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ABSTRACT: We expose a double-copy structure in the scattering amplitudes of the generic
Jordan family of N' = 2 Maxwell-Einstein and Yang-Mills/Einstein supergravity theories
in four and five dimensions. The Maxwell-Einstein supergravity amplitudes are obtained
through the color /kinematics duality as a product of two gauge-theory factors; one originat-
ing from pure NV = 2 super-Yang-Mills theory and the other from the dimensional reduction
of a bosonic higher-dimensional pure Yang-Mills theory. We identify a specific symplectic
frame in four dimensions for which the on-shell fields and amplitudes from the double-copy
construction can be identified with the ones obtained from the supergravity Lagrangian
and Feynman-rule computations. The Yang-Mills/Einstein supergravity theories are ob-
tained by gauging a compact subgroup of the isometry group of their Maxwell-Einstein
counterparts. For the generic Jordan family this process is identified with the introduction
of cubic scalar couplings on the bosonic gauge-theory side, which through the double copy
are responsible for the non-abelian vector interactions in the supergravity theory. As a
demonstration of the power of this structure, we present explicit computations at tree-
level and one loop. The double-copy construction allows us to obtain compact expressions
for the supergravity superamplitudes, which are naturally organized as polynomials in the

gauge coupling constant.
KEYWORDS: Scattering Amplitudes, Extended Supersymmetry, Supergravity Models

ARX1v EPRINT: 1408.0764

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP01(2015)081


mailto:mchiodar@aei.mpg.de
mailto:murat@phys.psu.edu
mailto:henrik.johansson@cern.ch
mailto:radu@phys.psu.edu
http://arxiv.org/abs/1408.0764
http://dx.doi.org/10.1007/JHEP01(2015)081

Contents

1 Introduction 1
2 Designer gauge and supergravity theories 7
2.1 Color/kinematics duality: a brief review 7
2.2 Minimal couplings and the double-copy construction 9
3 N = 2 supergravity in four and five dimensions 11
3.1 General five-dimensional Maxwell-Einstein Lagrangian 11
3.2 YMESGTsS in five dimensions 15
3.3 Four dimensional NV = 2 MESGTs and YMESGTSs via dimensional reduction 17
3.4 Generic Jordan family of 4D N = 2 YMESGTs 19
4 Color/kinematics duality and the double-copy N' = 2 YMESGTSs 25
4.1 The two gauge-theory factors 25
4.2  Color/kinematics duality of Yang-Mills-scalar theories 28
5 Tree-level amplitudes 30
5.1 Three-point amplitudes and the field and parameter map 31
5.2 Four-point amplitudes 33
5.3 Five-point amplitudes 35
6 One-loop four-point amplitudes 37
6.1 The four-scalar gauge-theory amplitude 38
6.2 The four-vector Yang-Mills-gravity amplitude 40
7 Conclusions and outlook 42
A Notation 45
B Expansions for the generic Jordan family 46

1 Introduction

Perturbative S matrices of gravitational theories in flat spacetime enjoy a particularly
simple structure that remains highly obscure at the level of the Lagrangians and in covariant
computations based on Feynman diagrams. Evidence for this structure was first brought
to light through the Kawai-Lewellen-Tye (KLT) relations [1, 2|, which demonstrate that
the information encoded in a gauge-theory tree-level S matrix is sufficient to construct a
tree-level gravity S matrix.



More recently, Bern, Carrasco and Johansson (BCJ) proposed a set of Lie-algebraic
relations for the kinematic building blocks of gauge-theory loop-level amplitudes [3, 4],
which mirror analogous relations obeyed by the corresponding color building blocks. Their
existence mandates that gravity amplitudes can be obtained from gauge-theory amplitudes
through a double-copy construction. The double copy trivializes the construction of gravity
loop-level integrands when the corresponding gauge amplitudes are available in a presen-
tation that manifestly satisfies such duality between color and kinematics. The existence
of amplitudes presentations that obey color/kinematics duality has been conjectured for
broad classes of Yang-Mills (YM) theories to all loop orders and multiplicities [4].

There is by now substantial evidence for the duality at tree level. Multiple versions
of duality-satisfying tree amplitudes in pure super-Yang-Mills (sYM) theories, including
arbitrary number of legs and in D dimensions [5-7], have been constructed [8-14]. The
duality enforces the so-called BCJ relations between color-ordered tree amplitudes, which
have been proven from both string- [15, 16] and field-theory [17-19] perspectives. Duality-
satisfying structures are known to naturally arise from the field-theory limit of string theory
using the pure-spinor formalism [7, 20-24]. Attempts toward a Lagrangian understanding
of the duality are ongoing [25, 26], and the study of the kinematic Lie algebra underlying the
duality has made significant advances [9, 27-30]. Color/kinematics duality played a key role
in the advent of the scattering equations [19, 31-35]. That the duality is not limited to YM
theories, but applies to certain Chern-Simons-matter theories, was observed in refs. [36-38].

Amplitude presentations with manifest color /kinematics duality at loop-level were first
constructed for the maximal sYM theory [39-41] and have played a critical role in enabling
state-of-the-art multiloop computations in (ungauged) N > 4 supergravities [42-47|. These
calculations, as well as earlier ones, have exposed unexpected ultraviolet (UV) cancellations.
The four-point amplitudes of N' = 8 supergravity were shown to be manifestly UV-finite
through four loops [41, 48-50], and later work proved that the ' = 8 theory cannot have a
divergence before seven loops in four dimensions [51-54]. Interestingly, finiteness until this
loop order agrees with earlier naive power-counting based on the assumed existence of an
off-shell N = 8 superspace [55]. The potential existence of seven-loop divergences has been
suggested from several perspectives, including an analysis of string theory dualities [56], a
first-quantized world-line approach [57, 58], and light-cone supergraphs [59]. However, it
has also been argued that the theory may remain finite beyond seven loops [60-66]. Pure
N = 4 supergravity has been shown to be UV-finite at three loops [44, 45], and to diverge
at four loops [47]. The authors of ref. [47] suggested that the appearance of the four-loop
divergence should be related to the quantum anomaly of a U(1) subgroup of the SU(1,1)
global symmetry of the theory [67].

More recent work studied duality-satisfying presentations for one-loop gauge-theory
amplitudes, with and without adjoint matter, for N' < 2 supersymmetric theories [68-
71].1 In ref. [68] it was first shown that there exists double-copy structures for particular
classes of gravity theories with A/ < 4 that can be constructed as field-theory orbifolds of
N = 8 supergravity. To access a broader spectrum of supergravities with reduced N' < 4

!See also refs. [72-75] for explicit one-loop calculations related to color/kinematics duality.



supersymmetry it is necessary to generalize color/kinematics duality by including matter
fields that do not transform in the adjoint representation; the bi-fundamental [76] and
fundamental [77] representations are natural generalizations. In these cases, each line of a
gauge-theory graph has a definite gauge-group representation through its color factor, and,
generically, proper double copies are obtained by matching up pairs of numerator factors
that belong to conjugate (or, alternatively, identical) color representations [76, 77].

Further generalizations (deformations) of supergravity theories are achieved by gaug-
ing. In supergravity theories with abelian vector fields, one can gauge a subgroup of the
global symmetry group, and/or R-symmetry group, such that some of the vector fields
become gauge fields of the gauged group. This (sub)set of vector fields must transform
in the adjoint representation of the corresponding gauge group. The minimal couplings
introduced by this gauging break supersymmetry; however, it is restored by introducing
additional terms into the Lagrangian. For example, one can gauge the SO(8) subgroup of
the full U-duality group F7(7) of maximal supergravity in D = 4 [78], thereby turning all
vector fields into non-abelian gauge fields of SO(8) [79]. The gauging-induced potential does
not vanish for the maximally (N = 8) supersymmetric ground state; instead, it produces
a stable anti-de Sitter (AdS) vacuum. This means that, in this maximally supersymmetric
background, all the fields of SO(8) gauged N = 8 supergravity form an irreducible super-
multiplet of the AdS superalgebra OSp(8|4,R) with even subalgebra SO(8) @& Sp(4, R).

In five dimensions, the maximal Poincaré supergravity theory has 27 vector fields [80];
however, there is no simple group of dimension 27. The problem of gauging the maxi-
mal supergravity theory was unresolved until the massless supermultiplets of the N’ = 8
supersymmetry algebra SU(2,2|4) in AdSs; were constructed in ref. [81]. The massless
five-dimensional N' = 8 AdS graviton supermultiplet turned out to have only 15 vector
fields; the remaining 12 vector fields must instead be dualized to tensor fields. Hence
it was pointed out in ref. [81] that one can at most gauge a SU(4) subgroup of the R-
symmetry group USp(8) in five dimensions. Gauged maximal supergravity in D = 5 with
simple gauge groups SO(6 — p,p) was subsequently constructed in refs. [82, 83].2 In these
SO(6 — p, p) gaugings of maximal supergravity all the supersymmetric vacua turned out to
be AdS. Shortly thereafter an SU(3,1) gauged version of maximal supergravity in five di-
mensions, which admits an N' = 2 supersymmetric ground state with a Minkowski vacuum,
was discovered [85]. In this ground state of the SU(3,1) gauged maximal supergravity, one
has unbroken SU(3) x U(1) gauge symmetry and an SU(2) g local R-symmetry. The SO(8)
gauged N = 8 supergravity in D = 4 and SO(6) gauged N = 8 supergravity in D =5 de-
scribe the low-energy effective theories of M-theory on AdSy x S” and IIB superstring over
AdSs5 x S°, respectively. In general compactification of M-theory or superstring theories
with fluxes leads to gauged supergravity theories. In recent years the embedding tensor
formalism for constructing gauged supergravities was developed, which is especially well
suited for studying flux compactifications. For reviews and references on the subject we
refer to refs. [105, 106].

2Compact SO(6) gauged supergravity was also constructed in ref. [84].



The double-copy construction of the amplitudes of ungauged maximal supergravity has
not yet been consistently or comprehensively extended to gauged versions of the theory.
One conceivable obstacle in this endeavor is the fact that fully-supersymmetric ground
states of gauged maximal supergravity theories are AdS and the methods for double-copy
construction to date require a flat background. However, the fact that the SU(3,1) gauged
maximal supergravity in D = 5 admits a stable A/ = 2 supersymmetric ground state with
vanishing cosmological constant, does suggest that flat-space techniques for the double-copy
construction can be used for this theory.

Indeed, one should expect that such double-copy constructions are allowed. Quite some
time ago, Bern, De Freitas and Wong [86] constructed tree-level amplitudes in Einstein
gravity coupled to YM theory, in four dimensions and without supersymmetry, through
a clever use of the KLT relations. They realized that color-dressed YM amplitudes could
be written in circular ways as KLT products between color-stripped YM amplitudes and
a scalar ¢ theory. The scalar theory is invariant under two Lie groups, color and flavor
(see refs. [25, 27, 34, 89, 90] for more recent work on this theory). Remarkably, after
applying the KLT formula to the color-stripped amplitudes, the global flavor group of the
scalars was promoted to the gauge group of the gluons. They then minimally coupled
the ¢3 theory to YM theory, which, through KLT, allowed them to compute single-trace
tree-level amplitudes in a Yang-Mills/Einstein theory [86], i.e. the amplitudes with the
highest power of the trilinear scalar coupling ¢’. The gravitationally-dressed Parke-Taylor
amplitudes obtained this way match those previously constructed by Selivanov in [87, 88]
through a generating function method. Unfortunately, without the modern framework of
color /kinematics duality, it was not clear how to generalize this construction to subleading
powers of ¢, multiple-trace amplitudes, and more importantly to loop-level amplitudes.
Instead, this generalization will be achieved in the current work.

Focusing on suitable theories with flat-space vacuum, it is well known that four- and
five-dimensional A/ < 4 supergravities with additional matter multiplets admit a very rich
family of gaugings that preserve supersymmetry. For example, the N' = 4 supergravity
coupled to n vector supermultiplets has the global symmetry group SO(6,n) x SU(1,1) in
D =4 and SO(5,n) xSO(1,1) in D = 5. The family of four- and five-dimensional Maxwell-
Einstein supergravity theories (MESGTSs) corresponding to A = 2 supergravity coupled to
n vector multiplets is even richer. A general construction of N' =2 MESGTs in D = 5 was
given in ref. [91] and a construction of matter-coupled N' = 2 supergravity theories in D = 4
was given in refs. [92, 93]. An important feature of N' = 2 MESGTsS is the fact that all
the bosonic fields are R-symmetry singlets. As a consequence, gauging a subgroup of their
global symmetry groups in D = 5 does not introduce a potential, and hence one always
has supersymmetric Minkowski vacua in the resulting Yang-Mills/Einstein supergravity
theories (YMESGTS) in both D = 5 and D = 4. Gaugings of five-dimensional N' =
2 MESGTs were thoroughly studied in refs. [94-97]. The gaugings of four-dimensional
MESGTSs were originally studied in refs. [98, 99]. For a complete list of references, we refer
the reader to the book by Freedman and van Proeyen [100].

Ungauged N' = 2 MESGTS coupled to hypermultiplets in four and five dimensions arise
as low-energy effective theories of type-II superstring and M-theory compactified over a



Calabi-Yau threefold, respectively. They can also be obtained as low-energy effective the-
ories of the heterotic string compactified on a K3 surface down to six dimensions, followed
by toroidal compactifications to five and four dimensions. In general, six-dimensional
N = (1,0) supergravity coupled to n self-dual tensor multiplets and ny vector multiplets
reduces to a D = 5 MESGT with (ny+ny + 1) vector multiplets. Such six-dimensional su-
pergravity theories, coupled in general to hypermultiplets, can be obtained from M-theory
compactified to six dimensions on K3 x S'/Zy [101, 102]. They can also be obtained from
F-theory on an elliptically fibered Calabi-Yau threefold [103].3 If we restrict the low-energy
effective theory to its vector sector, the resulting MESGT Lagrangian in five dimensions
can be fully constructed by knowing a particular set of trilinear vector couplings. These
are completely specified by a symmetric tensor C7 g, where the indices I, J, K label all
the vectors in the theory including the graviphoton [91]. For the MESGT sector of the
N = 2 supergravity theory obtained by compactification on a Calabi-Yau threefold, the C
tensor simply corresponds to the triple intersection numbers, which are topological invari-
ants. Whenever the C tensor is invariant under some symmetry transformation, the D =5
MESGT Lagrangian will posses a corresponding (global) symmetry. Indeed, this is a conse-
quence of the fact that D = 5 MESGT theories are uniquely defined by their C' tensors [91].4

The special cases in which the five-dimensional N' = 2 MESGT has a symmetric target
space have long been known in the literature [91, 107-109]. The MESGTs with symmetric
scalar manifolds (target spaces) G/K such that their C' tensors are G-invariant are in one-
to-one correspondence with Euclidean Jordan algebras of degree three, whose norm forms
are given by the C tensor. There exist an infinite family of reducible Jordan algebras
R® T, of degree three, which describes the coupling of N' = 2 supergravity to an arbitrary
number (n > 1) of vector multiplets. This class of theories is named the generic Jordan
family in the literature, and yields target spaces of the form

SO(n — 1,1)

so =1 XSO (1.1)

Additionally, there exist four unified magical MESGTSs constructed from the four simple
Jordan algebras of degree three, which can be realized as 3 x 3 hermitian matrices over the
four division algebras R, C, H, Q. These theories describe the coupling of five-dimensional
N = 2 supergravity to 5, 8,14 and 26 vector multiplets, respectively.

