PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: November 11, 201/
ACCEPTED: December 30, 201/
PUBLISHED: January 22, 2015

Localisation on Sasaki-Einstein manifolds from
holomorphic functions on the cone

Johannes Schmude

Department of Physics, Universidad de Oviedo,
Avda. Calvo Sotelo 18, 33007, Oviedo, Spain

E-mail: schmudejohannes@uniovi.es

ABSTRACT: We study super Yang-Mills theories on five-dimensional Sasaki-Einstein mani-
folds. Using localisation techniques, we find that the contribution from the vector multiplet
to the perturbative partition function can be calculated by counting holomorphic functions
on the associated Calabi-Yau cone. This observation allows us to use standard techniques
developed in the context of quiver gauge theories to obtain explicit results for a number
of examples; namely S°, TH1 Y73 Y21 y20 and Y49 We find complete agreement
with previous results obtained by Qiu and Zabzine using equivariant indices except for the
orbifold limits Y7V with p > 1.

KEYWORDS: Supersymmetric gauge theory, Nonperturbative Effects, Field Theories in
Higher Dimensions, Differential and Algebraic Geometry

ARX1vV EPRINT: 1401.3266

OPEN AcCESs, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP01(2015)119


mailto:schmudejohannes@uniovi.es
http://arxiv.org/abs/1401.3266
http://dx.doi.org/10.1007/JHEP01(2015)119

Contents

1 Introduction 1
2 Localisation on Sasaki-Einstein manifolds 2
2.1 Aspects of Sasaki-Einstein geometry 2
2.2 The super Yang-Mills theories 3
3 One-loop contributions and holomorphic functions 4
4 Examples 6
41 S5 7
42 TH 7
4.3 Y73 8
4.4 Y31 8
4.5 ypY 9
5 Generating functions for YP1 10
6 Conclusions 10
A Hodge duals on Sasaki-Einstein manifolds 11
B The super determinant as computed by Qiu and Zabzine 12
C S® and the Borel-Weil-Bott theorem 13

1 Introduction

Localisation allows for exact evaluation of path integrals and expectation values of super-
symmetric operators [1-3]|. Following the work of Pestun [4], the method has been applied
to a large number of theories in two [5-8], three [9-15] four [16, 17], and five dimensions, [18—
24]. This development went hand-in-hand with an increased interest in theories with rigid
supersymmetry on curved manifolds [25-29]. Eventually, Kéllen, Qiu, and Zabzine (KQZ)
realised, that the construction of the S® theory can be directly generalized to generic five-
dimensional Sasaki-Einstein manifolds as it only depends on the existence of the conformal
Killing spinors. Subsequently, the perturbative partition functions of Y?¢ and L**¢ were
calculated in [23, 24]. The recent work [24] conjectures the full partition functions using
factorization [30-32].

The focus of this paper is the perturbative partition function of vector multiplets on
an arbitrary Sasaki-Einstein manifold Y. Building on the work of KQZ we will argue that



the one-loop super determinant can be expressed in terms of the so-called Kohn-Rossi
cohomology groups Hg;q(Y) and the Lie-derivative along the Reeb vector €. Previously,
the Hg;q(Y) have appeared in the context of holographic calculations of superconformal
indices of three- and four-dimensional SCFTs [33-35]. Together with the isomorphism
Hg;o (V)= HY ((’)C(y)), our result allows for a easy evaluation of the perturbative partition
function, as the whole calculation reduces to the counting of holomorphic functions on the
Calabi-Yau cone C(Y'), weighted by their charge along the Reeb. This problem is very
well known in the context of AdS/CFT duality on AdS x Y. Here, the holomorphic
functions on C(Y) correspond to supersymmetric operators in the chiral ring with R-
charge determined by £¢. Following [36] we will use the methods developed in this context
to evalute the partition function. To verify our result, we will do explicit calculations for
S5, ThL Y3 y21 y20 y40  This choice of examples is motivated by the fact that Y73
and Y2! are simple examples of quasi-regular and irregular Sasaki-Einstein manifolds. We
will find full agreement with previous results except for the last two cases, which arise as
Z9 and Z, orbifolds of the conifold. We will comment on this in the conclusions.

