v+ 0%,
a? 2H a’ o 6
B(v) =1 )‘GB_E +8 +0(v°),
a? a2
H(v) =1+ (1 + Aan)v” ~ 2( + Aap)v! + O(0°). (4.3)

From these expressions it is easy to find the expansions for the metric

a?

g = —1+ 24(1 + Aap)v?

16 - (12(1 + Ags) — a®ui (1 — 2log 2 + 2X6s(2 — 5log 2))) v* + O(v°)

a2
9zx = Gyy =1- ﬁ(l + AGB)
+48u4 (12(1 + Agp) + a*uZ(1 4 21og 2 — 2Aqs(1 — 5log 2))) v* + O(v°),

5a* 5
g2 = 1+ ﬂ( + )\GB)U

+ 50 (12(14+Agp) —a®ul (5—2log 2+2Aas(4—510g 2))) v +0(0°),  (4.4)

H

from which it is immediate to extract g(g) and g(4)i;
In our solution the terms up to O(a?) are very snnple:

(Ty) = 49(4)ij - 6)\GBg(4)ij 5 Ty =0, Ty = 0- (4.5)

8 Asymptotically, our metric approaches AdSs with curvature radius given by £aas = 1/1/Fbary, which
explains the factor of Fydry in the formula, see (3.34).
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Explicitly, the components of the stress tensor read
3 1-2log2 5, 12+ a*u?(5— 14log2) 4 \2
@ — T2 a® — sul Aas + O(a™, \gg) ,

1 1+42log?2 12 + a2u2 (7 — 141og 2
(L) = (L) = = + +2log2 5, 12+ auj( 0g 2)

(Tie) =

)‘GB + O(a47 )‘(Q}B) )

ud 12u? 24u;
1 5-2log2 5 12+ a*u?(1—14log?2) 4 2
(T,.) = R T — 34% Aas +O(a*, \2y) . (4.6)

Using (2.13) we see that

1 1—-1log2 , 1 < 5log2
Uy

2 4 42
—aT - - 4,
7T 247373 © 27T 2422 ) Az +O0(a", AG) s (4.7)

so that we can rewrite the expressions above in terms of the temperature, which is a
physical observable, unlike the horizon location uy. We arrive at our final results:

(Ty) = 3T {1 P (3>2 v (3 4o (a)2> AGB] +0(a* A2y,

1272 \T 2 242 \T
1 /a\2 3 1 ra\2
() = @) =T [t 15 (7) + (3 g7z (7)) 2] 010" 280,
1 ra\2 3 1 sa\2
R P 4 42
(T..) = ©'T [1 - (7) + (2 -5+ (%) > AGB] 0@t N2,). (4.8)
These quantities correspond to the energy density and pressures of the dual gauge
theory
NZ NZ NZ
E= ]2 <Ttt> ) P, = 8?<wa> ) P|| = 8?<Tzz>7 (4'9)

with N, being the number of colors of the gauge theory and P, and P the pressures along
the transverse plane and the longitudinal direction, respectively. The comparison with the
energy density Eo(T) = 372N2T*/8 and the pressure Py(T) = 72N2T*/8 of an isotropic
plasma at the same temperature and Aqg = 0 is obvious from the expressions above. We
see in particular that the anisotropy has the effect of increasing the energy density and
perpendicular pressure compared to the isotropic case, while decreasing the longitudinal
pressure. This is consistent with the findings of [15, 16] in the small anisotropy limit (whose
results we reproduce for Agp = 0, see eq. (168) of [16]).

These results show that the system is really anisotropic in the z-direction, as P, # P.
Notice that at this order in a, the trace of the stress tensor is vanishing
(TH) = O(a*, N2, . (4.10)

)

This is in agreement with what found in [15, 16], where the conformal anomaly was also
vanishing at order O(a?) and appearing only at order O(a*) and beyond. We can also
check some basic thermodynamic relations. In particular, the free energy F = E — T's, in
the limit of a = 0, matches perfectly the value found in [53] from evaluating the Euclidean
action on-shell. We can also check that F = — P, as it should be [58].