As a first step in the systematic study of amplitudes in gauged supergravity theories, in
this paper we initiate the study of amplitudes of N'= 2 YMESGTsS constructed as double
copies using color/kinematics duality. In particular, we focus on those N'= 2 YMESGTSs
whose gauging corresponds to a subgroup of the global symmetry group of the generic
Jordan family of MESGTs in D = 5 and D = 4 Minkowski spacetime. Furthermore, we
restrict our study to compact gauge groups, and leave to future work the study of more
general gaugings in generic Jordan family as well as in magical supergravity theories. We

3For a review and further references on the subject of M /superstring-theory origins of N' = 2 supergrav-
ities in D =5 and D = 4 as well as D = 6 see ref. [104].

“The only physical requirement is that the C' tensor must lead to positive definite kinetic-energy terms
for the vector and scalar fields.



note that the gauging of the generic Jordan family of supergravities is quite important from
a string-theory perspective. The low-energy effective theory that arises from the heterotic
string compactified over K3 is described by six-dimensional A" = (1, 0) supergravity coupled
to one self-dual tensor multiplet together with some sYM multiplets and hypermultiplets.
Under dimensional reduction this theory yields D =5 YMESGTSs belonging to the generic
Jordan family with a compact gauge group coupled to certain number of hypermultiplets.
We will not discuss the interactions of hypermultiplets in the current work; since they
always appear in pairs in the effective action, they can be consistently truncated away.

Our main results are: (1) the construction of the ungauged amplitudes as double copies
between elements from a pure N' = 2 sYM theory and a family of ' = 0 YM theories
that can be viewed as the dimensional reductions of D = n 4 4 pure YM theories; (2) the
introduction of relevant cubic scalar couplings to the AN/ = 0 gauge theory, which, through
the double copy, are responsible for the interactions of the non-abelian gauge fields of the
YMESGT. As in ref. [86], the gauge symmetry in the supergravity theory originates from a
global symmetry in the N'= 0 YM theory employed in the double copy. Our construction
is expected to give the complete perturbative expansion of the S matrix in these theories,
including the full power series in the gauge coupling and all multi-trace terms, at arbitrary
loop orders.” Although the current work is limited to N/ = 2 supergravity theories, we
expect that our construction straightforwardly extends to N/ = 4 supergravity coupled to
vector multiplets as well as to some matter-coupled supergravities with N' < 2. The former
theory can be obtained by promoting the N = 2 sYM theory to N’ = 4 sYM, and the latter
theories can be obtained by truncating the spectrum of the N' = 2 sYM theory, while in
both cases leaving the bosonic YM theory unaltered.

In section 2, we provide a brief review of color/kinematics duality, identify the types of
gauged supergravities that can most straightforwardly be made consistent with the double-
copy construction and show that, on dimensional grounds, gauge interactions in the super-
gravity theory require the introduction of cubic scalar couplings in one of the gauge factors.

In section 3, we review the Lagrangians for general MESGTs and YMESGTs in five
and four dimensions, giving particular attention to gauged and ungauged theories belonging
to the generic Jordan family. We show how the full Lagrangian can be constructed from
the C tensors controlling the F' A F' A A interactions in five dimensions. Moreover, we
discuss the fundamental role played by duality transformations in four dimensions and
the corresponding symplectic structure. We also show that, for theories belonging to the
generic Jordan family, it is possible to find a symplectic frame for which (1) the linearized
supersymmetry transformations act diagonally on the flavor indices of the fields when the
Lagrangian is expanded around a base point, and (2) the three-point amplitudes have
manifest SO(n) symmetry.

Section 4 discusses in detail the gauge-theory factors entering the double-copy con-
struction for theories in the generic Jordan family. We show that we can take as one of
the factor the dimensional reduction to four dimensions of the pure YM theory in n + 4
dimensions. We also identify particular cubic couplings that are responsible for the non-

®Modulo issues that are common to all formalisms: possible UV divergences and quantum anomalies.



abelian interactions in the YMESGT obtained with the double-copy. These couplings have
the mass dimension required by the general argument presented in section 2.

In section 5, we compare the amplitudes from the double-copy construction with the
ones from the Lagrangian discussed in section 3. Introducing particular constrained on-
shell superfields, we obtain compact expressions for the superamplitudes of the theory.
We show that, when we employ the Feynman rules obtained from the Lagrangian in the
particular symplectic frame identified at the end of section 3, the two computations lead to
the same three-point amplitudes and that the double-copy superfields are mapped trivially
(i.e. by the identity map) into the Lagrangian on-shell superfields. We argue that, since
the C tensors are fixed by the three-point interactions, the double-copy construction should
continue to yield the correct amplitudes at higher points. The fact that the double-copy
construction naturally extends to five dimensions plays a critical role in the argument. We
run some further checks on the amplitudes at four points and present compact expressions
for the five-point amplitudes.

In section 6 we present some amplitudes at one loop, while our concluding remarks are
collected in section 7.

For readers’ convenience, in appendix A we list our conventions and provide a sum-
mary of the notation employed throughout the paper. Finally, in appendix B we present
expansions for the various quantities entering the bosonic Lagrangian in the symplectic
frame discussed in section 3. These expansions can be used to obtain the Feynman rules
for the computation outlined in section 5.

2 Designer gauge and supergravity theories

2.1 Color/kinematics duality: a brief review

It has long been known [1, 2] that, at tree level, the scattering amplitudes of gravity and su-
pergravity theories related to string theory compactifications on tori exhibit a double-copy
structure, being expressible as sums of products of amplitudes of certain gauge theories.
This structure was more recently clarified in refs. [3, 4], where it was realized that there exist
underlying kinematical Lie-algebraic relations that control the double-copy factorization.
The integrands of gauge-theory amplitudes are best arranged in a cubic (trivalent) graph-
based presentation that exhibits a particular duality between their color and kinematic
numerator factors. Once such a presentation is obtained, the double-copy relation between
the integrands of gauge-theory and gravity amplitudes extents smoothly to loop level.

In this organization, the gauge-theory L-loop m-point amplitude for adjoint particles
is given by

L
dPpr 1 nic
AL—loop — iLgm—2+2L§ :/ = iy . 21
" = 111 (2m)? 5 T1a, P, @1)

Here the sum runs over the complete set I' of L-loop m-point graphs with only cubic
vertices, including all permutations of external legs, the integration is over the L inde-
pendent loop momenta p; and the denominator is given by the product of all propagators



of the corresponding graph. The coeflicients ¢; are the color factors obtained by assign-
ing to each trivalent vertex in a graph a factor of the gauge group structure constant
fabe — \/2fabe — Tr([T%, T®]T¢) while respecting the cyclic ordering of edges at the vertex.
The hermitian generators 7% of the gauge group are normalized so that Tr(T%T?) = §.
The coefficients n; are kinematic numerator factors depending on momenta, polarization
vectors and spinors. For supersymmetric amplitudes in an on-shell superspace they will
also contain Grassmann parameters representing the odd superspace directions. These
Grassmann parameters transform in the fundamental representation of the on-shell R-
symmetry group of the theory. There is one such parameter for each external state; in
four-dimensional theories there is a close relation between the number of Grassmann pa-
rameters and the helicity of the corresponding external state. The symmetry factors S; of
each graph remove any overcount introduced by summation over all permutations of ex-
ternal legs (included in the definition of the set I'), as well as any internal automorphisms
of the graph (i.e. symmetries of the graph with fixed external legs).

A gauge-theory amplitude organized as in equation (2.1) is said to manifestly exhibit
color /kinematics duality [3, 4] if the kinematic numerator factors n; of the amplitude are
antisymmetric at each vertex, and satisfy Jacobi relations around each propagator in one-
to-one correspondence with the color factors. Schematically, the latter constraint is

Ci—i-cj‘—l-ck:o =2 n,-—i—nj—i—nk:(). (2.2)

It was conjectured in refs. [3, 4] that such a representation exists to all loop orders and
multiplicities for wide classes of gauge theories.%

While amplitudes with manifest color/kinematics duality have been explicitly con-
structed both at tree-level and at loop-level in various theories [5-14, 39-41, 68-72, 76, 77],
they are often somewhat difficult to find because of the non-uniqueness of the numerators.
At tree-level it is possible to test whether such a representation exists by verifying relations
between color-stripped partial amplitudes that follow from the duality [3]. Examples of

such BCJ relations for adjoint-representation color-ordered tree amplitudes are

524Az(10) (17 27 47 3)
s24A0(1,2,4,3,5)

824Aé0

AP(1,2,3,4)s14,

AD(1,2,8,4,5)(s14 + su5) + AV (1,2,3,5,4) 514,
)(1,2,4,3,5,6) = AP(1,2,3,4,5,6)(s14 + 546 + 545)

+AY(1,2,3,5,4,6)(s14 + sa6) + AV (1,2,3,5,6,4)s14. (2.3)

We refer the reader to ref. [3] for a detailed description of all-multiplicity amplitude rela-
tions. In section 4.2 we shall use these relations to demonstrate that a certain Yang-Mills-
scalar theory, which appears in our construction, exhibits color/kinematics duality.
Starting from two copies of gauge theories with amplitudes obeying color/kinematics
duality and assuming that at least one of them does so manifestly, the amplitudes of the

Constraints following from the requirement that the theory be renormalizable in four dimensions have
been discussed in ref. [76].



related supergravity theory are then trivially given in the same graph organization but
with the color factors of one replaced by the numerator factors of the other:

dP ing m-— —
L & e = (5w e

Here k is the gravitational coupling. In writing this expression one formally identifies

/{ m—2+2L

L—loop __ L+1
M =1 (

g? — k/2; additional parameters that may appear in the gauge-theory numerator factors
are to be identified separately and on a case-by-case basis with supergravity parameters.
The Grassmann parameters that may appear in n; and/or n; are inherited by the corre-
sponding supergravity amplitudes; they imply a particular organization of the asymptotic
states labeling supergravity amplitudes in multiplets of linearized supersymmetry. Since
these linearized transformations — given by shifts of the Grassmann parameters — are
inherited from the supersymmetry transformations of the gauge-theory factors, they need
not be the same as the natural linearized supersymmetry transformations following from
the supergravity Lagrangian and a nontrivial transformation may be necessary to align the
double-copy and Lagrangian asymptotic states.”

2.2 Minimal couplings and the double-copy construction

It is interesting to explore on general grounds what types of gauged supergravity theories
are consistent with a double-copy structure with the two factors being local field theories.
We discuss here the constraints related to the kinematical structure of amplitudes; further
constraints related to the field content of the theory may be studied on a case-by-case basis.
To this end let us consider a four-dimensional supergravity theory coupled to non-abelian
gauge fields, which has a supersymmetric Minkowski vacuum. While the matter interac-
tions depend on the details of the theory, the gravitational interactions of matter fields
and those related to them by linearized supersymmetry are universal, being determined by
diffeomorphism invariance. Similarly, the terms linear in the non-abelian gauge fields are
also universal, being determined by gauge invariance.

For gauged supergravities that have a string-theory origin one may expect that a KLT-
like construction [1, 2] should correctly yield their scattering amplitudes. Similarly, it is nat-
ural to expect that a double-copy-like construction [3] would then extend this result to loop-
level [4]. In either construction, the three-point supergravity amplitudes are simply prod-
ucts of three-point amplitudes of the two gauge-theory factors. Assuming that this property
should hold generally, the dimensionality of these amplitudes imposes strong constraints in
the structure the two gauge-theory factors. Let us look first at the interactions of scalars
and spin-1/2 fermions. Since they are minimally coupled to non-abelian vector fields,

ﬁgSG D¢ + (D¢ .. (2.5)

the scalar-vector and fermion-vector three-point amplitudes Méo) (¢, ¢, A) and M (C ¢, A)
have unit mass dimension.

"In the case of scalar fields this transformation needs not be linear, e.g. see ref. [67] for an example
of a non-linear transformation. Supersymmetry then implies that other fields should also be transformed
nonlinearly, e.g. fields in nontrivial representations of the Lorentz group may be dressed with functions of
the scalar fields as it is natural from a Lagrangian standpoint, see section 3.



This is the same dimension as that of three-point amplitudes in a classically scale-
invariant gauge theory in D = 4,8
a1 =1, (2.6)

because the relevant interactions are either uniquely determined by gauge invariance to be
the same as (2.5) or are constrained by scale invariance. Multiplying two such amplitudes
as suggested by the expected KLT /double-copy construction leads to a gravity amplitude
of dimension

M) =2, (2.7)

where we have stripped off the dimensionful gravitational coupling. Thus, the double-copy
of classically scale-invariant gauge theories cannot lead to standard non-abelian gauge
field interactions. To obtain a supergravity amplitude of unit dimension, classical scale
invariance must be broken in one of the two gauge-theory factors to allow for the existence
of amplitudes of vanishing mass dimension. Using the fact that supergravity vectors, spin-
1/2 fermions and scalars are written in terms of gauge theory fields as

Vi=A1®0¢ (+ =2+ ®0 S=¢®¢, (2.8)

it is easy to see that the constraints imposed by the dimensionality of amplitudes can be
satisfied if one of the gauge-theory factors contains a cubic scalar coupling. The dimen-
sionful parameter ¢’ governing such a coupling should then be related to the product of
the gravitational coupling and the coupling of the supergravity gauge group, ¢’ ~ kg.

The same analysis implies that the supergravity fields that are identified with products
of gauge-theory fields with nonzero helicity,

Yvo=A @A\ h=A ®A;  dr=A ®A, (2.9)

cannot couple directly to the non-abelian vector potential but only to its field strength.
It is indeed not difficult to see that any three-point amplitude, in a conventional gauge
theory, with at least one field with nonzero spin has unit dimension. Thus any supergravity
amplitude obtained from such a double copy with at least one field of the type (2.9) has
dimension 2, and therefore cannot be given by a minimal coupling term.