While the bulk of this paper uses the methods developed in the context of AdS/CFT
duality to evaluate partition functions, we will reverse this logic in the final section. There,
we will use the partition function on Y79 as well as the insights won from the examples
evaluated to guess the general form of the generating function for Y79 written as a series.

The paper is organised as follows. In section 2, we review some essentials of Sasaki-
Einstein geometry as well as of super Yang-Mills theories defined on them. Section 3
contains the main argument of this paper, relating the super determinant appearing in the
perturbative partition function to Kohn-Rossi cohomology groups. Explicit calcualtion of
a number of examples is done in section 4 which is complemented by an evaluation of the
same examples using the results of Qiu and Zabzine for comparison in appendix B. The
short section 5 concerns the general form of the generating function for the quiver gauge
theories dual to AdSs x YP4. Further appendices complement the discussion.

2 Localisation on Sasaki-Einstein manifolds

2.1 Aspects of Sasaki-Einstein geometry

We begin with a review of the relevant aspects of Sasaki-Einstein geometry. For a more
detailed introduction, we refer to the review articles [37, 38]; further material on the tangen-
tial Cauchy-Riemann operator and Kohn-Rossi cohomology groups can be found in [33-35]
and references therein.

Let Y be a five-dimensional Sasaki-Einstein manifold, C'(Y') it’s metric cone. Y inherits
a number of differential forms from C(Y); namely the contact form 7, the associated Reeb
vector field! ¢ satisfying £#n, = 1, a two-form 2J = dp, and another two-form 2. Out of
these, only € is charged under the Reeb:

LeQ = 302 (2.1)

n contrast to [23, 24], we only consider the Reeb that admits a Sasaki-Einstein metric. We will return
to this restriction in the conclusions.



The tangent bundle T'Y" can be decomposed as TY = D @ L¢, with L¢ the line tangent to
the Reeb. Moreover, J defines an endomorphism on 7Y which satisfies J? = —1 + £ @ 1.
It follows that the complexified tangent bundle can be decomposed as T¢cY = (C® D)0 @
(C® D)% @ (C®¢). The same holds for the cotangent bundle

Y =0 Q% o Cy. (2.2)

This decomposition extends to the exterior algebra Q* = P, QP79 A (16 n) and to the
exterior derivative: d = 0y 4+ Oy + 1 A £¢. 0y is the tangential Cauchy-Riemann operator.
Elements of @ (77 are sometimes referred to as horizontal and we will indicate this with
a subscript H where appropriate. In terms of the decomposition (2.2), the forms J, Q) are
of degree (1,1) and (2,0), while 7 is naturally transverse to QP%. The complex

0 1 90 0 0
L2 qratt 2y gra 2y gpatt 2y (2.3)

defines the Kohn-Rossi cohomology groups H g;q(Y).

2.2 The super Yang-Mills theories

We summarize the aspects of [21-23] that are relevant to our discussion. See also [39, 40]
for details regarding the localization argument. Starting point for the construction by Qiu
and Zabzine is the S® theory of [26]. The field content is given by a vector and a hyper
multiplet. In this paper, we will only consider the former. Thus, we are dealing with a
gauge field A,,, a scalar o, an SU(2) doublet of scalars D;;, and a symplectic Majorana
gaugino A;. The Lagrangian is

2 2

Lyec = tr<anFm" — DypoD™o — =Dy ;D" + Zot!’ Dy,
Iym 2 r

10
— T—Qtl‘]t[ 702+ NI Dy N — Af [0, M ] - %t”xm J>. (2.4)

The crucial observation is that both the closure of the supersymmetry algebra, as well as
the invariance of the action depend only on the existence of the conformal Killing spinors
and the dimension of the space. It follows that the theory as defined on S® can be used to
define a super Yang-Mills theory on any simply connected? Sasaki-Einstein manifold.