Finally, let us comment about the conservation of the (expectation value of the) stress
tensor. Remember that to simplify our expressions we have gauge fixed the lapse and shift
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functions (see footnote 6). As a consequence we can no longer derive the diffeomorphism
Ward identity that relates the divergence of (Tj;) to the expectation values of the other
fields. Typically, in such an identity we expect a term of the form (Oy)d;x(0), see e.g.
eq. (B.20) of [17]. In the particular state we have considered, even though d;x () # 0,
we do have that (O,) = 0, see (4.5). This contribution would then vanish, assuring that
Dfo) (Tij) = 0 and guaranteeing the translational invariance of the geometry. For a more
detailed study of the thermodynamics of this system, which is beyond the scope of the
present paper, one would need to derive this Ward identity.

5 The dual anisotropic plasma

As anticipated in the Introduction, one application of the solution we have found is mod-
eling higher curvature effects on the dual gauge theory plasma. Generically, heavy ion
collisions in experiments are non-central, resulting in a spatial anisotropy of the QGP
formed in the collision. This represents one of the main motivations for our Ansatz. In
the following we will identify with z the anisotropic direction (or ‘beam’ direction), while
z and y parametrize the plane transverse to the beam.

5.1 Shear viscosity to entropy ratios

An important quantity to compute in a plasma is the ratio of shear viscosity over entropy
density.” This is a rather universal quantity for theories with an Einstein dual, which has
been conjectured to obey the Kovtun-Son-Starinets (KSS) bound n/s > 1/47 [61]. This
bound can however be violated by the inclusion of higher derivative corrections [53] (see
also [62-71]) and by the breaking of spatial isotropy [25, 26]; see [72] for a status report on
the viscosity bound.

In this section, we employ the membrane paradigm, proposed in [73] and used in [25]
for the anisotropic plasma of [15], to compute 1/s for our geometry (2.8).!1% Appendix C
contains two alternative derivations of the results in this section.!! As in [25], we will be
interested in two components of the shear viscosity tensor: 7);y.,, which is entirely in the
transverse (isotropic) plane, and 7;.,. = Tyzyz, Which mixes the anisotropic direction z
with one of the directions in the transverse plane. We denote these two components as

NL = Nayzy M = Nezaz - (51)

To calculate these viscosities we consider the fluctuations h,, and h,, around the back-
ground (2.8). Given the symmetry in the transverse plane, we can take these fluctua-
tions to depend solely on (t,y,2,u). The equations of motion for v, = h%(t,y,2,u) and

90ther observables that have been computed in Einstein plus GB gravity can be found in, e.g., [59, 60].

0The computation of the shear viscosity in an anisotropic superfluid with a GB term has recently been
presented in [74].

1¥Yet another way of doing the computation would be the so-called Riccati equation method, developed
in [75] and revisited in [76]. This method allows to obtain the 2-point functions directly from the canonical
momenta of section 3, without deriving any effective action.
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Y = h”,(t,y, z,u) decouple from all other equations and from each other. In both cases,
they have the following form

a(u)y” + b(u)y' + clu)p =0, (5.2)

where a(u),b(u) and c(u) are functions of the background fields and 1 stands for either |
or ¢, depending on the case. Here the primes denote derivatives with respect to u. To
use the membrane paradigm, we need to write an effective action for ¢, and 1. To this

scope we write (5.2) in the form!?

(n(u)y') —=m(u)y =0, (5.3)

n(u) = exp < /u du'z((Z:))) . om(u) = ZEZ)) exp < /u du’%iiﬁ) . (5.4)

The effective action that gives rise to the equation of motion above is

1
167G

with

1
Scff - _5

/ dha du [n(u)(W)? — m(u)y?] - (5.5)

To compare this action with the one of [73], we need to transform it to Fourier space. To
do that, we write

dw d3k bt ;
t — htad —twt+ikyy+ik.z 5.6
vity ) = [ G v , (56)

where we have used the axial symmetry to rotate k = (0, ky, k.). Plugging (5.6) into (5.5)

and using Plancherel’s theorem, it can be shown that

1 1 dw d3k

S = ~516:C %Wdu [n(u)(w/)2 — m(u)i/)Q] . (5.7)

Using the notation of [73], this can be recast in the following form

_ L [dw &k U= 9" 2 w 2
Su= =5 | o iV E | g g (0 + Pl ke (5.9

with
1 _ V=99™
@n(u) = Ok (5.9)