It is easy to extend the analysis above to gravitino gauge interactions.® Such interac-
tions arise in theories in which part of the R-symmetry group is gauged. In this case the
minimal coupling is

L3 ~ "Dy, (2.10)
and, consequently, the two-gravitini-vector amplitudes have again unit dimension. Sup-
plementing this with the helicity structure following from the structure of the La-
grangian (2.10) it follows that

MO (A% 2V 3y o (2.11)

8The analysis of this subsection can be repeated in D dimensions, leading to the same conclusions.
9See ref. [110] for a thorough discussion of gravitino interactions in ungauged supergravities from the
perspective of the gauge-theory factors.
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Since
Vi = AL @Ay, Yo =A_®A, Vi=A1 Q¢ & M@ A4, (2.12)

Lorentz invariance implies that the only way to realize this field content is by double-
copying a three-vector and a two-fermion-scalar amplitude. The helicity structure however
is incompatible with the latter amplitude originating from a standard Lorentz-invariant
Yukawa interaction, which requires that the two fermions have the same helicity. Together
with the fact that such a construction leads to an amplitude of dimension two and the fact
that the three-point vector amplitudes are uniquely determined by gauge invariance, this
implies that one of the two gauge-theory factors must have a non-conventional dimension
3 fermion-scalar interaction. We leave the identification of such possible interactions for
the future and instead focus in the remainder of this paper on trilinear scalar deformations
and the corresponding YMESGTs.

3 N = 2 supergravity in four and five dimensions

3.1 General five-dimensional Maxwell-Einstein Lagrangian

In the present section we summarize the relevant results on MESGTSs in five dimensions
following refs. [82, 83, 91, 94-97, 107] and adopt the conventions therein. We use a
five-dimensional spacetime metric of “mostly plus” signature (— 4+ + + +) and impose
a symplectic-Majorana condition of the form

X' =Ci') (3.1)

on all fermionic quantities where 7,7,... = 1,2. C is the charge conjugation matrix and the
Dirac conjugate is defined as Y’ = X; I'%. The field content of the general five-dimensional
MESGT with 1 vector multiplets is

{em wi, Al v o0} (3.2)

where the indices I,J = 0,1,...,7n label the vector fields. The scalar fields ¢* can be
thought of as coordinates of a n-dimensional target-space manifold M; a,b=1,..., 7 and
x,y = 1,...,n are flat and curved indices in the target-space manifold, respectively. R-
symmetry SU(2)p indices i, j, . . . are raised and lowered by the symplectic metric €;; and its
inverse €. Since our analysis focuses on amplitudes involving bosons, we write explicitly
here only the bosonic part of the Lagrangian, which takes on the form,
-1 R 1., 5 g 1 x e’ vpo Al A K

e L= —3 = ZGUFWF my — igxyaucp oMY + %C[JKGM PR F A (3.3)
where g, is the metric of the n-dimensional target-space manifold M. The theory is
uniquely specified by the symmetric constant tensor Cjjx that appears in the F A F A A
term. The only constraint on the C' tensor is the physical requirement that the kinetic-
energy terms of all fields be positive-definite. The connection between the C' tensor and
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the “field-space metrics” of the kinetic-energy terms of the vector and scalar fields proceeds
via the associated cubic prepotential,

2

3/2
N(§) = <3> Cryréle’e. (3.4)

The scalar manifold M can always be interpreted as the codimension-1 hypersurface with
equation N(¢) = 1 in the 7 + 1-dimensional ambient space C with coordinates &/ and
endowed with the metric

ary = —%81&]111N(£). (3.5)

The metric of the kinetic energy term for the vector fields is the restriction of the ambient-
space metric ar; to the hypersurface M, while the target space metric g,, is the induced
metric on M,

dIJ(SO) = aIJ|N(5):1 ) gmy(w) = dljgzglang . (36)

The vielbeine (hy, h%) and their inverses (h!,hl) for the metric d;; obey the standard
algebraic relations,

Gry=hrhy+hih,  hihidrg = Sa,
R'nlary =1, hWlhry = hih1*=0. (3.7)

They may be expressed in terms of the (derivatives of the) prepotential and the embedding
coordinate £ and their derivatives as

W' (p) = \/gfl\N_l : (3.8)

hilp) = \/Zaf N ()|, » (3.9)

hy(p) = —\/g&rhf, (3.10)
hie(p) = \/zf)xhl. (3.11)

Last but not least, the kinetic-energy term of the scalar fields can also be expressed in
terms of the C tensor as

—%gxy(ﬁugbx)(@”qﬁy) - gc”KhI(ath)(aﬂhK). (3.12)

The supersymmetry transformation laws of MESGTs are (to leading order in fermion
fields)

1.
ey’ = §§Tm‘l’m,

0T, = Ve + ehi(T," — 45T

46
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L V6 s
04, = —ShaE Ty + Z{hlqz;gi,
R ; | R
BN = =2 fiTH (D)’ + HITE
ST = L fTEN (3.13)

2

where f¥ denotes the n-bein on the target space. From the above transformation laws, one
can identify the field strength of the “physical” (dressed) graviphoton to be hyF}! , and the
linear combinations of the vector field strengths that are superpartners of dressed spin-1/2
fields A%, given by h$F, il,. The requirement that the C' tensor must lead to positive-definite
kinetic-energy terms implies that at a certain point in the ambient space C the metric a
can be brought to the diagonal form ays|. = d7; by a coordinate transformation. This
point is referred to as the base point ¢/. The base point ¢! lies in the domain of positivity
with respect to the metric ay; of the ambient space C. Choosing the base point as

ol = <\/§,0,...,0) (3.14)

one finds that the most general C' tensor compatible with positivity can be brought to the
form 1

C()()() = 1, COab: —5(5@{,, C()()a :0, a,b,c: 1,...,7~7,, (315)
with the remaining components C,. being completely arbitrary.

The global symmetry group of the MESGT is simply given by the invariance group
of the tensor Cjji. These global symmetry transformations correspond to isometries of
the target space M. The converse is however not true. There exist theories in which not
all the isometries of the target manifold extend to global symmetries of the full N' = 2
MESGT, e.g. the generic non-Jordan family to be discussed below.

Since our main goal is to understand the double-copy structure of gauged or ungauged
YMESGTSs, we will consider only theories whose C' tensors admit symmetries, in particular,
those theories whose scalar manifolds are symmetric spaces M = G/H such that G is a
symmetry of the C tensor.'® In the latter theories, the cubic form defined by the C' tensor
can be identified with the norm form of a Euclidean Jordan algebra of degree three. There
are four simple Jordan algebras of degree three denoted as Jg‘fk, which can be realized as
hermitian 3x3 matrices over the four division algebras A = R, C, H, Q. The scalar manifolds
M;5(J%) of MESGTs defined by the simple Jordan algebras in five dimensions are as follows:

_ SL(3,R) ~ SU*(6)

Ms(J5) = 50(3) Ms(J5') = USp(6)’

1%Tn addition to the MESGTs defined by Euclidean Jordan algebras of degree three, there exists an infinite
family of theories whose scalar manifolds are symmetric spaces of the form
_S0(1,n)

M= SO() n>1.

This infinite set of MESGTs is called the generic non-Jordan family. The isometry group SO(1,7) of the
scalar manifold of the generic non-Jordan family is broken by supergravity couplings down to the semi-direct
product subgroup [SO(1,1) x SO(f — 1)] x T(7—1y [108].
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Ms() = EBO g 9) =

Eg(—26)
SU@) '

Fy

(3.16)

They describe the coupling of 5, 8, 14 and 26 vector multiplets to N' = 2 supergravity and
are referred to as “Magical supergravity theories”. Their global symmetry groups G are
simple and all the vector fields including the graviphoton transform in a single irreducible
representation under G. Hence they are unified theories. The quaternionic magical theory
with the global symmetry group SU*(6) can be obtained by a maximal truncation of the
N = 8 supergravity in five dimensions.

There also exists an infinite family of reducible Jordan algebras R & I'; of degree three
whose cubic norms factorize as a product of linear and quadratic form. The MESGTSs
defined by them are referred to as the generic Jordan family; their scalar manifolds are of

the form
SO(n —1,1) x SO(1,1)

SO(f — 1)

and describe the coupling of 7 vector multiplets to N' = 2 supergravity.

M5(REB Fﬁ) = , n > 1. (3.17)

The magical supergravity theories can be truncated to MESGTs belonging to the
generic Jordan family. Below we list the target spaces of maximal truncations of this type:

Mi(JE) = 555)3(’31;@ _, 802, IS)OX( 28)0(1,1) |
M(J5) = SISJI(J3(’3(§) — 2 15)(;(38)0(1’1) : (3.18)
Ms(JE) = [stjp((g R 80(5,1S>Ox(;0(1,1)’

Ms(J2) = E6<Fj426> __, S0, 1S)Ox( 98)0(1,1)

We should note that the C' tensors of MESGTs defined by Euclidean Jordan algebras
of degree three, generic Jordan as well as the magical theories, satisfy the adjoint identity

CEC N Crok = §(uCnpq) » (3.19)

where the indices are raised with the inverse a!/ of the vector field space metric ay J
Furthermore the C tensor is an invariant tensor of their global symmetry groups G such
that we have

Cryx = CE. (3.20)

In this paper we will be considering MESGTs belonging to the generic Jordan family.
The natural basis for defining the C' tensor for this family is given by identifying the
prepotential with the cubic norm of the underlying Jordan algebra, which is

N(E) = vaE((€)7 - (€22 - ... - (6M?). (3.21)
The C' tensor in the natural basis is given by

V3 V3
Con = —, Cors = =~

5 Ors rSs=2,...,7, (3.22)

— 14 —



K CSU(2)gr Gauged Maxwell-Einstein supergravity

K CSO(n—1) Compact Yang-Mills/Einstein supergravity

K CSO(n—1,1) x SO(1,1) Non-compact Yang-Mills/Einstein supergravity
K CSU(2)r x SO(n—1) Compact gauged Yang-Mills/Einstein sugra

K CSU(2)pxSO(n—1,1)xSO(1,1) Non-compact gauged Yang-Mills/Einstein sugra

Table 1. List of possible gaugings of generic Jordan family of N’ = 2 MESGTs without tensor
fields.

and the corresponding base point is at

el = (\2,1,0,...,0). (3.23)

3.2 YMESGTSs in five dimensions

Let us now review the gaugings of a N’ = 2 MESGT in five dimensions whose full symmetry
group is the product of R-symmetry SU(2)r with the global invariance group G of the C'
tensor. If one gauges only a subgroup K of the global symmetry G, the resulting theories
are referred to as YMESGTs, which can be compact or non-compact. If one gauges only
a subgroup of SU(2)r the resulting theories are called gauged MESGTSs. If one gauges a
subgroup of SU(2) g as well as a subgroup of G simultaneously then they are called gauged
YMESGTs. In gauging a subgroup of the global symmetry group G those non-gauge vector
fields that transform non-trivially under the non-abelian gauge group must be dualized to
tensor fields that satisfy odd-dimensional self-duality conditions [97]. We list the possibil-
ities for gauging the generic Jordan family of MESGTs without tensor fields in table 1.

In this paper we will focus on YMESGTs with compact gauge groups obtained by
gauging a subgroup of the global symmetry group of generic Jordan family. We leave the
study of more general gaugings in generic Jordan as well as magical supergravity theories
in the framework provided by the double-copy to future work.

Consider a group G of symmetry transformations acting on the coordinates of the

ambient space as
6all = (M) 67 am (3.24)

where M, are constant (anti-hermitian) matrices that satisfy the commutation relations
of G,
[M,, M) = f,; "M . (3.25)

If G is a symmetry of the Lagrangian of the MESGT, it must satisfy
(M) 1 Crryr, = 0. (3.26)
The bosonic fields of the theory transform as

dap” = Kja",
SuAl, = (M) ;Ala" (3.27)
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where the field-dependent quantity K is the Killing vector that generates the correspond-
ing isometry of the scalar manifold M. It can be expressed as

3
K% = — i(Mr)JIthkt. (3.28)

The scalar field dependent quantities h () transform just like the vector fields
Sah! (0%) = (My)' sh7 (9" )a" (3.29)

Spin-1/2 fields transform under the maximal compact subgroup of the global symmetry
group as
Sadd = LNoa7 (3.30)

where
Ly = (M) R0 — Qi

with Q2 denoting the spin connection over the scalar manifold M. The remaining fields
(gravitinos and graviton) are invariant under the action of global symmetry group G.

To gauge a subgroup K of the global symmetry group G of a NV = 2 MESGT in
five dimensions, we then split the vector fields as Aﬁ = (Ag, A, A} so that A7 (r,s,t =
n+1—dim K,...,n) transform in the adjoint of a compact subgroup K of G, and Ag, Al
are K-singlets (m,n,o0=1,...n —dim K). We shall refer to the latter as spectator fields
and pick a set of matrices M such that

(Mp)* = [, (M) = (M), = (M), = 0. (3.31)

S m n

Compact YMESGTSs obtained with this construction from the generic Jordan family
of MESGTs in five dimensions always have at least two spectator fields — the vector field
in the D = 5 gravity multiplet and an additional one. For the sake of simplicity we will
not consider theories with more spectators and assume that

i =dim K + 1 (3.32)

from now on.
The Lagrangian of the desired YMESGT is then obtained from (3.3) replacing

Oup™ — Oup” + gAL K, (3.33)
VA = VN 4 gL ALY (3.34)
Fp, = Fpy =20, A0 + gf ' A AL (3.35)
with the caveat that the FF A F' A A term for the gauge fields must be covariantized as
follows,
o1

3 ! / 3 / ! ! /
Cryxero? {Ff FJ AK ¢ 59 fR e FLATAT AR 5g2A{L fip AL AT (i AKX AY

616 pv po pvtip
(3.36)
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where we formally introduced the structure constants f!;x, which vanish when any one
of the indices corresponds to the spectator fields. The only non-vanishing components are
those of the compact gauge group K , i.e f"g with r,s,t =2,3,...7.

The bosonic sector of the resulting YMESGT is then given by

- R 1. 1 e! -
e L = -5 - Zauf,fufjw = 59ayPup ™ De? + %CIJKGIWP A {Fqué]oAf

3 ! !’ 3 ’ ! ! !
+§ngJ,K,FjVAgAg AR 4 5g%agthI,J,A,{ AT P g AR AL } ,(3.37)

Note that the five-dimensional YMESGT Lagrangian does not have a potential term
and hence admits Minkowski ground states. However, to preserve supersymmetry under
gauging one introduces a Yukawa-like term involving scalar fields and spin-1/2 fields

C = —%gXi“A’;KT[ahb}. (3.38)

One may understand the need for such a term by noticing that in the limit of vanishing
gravitational constant YMESGTs should become flat space non-abelian gauge theories,
which necessarily exhibit Yukawa couplings.