The gaugino is mapped to a 1-form W, and a 2-form X,,,, the latter of which satisfies
1¢X = 0 and 2¢xx = x. Using equations (A.3) and (A.6) one can show that this is equivalent
to the decomposition

x =X+ X2+ X0 with yP9 e QP (2.5)

Similarly, the Dy ; are mapped to a two-form H with an identical decomposition (2.5). In
terms of these, the Localisation term is

1
Viee = tr §\IIA*(—15F—DU) — X A*H + 2y ANxF| . (2.6)

2This criterium is necessary to ensure the existence of the spinors.



In the large-t limit the theory localizes to contact instantons [41, 42],
Fh =0, 1wk =0, Do =0. (2.7)

Here, F}f is defined as (1 & 1) Fyy = (1 + ) Fy, where o is a restriction of the Hodge

dual to horizontal forms and defined in the appendix.
On inclusion of the ghost sector, the perturbative partition function is

1 vol(G) / ( 8 volgg 5 ) , o
Doert = —— dx B,x) | exp | — tr (o sdetlo.(—1Le —x /2 (9.8
P W] vol(T) Sy ,61;[0< ) G2 (%) (—1de—1) (2.8)

Here, the domain of integration has been reduced from g to the Cartan subalgebra t using
the Weyl integration formula, |[W| is the order of the Weyl group, and sdet” indicates the
exclusion of zero-modes. The modes contributing to the superdeterminant are as follows:

Bosonic modes QY (Y,g) ® H(Y,g) ® H(Y,g),

2.9
Fermionic modes (Q*°(Y,9) @ Q°2(Y,g) @ Q°(Y,9)) & Q°(Y,g) ® Q°(YV,g) . (2.9)

The three terms in parantheses are identical to Q2% (Y, g) in [21].

3 One-loop contributions and holomorphic functions

In this section, we will study the superdeterminant appearing in (2.8). To simplify the dis-
cussion, we drop the contribution from the Lie algebra from all expressions. The argument
holds however whether forms are valued in C or g, so one can simply reinstate them later.
We will do so at the end of this section.

Proceeding as in [21], we recall that Q! = Q0 @ Q%! @ Cp. The Lie derivative
£L¢ respects this decomposition. As an aside, note that the tangential Cauchy-Riemann
operator Jj, does not. Indeed, since dyn = J, it follows that 9, : Cp — QY @ Q%L A g, In
either case, since the Lie derivative respects the decomposition — and since the contact form
is not charged under it — it follows that when it comes to calculating the determinant, all
one-forms can be decomposed into the sum of a (1,0)-, a (0, 1)-form, and a scalar function.
In total,

, detQO(—’L.ff) detQQ,O(*Z‘f&) detgo(*lfg) detgo,z(*lff) % 1

sdet’(—1£¢) = .

detm,o(—zfg) detQO,l(—ng) detHo(—Z.fg)

(3.1)

In [21-23] equation (3.1) is evaluated using index theorems. We will follow a different

route, which is inspired by the supergravity calculations of [33, 34]. For specificity, we focus
on the second factor, including determinants over Q%4. For all f € Q%% we can consider

O foQ, 0pf € QYL Qe Q2 (3.2)

Any (0, 1)-form « not included in this list cannot be Jj-exact and has to be co-closed. For
all such forms, we consider in addition

Oy € Q02 (3.3)



One can construct further forms as a.Q € Q9 yet this will be covered by the equivalent
discussion of the factor involving the Q4. Now, schematically,

deth(—z£§)deth,2(—z££)D(_Z )i Q c'_)g)i
detqo.1(—1£¢) ¢ Of OpfoQ) a

(3.4)

Since f,0yf carry the same charge under L, their contributions cancel unless f is holo-
morphic with respect to ,. Identical considerations hold for the other two factors — recall
that £¢Q = 3100 — as well as for the OP0 terms. In the end, we are left with determinants
over Kohn-Rossi cohomology groups