The shear viscosity is then obtained as [73]

n 1 167G
s

T 47 Q(um, k — 0) (5.10)

Writing the equations of motion for ¢, and 1)), we can obtain explicit expressions for the
n(u)’s and m(u)’s. Putting these together with (5.9) and (5.10), it is readily found that

me_ 1 (G Ao GreGidis
s 4 \ gyy 2 g ’

12Tt is important to emphasize that n(u) and m(u) are not the same in the equations of motion for 4
and . Here n(u) stands for either n, or n|, and m(u) stands for either m, or my.
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ﬂ _ i Jax _ @ggzg{ftg;y (5 11)
s 4m \ g 2 g ' '

These results are completely generic for the system we have considered. In particular, we
can check them against the known results from pure Einstein-Hilbert gravity with a GB
term [53] and with the anisotropic background of [25], finding perfect agreement in both
cases. In the first case, we need to take the limit of a — 0 of the equations above. We find

ni_ﬂzl_Zl)\GB

= 5.12
s s Ar (5:.12)
as in [53]. To perform the second check we take the limit Az — 0 and obtain'?
N1 1 ull 1 1 1 log2<a)2 Old?
g _ = A = = =" (= . 5.13
s "I s LrH(m) i 160 \p) TOW@) (5.13)
Note how the longitudinal shear viscosity violates the KSS bound.
Specializing (5.11) to our solution (2.8) we find
1—4X By Age(3 —4A 2
nL _ GB 03 GB( GB) (a) L0 (a4) 7
s 47 2473 (1 —4Xgg) \T
ull 1 —4Xgp By (a>2 4
— = A — .14
< e + 3973 G(Acn) T +0(a"), (5.14)

where G(Agg) is given by

8A
G(AGB) = -1 + 2)\GB (12)\(;2}3—:)) + 1) + 1-— 4)\GB
1+ 2 V1—4 g — 1+ 4X
v/ han log (*GB) +log( e 1 GB) . (5.15)
1 - 2\/ AGB 8)\GB

We emphasize that these results, despite being of second order in a, are fully nonperturba-
tive in Agg. The KSS bound might be violated in this setting both by the anisotropy and
by the GB coupling.

5.2 Conductivities

4

To calculate the plasma conductivities,'* we need to introduce!® a U(1) gauge field 4,, in

the bulk, with a standard Maxwell action

1
Sutaxwers = — | d®x/—g——Fn ™", 5.16
Maxwell / X 94933(10 mn ( )

where gog(u) is a generic u-dependent coupling constant. The conjugate momentum to the
gauge field is given by'®
i = YV I piv, (5.17)

jil=-Y 2
gc2ﬂ”

13Note that to compare the expressions for 7 one needs to take into account the different factors of the
dilaton in the Ansézte of [15, 25] and (2.6).

“For a related computation in an isotropic background with linear scalar fields and a GB term see [77].

15We introduce this field only in this section, solely for the purpose of computing the conductivities. Of
course, the analysis of section 3 would be modified by the inclusion of an extra field.

1611 this section we keep denoting the boundary coordinates by the Latin indices i, j, ..., as in section 3.
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The gauge field A,, is dual to a conserved current J* in the boundary theory whose expec-
tation value is equal to j* evaluated at the boundary

(JH(E)) = j%(u — 0 ; k). (5.18)

The AC conductivity is given by the following relation between the spatial part of j* and
the electric field Fj;

(J'=2Y2(k)) = 0% (k) Fji(u — 0), (5.19)
while the DC conductivity is defined by the zero momentum limit of 0%/ (k)
o, = lim oV (k). (5.20)
k—0

It turns out that we can calculate these quantities doing a near horizon analysis [73].
Imposing infalling boundary conditions at the horizon implies that

Fui = Ufguquti (5.21)
gt U=ug
Combining (5.17) and (5.21) it can be readily shown that
. 1 g i
J'(un) = 9" Fjt(ux) , (5.22)

g 9ttGuu

and that, in the zero momentum limit, this relation holds for all w [73]. Because of this, we
can do the calculation at the horizon, instead of doing it at the boundary. Comparing (5.19)
with (5.22) we see that the conductivity along the i-direction is

ol — gu
P 05\ gngun

For an isotropic background we have oy, = 06 (from now on we are going to use the