3.3 Four dimensional N/ = 2 MESGTs and YMESGTSs via dimensional reduc-
tion
Since in later sections we will compute scattering amplitudes of YMESGTs (and MESGTs)
in four dimensions, it is useful to review following ref. [111] the construction of the bosonic
sector of these theories by dimensional reduction from five dimensions. To distinguish the
four- and five-dimensional fields we shall denote the five-dimensional field indices with hats
in this section.
For dimensional reduction we make the Ansatz for the fiinfbein as follows

. e~ 2e™m 2W e’
ép = ( pomm ) , (3.39)

0 e’

which implies ¢ = e~ ¢, where e =det(e]}'). We shall denote the field strength of the vector
W,, coming from the graviton in five dimensions as W,

W = 20, W, (3.40)

The five-dimensional vector fields afl decompose into four-dimensional vector fields A/{ and
four-dimensional scalars A’ as follows

H T I ’ ’
Al A

Note that the four-dimensional abelian field strengths F; lfy = 0,Al — 8,,A{L are invari-
ant with respect to the U(1) symmetry of the compactified circle. The bosonic sector of

dimensionally-reduced, four-dimensional action of the MESGT is then [111]
1

_ 1 o v 3
e 1@ = _iR_ 563 W WH — Zﬁuaﬁ“o
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1
= €781y (Fyy, + 2W, AT (P 4 2 A7)

1 3
—§€_QU§L]J8HA18MAJ — Ze‘iuﬁﬂhfa“h‘]

-1

e oo 4
5 \/ECUKG“ P {F!{,,F,;{,AK+2FL{,,WP(,AJAK+BWWWMAIAJAK}. (3.42)
The four-dimensional scalar manifold geometry is defined by (7 + 1) complex coordi-
nates [91]
1 V3
I I ol
2= —=A" + —ieh . 3.43
V2 2 (3.43)

One can write the four-dimensional Lagrangian as
-1

— 1 = 1 v € vpo
eI L= =S R = g1;0,2'0"27 + JINap L P — — ="M ReNapF Fip, (3:44)

where A, B = —1,0,1,...,7n, g;7 = arJ, and the period matrix Map is given by

\/i I J K i oo I J ]. 30
N = _37\/§CIJKA ATAT — 2(@ argA AT + 5e ) ,
1 i
Noap = —CryeA? AR ¢ L eo5, A7
11 NG I1JK \/ie arg
2v/2
Ny = \/\gC[JKAK —iefary .

The vector field —2\@Wu is denoted as A;l and its field strength as
F)l = —2V2W,, . (3.45)

The scalar manifolds of magical supergravity theories defined by simple Jordan algebras
of degree three in four dimensions are the following hermitian symmetric spaces

_ Sp(6,R) 807(12)
My(JE) = RO My(J5) = )
- SU(3,3) _ Eras)

The scalar manifolds of generic Jordan family of MESGTs in D = 4 are

SO(n,2) x SU(1,1) -
My(RT;) = SO(7) x SO(2) x U(1) , n > 1. (3.47)

Our focus in the paper will be mainly on gaugings of the generic Jordan family
of MESGTs. Motivation for studying the generic Jordan family from a string theory
perspective derives from the fact that the vector-multiplet moduli spaces of heterotic
string theories compactified on K3 x S' are precisely of the generic Jordan type. In the
corresponding superpotential

F = s(thth —17t") (3.48)
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the singlet modulus s is simply the dilaton. The cubic superpotential is exact in five
dimensions. The dilaton factor corresponding to the scale symmetry SO(1,1) of the five-
dimensional U-duality group gets extended by an extra scalar, the axion, under dimensional
reduction to four dimensions and together they parametrize the SU(1,1)/U(1) factor in
the four-dimensional moduli space SU(1,1)/U(1) x SO(n,2)/SO(n) x SO(2). The four-
dimensional supergravity moduli space of the generic Jordan family gets corrections due to
target space instantons in the string theory. There is a corresponding picture in the type-
ITA string due to the duality between type-IIA theory on a Calabi-Yau threefold and het-
erotic string on K3 x T2. We refer the reader to the review [104] for a detailed discussion of
this duality and the references on the subject. We should note that non-abelian gauge inter-
actions in lower dimensional effective theories of heterotic string theory descend, in general,
directly from the non-abelian gauge symmetries in ten dimensions. This is to be contrasted
with compactifications of M-theory or type-II superstring theories on Calabi-Yau manifolds
without any isometries. The latter theories can develop enhanced non-abelian symmetries
at certain points in their moduli spaces and the corresponding low-energy effective theo-
ries are described by YMESGTSs coupled to hypermultiplets. Detailed examples of such
symmetry enhancement both in five and four dimensions were studied in refs. [112, 113].
The dimensional reduction of the five-dimensional YMESGTs without tensor fields

leads to the four-dimensional Lagrangian

N 1 30 - . 1 o0
e oW = —5R-5 17(D ) (DR — 5€ 2741 ;(D,AY)(D* A7)
1 o? v v 1 o v
-3¢ ary(Ff, + 2Wy, AN (FH 4 owrv A7) — 563 W, WH

-1

4
+2€%01 JKeWPU{f,ﬁVngAK +2F ), W AT AR + 3WWWPUAIAJAK}

~9° Py, (3.49)
where
D,A" = 9, A" + gA] 1 AK (3.50)
Fiy = 20, A0 + 9f I AL AY (3.51)
Db = 90" + g AT, (M) k", (3.52)

and the four-dimensional scalar potential, Py, is given by
3 5,0
Py=e 3%ar 1 (AT (M) g hE) (A3 (M) LAl (3.53)

The appearance of a nontrivial potential may be understood by recalling that in the limit of
vanishing gravitational coupling a four-dimensional YMESGT reduces to the dimensional
reduction of a five-dimensional gauge theory and, as such, it has a quartic scalar coupling
that is bilinear in the gauge-group structure constants.

3.4 Generic Jordan family of 4D N = 2 YMESGTsSs

In this section we shall study in detail the symplectic formulation of the generic Jordan fam-
ily of four-dimensional YMESGTSs defined by the cubic form (3.22). Four dimensional ' =
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2 supergravity theories coupled to vector and hypermultiplets were constructed in refs. [92,
93, 98], which showed that the prepotentials for D = 4 MESGTs must be homogeneous
functions of degree two in terms of the complex scalars. For those N' = 2 MESGTS originat-
ing from five dimensions the prepotential is given by the C tensor [91, 99]. Later on, a sym-
plectic covariant formulation of D = 4 MESGTs was developed [114, 115] (also see ref. [100]
for a review and further references). Before we proceed, we recall some basic facts about
choice of symplectic sections and existence of a prepotential. In a symplectic formulation,
the four-dimensional ungauged Lagrangian (3.44) can be obtained from the prepotential

2 z177 7K
F(Z% = -—=C 3.54
(Z7) 5/ KT (3.54)
where Z=1 = Z4==1. One considers a holomorphic symplectic vector of the form
Z4(2)
v=1| gp o ] (3.55)
0z4

where the Z4 are 7 + 2 arbitrary holomorphic functions of 72 + 1 complex variables 2!,
which need to satisfy a non-degeneracy condition. A standard choice is to set Z° = 1 and
to pick an appropriate set of 7 + 1 linear functions for the remaining Z/(z). Next, one
introduces a Kéhler potential IC(z, z) defined by

- - , OF  _, OF
e™® = —i(v,7) = —i (ZAaZA - ZA82A> . (3.56)

The metric for the scalar manifold is then readily obtained as
grj = 3[8j/€ . (3.57)

A little more work is necessary to obtain the period matrix appearing in the kinetic term
for the vector fields. We first introduce a second symplectic vector defined as

A
V(z,2) = (X ) = egv(z), (3.58)

and the corresponding target-space covariant derivatives,

_ _ 1 _
DX = op X! + 5(a,—ic)XA,
_ _ 1 _
DiFy = 05Fa + 5(8fIC)FA. (3.59)
The (74 2) x (n+ 2) period matrix A/ can be expressed in terms of the quantities above as

Nap = (Fa DiFs)(XP DiXP)™". (3.60)

We should note that the set of 7 4 2 holomorphic functions Z! of 7 + 1 complex variables
need to be chosen such that the matrix (X B D;xP ) entering the expression above is
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invertible. It can be shown that with the definition (3.60) the period matrix is symmetric
as desired (see for example [114]).
For the generic Jordan family with the symplectic vector that comes directly from

dimensional reduction from five dimensions we have Z~1 =1 and

OF 2 [0 K
= — /A .61
571 3\/§CIJK (3.61)
OF 2
—_— = VAV .62
577 \/gCIJK (3.62)

Only the compact subgroup SO(n — 1) of the full U-duality group SU(1,1) x SO(n,2) is
realized linearly. One can go to a symplectic section in which the full SO(n,2) symmetry
is realized linearly. However this symplectic section does not admit a prepotential [115].
While we will omit the fermionic part of the action as before, the supersymmetry
transformations of the gravitinos and spin-1/2 fermions will be relevant. They are:

1.

56:? = 561 m'l/]u’z +h.C.’
7 7 1 i mA— pv mN B

&/}M = D#E +Z€ F/W y I ABX Yu€i

1 .. "
JAN = ie”éyu)\J{D]XA + &1, X + hee.,

1 -
N = wvuzfq — igIJDjXAIHL/\/’ABFIE,_’y“VGi,

(2

1 .
o2t = 5&{ . (3.63)

Here Flﬁ,i indicate the self-dual and anti-self-dual field strengths. With this notation F lﬁf
and F /ﬁ,_ are complex conjugate to each other. Moreover, the dual field strengths are
given by

Gl = 2ie™! = NpFBT. (3.64)

SFA+

One can introduce an Sp(2n + 4, R) group of duality transformations acting as
Ft AB\ (F*
- = , (3.65)
GT C D G*

AlC =C'A, B'D =D'B, A'D-C'B=1. (3.66)

with

Under such transformations the target space metric g;; is invariant and the period matrix
N4p transforms as

N =(C+DN)(A+BN) ™. (3.67)

The action is invariant under a duality transformation provided that B = 0; trans-
formations with B # 0 are non-perturbative (i.e. involve S-duality as seen from an
higher-dimensional perspective) and are called symplectic reparameterizations. A duality
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transformation can also be enacted directly on the prepotential. Adopting this perspective,
one needs to introduce a new prepotential

_1 C'A C'B
F=-VY{X V(X), 3.68
2 ( )<DtADtB> (X) (3.68)

where the old coordinates X“ now depend on new coordinates
XA =A% X8 + BABFR(X). (3.69)
Finally, we note that a duality transformation also acts as
(%4 p,x") = (A+BN), (X7 DX ). (3.70)

We now consider the four-dimensional theory specified by the prepotential (3.54) ob-
tained from dimensional reduction, and expand the Lagrangian for the generic Jordan
family around the base point ¢! of the five-dimensional parent theory while introducing
the special coordinates z! as follows,

i
74 = (1, —= + z[> . 3.71
(173 T
With this choice, all scalar fields vanish at the base point; the standard choice of ¢! for the
generic Jordan family is given by equation (3.23). At the base point, we have a canonically

normalized scalar metric g;; = d7; and a matrix Nyp given by

Nap = —diag<i,i, . z) . (3.72)

We encounter however difficulties with interpreting the supersymmetry transforma-
tions (3.63). Indeed one may see that at the base point (3.23) the (7 +2) x (7 + 2) matrix
(X A DjXA)t, which appears in the supersymmetry transformations of the fermionic
fields (3.63) is not diagonal and presents some imaginary entries. This implies that both
field strengths and dual field strengths of spectator fields appear in the linearized super-
symmetry variations of the fermionic fields.!

To make contact between scattering amplitudes computed from the supergravity
Lagrangian with the ones obtained employing a double-copy construction (which we
shall detail in later sections), it is desirable to go to a symplectic frame in which (1)
supersymmetry acts diagonally at the base point without mixing fields with different
matter indices I,J = 0,1,...,7n (so that scalars and vectors with the same matter index
belong to the same supermultiplet) and (2) the cubic couplings of the theory are invariant
under the maximal compact subgroup SO(n) of the U-duality group of the ungauged
theory (and hence SO(n) is a manifest symmetry of the resulting scattering amplitudes).
It turns out this can be achieved in three steps.

""Note that at the base point G, = iF*t.
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1. We first dualize the extra spectator coming from dimensional reduction, F l;}. Using
the language introduced at the beginning of this section, we use a duality transfor-
mation defined by

0 0 1 0
A=D= ., B=-C= : (3.73)
0 I+ 0 Ojt1

After this duality transformation, we have the following expressions,
XA
_ | =50k,  Nap=—i(Js)?, (3.74)
D;XPB
where O is an orthogonal matrix that acts non-trivially only on the spectator fields
and Ji, Jo are diagonal matrices,
1

V2

2. To obtain diagonal supersymmetry transformations at the linearized level, a second

1
Ji diag( —4,1,...,1), Jzzdiag<2,1,...,1>. (3.75)

Sp(2n + 4,R) transformation is necessary:
A=0(J)', D=0J, B=C=0. (3.76)

Note that this transformation, having B = C' = 0, does not involve the dualization
of any field and can be thought of as a mere field redefinition involving the three
vector spectator fields.!? After this redefinition the supersymmetry transformations
act diagonally with respect to the matter vector indices I, J = 0.1....,n. We obtain
a simple expression for the period matrix N g,

—i 227

Nap = +..., 3.77
AB 221 —j — %C]JKZK ( )

where the C' tensor is the one corresponding to the generic Jordan family, given
by (3.22).

3. We finally dualize the extra spectator vector F’ j,, employing a transformation specified
by the matrices

L0 0 020 O
A=D=100 0 , B=-C=]101 0 . (3.78)
00 Ip—1 0 007-1

In order to avoid an additional factor of 7 in the supersymmetry transformation of
the scalar field z!', we need to accompany this last duality transformation with the
field redefinition

2L —izt. (3.79)

12We recall that, for simplicity, we restricted ourselves to theories with the minimal number of spectator
fields. The discussion here can be generalized without difficulty to more spectators.
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In the end, the period matrix assumes the following expression up to linear terms in
the scalar fields

N, - 22 + (3.80)
AB = . e )
221 —i 4+ %C]JKEK

where we have defined a new tensor C7jx with non-zero entries

- 3
Cgab:\géab, ab=1,2,....7. (3.81)

We note that Cryx is manifestly invariant under the SO(72) symmetry.'?

In appendix B we collect the expansions for the period matrix N4 g, the scalar metric
g7 and the Kahler potential K in the symplectic frame specified above and up to quadratic
terms in the scalar fields.