[N

sdet’(_zi’é):<det’Ho,0(—z£5)det3qg,o(—z£5)detHg,o(—z£5—3)detHgl;o(—z£5+3)> . (3.5)
b b

%

The forms a would contribute a determinant over Hg;l (Y), yet this cohomology group
vanishes (as does H é;O(Y)). Similarly, all harmonic scalar functions on Sasaki-Einstein
manifolds are constants, carry thus zero charge, and are excluded from the superdeter-
minant sdet’; so there is no contribution from H°(Y') either. The latter follows from the
inequality for the Laplacian, A > —£§ — 41£¢ proved in [33, 35]. Alternatively one can
simply follow the considerations in [43] in the context of the discussion of the Lichnerow-
icz obstruction. There is an isomorphism Hg;O(Y) = Hg;O(Y), made explicit by the map
f— fQ. Since Q carries charge, this absorbs the factors of 3 in (3.5).

N[

sdet’(—1£¢) = <det’H0,0(—zfg)det’Ho,o(—z£5)detH2,o(—z£5)detHo,z(—z£§)> . (3.6)
dy oy, o, 9
In theory, elements of Kohn-Rossi cohomology groups could be obtained by restriction of
corresponding cohomologies on the cone [33]. In the case of Hg;O(Y) however, we simply
need to count holomorphic functions on the cone:

Hy(Y) = H® (Ocqy)) - (3.7)

Thus, equations (3.5) and (3.7) show that the one-loop contribution to the partition
function (2.8) can be calculated solely in terms of the holomorphic functions on C(Y').

For the non-abelian case, we follow [21, 44] and decompose the Lie algebra into root
spaces, g = @ 398 which includes the Cartan as go = t. The decomposition extends to
the exterior algebra, QP7(Y,g) = Pg 2"(Y, gg). By definition Vg € gg : [z, g] = +(B, 2)g.
Rewriting QP4(Y, gg) as QP9(Y) ® gg, the Lie derivative acts on the first factor while
acts only on the second. So, in the non-Abelian case we have

sdet/ (- Le—z) =] | ggg'(—l()ﬁ,x)ggg'(—zoﬁ,x)ggg(—l%,x —3)2%(—205@ +3) ] (3.8

B 3y 2 ap, 2

with Og , = £¢ + (8, ).



4 Examples

In this section, we will evaluate (3.5) explicitly for a number of examples and compare our
results to those in [23]. We will find complete agreement for S°, 75!, Y73 Y21 Curiously,
our results disagree for Y20 and Y40, Again we restrict to the Abelian case, keeping in mind
that one can alway incorporate the effect of a non-trivial gauge group as in equation (3.8).

Essentially, we will be counting holomorphic functions on C(Y') with fixed charge
under £¢. Fortunately, this is a very well understood problem in AdS/CFT duality, due to
the following fact: Given a Sasaki-Einstein manifold Y and a SCFT dual to AdS X Y, the
holomorphic functions on C(Y') correspond to single trace BPS operators in the chiral ring.
Note that we are talking about entirely unrelated theories — four dimensional SCFTs dual
to AdS x Y with four supercharges and the five dimensional sYM theories on Y with two
supercharges. However, it should always be entirely clear from the context which theory
we are referring to. Since all our examples are toric, we will be using [36, 45, 46] to solve
the counting problem. In what follows, we will be looking at generating functions [36]

P({t}) = Y chy g, tht .t (4.1)

i1,

Here, each t; corresponds to a U(1) symmetry of the SCFT and the multiplicities cx, . g,
count the number of operators with charge (k1,...k,). Of course, we are only interested in
the charge under the R-symmetry, so we will set the ¢; to the relevant linear combination
as obtained from a-maximization [46].