(5.23)

UH

symbol o to represent the DC conductivity and will drop the subscript). When the back-
ground is anisotropic, there will be two different conductivities: o, and o). The former
corresponds to an electric field aligned along the z- and y-directions, resulting in a corre-
sponding conductivity along the transverse plane, whereas the latter corresponds to electric
field and conductivity along the beam direction. These quantities are given by

1 g T 1 g 2z 0L
9%\ 9tt9uu UH | 9%\ 9t9uu un  H(uy) ( )
Normalizing with the isotropic result, we get
2
o a
071_ = H(UH)1/2 =1+ 5H2(UH) + O(a4) ,
‘;TIO —-1/2 a’ 4
= H(uy) =1- ?HQ(UH) +O(a”). (5.25)

Since Ha(uy) is a positive quantity, we see that the anisotropy has the effect of enhancing
the conductivity along the perpendicular directions, as compared to the isotropic case,
while suppressing the one along the longitudinal direction, consistently with the findings
of [41, 44].
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6 Conclusion

In this paper we have explored the effects of higher curvature corrections (given by the
inclusion of a GB term) in a system of AdS-gravity in five dimensions coupled to an axion-
dilaton field. As we have explained above, these corrections correspond, on the gauge
theory side, to considering cases that are more generic than the ones usually considered,
e.g. conformal field theories with independent central charges, a # c. It is still unclear
whether our setup might be obtained in the low energy limit of some string theory, and
our philosophy has been ‘bottom-up’.

One of our main concerns has been to carry out holographic renormalization and
compute the 1-point function of the boundary stress tensor associated to our gravitational
theory. We have done this to first order in the GB coupling, which is however not a
terribly restrictive constraint, since requirements of unitarity, causality and positivity of
energy fluxes require [9]

—7/36 < Agp < 9/100. (6.1)

We have also considered a particular black brane Ansatz, in which the axion field is
linearly dependent on one of the horizon coordinates, while being independent of the radial
coordinate. This has resulted in finding an anisotropic black brane solution to the equations
of motion, which is the GB-corrected equivalent of the geometry discovered in [15, 16]. We
have computed the shear viscosity over entropy density ratio for the dual plasma and found
that the KSS bound [61] is violated, as expected from previous works where either the case
(@ = 0,Agg # 0) [53] or the case (a # 0, \ag = 0) [25] were considered. As discussed in
section 2, one point that remains to be settled in our analysis is whether our solution might
be interpreted as an interpolating solution between a Lifshitz-like scaling solution in the
IR and an asymptotically AdS space, as was the case for the Agg = 0 limit of [15, 16].

One of the most interesting applications of the present work would be a detailed study
of the thermodynamics of this black brane and of its corresponding plasma. This analysis
was carried out, in the canonical ensemble, for the case of vanishing Agp in [15, 16] and
a rich phase diagram was discovered, with, in particular, the presence of instabilities that
might turn out to be useful in understanding the fast thermalization time of the QGP. To
this regard it is relevant to observe that part of the richness of the solution in [15, 16] was
due to a conformal anomaly, appearing in the renormalization process at order O(a?) and
beyond. In the present solution we also have an anomaly, which we expect to appear at the
fourth order in the anisotropy parameter, but we are not able to capture with our analytic
solution, which only goes up to second order. Extending our analytic solution to order
O(a*) seems unviable and presumably numerical methods would have to be employed to
explore larger values of the anisotropy. Given the large number of parameters in the game,
this might be cumbersome, but it surely is something worth pursuing.

Finally, one could study other physical observables besides the shear viscosity and
conductivities, such as the energy loss via dragging and quenching, the quark-antiquark
screening or the production of thermal photons, to name a few.
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A Derivation of the solution

In this appendix we give some details on how we have found our solution (2.8) and present
its explicit expression.