The final action for a YMESGT with compact gauge group obtained from the generic
Jordan family takes on the following form,

_ 1 1 e !
7' L=— R — 91Dy D2 + Ny p Fp FOW — =P ReNup F o F oy + 9°Pa.

e

(3.82)

where the gauge covariant derivatives are standard,
D,z = 0,27 + gAifszK, (3.83)
Fiy =20, A0 + gf i ALAL (3.84)

with ¢ denoting the gauge coupling and f"*! the group structure constants. The four-
dimensional potential term P, is given by

Py = —elgu frivfovwstzuv s, (3.85)

As mentioned previously, this is the expected form of the scalar potential, based on the
fact that in the limit of vanishing gravitational constant the YMESGTs reduce to the
dimensional reduction of a five-dimensional gauge theory.

It should be noted that the duality transformation that we have employed does not
touch fields charged under the gauge group. By employing the Lagrangian (3.82) and the
expansions collected in appendix B it is straightforward to derive the Feynman rules used
to obtain the amplitudes presented in the following sections.

13We stress that only SO(7 — 1) is linearly realized in the symplectic frame we have chosen and that
only the cubic vector-vector-scalar couplings posses the extended SO(n) symmetry. To reach a symplectic
frame in which the full SO(n) is linearly realized (such as the one in ref. [115]), a further nonlinear field
redefinition is necessary. Since this redefinition becomes the identity map when nonlinearities are removed,
it does not affect the S matrix, which is already invariant under SO(7) transformations.
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4 Color/kinematics duality and the double-copy N' = 2 YMESGTSs

In section 2 we discussed the properties of gauge theories that can generate, through the
double-copy construction, minimal couplings between non-abelian gauge fields, spin-0 and
spin-1/2 matter fields. In this section we expand that discussion and identify the two
gauge theories whose double copy can yield the generic Jordan family of YMESGTSs in
D = 4,5 dimensions. One of them is the standard A" = 2 sYM theory and the other is
a particular scalar-vector theory; we will demonstrate that the amplitudes of the latter
obey color/kinematics duality through at least six points. Thus, even though we will
not construct its higher-point amplitudes in a form manifestly obeying the duality, they
may be used in the double-copy construction. Our construction can be carried out in any
dimension in which the half-maximal sYM theory exists. In four and five dimensions it
yields the generic Jordan family of YMESGTSs; we shall focus on the four-dimensional case
because of the advantage provided by the spinor-helicity formalism. The six-dimensional
supergravity generated by our construction contains a graviton multiplet, a N' = (1,0)
self-dual tensor multiplet and n — 2 Yang-Mills multiplets. The 6D supergravity theories
that one obtains by compactifying heterotic string over a K3 surface belong to this family
of theories coupled to hypermultiplets. Modulo the coupling to hypermultiplets they
reduce to the five- and four-dimensional generic Jordan family theories (as one can easily

see at the level of their scattering amplitudes).!4

4.1 The two gauge-theory factors

To identify the relevant gauge theories we begin by satisfying the constraints imposed in the
vanishing gauge coupling limit by the corresponding MESGT, i.e. that the asymptotic spec-
trum is a sum of tensor products of vector and matter multiplets. Supergravities of this sort,
which may be embedded in N = 8 supergravity and have at least minimal supersymmetry,
as well as general algorithms for their construction, have been discussed in refs. [68, 116].
Extensions of these theories to include further matter (i.e. vector and chiral/hyper multi-
plets) have also been discussed. Moreover, theories whose spectra are truncations of sums of
tensor products of matter multiplets have been discussed in refs. [76, 77]. It is not difficult
to see that the on-shell spectrum of the generic Jordan family of MESGTs may be written
as the tensor product of an N = 2 vector multiplet with a vector and n real scalar fields,

{A+7¢G>A—}®{A+7)\+7(pv@a )‘—7A—}7 (41)

with real scalars ¢%, a =1,..., 7.

Unlike N/ > 2 supergravity theories, supergravities with A/ < 2 are not uniquely
specified by their field content. Since N' = 2 MESGTSs are specified by their trilinear
couplings, to identify the correct double-copy construction, it suffices to make sure that
the trilinear interaction terms around the standard base point are correctly reproduced.

1YWe should however note that generic Jordan family of 50 MESGTSs can also be obtained from 6D
, N' = (1,0) supergravity coupled to arbitrary number 7 — 1 of A/ = (1,0) self-dual tensor multiplets.
However interacting non-abelian theories of tensor fields are not known. Therefore it is not clear how one
can extend our results to such interacting non-abelian tensor theories.
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Detailed calculations for MESGTs with various numbers of vector multiplets as well as
general constructions of such theories as orbifold truncations of N' = 8 supergravity imply
that the relevant gauge theories are N' = 2 sYM theory and a Yang-Mills-scalar theory
that is the dimensional reduction of D =4 4+ n pure YM theory.

Starting with such a pair of gauge theories for some number 7 of scalar fields, the next
task is to modify one of them such that a S-matrix element originating from a minimal
coupling of supergravity fields is reproduced by the double-copy construction. As discussed
in section 3.2, from a Lagrangian perspective we may contemplate gauging a subgroup K
of the compact part of the off-shell global symmetry group G of the theory. For four-
dimensional theories in the generic Jordan family this is

KcG=S0() dim(K)<. (4.2)

The manifest global symmetry of the double-copy construction is the product of the
global symmetry groups of two gauge-theory factors, Gy ® Ggr. In general, this is only a
subgroup of the global symmetry group G of the resulting supergravity theory. Since the
non-manifest generators act simultaneously on the fields of the two gauge-theory factors,
it is natural to expect that such a formulation allows only for a gauge group of the type

KCcGreGrCdaG. (4.3)

Certain supergravity theories admit two (or perhaps several) different double-copy formu-
lations and the manifest symmetry group of each of them may be different and each of them
may allow for a different gauge group. A simple example is N' = 4 supergravity coupled to
two vector multiplets. If realized as the double-copy of two N' = 2 sYM theories it exhibits
no manifest global symmetries (apart from R-symmetry). If realized as the product of
N =4 8YM and YM theory coupled to two scalars, it has a global U(1) symmetry rotating
the two scalars into each other, which may in principle be gauged.

The double-copy construction of MESGTSs in the generic Jordan family described above
has a manifest SO(n) symmetry rotating the n scalars into each other. This is part of the
maximal compact subgroup of the Lagrangian (albeit not in a prepotential formulation).!

Following the discussion in section 2, to generate the minimal coupling of YMESGTs
between scalars, spin-1/2 fermions and non-abelian gauge fields it is necessary that one
of the two gauge-theory factors contains a dimension-three operator (in D = 4 counting).
Since the minimal coupling is proportional to the supergravity gauge-group structure con-
stants, the desired gauge-theory operator should be proportional to it as well. If only a
subgroup of the manifest symmetry is gauged then only a subset of gauge-theory scalars
appear in this trilinear coupling; in such a situation the global symmetry of the theory is
broken to the subgroup leaving the trilinear coupling invariant. The scalars transforming
in its complement should lead to the supergravity spectator fields.'6

15This construction departs slightly from the theories reviewed in section 3.3. In that case it was assumed
that there are always three spectator fields. While it is possible to make such an assumption here as well,
it does not simplify any of the considerations; therefore we shall not make it.

16 This relation is somewhat reminiscent of the AdS/CFT correspondence, where supergravity gauge fields
are dual to conserved currents for global symmetries.
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We are therefore led to the following two Lagrangians (using mostly-minus metric):

~ 2 —a ~ 21 —ar
LRZY = —{FLEL + (D,0) (D"6)a — & (ity5,6069) 87,067 6°)

+iAD, TN + S (if )(Aaaquwﬁ)eag +

f abé

where a, 8 are SU(2) indices and

5 ) O PN eas, (44)

Ly=o = —ZngFf” (D 5D )abar+ & U (G L

gg'
+57 (i) F abcdﬂaas”%“ (4.5)
Ff, = 0,AL — 0,A% + g % AZA,C, , (Du¢™)* = 0,0 + g £, A0 6™ | (4.6)
where the gauge-group generators are assumed to be hermitian, [T, T;] = ideéTé and the
coefficient ¢’ is arbitrary and dimensionful.!” The indices a,b.... take values 1,...,7.
The rank-three tensor F has entries F"!, with r,s,t = 2,3,..., 7, given by the structure

constants of a subgroup K of SO(7), and all other entries set to zero.'® To use the double-
copy construction we need the scattering amplitudes of both the N' = 2 sYM theory and
the Yang-Mills-scalar theory (4.5) to obey color/kinematics duality, albeit only one of them
is needed in a form that obeys it manifestly. Since the amplitudes of the former theory
have this property (and their manifestly color/kinematic-satisfying form may be obtained
by a Zs projection from the corresponding amplitudes of N' = 4 sYM theory) we only need
to make sure that the vector/scalar theory obeys the duality as well. We shall explore this
question in the next subsection with a positive conclusion.
Denoting by

Gi =gt + 1A +7%0, G- =+ 1\ + 79— (4.7)

the two C'PT-conjugate on-shell vector multiplets of N' = 2 sYM, the on-shell N' = 2
multiplets of the supergravity theory are

Hy=A, @ Gy=hyy +1.05+7°Ve, H =A @G =V 40,0 +n’h__,

Vi=AL @G _=Vitnali+n*Ss—, V_o=A_®GCGy=5_+n.C"+n*V_, (48)
VI=¢™ @ Gy =V +0a (T 4+n3 8™, VT=¢" @ G_=8"+n,"*+7* V™, ‘
=¢" @ Gy =VI+n. (o +nis",  Vi=¢" @G- =5+, +n°V,

with the index 7 transforming in the adjoint representation of K. The component fields are
the same as in the corresponding MESGT; denoting by subscript 1 and 2 the component

7The gauge-group structure constants f are related to the structure constants i naturally appearing in
color-dressed scattering amplitudes, through

i =
fabe = _ﬁfaéa

18 A possible proportionality coefficient is absorbed in the coefficient g’

— 27 —



fields of the N'= 0 and N = 2 gauge theory respectively, they are

spin=2: hyp =A1 @Ay, ho_=A_®A,
spin=3/2: Y =A14®A,, ¢=A_®A_,

spin=1: Vi =41, @, Vo=A41- @2,
‘7+:A1+®(,52, Vo=A4_® ¢,
Vi =97 ® Axp, Vo= ¢ ® Ag_,
spin=1/2: (3 =A11 @)\, (“=A4_0®)\,,
=91 ® A5y, =91 ® A,
spin=0:  S%=¢7® s, S =¢f @ pa,

Si_=A1,®A, S =A4_®A.

As we shall see in the next section, multiplets carrying indices r,s,... will be identified
with the gauge field multiplets of supergravity, while those carrying indices m,n,... will
be related to the supergravity spectator multiplets with the same indices while V' and
V will be related to the “universal” spectator vector fields of the generic Jordan family
YMESGTSs. The resulting theory will have an SO(n — dim(K')) global symmetry acting
on the indices m,n, . ... The fields labeling the amplitudes obtained through the double-
copy construction need not a priori be the same as the natural asymptotic states around
a Minkowski vacuum following from the Lagrangian (3.82) and a field redefinition may be
required. Such redefinitions are to be constructed on a case-by-case basis, for the specific
choice of Lagrangian asymptotic fields. As we shall see in section 5, for the choice of
symplectic section in section 3.3 the map between the Lagrangian and the double-copy
asymptotic states is trivial; additional nonlinear field redefinitions such as those needed to
restore SO(7n) symmetry of the Lagrangian should not affect the S matrix.

4.2 Color/kinematics duality of Yang-Mills-scalar theories

To use the scattering amplitudes from the Lagrangian (4.5) to find supergravity amplitudes
either through the KLT or through the double-copy construction, it is necessary to check
that, in principle, they can be put in a form obeying color/kinematics duality in D
dimensions.?? Since at ¢’ = 0, the equation (4.5) reduces to the dimensional reduction of
a (4 4+ n)-dimensional pure YM theory, which is known to obey the duality; we need to
check only ¢’-dependent terms.

19We note that, by simply replacing the A/ = 2 sYM theory with A" = 4 gauge theory, the double-copy
theory becomes N/ = 4 supergravity coupled with 7 — dim(K) abelian and dim(K) non-abelian vector
multiplets, which is uniquely specified by its field content and symmetries (up to symmetry and duality
transformations of abelian vector fields).

20This is related to the need of regularization at loop level.
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For the four-point amplitudes this can be done simply by inspection. The only ¢'-
dependent amplitude involving four scalars is given by ref. [76]

A4(10) (1¢a1 2¢a2 3¢a3 4¢a4 ) |g/2 s = g29’2 <1Fa1 (lQbF(lg(l4bf&1d26f&3d4i)
s
(4.9)
+1Fagalea2a4bf&3&15fd2d4E 4 1Fagangala4bf&2&3i)f[11[14i7> _
U t

We therefore see that color/kinematics duality is satisfied if the nonzero part of F;. obeys
the Jacobi identity and, therefore, it is proportional to the structure constants of some
group. This is consistent with the expectation that the trilinear scalar coupling is re-
sponsible for generating the minimal couplings of the supergravity gauge fields. One may
similarly check that the ¢’-dependent terms in the four-point scalar amplitude with pairwise
identical scalars have a similar property [76].

An amplitude that probes the scalar interactions both on their own as well as together
with the scalar-vector interactions is ALee (19" 20"2 39" 494 56%) involving only three dis-

tinct scalars. The O(g’3) part of this amplitude is

AgO) (1¢a1 2¢a2 3¢a3 4¢a3 5¢a3)

g’3 terms

— gSQISFalangbachcagag Z 1 fﬁq&g(g’)l;fl;&c(4)@fé&o.(5)&2 . (410)
oeS(3.4,5) S10(3)520(5)

By construction this amplitude obeys color/kinematics duality, or rather “color/color du-

ality”. Moreover, it is easy to check that it satisfies the BCJ amplitude relations [90].
The Ago) (1971297239 49" 563 yeceives contributions from both the cubic and quartic

terms of the Lagrangian. Defining kij . = k; +kj+... and k;; = k; —k;j+... it is given by

AgO) (1¢a1 2¢a2 3¢a3 4¢>a3 5¢>a3 )

g’ terms
_ }gsg/Falagag, [(ku:‘a ks parasbpbase | k123 - kap pazasbgbaré
2 512845 523545
Eisa - kiz ~ ~ on o\ an
+ 123 45fa3a1bfbagc> féaaas + (3 o 4) + (3 o 5):|

513545
_‘_lg?)g/Fauzgag _ L + L f&1d35f5&56f6&2&4 _ i + i f&1&38f6d46f6d2d5
2 S13 So4 513 525
+(3H4)+(3H5)] . (4.11)

It is not difficult to check that the color-ordered amplitudes following form this expression
obey the five-point amplitudes relation (2.3) and its images under permutations of
external lines; it therefore follows that there exists a sequence of generalized gauge trans-
formations [3] that casts this amplitude into a form manifestly obeying color/kinematics
duality. Since N/ = 2 amplitudes manifestly obeying the duality are known [76], for the
purpose of constructing YMESGT amplitudes, it is not necessary to also have a manifest
representation for the amplitudes of Yang-Mills-scalar theory (albeit it might lead to more
structured expressions if one were available).
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We have also checked that the tree-level six-point amplitudes following from the La-
grangian (4.5) obey the relevant amplitude relations [3] and therefore they should also have
a presentation manifestly obeying the duality. Beyond six points, we conjecture that the
tree amplitudes of (4.5) always satisfy the BCJ relations [3], and thus the theory should
satisfy color-kinematics duality at tree level. From this one can expect that it may also
satisfy the duality at loop level [4].