Given a generating function of the form

P(tC(Y)) =Y ba(t)", (4.2)
n=0

one finds
d(gto’(_zfg) = H(an)bn’ dg%/(—ZJgﬁ) — H(_Oén)b",
Hp, n>1 Hy! n>1 )
_ b B B B B b, .
dgg(—z£§—3) = E[(][a(n—ii/a)] , 1315%( 1£e +3) = 130[ aln — 3/a).
b nz b nz

The different bounds on the products on the right hand side arise from the exclusion of
zero modes. Thinking in terms of (0, 0)- and (2, 0)-forms, we are excluding constants ¢, yet
keeping the form ¢f). The above can be rewritten by shifting the charge,

Slg,%(—lfg -3) = H (am)Pn—3/e, det (—1fe +3) = H (—an)bn—s/a, (4.4)

F0:0
ay n>3/a 9% n>3/a

When we put everything together, the minus signs will cancel in all abelian examples and
so the overall result for the simpler cases is

sdet/(—1£¢) = [J(an)’ [ (an)be-sre. (4.5)

n>1 n>3/a



In our examples, we will follow the conventions from [46]. For Y7 [47], the toric

diagram is given by
'1)1:[1,0,0], v2:[17p_q_17p_Q]7 U3:[17p7p}7 '042[].,1,0]; (46)

the Reeb vector is

_ 1 _ 1
bmin_<3’3p 3g+0~" 3p—3qg+/¢ >; (47)

2 ’ 2

and

1 _ 3¢ =20 + VAt — 3¢ (48)
q

The generating function of Y4 is thus

P
1
LY Py —
P(z,x,y7 Y ) o Zl (1 _ yx_l) (1 _ xl—a-l—p—qya—p-&-qzl—a) (1 _ :Ea—p-l-ly—l—a—&-p—qza)
a=
1
. 4.
+ (1 _ I‘yil) (1 _ l-aflnyaZlfa) (1 _ l.fayaflza) ( 9)
4.1 S°
The generating function for S° can be found in [36]:
5 n?  3n n
P(t:8%) =) (5 +5 +1)t" (4.10)
n>0
Upon substitution into (4.5), the super determinant is
sdet’(—1e) = H n 2, (4.11)

n>1

which agrees with [21]. Since S° is a S bundle over CP?, one can also use the Borel-Weil-
Bott theorem together with the Weyl dimension formula to obtain the same result. See
appendix C.

4.2 T

We proceed by considering the next canonical example — the base of the conifold
(Tl’1 = YLO). Here, the generating function is

P(HETY) =3 (n+1)? <t3/2)n . (4.12)

n>0

Therefore

3 2(n2+1)
sdet/(—1e) = H (271) . (4.13)

n>1

As shown in appendix B, this agrees with [23]. Both S® and T'"! are regular Sasaki-Einstein
manifolds.



4.3 Y73

In contrast to the previous two examples, Y73 is a quasi-regular Sasaki-Einstein manifold.
The condition for quasi-regularity is that 4p? — 3¢®> = n? with n € Z. (7,3) is the simplest
example, followed by {(7,5); (13,7);(13;8);(14,6); (14,10);...}. Using (4.7) and (4.9), we
substitute z — 3, z,y — t%. Since (4.9) contains terms of order (1 — z/y)~! and our
substitution sets © = y, one has to take some care when taking the limit. After doing so,
one obtains a series expansion with integer coefficients in terms of 7 = t5:

P(rY™) =143 4578 + 772 + 578 1+ 117 + 975 17737 L O (74) . (4.14)

There are different ways of rewriting this in the form of equation (4.2). In order to be able
to compare our result with appendix B, we define

17:{(i7j)€Z220|i_j:O mod 7},
10i + 4;
(A (4.15)

PE (T; Y7’3) = E mij75i+4j.
17

Using Mathematica, one sees that P (T;Y7’3) — Py (T;Y7’3) =0 (7'4001) which seems
sufficient to assume that equality holds to all orders and that both series have the same
limit. After some further algebra one finds

0 10i+4j 101445 | 4

sdet/(—0te) =[] <5i§4‘7> T (5i§4j> T (4.16)

I7]4,5>0 I7]i=0v§=0

Again, this agrees with [23].