The Einstein equations (2.3) are diagonal, as a consequence of the fact that the metric
only depends on u. We have then four equations for the metric (since the za- and yy-
components are not independent) plus the equation for the dilaton in (2.5). There are four
fields to solve for: ¢, F', B, and H. Plugging the Ansatz (2.6)—(2.8) into the equations and
expanding to order O(a?) one finds that the equation for ¢9(u) decouples. It reads

//+UF6—3F0¢, 1

S Al

with Fy given by (2.9). This can be readily solved changing coordinates as

wor v = 1 v (1) (A2)

H

in intermediate steps. The two integration constants are fixed in such a way that ¢o is
regular at the horizon and vanishes at the boundary, ¢2 4., = 0. One finds

u? u? ?
Bo(u) = _§H a+ U(u) +log (1 + u2> (A.3)
H
’U,2 2 U2
_\/XGB log <U(u) + Q\F)\GBUQ> — log <U(u) +1 -4 <1 + u2>> )
H H
where

o= —/1—4\gs + VAgs log (1 — 4\gp) + log (1 — g + V1 — 4AGB) ; (A.4)

and U(u) is defined as above. We notice that U is always positive (since Agg < 1/4), and
so is the argument of the last logarithm in (A.3). When Agg = 0 we recover the result
of [16], see eq. (164) of that paper.

To find Ha, we take the difference of the zx- and zz-components of (2.3). One obtains
a decoupled equation that reads

Hy (u) + p(u)Hy(u) = q(u), (A.5)

with

31— 4aw)(U(u) — 1) + 4Aas (U (u) — 5)ut /uy
plu) = WU (1~ U () ’
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2AesU (u)

(= dhen) (1= U(0)) (4.6)

q(u) =

This equation can be integrated readily via (A.2), fixing the integration constants as above.
In particular we request that Hj 4., = 0. The final result is

2
Uy

Ha(v) = 0= )

’LL2 U2 ’LL2
U Ug \ Ug

H

H

Uu) — 1+ 4Ags (1 n ;Lj)

H

o\ 1/2
2N 2 Uu) +1 — 4hap (1 + gﬁ)
—V g log <U(u) + 2V e u2> — log :
H

where, again, we have left U(u) implicit in some places for compactness and where

—V/1 —4)es + VAgs log(1 — 4Xgs) + log <1 + V1o MGB) (A.8)
2V An

Similarly we can solve for the other fields. More specifically, now that we know ¢- and

Hj, we can use the tt-component of (2.3) to obtain F» and the uu-component to obtain

Bs. One can finally check that the xx- and zz-components are also solved separately, as

expected because of the Bianchi identities. The explicit expressions for the equations are

not particularly illuminating, so that we limit ourselves to reporting the final results for
the remaining fields, which are given by

2 4 2
u? u Uy
= — 1—4\ — A.
Bl = sa-naum <uH> [7 +U) +( as) ( u ) (A-9)
u 2 w 4 ug 2
+4)\GB <> — 6)\GB <> =+ log <1 + 2>
Uy Uy u?
w2\ u?
—VAas log (U(u) + 2\f)\GBu2> — log <U(u) +1—4Xgp <1 + u2>> ,
H H
with ) | —r,
Y= -2 —+ 6)\(;]3 + \/XGB log (1 + 2\/XGB> + log <2> s (AlO)
and by
Bo(u) SR U(U)LI —% g (144 2 (A.11)
= « e .
S 24(1 — 4XaB) uZ + u? & uZ

2 e () saae (1)
U,I%I—'I—U,Q GB GB H GB UH
u2 2 2
—VAas log (U( 2) log( )+ 1—4Xgs <1+u2>>] )
H uH

Again, we have fixed the integration constants in such a way that the fields be regular at
the horizon and vanish at the boundary, F5 4., = B2 4,y = 0. Notice also that Fy(uy) =0,
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as it should be for a blackening factor. One can check that when Aqz = 0 the results
from [15] are recovered.!”

B Derivation of the Hamiltonian

Here we derive the expression for the Hamiltonian of radial evolution in (3.8). The starting
point is

H= [ d7'ay—2rYK;j + 1y +mX) — L, (B.1)
Xy

where we write L = L 4+ L, ion-ailaton, With

1

Laston-aaton =~ / a5 [# 4 2@ + (00 + Z(0) 0] . (B2
bR

We can then separate

H = </ d4 1z — 271'in1~]~ — i) + (/ ddilw\/—i’}/ <7T¢(Z.5 + WXX> - Laxion—dilaton) .