5 Tree-level amplitudes

Having established that the scattering amplitudes of the Yang-Mills-scalar theory (4.5) obey
color /kinematics duality, we proceed to use it to evaluate explicitly the double-copy three-
and four-point amplitudes and compare them with the analogous amplitudes computed
from the Lagrangian (3.82).

The color structure of supergravity amplitudes is the same as that of a gauge theory
coupled to fields that are singlets under gauge transformations. In a structure-constant
basis they are given by open (at tree-level) and closed (at loop-level) strings of structure
constants and color-space Kronecker symbols. In the trace basis, this implies that the
structure of tree amplitudes is similar to that of loop amplitudes in that, unlike pure gauge
theories, it is not restricted to having only single-trace terms:

Ap =) T[T .. T*"|Ana(1...n) (5.1)
S

+ > S mre T T[T T Ay (1 n) +

m1+ma=m Sy XSmy

where S, is the set of non-cyclic permutations. Different traces are “connected” by ex-
change of color singlets.

In theories with less-than-maximal supersymmetry, scattering superamplitudes are
organized following the number of on-shell multiplets the asymptotic states belong to.
In our case, using the fact that N' = 2 algebra is a Zsy orbifold of N' = 4 algebra we
can use a slightly more compact organization. To this end we organize the supergravity
multiplets (4.8) as

My =Hy +09°0'Vi = hoy + 0008 + 0" Vi + 00 Vi +0°0'na S +n'nPnn* S,
Ho =V_+7°n"Ho =S 4 +0aC” + 0"V + 70" Ve + 0P nay® + n'nnPntho_
V= V00tV = VE 4 0a08 + 0 n?ST + 0’nS® + Pt na g + 0ty Ve, (5.2)
and the N' = 2 gauge multiplet as
G =G +0"n'G_ =gy + 1AL + 0"+ 0* 0o + 0’y X + ' Pnntg- . (5.3)

where n>* are auxiliary Grassmann variables.?! One may think of H. and V as constrained
N = 4 supergravity and vector multiplets, respectively, which are invariant under the Zs

2Since they always appear as a product one may also replace n°n* by a nilpotent Grassmann-even
variable.
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projection.?? With the asymptotic states assembled in these superfields, superamplitudes
3
i
ny such pairs represents the superamplitudes with n, supermultiplets of type +.

are polynomials in the pairs 7 nf‘ with ¢ labeling the external legs. The monomial with

5.1 Three-point amplitudes and the field and parameter map

Three-point amplitudes verify the structure of minimal couplings and of other trilinear cou-
plings demanded supersymmetry and consistency of the YMESGT, such as the reduction
to four dimensions of the fermion bilinear (3.38). They also determine the map between
the double-copy and Lagrangian fields and parameters.

The kinematic parts of the N’ = 0 amplitudes involving at least one gluon are the same
as in N' = 4 sYM; the three-scalar amplitude — the only three-point amplitude dependent
on ¢’ — is momentum-independent. Up to conjugation and relabeling of external legs, the
non-vanishing amplitudes of the Yang-Mills-scalar theory are

0),N=0 a b é . 12 3 “abé
-A:(%) (19%,2¢",39%) = zg<2<3><>31>f e, (5.4)
AON=0 () yaa 94bb 3 z0y _ K rfabe pabe 55
3 (19,267, 3¢%) 7589 (5.5)

(23)(31)

<12> deé&ab , (56)

0)N=0,1 .a b & .
AP (190,209, 3% ) = ig
where f&i’é = i\@f‘i’;é.
The N = 2 superamplitudes, labeled in terms of the multiplets G, may be obtained
from those of A/ = 4 sYM theory through the supersymmetric Zs orbifold projection
acting on the n® and n* Grassmann variables. This effectively amounts to modifying the

super-momentum conservation constraint as
5 <Zm~“|@'>) — —Q3 o (an) 7
1 1w =~ 1 a1
59 (2 > eijk[mnk) ~ Q3 6@ (2 > eijkmm) (5.7)

i,5,k .5,k
where
- 1 3
o= 37 Plahenf) and O¥=o 37 [P dnd) (5.8)
1<i<j<n i#j#k=1

Of course, for higher-multiplicity amplitudes other projected supersymmetry invariants
appear as well. With this notation, the three-point superamplitudes are
- cabe o O n2li)

A)MHV,.A'=2 19,99 39) — _jgfabe 34 i ’

3 ( )= et O oy 23y 31y

1 ..

A(O),MHV,N:Q(lg 2g 3g) — f@i,a é34 5(2)(5 Zi,j,k eijk[w]n?)

3 o S [12]23][31]

(5.9)

220ne may find the amplitudes of ' = 4 supergravity coupled to n. abelian and dim(K) non-abelian
vector multiplets by simply forgetting the Zs projection.

— 31 —



The two superamplitudes (5.9) are related by conjugation and Grassmann-Fourier trans-
form. From the perspective of the N' = 4 theory, Qf’f and Q%"‘ are the Zs-invariant
combination of the n? and n* Grassmann variables.?

Using equations (5.9) and (5.5), (5.6) and (5.4) it is easy to construct the double-copy
three-point amplitudes; some of them vanish identically because of special properties of
three-particle complex momentum kinematics (which e.g. implies that the product of holo-
morphic and anti-holomorphic spinor products vanishes identically). Up to conjugation,
the non-vanishing superamplitudes are

(0) (M- gH- _n (12)? ol
My (17 2% 73H+)—Z§W Q3 W (Y iy ),

M(O)(lva 2Vb 3Vc) iy K g/Fabc Q§4 5(4)<ZTIQ|Z->) (5.10)
’ Y 2v/2 (12)(23)(31) )

M(O)(lva 2Vb 37-[7) :ZE 0 Q34 6(4) Zna|2> )
3 o 2(12)2 =3 ‘

The superamplitudes labeled by N' = 2 on-shell supermultiplets may be extracted as
shown in footnote 23. The component amplitudes extracted from these superamplitudes
and their conjugates are very similar to the component amplitudes following from the
supergravity Lagrangian (3.82).2* Indeed, the kinematic factors are fixed by little-group
scaling and gauge invariance and the numerical coefficients can be mapped into each other
by identifying the structure constants of the global symmetry group of the Yang-Mills-scalar

theory with the structure constants of the supergravity gauge group as®®

g F"t = 24gfrst. (5.11)

2To extract from equation (5.9) scattering amplitudes labeled by the N = 2 multiplets G4 one simply
extracts the coefficients of the various monomials in 7°n*. For example,

. 2
AQMHVN=2(1Gy 9G- 36—y . _jgabe (287 s (ZU?M) :

(12)(23)(31)
() MAVN=2,,G, oGy oG_y _ . mabe (121> (1 Tl
A (27087 = B0 ey’ \2 ”Zkg”k[m”k ’

24To compare the amplitudes from the Lagrangian with those from the double-copy, we also need to
employ analytic continuation, as the former are obtained with a mostly-plus metric and the latter with a
mostly-minus metric.

25We may formally separate the identification of the gauge coupling from that of the structure constants
through the relation

2m
g¥"(g) = (g) g
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All the double-copy and Lagrangian multiplets are then trivially mapped into each other,26

H, =H%, H_ =H~, ¢ =Vka, Ve = Vka

S SR E E (5.12)
V. =VE&, V_ =VE, Vi = VEer | Vo= VEr

where the field map is presented in terms of on-shell superfields and we have added the
superscript “L” to the superfields from the supergravity Lagrangian (3.82). The above
identity map also shows that the linearized Lagrangian and double-copy supersymmetry

generators are essentially the same. The Lagrangian matter multiplets are®’

VE = VE +nalf +in?S-. (5.13)

We note here that the second amplitude (5.10) and its C PT-conjugate contain the S-matrix
element originating from the four-dimensional analog of the Yukawa interaction (3.38),
which is required by consistency of gauge interactions and supersymmetry. The fact that
this amplitude correctly reproduces the interaction is a strong indication that the double-
copy construction proposed here is capturing correctly all features of the generic Jordan
family of four-dimensional YMESGTs.

We also note that the map above establishes an off-shell double-copy structure for
the minimal couplings of YMESGTs. Indeed, the off-shell double-copy of the three-scalar
vertices of the Yang-Mills-scalar theory and the vertices of the N/ = 2 sYM theory simply
replaced the color structure constants of the latter with the structure constants of the
YMESGT gauge group. This is consistent the YMESGTs minimal couplings of a standard
N = 2 gauge theory, as it can be seen trivially in the x — 0 limit.

5.2 Four-point amplitudes

To reinforce the validity of the construction for YMESGTs we proceed to compare the four-
point amplitudes obtained for the Lagrangian with those obtained through the double copy.
Since the ¢’-independent terms are the same as in the ungauged theory, we shall focus here
on the ¢’-dependent amplitudes; we inspect separately the terms quadratic and linear in ¢’.

From a double-copy point of view, the former must contain a four-scalar amplitude in
the N' = 0 factor. The amplitude with four independently-labeled scalars can be found
in equation (4.9) in a color/kinematics-satisfying form; from here we may construct the
amplitude with one pair or two pairs of identical scalars.

26More in general, one can introduce a parameter € in the identification of the multiplets,

hit = h5y Vi = +ieTOVE
Vi =+ie™VE S, = —iST_ S_ = +iSE,
Ve =vet 5% = e gL 5o = 5~
Vir _ Vrzi: Sr _ efiGSrll Sr _ eies«rl:

The parameter 6 is free and its presence is a reflection of the classical U(1) electric/magnetic duality of the
theory. The choice § = 7/2 is a consequence of the symplectic section chosen in section 3.3.
2TThe factor of 7 can be understood by noticing that in ' = 8 supergravity dilatonic scalars are of the

ABCD

form ¢ +¢apep while in A/ = 2 language the dilatonic scalars are the imaginary parts of the complex

scalars that appear in the Lagrangian.
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The N = 2 four-point amplitude labeled in terms of the constrained superfield (5.2) is

0)N=2/1G6GaG 4G\ _ .2 TsCs e Ny Cy 34 ¢4 s
Al (1234)g<8 + U)Q45<Zmz>), (5.14)
(2

with numerator factors obeying the relations

fls Mt _ i
st (12)(23)(34)(41)’
tow o (14)(42)(23)(31)
Ny N 1
u_ s , 5.15
U S (13)(34)(42)(21) ( )
and color factors given by
cs — f&1&2i)fﬁ3ﬁ4i) Ct — f&lflz;i)fdgﬁgi) Cu — f[m&gi)f&;ﬁlgi) . (516)

It is convenient to choose the kinematic coefficient of one of the color structures to vanish;
we will choose n; = 0. The kinematics Jacobi identity obeyed by the numerator factors n

implies that 7y = —f,. Then, the four-point superamplitude proportional to (g')? is:
" . " . - Fa3a1bFa2a4b Falanga3a4b
Ma(1V 1 9V2 Vs 4y _t 2 34 5(4) s _ )
al )=39" < z@,:"’m (14)(42)(23)(31)  (12)(23)(34)(41)
(5.17)

The four-point amplitudes of the Yang-Mills-scalar theory have contributions linear
in ¢’ corresponding to three scalars and one gluon. It is not hard to see from the La-
grangian (4.5) that, up to permutation of external legs and conjugation, these are given by

ADN=0 (1971 g ggms 4 igizg’FalaQa3 (14)(43) <1fa1azéfa3a4é_1fa1a4éf&2a313> (5.18)
V2 (13) s t
AELO)’NZO(ld)al 9?2 3¢a3 4+) _ @Fulagag [14] [43] <1fd1d2i)f&3&45 - 1%&1&4%&2@35) ’ (5‘19)
V2 [13] S t
where we picked the reference vector in the gluon polarization vector to be ks.
Then, the resulting supergravity superamplitudes that are linear in the gauge coupling
are given by
L 34 3 (32 mili)) (5.20)
V2 (12)(23)(31)
and the C'PT-conjugate amplitude. It is straightforward (albeit quite tedious) to derive
the ¢’-dependent terms of four-point amplitudes using standard Feynman diagrammatics
and see that the maps (5.11) and (5.12) relate them to the double-copy amplitudes listed
in this section.
We note here that supergravity scattering amplitudes obey color/kinematics duality
on all legs for which a Jacobi relation can be constructed (and do so manifestly if the N' = 2
sYM amplitudes obey the duality). It is not hard to check this assertion, which may be
understood as a consequence of the color/kinematics duality of the gauge theory factors,

M4(1va1 2va2 3V'13 47-[_) — g/Fa1a2a3 Q
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on equations (5.17) and (5.20). Indeed, the internal legs on which Jacobi identities can be
constructed are color non-singlets and therefore, from the perspective of the double-copy
construction, start and end at a trilinear scalar vertex in the Yang-Mills-scalar theory. The
part of the numerator factors due to these vertices is momentum-independent and depends
only on the structure constants F*192%_ Thus, whenever the gauge-group color factors obey
the Jacobi identity, the global symmetry group factors obey it as well. In the scattering
amplitudes of the corresponding double-copy YMESGT the global symmetry group factors
of the Yang-Mills-scalar theory become color factors and are multiplied by the numerator
factors of the N' = 2 theory, which are assumed to obey the kinematic Jacobi relations. It
therefore follows that whenever the YMESGT color factors of an amplitude obey Jacobi
relations (on a leg on which such a relation may be defined) then so do the kinematics

numerator factors, i.e. the amplitude exhibits manifest color/kinematics duality.