4.4 Y21

Finally, we turn to an example of an irregular Sasaki-Einstein manifold, Y*!. The neces-
sary steps are in principle the same as for Y73, yet the series expansion is naively a bit
more difficult due to the appearance of irrational exponents. We proceed by calculating
P (z, T, Y; Yz’l), substituting y — x and then performing a double series expansion in x, z.

In detail,
v{x—2z[-224 (=34 2(3+2))z + 2z%] }

P(z,z,z;Y?!) = 417
In analogy to section 4.3, we define
Iy ={(i,j) € Zli —j =0 mod 2},
31+
=yt (4.18)

Ps, (z,x,:v;Y2’1) = g mi;xr 2 2"
I

Again, one can check agreement between Px (z, T, x; Y2’1) and P (z, X, xT; Y2’1) using Math-
ematica; one finds P (z, T, T; Y2’1) —Px, (z, T, T Y2’1) =0 (23X150) @ (m(\/ﬁfl)xwo). Now,



we substitute z — 3,2 — tV1371 using (4.7) and find the generating function of Y2! in
terms of the Reeb

(7—V/13)i+(v/13-1)
s (5 Y2 me7 Ea— (4.19)

Again, this allows us to calculate the one-loop contribution to the partition function,

sdet'(—1L¢) = [ ((7—\/ﬁ)i+

(\/ﬁ_ 1)j>3i+j

2
Izi,j>0
Sty
(7-V13)i+ (V13 -1)j\ °
11 5 . (4.20)
I2|i=0Vj=0

Once again, appendix B shows that this agrees with [23]. For a detailed discussion of
Y21 in the context of quiver gauge theories see [48]. These theories themselves were first
constructed in [49].

4.5 YPO

Recall that YP¥ = (conifold)/Z, while Y? = (C?/Zy x C) /Z, [45]. In regards to what
follows, one should keep in mind that it is not clear whether the super Yang-Mills theory
is well defined on orbifolds. Nevertheless, one can use identical methods as in the previous
paragraphs to evaluate the super determinant for Y2°. One finds

o0

P (t; YZ’O) = Z(Qn +1)? (t3)2 ,
n=0
2(n241) (4.21)
sdet! (—1.£¢) = [ (32 +1] = e .
o-1I I G)
As to Y40,
P (t7 Y470) = i (2n - 1) (2n —; - <_1)n+1) (tg)n7
n=0 (4.22)
sdet/(—1.£¢) = [ (3n)m +E0"+L,

n>1

As we argue in appendix B, if one naively applies the results of [23] for the one-loop
contribution on YPC the result is always (4.13), independent of p. Clearly, both our
results for Y20 and Y*° do not show this behavior. While in the former case the result
has the same overall form with the product being taken over a different lattice, this is not
the case for Y40, Since the result for Y29 differs from the Y10 one by a factor two in the
lattice spacing, one can speculate whether the two will agree after renormalization. Naive
application of zeta function regularization does not yield agreement.



5 Generating functions for Y1

So far, we have used [36] and [46] in order to compute (3.5) and compare the result with
that of [23]. In this section, we simply invert this process and use the general form of the
contribution to the one-loop partition function from [23] in order to guess the generating
function for generic Y7¢ manifolds in terms of the Reeb; i.e. as in equation (4.2). While [36]
gives a prescription for the calculation of generating functions that is very straightforward
to implement, rewriting them in the form (4.2) can be a bit of a nuisance, as our calcualtions
for Y73 and Y21 show. Thus, comparing our results (4.15) and (4.18) with the material
in appendix B suggests that

(p+q)i+(p—qJ

mij = +1,
p
I, ={(i,j) €Z%)i—j =0 mod p}, (5.1)
[3(p+q)—€71]i+[3(p—q)+€71]j
P (t; Yp,q) = Z mijt 2p
Ip

Of course, it would be interesting to verify this starting from [36].