=H =Haxion-dilaton

(B.3)
We note that H is exactly the Hamiltonian in eq. (2.12) of [18] (up to an overall minus
sign). For H,ion-dilaton W€ have

2
Hosomarnon = = [ " 2y=3 (ﬁ + 05 = 500 §Z<¢><@x>2> . (B4

T

Writing this in terms of the canonical momenta and induced metric leads to (3.8).

C Shear viscosity tensor
In this appendix we report two alternative derivations of the shear viscosity tensor (5.14).

C.1 Kubo formula

As is well known (see e.g. [78-81]), the shear viscosity can be also computed using a Kubo

formula

n= limO lImGR(u}7 k=0), (C.1)

w—0 W
where Gg(k) is the retarded Green’s function for the stress tensor. First, we take metric
fluctuations h,,, around our solution and linearize the equations of motion. Here, we are
interested in the modes ¢; = h”, and ¢ = h",. In momentum space, we have

4 .
Y(u,x) = / (ZF];4J(k)w(u;k)e_ikixz, ki = (—w, k), (C.2)

Tn order to do so, one needs to take into account the different Ansétze and include a factor of the
dilaton in (2.6), according to eq. (8) of [16].
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where ¢ denotes generically one of the modes ¢, or 1. The prescription tells us to
solve the equation for ¢ (u; k) imposing infalling boundary conditions and regularity at the
horizon and satisfying v = 1 at the boundary.

To compute the shear viscosity, we can restrict ourselves to zero spatial momentum
and small frequency w. For simplicity, we also consider small A\q5. The linearized equations
for ¢(u; w) have the form

Ko(up” + Kj(up' =0, (C.3)

where for ¢ = 1| we have, up to orders O(a*, A2, w?),
ut (CLQU,EI log 2 + 6) — a*uf log (1 + %) — 6u

L _

)\GB
12u3ud

[u8 (a*uZ (5 — 6log2) — 18) — utujy (a*uZ(2 — 5log2) — 6)

2
_4a2u6uﬁ + (12 + aguz)U§ + a’ug (3u8 - 2u§1) log <1 + ZQ) ] ’

H

and for ¢ = 1) we have

a? (u;fI — u4) log (1 + %)

30,2
Su ug

Kj(u) = Kg(u) + (C.5)

a’ge (—7u8+10u6u%—u4uﬁ—2u2ug+2 (3u8—5u4uf_}+2ug) log (1+3—22))
H

* 16u3uf

The equations above can be solved by considering an Ansatz of the form

u4

— e

P(u;w) = (1 — 4> [1 +w (fo(u) + Aas(f1(u) + a® fa(w))) + O(a*, AgB,&)} , (C.6)
H

where T is the temperature given by (2.13). The functions fo(u), fi(u) and fa(u) can be

determined by substituting the Ansatz into the linearized equation and solving order by

order. The resulting expressions are not particularly illuminating and we do not report

them here. The next step is to compute the quadratic on-shell action, which turns out to

be a surface term of the form

2 _ 1 d*k _ NG
52 = =5 [ G WF kIR ()

with F(u, k) = ﬁf(o(u) Y (u; k)1p(u; —k). The prescription of [78] instructs us to take
only the contribution of the boundary. The retarded Green’s function is then given by

Gr(k) = thlg% F(us k). (C.8)
Finally, using (C.1) and the result for the entropy (2.14) we can compute the ratio of the
shear viscosity over entropy density

n. 1 —4) u?
= TGB + az)\GBS—; +0(a*, \2p),
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ull 1 —4Xgp 9 ufl
—_—= Agg — 2log2) —
s 47 +a” (3Aco 8 )3271'

These results agree with the ones obtained via the membrane paradigm expanded to first

+ 0@ )2,). (C.9)

order in Agg.

C.2 Near-horizon matching technique

In this section we calculate the viscosities 1 and 7 using the near-horizon matching
technique of [82]. We first solve the fluctuation equation for w = 0 and then expand the
solution near the horizon. After that, we reverse the order of the operations, finding first
a near-horizon solution and then expanding it for small w. Matching the two solutions we
obtain the retarded correlator G from which we can calculate i and 7.