5.3 Five-point amplitudes

Having gained confidence that the construction proposed here describes the generic Jordan
family of YMESGTSs, we can proceed to compute higher-point amplitudes. The double-
copy construction of the five-point superamplitudes of YMSGTs is slightly more involved
due to the more complicated structure of the color/kinematics-satisfying representations
of the N' = 2 superamplitudes. Such a representation may be obtained as a Zsy projection
of the corresponding N = 4 five-point superamplitude:

0 nicy nac2 nscs Nycy n5Cs NeCo
AP = g < + + + + -
512545 523551 534512 545523 551534 514525

nrcy + ngcy + ngCy +n10010+n11011 +7”612612

532514 525543 513525 542513 851542 512835

n n13€13 n 114C14 " n15015> ’ (5.21)
535524 514535 513545
where the color factors are explicitly given by ref. [3],
o = falaﬁfz}agelza@% , c = f@a;;éfé@af@aml : 3 = faga@fz}ag,eféalaz :
ey = fd4d5l§fi)dléféd2d3 ’ s = fAsaléfi)ageféagaél ’ 5 = f@@@fé@éf@@@s :
cr = F&3&25f5&56f6&1&4 7 g = fazaséféaléféamg co = f&1&35f5&4éf6&2&5 ’
10 = f&4d2bfi)&50f0a1a3 o = faséll}fl;&géfé&mg ’ Clp = fambféawfcagas
13 = fa3a5éfi)a1@faa2a4 7 clu = faméfl}agafaagag, 7 5 = falagéfémafaam;, ' (5.22)

In the A/ = 4 theory the numerator factors n; have many different forms, see e.g. ref. [10]
and for each of them the orbifold projection yields an AN/ = 2 superamplitude with
the desired properties. For five-point amplitudes this projection amounts to replacing
super-momentum-conserving delta function as in equation (5.7). An example of numerator

b.oc.d = — _—— P
n(a7 s Cy 76) 10 < <Scd 3C8> Tab T <Sac Sbc> Jed

factors is
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. |:6edcba + ﬁdecab B ﬁedcab B /Bdecba:|> ’ (523)
Sae Sbd She Sad
where
5
_ A34s() 1) [12][23][34][45][51]
Bi23as = —Q5°0 (;mm) 12(1,2,3,4)
Yij = Yijkim = Bijkim — Bjikim - (5.24)

The order of arguments is given by the order of free indices of the color factor.
The N = 0 five-scalar amplitude has the same form as (5.21) except that the numerator
factors are (quadratic) polynomials in ¢’

1
ni — 7%'70 + ig/Flalagagni71 + g/3Fa1a3beachca3a2ni,2 (525)

with n; o =0 for all i = 1,...,15. Eqgs. (4.10) and (4.11) determine n;; and n;2 to be

ni,1 = ki3 - ks na1 = —(s15+823) n31 = —kio5- ks

na1 = ki3 - by ns1 = —kigs - ksa ne,1 = —(s14 + S25)

nr1 = —(S14 +523) ng1 = —Fkio5 - k33 ng1 = —(s13 + S25) (5.26)

n10,1 = —(s13 + 524) N1, = — (815 + S24) N2, = ko7 - K3z

ni13,1 = —kiog - ks nia,1 = —kyz4 - ks nis,1 = —kiz3 - kys

and

ni2 =0 ng2=-—1 mn32=0 mn42=0 ns2 =0
ne2 = —1 nr2 = —1 ng2 = 0 ng2 = —1 nio,2 = —1 (527)
nie=-1 ni2p=0  ni32=0 nuup=0 ni2=0

For a more general choice of scalars than considered here all 15 numerator factors are
nonzero. The O(g'®) part of the corresponding five-vector superamplitude is given by

a a a a- a 3
MDAV V2RV BV = (g) (¢')3 Frarasb pbase preasaz (5.28)
n n n n n n n
X< 2 + 6 + 7 + 9 + 10 + 11 + 12 ) ]
523551 514525 532514 513525 542513 551542 512535

We notice that the numerator factors are simply those of the N' = 2 sYM theory and thus
they obey the Jacobi relations simultaneously with the F' color factors.

The O(g') part of the five-vector superamplitude with three different gauge indices is
given by

Méo)(IVal 9V2 V%8 V3 5Vﬂ3)|g, — % (g)3g/Fa1a2a3

ninia n2m2 1 n3nsi n4ng 1 nsns 1 nene, 1
x( + + + + +

512545 523551 534512 545523 551534 514525

28We use the notation kioz = ki + ka2 — k3, etc.

— 36 —



ngnr1  Mgng1 . Nong1  N1oN10,1 |, N11N11,1 | N12M121
+ + + + +

+
532514 525543 513525 542513 551542 512535
n13M13,1 n14ni4,1 n1sNi15,1
+ + + ) : (5.29)
535524 514835 513545

By undoing the projection (5.7) one recovers the five-point amplitude of N’ = 4 supergravity
coupled with abelian and non-abelian vector multiplets.

Using similar higher-point color/kinematics-satisfying representations of tree-level
N = 2 amplitudes, perhaps constructed in terms of color-ordered amplitudes or by some
other methods, and Feynman-graph generated amplitudes of the Yang-Mills-scalar theory,
it is easy to construct tree-level amplitudes of any multiplicity for YMESGTSs in the
generic Jordan family.

The analysis described in this section can also be carried out in five dimensions with
similar conclusions: a five-dimensional YMESGT in the generic Jordan family can be
described as a double-copy of the half-maximal sYM theory and a vector-scalar theory with
trilinear couplings. On the double-copy side there is a trivial map between the calculation
described in this section and its five-dimensional version given by (inverse) dimensional
reduction. Since five-dimensional MESGTs and YMESGTs are uniquely specified by
their trilinear couplings, this suggests that our identification of the supergravity theory is
unique. At the level of the supergravity Lagrangian this may not be obvious because on
the one hand we use the SO(n) symplectic frame to carry out the discussion in this section
while on the other hand the lift to five dimensions is natural in a different frame. At tree
level one should simply invert the transformations discussed in section 3.4. At loop level
the presence of duality anomalies might prevent this program from being successful. One
may however carry out this program at the level of the dimensionally-regularized inte-
grands of loop amplitudes which are, by construction, the quantities that have a smooth
continuation in dimension. From this perspective, the loop integrands of the scattering
amplitudes relevant for the four-dimensional duality anomaly are part of the integrands
of typical five-dimensional amplitudes (e.g. the 4D two-graviton-two-holomorphic-scalar
amplitude is part of the 5D four-graviton amplitude); the anomaly manifests itself as such
only after the loop momentum integral is evaluated close to four dimensions. We therefore
conclude that the four-dimensional analysis described in this section uniquely singles out
the YMESGTSs as being given by the double-copy construction using N' = 2 sYM and a
vector-scalar theory with trilinear couplings.

6 Omne-loop four-point amplitudes

Similarly to tree amplitudes, loop amplitudes in YMESGTs can be organized following
the dependence on the gauge coupling; each component with a different gauge coupling
factor is separately gauge invariant. For the YMESGTs considered here it is not difficult
to argue both from a Lagrangian and double-copy point of view that, to any loop order
and multiplicity, the terms with the highest power of the gauge coupling in the n-vector
amplitudes are given by the amplitudes of a pure N' = 2 sYM theory with the same gauge
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group as that of the supergravity theory.?? From a double-copy perspective these terms
are given by the amplitudes of the Yang-Mills-scalar theory with only scalar vertices;
since these amplitudes have constant numerator factors, when double-copied with the
amplitudes of N' = 2 or N/ = 4 sYM theory (or any other theory for that matter), they
simply replace the color factors of the latter with the color factors of the supergravity
gauge group. From a Lagrangian perspective the terms with highest power of the gauge
coupling in the vector amplitudes are given by the x — 0 limit of the full amplitude and
thus are given by a pure gauge-theory computation.

To illustrate the construction of loop amplitudes in the generic Jordan family of YMES-
GTs we shall compute the simplest one-loop amplitude that is sensitive to the supergravity
gauge coupling — the four-vector amplitude. To this end we will first find the bosonic
Yang-Mills-scalar amplitude with external scalar matter in a form that manifestly obeys
color /kinematics duality. Then, through the double copy, this amplitude will be promoted
to be a four-vector amplitude in A" =4 and N' = 2 YMESGTs.

6.1 The four-scalar gauge-theory amplitude

The three classes of Feynman graphs contributing to the O(g’*), O(¢'?) and O(¢’°) terms
in the four-scalar amplitude of the Yang-Mills-scalar theory (4.6) are schematically shown
in figure 1. The O(g’*) is the simplest as it fully correspond to the four-scalar amplitude
in the ¢3 theory. The numerator of the box diagram, shown in figure 1(a), is entirely
expressed in terms of the structure constants of the global group,

n](;g)x(L 2,3, 4) _ _ig/4Fba1chazdFda3eFea4b ’ (6.1)

where we stripped off the color factor of the gauge group given by cﬁ))x — fbincpeazdgdagépeash,
Next we consider the O(g'?) contributions, which correspond to mixed interactions

in the Yang-Mills-scalar theory. For the box diagram, these contributions are given by
figure 1(b) and its cyclic permutations. While a good approximation for the duality-
satisfying box numerator can be obtained using the Feynman rules that follow from the La-
grangian (4.6), we construct the full numerator using an Ansatz constrained to give the cor-

rect unitarity cuts. In the labeling convention of figure 1, this gives the following numerator:

ni(1,2,3,4,0) = == g { (N +2) (Fos0 P22 (8 4 () + P2t plosss (6 + 43))

+ 24 (spmraab phasaz 4y parazb phasas) 4 saseaTy, (603 — 03 — 03) (6.2)
+ 69293 Ty (605 — 07 — (2) + 614 Tro3 (607 — 3 — (3)
- 6M Ty (66— 3 — )+ (B -+ B+ B+63) (072 Ty + 3 Tray) |

where ¢; = ¢ — (k1 + ... + kj), and we use the shorthand notation Tr;; = Fhaic peasb,
The parameter Ny = 00, is the number of scalars in the four-dimensional theory
(or the number of vectors after double-copying it with another YM numerator). In D
dimensions, one should replace Ny — Ny 4+ D — 4 for a consistent state counting. Note
that the box numerator is designed to satisfy the following automorphism identities:
n® (1,2,3,4,0) =0 (4,321, —0) = o) (23,410 — k).

0x box box

29The same assertion holds in N' = 4,1,0 YMESGTs.
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Figure 1. The three types of diagrams that contribute at different orders in the ¢’ coupling to
the box numerator of a four-scalar one-loop amplitude. All distinct cyclic permutations of these
diagrams should be included. Dashed lines denote scalar fields while curly lines denote vector
fields. Note that quartic-scalar interactions are implicitly included in these diagrams, according to

\}_ —{,
| 1 1
1 1

/}_ _k\

1

their power in the ¢’ coupling.

Finally, the O(g'’) contributions, illustrated by figure 1(c) and its cyclic permuta-
tions, correspond to YM interactions at all vertices. Using the same procedure, an Ansatz
constrained by the unitarity cuts of the theory (4.6), the resulting duality-satisfying box

numerator is given by
Mho(1,2,3.4,0) = 5 {51025 [201(1 — 263 — 263) + 2Ny +2)(366 — B313)

+ (Ny + 18) (t(4F + 65 + 03 + £3) — u(f: + €3))]
+ 5920359194 [245(s — 205 — 207) + 2(Ny + 2) (30505 — (743)
+ (Ny +18)(s(F + 65 + 63+ 03) —u(f3+ 63))]
+ 6017359204 [2( Ny, + 2) (£363 + £303)
~ (8B + B+ D)}, (63)

where ¢;, Ny and the automorphism identities are the same as for the O(g’?) numerator.
Certain terms in (6.2) and (6.3) can be directly identified as contributions from the
Feynman rules for the box diagram; however, most terms have different origin. They are
moved into the box numerator from bubble and triangle graphs by a generalized gauge
transformation [3, 4]. This explains the presence of global-group invariants naively not
associated with the box diagram.

The box numerators (6.1), (6.2), (6.3) are constructed so that the amplitude manifestly
obeys color/kinematics duality. In particular, the numerator factors for the remaining
contributing diagrams, the triangles and bubbles, are given by the color-kinematical Lie
algebra relations:

n([1,2),3,4,0) = 0" (1,2,3,4,0) —n{") (2,1,3,4,0)

box
ngo, (11,20, 3,41,0) = ) ([1,2],3,4,0) — n{E)([1,2),4,3,0), (6.4)
where the notation [¢, j| implies that external legs i and j meet at the same vertex. Similarly,
the gauge-group color factors for all box diagrams are given by

Chox = C](;):Z)x _ C[()E)))X _ Ct()CO)X _ f8&1éfé&2dfd&3éfé&457 (65)
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Figure 2. The three types of diagrams that contribute to the box numerator in YMESG can be
obtained through a double copy between the diagrams in figure 1 and a sYM numerator that obeys
color/kinematics duality. All distinct cyclic permutations of these diagrams should be included.
We use dashed lines to denote scalar fields, curly lines to denote vector fields or vector multiplets
(as the case may be) and wavy lines to denote the graviton multiplet.

and the remaining color factors are determined by the Jacobi relations of the gauge-group
Lie algebra,

cori. (11,2, 3,4) = chox(1,2,3,4) — chox(2,1,3,4)
coun. ([1,2], [3,4]) = cui ([1,2],3,4) — i ([1,2],4,3) . (6.6)

The complete numerators are given by the sum of the O(g’*), O(g'?), O(g'?)
contributions,

n; = nl(a) + nz(b) + ngc) ) (6.7)

We have verified that these numerators are correct on all unitarity cuts in D dimensions;
in particular non-planar single-particle cuts ) Aéo)(l, 2,0,3,4,—¢) were used in this

check.

states

6.2 The four-vector Yang-Mills-gravity amplitude

The double-copy recipe provides a straightforward way to construct amplitudes in the
N = 2 of the generic Jordan family as well as NV = 4 YMESGTSs. For example, figure 2
illustrates how the different types of contributions O(g*), O(g?), O(g°) arises as double
copies between sYM numerators and numerators computed in the previous section. As
in the case of other supergravity theories, one may verify that the unitarity cuts of these
amplitudes match the direct evaluation of cuts in terms of tree diagrams.

The complete amplitude is given by the double-copy formula (2.4),

it ()Y [ =

Sy ie{box,tri.,bub.}
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where the first sum runs over the permutations Sy of all four external leg labels; the
symmetry factors are Spox = 8, Stri. = 4 and Sy, = 16. The denominator factors, D;, are

Dyox = (203030% , Dy, = sl30303 ) Dy, = 520303, (6.9)

where ¢; = ¢ — (k1 +...+k;). The n; are given in (6.7), and the n; are numerators of sYM
theories. Moreover, as at tree level, we identify the ¢’ parameter of the Yang-Mills-scalar
theory with the supergravity gauge coupling g.

Standard on-shell supersymmetry arguments imply that N' = 2 one-loop numerator
factors may be written as the difference between AN/ = 4 and numerator factors for one
adjoint N = 2 hypermultiplet running in the loop,

AN=2(1,2,3,4) = a)M=4(1,2,3,4) — 2a7 72" (1,2,3 4, 1) . (6.10)
The N = 4 sYM box numerator is given by

N =4(1,2,3,4,0) = stA"°°(1,2,3,4) = —ima(‘“ <Z ma|z')> , (6.11)
and the triangle and bubble numerator vanishes. Plugging this into (6.8) gives the four-
vector amplitude in N’ =4 YMESGT.