6 Conclusions

In this paper, we have studied the perturbative partition function of super Yang-Mills the-
ories on five-dimensional Sasaki-Finstein manifolds Y following the work of Qiu, Zabzine,
and collaborators. Using the intrinsic structure of Y, we argued that the contribution from
the vector multiplet can be calculated in terms of Kohn-Rossi cohomology groups (3.5).
Thus, the calculation can be reduced to a counting problem on the Calabi-Yau cone C(Y')
which is very well understood in the context of AdS/CFT duality. This gives an alternative
approach to that via index theorems previously used in the literature.

Of course, the disagreement of our results for Y20 and Y4 with [23] is puzzling; yet
this has to be taken in light of the question whether it is possible to define the theory on
an orbifold in the first place. As we argue in appendix B, one can see quickly that the
result of [23] for the super determinant (denoted there as Pye) is independent of p for
YP0 which holds not in our case. However, if one restricts to the case p > ¢ > 0, our
examples in sections 4.3 and 4.4 suggest full agreement with [23]. Indeed, when performing
the necessary calculations for various examples, the relevant steps take on a somewhat
mechanical nature that simply needs adapting some parameters. This goes hand in hand
with our guess for the generating function in section 5. Assuming that the theory might
be well-defined as it is, it is interesting to note that our results for Y20 and Y'¥ take an
identical form, with half the modes contributing to the latter having been modded out.

Independently of this, note that for regular Sasaki-Einstein manifolds Y, the tangential
Cauchy-Riemann operator can be thought of as an ordinary Dolbeault operator twisted
by a suitable line bundle over the Kihler-Einstein base. Le. 0, is now related to some Oy
when acting on forms of fixed charge. The latter was used in [21] to evaluate the super
determinant with an index theorem. Considering this comparision in the context of generic

,10,



Sasaki-Einstein manifolds, one sees that it should be possible to calculate the perturbative
partition function in terms of the equivariant index ind g, (0p). This can also be seen by
considering (3.6).

There are some immediate directions of possible future research, such as the inclusion
of hypermultiplets or the calculation of additional examples such as del Pezzo surfaces.
Furthermore, as highlighted earlier, we only considered the Reeb vector that admits a
Sasaki-Einstein metric while the results of [23, 24| hold for generic choices of £. Assuming
the validity of our construction in this general case, one might achieve this generalization
by choosing a different diagonal U(1) in the generating functions P(t;Y). The choice of
Reeb and equivariant parameters features strongly in the latter of the above references,
where the authors used factorization to conjecture the full, non-perturbative form of the
partition function. In general, any use of the methods employed here towards a better
understanding of contact instantons and the full, non-perturbative partifion function is of
obvious great interest.
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A Hodge duals on Sasaki-Einstein manifolds

We review some notation from [35] that is quite useful when manipulating expressions
involving the Hodge star operator. The material is a straightforward generalization of
identical ideas on Kéhler manifolds to the Sasaki-Finstein case. To begin, we define the
adjoint of the Lefschetz operator L = JA as well as an adjoint for the action of the Reeb
L, = nA:

A=L"=J,, Ay =Ly = (A1)

The space of horizontal forms can be denoted as @ QP? = A* D*. For elements of this

space, we introduce the operator

I— Z PP (A.2)
P

which uses the projection 11”7 : Q. — P4, Finally, we can introduce a restricted Hodge
dual e that acts only on A* D*. The first useful relation we find is
0
* |/\* D*x — Ln., *|/\* D*An = .(—1)d An . (A3)

Where

0 .
) \k pep iy = k- id (A.4)
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yields the horizontal degree of a form. We also introduce P¥ = {a € /\]’C D*|Aa = 0}, the
set of primitive k-forms. With all this notation, one can introduce Lefschetz decomposition.
Given any « € /\k D*, there is a unique decomposition

o= Z Lo, o, € PP (A.5)
s

Moreover, one can prove the identity

. — 1 .
VaeP¥,  ella=(-1)"7 —2—_["*I(a), (A.6)

(n—k—j)!

where d = 2n + 1 is the dimension of the Sasaki-Einstein manifold. Together with (A.3)
this allows for an efficient evaluation of Hodge duals. The complete algebra involving
Db, Oy L, Ly, £¢ and their adjoints was derived in [35].