Consider a fluctuation ¢ (again, ¢ could be ¢, = h%(t,y,2,u) or ¢ = h%(¢,y, 2, u),
as in the main body of this paper). The effective action and the equation of motion for 1
have the following form

3
S = e [ 2O ) () — mu)?] |

1
167G / 27 (2m)3
(n(w)y')" = m(u)yp =0 U =(u,k). (C.10)

To be concrete, let us work out the case ) = ¢. For k =0, we have

A 2 ! !
n(u)zsf“¢:g<§mj— ;Bg“{?%w :
zz

A L gl g2 —9 /
my(u) = _ngtt\/ngﬂ _AeB 2 lgyyguugyy Iyy — 29yy9yy | 3/2 (C.11)
zZzZ

oz -
2 VvV 9tt9zz (guugyy)3/2
When w = 0 and k = 0, we get that m(u) = 0 and (n(u)y’)’ = 0. Hence n(u)y’ = Cs,
where Cs is a constant. This implies that

du’

Y =Cr+ 02/0 (C.12)

As nj oc g"" and g"" goes to zero at the horizon, we must have Cy = 0 for w = 0. For
small w we can have a normalizable solution with Cy o< w. Using the prescription of [78]
we calculate Gy as

1 1
2167G

GR = — 7’L||(U)’QZ)||(U, —k)@uw”(u, k‘):| y (C.13)

u=0

where 1 should be equal to one at the boundary u = 0. Using (C.12) and (C.13) we can

see that
Co

~ 167G’
We set C7 = 1 in the equation above in order to have w”(O,k) = 1. Now we have to

Gr

(small w, k =0). (C.14)

determine Cy. Near the horizon, (C.12) can be written as

u /
wH =1+ CQ/ n du =1+ ,&log <1 - u) . (015)
0

h (un)(u — ug) n”(uH) Uy
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We now find a near-horizon expression for 1| and expand it for small w. The first thing
we need to do is to write the ¢ equation of motion in the limit u — uy. In what follows,
it will be convenient to work with the constants ¢y and cj, defined by the near-horizon
expansions for gy and g**

uu

git = co(u — ux), g™ =c1(u—uy). (C.16)
The near-horizon equation of motion is
(n”(uH)(u — UH)1/J|/|), — m”(uH)q/)H =0, (C.17)

where

)
UH

9zz 2 —g
w? —
co(u — uy) Jzz

A 2 1
n”(uH) = Cl\/jg (gfm“ . GBM

(C.18)

m”(uH) = — .

Plugging (C.18) into (C.17) and using the anzats i = (1 — u/uy)® we can show that
B = +iw/\/coc1.'® The general solution of (C.17) is then given by

¥y = Cy (1 - ;) ol (1 - “) - (C.19)

H Uy

We choose C = 0 to impose infalling boundary conditions at the horizon. For small 3,
i.e. for w < T, we have

Yy = C- [1 + \/Z—Cllog <1 - :H)] : (C.20)

Comparing (C.20) with (C.15) we can see that

Cy —1w

= , C.21
ny(us)  /coct ( )
and using (C.18) it is easy to show that
c g )\ g2 g/ g/
Cy = —iw 1\/Tg( T GBW/) . (C.22)
€0 9zz 2 -9 UH
Plugging this result into (C.14) we have
Jzx Acs g:pxgttgyy
= / \/ - . C.23
G 167TG <gzz —g > un ( )
According to the Kubo formula
. Jxx AGB gzmgttgyy
=1 I G N — C.24
gl wlm R = 167 G\/> (gzz -9 ) UH ( )

A /c0c1

¥Note that the temperature is given by T = T

~ 98 —



The density entropy s is given by

Ly

s=— = 4r Y9 & (C.25)
4G GttJuu v 167G\ co
and we can finally calculate the ratio
2 1
ﬂ _ i gﬂ B @gx‘xgttgyy (C 26)
s 47 \ 9., 2 g ug ‘
Doing the same for 1, it is possible to show that
ne_ 1 (Gee  Ace x99 (C.27)
s Ar \ gy 2 g ug '

In both cases we find the same result (5.14) that we had obtained using the membrane

paradigm.
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