Color/kinematics-satisfying one-loop numerator factors due to one adjoint hypermul-
tiplet running in the loop may be found in refs. [68, 70, 71, 77]. A manifestly N' = 2-
supersymmetric box numerator was given in ref. [77],

N s—105)? 0? st+(s+40,)?
ﬁ{)xz’mat'(la 2,3,4,0) = (H12+/€34)#+(F&23+F614)%+(l€13+/‘é24)¥
2s 2t 2u
n Mz </<612 + K34 " Ko3 + K14 n K13 + fi24>
S t U
— 2ie(1,2, 3,6)% , (6.12)

where 0 = 20 (k1 +kg), 6, = 20+ (ks + k3) and ¢, = 20+ (k1 + k3). The numerator factors of
other box integrals are obtained by relabeling. The parameter 1 is the component of the
loop momenta that is orthogonal to four-dimensional spacetime. The external multiplet
dependence is captured by the variables x;;,

g = i%éw (Z n?|i>> (3% (P () (6.13)

As before the triangle and bubble numerators are given by the kinematic Jacobi relations,

A((1,2],3,4,0) = i 2(1,2,3,4,0) — i 2(2,1,3,4,0)
A n2(11,2],[3,4],0) = Al 2([1,2],3,4,0) — ad;2([1,2],4,3,¢). (6.14)

Plugging these numerators together with the Yang-Mills-scalar numerators (6.7) into
equation (6.8) gives the four-vector amplitude in the N' = 2 YMESGT. The resulting
expression exhibits some of the properties outlined in the beginning of section 6 and at
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the end of section 5.2. We notice, in particular, that the O(g’4) terms are given entirely by
the N’ = 2 numerator factors while the scalar amplitudes in the Yang-Mills-scalar theory
provide only the color factors of the supergravity gauge group. As such, these terms are
precisely an N = 2 sYM amplitude and, for our choice of numerator factors, manifestly
obeys color/kinematics duality.

Part of the divergence structure of the amplitude may be inferred from these
properties. The O(g'?), being the four-vector amplitude of the corresponding generic
Jordan family MESGT, exhibits a one-loop divergence proportional to the square of the
vector field stress tensor [117, 118]. Similarly, the O(g'*) is the four-gluon amplitude of
pure N' = 2 sYM theory and therefore diverges in four dimensions. Finding the O(g'?)
require the evaluation of the integrals; carrying this out leads to a finite result in four
dimensions and shows that gauging does not worsen the UV behavior of the ungauged
theory. It would be interesting to understand how supergravity divergences are affected
by the inclusion of the counterterms renormalizing the two (s)YM theories.

Although we will not give the details here, we note that one can easily further generalize
this calculation to less supersymmetric theories. In particular, the duality-satisfying four-
point one-loop numerators of N’ =0 YM and N/ = 1 sYM, given in refs. [68-71, 77], can be
inserted into (6.8), after which one obtains vector amplitudes in certain N'=0 and N' =1
truncations of the generic Jordan family of YMESGTs.

7 Conclusions and outlook

It is no surprise that MESGTSs obtained directly from N = 8 supergravity have a double-
copy structure inherited from that of the parent theory. Such theories include N = 2
supergravities with 1, 3, 5, or 7 vector multiplets in four dimensions, which can be seen as
field-theory orbifolds of maximal supergravity and have been studied in [68]. It is however
less straightforward that the double-copy structure can be extended to theories that have
a richer matter content; a large class of examples is provided by theories of the generic
Jordan family of N'= 2 MESGTSs, which have particular symmetric target spaces.

In this paper we studied the formalism that follows from the requirement that
supergravity theories coupled to non-abelian gauge fields have a double-copy structure.
We found that gauging global symmetries of N/ = 2 MESGTs may be accomplished
in this framework by adding a certain relevant trilinear scalar operator to one of the
two gauge-theory double-copy factors. The appropriate undeformed theory is a bosonic
Yang-Mills-scalar theory that contains quartic scalar interactions consistent with a
higher-dimensional pure-YM interpretation. The undeformed gauge theory naturally
obeys color/kinematics duality, and we have shown that the deformed gauge theory
continues to obey the duality provided that the tensors controlling the trilinear couplings
obey Jacobi relations and hence can be identified as the structure constants of a gauge
group. The fact that the gauge theories on both sides of the double copy satisfy the
BCJ amplitude relations gives confidence that the construction should give gravitational
amplitudes belonging to some well-defined class of supergravity theories.
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We discussed in detail the theories in the generic Jordan family of N' = 2 MESGTs
and YMESGTSs, and constructed some simple examples of tree-level and one-loop scattering
amplitudes. By comparing the tree-level result of the double-copy construction and that
of a Feynman-graph calculation we identified a linearized transformation that relates the
Lagrangian and double-copy asymptotic states. In particular, for the specific Lagrangian
chosen in section 3.4, the two sets of states are related by the identity map. Thus we have
shown that the specific double-copy construction discussed here gives the generic Jordan
family of N/ =2 MESGTs and YMESGTs in D =4 and D = 5.

Quite generally, there are many possible choices of fields that are classically equivalent.
As discussed in section 3.4, different choices are related by a change of symplectic section,
i.e. by transformations that include electric/magnetic duality transformations. The double-
copy realization of electric/magnetic duality transformations in supergravity was discussed
in ref. [67], where the charges of supergravity fields were identified as the difference of helici-
ties in the two gauge-theory factors, whenever the corresponding U(1) transformation is not
part of the on-shell R-symmetry. It was also shown in ref. [67] that, while electric/magnetic
duality is a tree-level symmetry (tree-level scattering amplitudes carrying nonzero charge
vanish), for N < 4 theories it acquires a quantum anomaly and certain one-loop scattering
amplitudes carrying non-vanishing charge are nonzero. In the current work we implicitly
assume that dimensional regularization is used a loop level, and in that case the anomaly
appears because the electric/magnetic duality does not lift smoothly between spacetime
dimensions.?® Some amplitudes breaking this duality are the same in the MESGT and
in the corresponding YMESGT; an example is the amplitudes with two positive-helicity
gravitons and two scalars in the V_ multiplet [67]. In dimensional regularization it is

_ _ 1 N K\ 4 tu
MO W81 = g @2 (5) i (1- 05 @

where ST— = S_, and 7 is the number of vector multiplets. In the presence of such
an anomaly MESGTs and YMESGTs with symplectic sections related classically by
duality transformations are no longer equivalent quantum mechanically and their effective
actions differ by finite local terms in a scheme in which the anomaly is one-loop exact
(the existence of such a scheme is a consequence of the Adler-Bardeen theorem; see [67]
for a more complete discussion). The field identification found in section 5.1 shows that
the double-copy construction discussed in this paper realizes a specific symplectic section
(through dimensional regularization this gives specific quantum corrections). It would be
interesting to see if it is possible to give double-copy constructions for different symplectic
sections of the same theory.

Four-dimensional YMESGTSs of the generic Jordan family coupled to hypermultiplets
appear as low-energy effective theories of the heterotic string compactified on K3 x7T2. The
string-theory construction suggests that it should be possible to extend our construction
to include hypermultiplets and their interactions; tree-level KLT-like relations should exist
at least for the specific numbers of vector and hypermultiplets that can be accommodated

3%In principle, different regularization schemes may lead to different manifestations of this anomaly. In
ref [67] as well as here dimensional regularization was assumed, which does not preserve electric/magnetic
duality.
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in string theory (or even beyond that using the formalism of ref. [77]). In particular, it
would be desirable to understand how the introduction of hypermultiplets modifies the
two gauge-theory factors and what are the restrictions on the gauge-group representations
imposed by coupling N' = 2 Yang-Mills-matter theories to N’ = 2 supergravity.

An extension of the double-copy construction to gauge-theory factors with fields in fun-
damental and bifundamental representations was discussed in refs. [76, 77]. Generically this
yields supergravity theories with different matter content than a double-copy construction
with fields in the adjoint representation. A natural direction for further research would be
to include in the two gauge-theory factors fields transforming in arbitrary representations
of the gauge group, and to systematically study the gauged supergravity theories obtained
with the double copy. In particular, a construction of this sort may be necessary to obtain
some of the magical supergravity theories and to study their gaugings.

In addition to the more formal discussion, we have in this paper also obtained sim-
ple expressions for the three-point supergravity superamplitudes. The structure of these
amplitudes should extend to more general N'= 2 MESGTs and YMESGTSs, which do not
belong to the generic Jordan family. The on-shell three-point interactions are universal
except for the C' tensor, which is used to specify the theory. Using this structure it should
be possible to construct amplitudes in more general theories from simple building blocks
even when a double-copy construction is not yet available.

Understanding whether it is possible to satisfy the locality and dimensionality con-
straints from having a double-copy construction of R-symmetry gaugings, as discussed in
section 2.2, remains an interesting open problem. If such structure exists, it would be inter-
esting to explore whether it is restricted to scattering amplitudes around Minkowski vacua
or if it exists, with appropriate choice of boundary conditions, in the more general case of
AdS vacua. This double-copy structure may translate, through the AdS/CFT correspon-
dence, to a double-copy structure for the correlation functions of certain gauge-invariant
operators of the dual gauge theory. A direct investigation of double-copy properties of
correlation functions of gauge theories, perhaps along the lines of refs. [124-126], may also
provide an alternative approach to answering this question.

As mentioned in the beginning of section 4, directly applying our construction in six
dimensions yields a theory that, apart from the graviton multiplet, contains one self-dual
tensor and n — 2 vector multiplets. The spectrum of our six-dimensional double-copy
construction coincides with that of the D = 6 YMESGT formulated in refs. [119, 120].
It would be interesting to explore whether the scattering amplitudes following from the
Lagrangian of this D = 6 YMESGT are the same as those generated by our construction.
Such YMESGTSs coupled to hypermultiplets arise from compactification of the heterotic
string on a K3 surface. As remarked earlier the D = 5 generic Jordan family of MESGT's
can also be obtained from dimensional reduction of six-dimensional A" = (1, 0) supergravity
coupled to 1 — 1 self-dual A/ = (1,0) tensor multiplets. Since the interacting non-abelian
theory of N' = (1, 0) tensor multiplets is not known, and assuming that such a theory exists,
our construction cannot be applied directly to calculating its amplitudes. For example,
since this interacting tensor theory has no vector multiplets it cannot be constructed in
terms of scalar-coupled gauge theories. Rather, one may realize chiral tensor fields as
bispinors and thus the relevant gauge theories should contain additional fermions [77].
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The fact that two very different-looking theories in D = 6 reduce to the same
five-dimensional MESGT, belonging to the generic Jordan family, has a counterpart in
theories with 16 supercharges. Namely, the N' = 4 sYM supermultiplet can be obtained
from N = (1,1) sYM multiplet as well as ' = (2,0) tensor multiplet in six dimensions.
MESGTs describing the coupling of n N = (1,1) vector multiplets to N' = (1,1)
supergravity in six dimensions have the U-duality groups SO(n,4) x SO(1,1) and we
expect the method presented in this paper to extend in a straightforward manner to
the construction of the amplitudes of the corresponding N = (1,1) YMESGTs. The
formulation of a consistent interacting non-abelian theory of A' = (2,0) multiplets coupled

to A = (2,0) supergravity remains a fascinating open problem.3!
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A Notation

In this appendix we present a summary of the various indices used throughout the paper.

n number of matter vector multiplets in 5D.

K compact subgroup of the isometry group G

promoted to gauge symmetry.
A B,C=-1,0,...,n index running over all vector fields in 4D.
I,JK=0,...,n index running over matter vectors/multiplets in 4D;
index running over all vector fields in 5D.

a,bc=1,2,...,n index running over extra vector fields in 4D;

flat target space index in 5D.

z,y=12,...,n curved target space indices in 5D.
m,n=1,2,...,n—dim(K) index running over the extra spectator fields in 4D.
r,s,t =n+1—dim(K),...,n index running over the non-abelian gauge fields.

a, 3, ¢ gauge adjoint indices.

,7=1,2 SU(2)g indices in 5D and 4D.

31Note that the double-copy construction of the amplitudes of six-dimensional N' = (2,2) Poincaré

supergravity in terms of A/ = (1,1) sYM amplitudes is well understood. On the level of spectra, the
double-copy construction applied to the NV = (2,0) theory is expected to give the amplitudes of N' = (4,0)
supergravity [121] in six dimensions. The formulation of an interacting N = (4,0) supergravity in six
dimensions is an open problem as well.
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With this notation we have
A=(-1,1)=(-1,0,a)=(—1,0, m, r). (A1)

In the YMESGT Lagrangians we use the quantities f*! and ¢ to denote structure
constants and coupling constant for the supergravity gauge group. These should not be
confused with f%¢ and g, which denote structure constants and coupling constant for the
two gauge-theory factors employed in the double-copy construction. Additionally, F"$! are
the structure constants of the global symmetry group of the cubic scalar couplings that
are introduced in the A/ = 0 gauge-theory factor. ¢’ is a proportionality constant that
appears in the above couplings.

B Expansions for the generic Jordan family

In this appendix we collect expansions for the period matrix, scalar metric and Kéhler
potential in the symplectic frame specified in section 3.4. All quantities are expanded up
to terms quadratic in the scalar fields. The period matrix Nsp has the following entries,

No_y = —i+2i(z)?, (B.
N_1g = 22° 4 2i(2°)? + 2i[27)?, (B.
Noig = 2(1 4 V2212 +2i297% 4+ 20202 — §1,V2(2%)?, (B.

Noo = —i + 2i(2°)% + 2i(z%)?, (B.
Noa = 2(1 + \/521),2“ +2i2%2% + 2§29z — 51a\/§(5b)2 ) (B.
Ny = —(i — 22°)04p + 2i292° + 2iz°% (B.

[selil el ve i os i ow B o
S8 &k

The Kahler potential is given by

1 4 1 1 ]
L= §+%(20—20)+— Az0)2p

7 o) 7

The scalar manifold metric has the following non-zero entries,

(M2t (20—20)(z1+21)+z(z1+21) le(z’“ —Z")2. (B.7)

goo = 14 2i(2° — 2°) — 3(2° — 29)2, (B.8)
g1 = 1+V2(z1+ 24 + g(z1+21)2—g(2t—2t)2, (B.9)
gir = i(V2+ 328 +321) (2" — 27), (B.10)
Grs = (1 FVE( A 4 ;(zl 42— ;(zt _ zt)2>5m L (T — ) — ). (B.AY)

These expansions are employed together with the Lagrangian (3.82) to derive the Feynman
rules of the theory and to compare the amplitudes from the supergravity Lagrangian with
the ones obtained from the double-copy construction.
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