B The super determinant as computed by Qiu and Zabzine

We summarize the result for the one-loop contribution to the partition function on Y74
from [23]. Again, we restrict to the abelian case

sdet’(—1L¢) = H(iw1 + jwo + kws + lwg)? H(iwl + Jwa + kws + lwy) . (B.1)
AG AL
The integers 4, j, k, [ lie in the lattices
AY =i, j k1€ Zxol(p + @)i + (p — q)

Ay = {i, 4, k.1 € Zsol(p+ q)i + (p — q)
AT = AT\ (A§ U{0,0,0,0}).

= p(k+ D)}, (B.2)

The w; depend on the choice of Reeb with the supersymmetric choice being

- g—l o _§_ g—l
p+q T T2 2t q)

w1 = 0, w2 (BS)

¢~! was defined in equation (4.8).
For Y19 = Th! we define n = k + [ and note that the number of lattice points for
fixed n is

#AT |0 = (n+1)2, H#A{ >0 = (n — 1), #AT >0 = 4n. (B.4)

Upon substitution, this confirms (4.13). As a matter of fact, the lattices (B.4) are identical
for all YPV since p simply drops out. The same holds for the w;.
For Y73, we note that the integers i, j, k, ! are subject to the constraint

10i + 45 = 7(k + 1). (B.5)

We introduce the set
Ir = {(i,§) € Z%li—j =0 mod 7}. (B.6)

— 12 —



For a pair (i, ) € I, we find that Aar|(i7j) contains % —1and A%, ;) 10i;r4j + 1 lattice

points. If i =0 or j =0, Af|(i’j) consists also of % + 1 points, yet if ij # 0, there are

only two points in Aﬂ(i,j)- To calculate the super-determinant, we eliminate k4 and find
o 10i+45 10i+4j 4 4

sdet’'(—oLe) = [] <5i‘§4j> | <5i‘§4j> o (B.7)

I7]i,5>0 I7]i=0V5=0

For Y%! the situation is almost identical. Here we define
Iy ={(i,j) € Z%|i —j =0 mod 2} (B.8)
to paremetrize the lattices. Things work out in a way identical to Y3 and one finds

(/i (/515"

sdet(—1£¢) = H

I|i,j>0

2

H <(7_\/ﬁ)i_|2_(\/ﬁ_1)j>3i;j+l

I5]i=0Vj=0

(B.9)

C S°® and the Borel-Weil-Bott theorem

Since S° is a regular Sasaki-Einstein manifold, the orbits of the Reeb close and yield a prin-
cipal bundle over CP2. Tt follows that the Kohn-Rossi cohomology groups with fixed charge
n are isomorphic to the cohomology groups of the base twisted by a suitable line bundle.
Then, the Borel-Weil-Bott theorem? allows us to relate these to representations of As.

HE® (8°) o = HO (CP?, L) = Vil

C.1)
2,0 5 ~ 0 2 2 ~ A (
Héb (S ) In=H (CP @ ['n) = ‘/[n33,0,0]'
Finally, we use the Weyl dimension formula®
. o Ai—Aj+J—i
| (€2
1<i<j<n
to calculate the dimension of the cohomology groups:
. 3 1, . A
dlm ‘/v[n7070] =1 + 577, =+ 5” y ( = 1nd 6‘/),
. 3 1, (C.3)
dim V}, 30,0 =1 — 3" + LR ( = ind av).

The indices ind 9y and ind 9y were calculated in [21].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

3See the appendix of [34] for further examples of this.
“See e.g. equation (7.18) in [50].
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