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ABSTRACT: The imaginary part of the heavy quark-antiquark potential experienced by
moving heavy quarkonia in strongly coupled plasmas dual to theories of gravity is computed
by considering thermal worldsheet fluctuations of the holographic Nambu-Goto string.
General results for a wide class of gravity duals are presented and an explicit formula
for Im V(55 is found in the case where the axis of the moving QQ pair has an arbitrary
orientation with respect to its velocity in the plasma. These results are applied to the
study of heavy quarkonia propagating through a strongly coupled N' = 4 SYM plasma.
Our results indicate that the onset of Im V()5 decreases with increasing rapidity (though
our analysis is limited to slowly moving quarkonia) and that, in general, a Q@ pair is
more strongly bound if its axis is aligned with its direction of motion through the strongly
coupled plasma.
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1 Introduction

In heavy ion collisions, useful probes to studying the formation and evolution of the Quark-
Gluon Plasma (QGP) [1] are the heavy quarkonia (J/1 and Y mainly) formed in hard pro-
cesses before the thermalization of the plasma. The seminal work of Matsui and Satz [2]
argued that, in a thermal bath, the binding interaction of the heavy quark-antiquark
(QQ)pair is screened by the medium, resulting in the melting of the heavy quarkonia.
However, the QQ pair is not necessarily produced at rest in the QGP and the effects of
its motion through the plasma must taken into account when considering the effects of the
medium in the QQ interaction.

In a non-Abelian SU(N,) gauge theory in 4 dimensions, a gauge-invariant observable of
interest to study the interaction of the medium in the heavy QQ pair interaction is obtained
from the Wilson loop operator [3-5]. The Wilson loop operator W (C') is defined by

1 R
W(C) = ﬁtrP exp [ig?{jA“dw“] , (1.1)
c

where C'is a closed loop in spacetime, ¢ is the non-Abelian coupling constant of the gauge
field Au and P is the path-ordering operator. The trace in (1.1) is over the fundamental
representation of the gauge group. In the special case that C' is a rectangular loop with two
sides along the time ¢ direction and the other two sides along, say, the x3 direction, with
the dimensions of the rectangle being 7 along the ¢ axis and £ along the spatial direction,
then the (thermal) vacuum expectation value of W (C) is given, in the limit lim7_,o, by

(W(C))o ~ 'TVaalBT), (1.2)



where VQQ(L,T) is interpreted as the interaction energy of the QQ pair and T is the
temperature of the thermal vacuum — for definiteness, we will call VQQ(L, T) the heavy
quark-antiquark potential at finite temperature.

The interaction energy Vio(L,T') may possess, at finite temperature, a finite imagi-
nary part, which can be used to estimate a thermal width of the quarkonium, as shown
in [6-14]. Calculations of Im Vj,5(L,T) relevant to QCD and heavy ion collisions were
performed for static Q@) pairs using, for instance, perturbative QCD (pQCD) [15], lattice
QCD [16-18] and using the gauge/gravity duality [19-24] (for recent studies about quan-
tum decoherence effects in quarkonia see [25, 26]). However, all of these calculations of
Im VQQ(L, T) in the literature were performed considering static QQ pairs. To accurately
determine the suppression of quarkonia formed in heavy ion collisions it is necessary to
evaluate Im Viy5 (L, T') for moving quarkonia in the QGP [27-30]. In ref. [31], it was shown
using effective theory techniques that in a weakly coupled QGP the heavy quarkonia decay
width is a nontrivial function of the temperature and velocity. However, for the two differ-
ent scenarios considered in [31] involving the different scales in the problem, it was found
that the decay width of very rapidly moving quarkonia decreases with the pair’s velocity.

From the viewpoint of holography and the gauge/gravity duality [32-34], the evalu-
ation of (W(C)) (and thus of V5(L,T)) in the large N, strongly coupled 4-dimensional
gauge theory corresponds to, in the 5-dimensional bulk geometry perspective of the gravity
dual, the problem of finding a classical string configuration that has the closed loop C as
the boundary of the string worldsheet in the bulk [35]. The seminal calculations for 7' = 0
for strongly coupled N' = 4 Super Yang-Mills (SYM) [35] were extended to finite temper-
ature [36, 37] and also to more general backgrounds [38, 39]. Holographic calculations of
the real part of V55(L,T) in strongly coupled plasmas, for moving QQ pairs, were already
considered by Liu et al. [40, 41] in the case of a strongly coupled N' =4 SYM plasma. The
computation of Re VQQ(L, T) for moving QQ in more general backgrounds dual to strongly
coupled QFTs were studied in ref. [42].

In ref. [43], the momentum dependence of meson widths was computed within the
gauge/gravity duality and it was shown that this quantity receives nontrivial contributions
from instantons on the string worldsheet. An interesting feature of their approach is that
the thermal width becomes very large for rapidly moving mesons. Thus, while the general
arguments from refs. [40, 41, 44] indicate that the dissociation temperature of mesons
decreases with the pair’s rapidity, the results of ref. [43] show that even before complete
dissociation the imaginary part of rapidly moving mesons may be already large enough to
cause suppression of these states in a strongly coupled plasma.

A general approach to determine the imaginary part of the static heavy quark potential
using string worldsheet fluctuations was developed in [19, 22]. In this paper, we generalize
this method to estimate the imaginary part of V55(L,T) for moving quarkonia, starting
from the evaluation of the real part as done in [40, 41]. The main idea is, following [40, 41],
to consider a boost from the frame where the plasma is at rest and the QQ dipole is moving
to a frame where the QQ dipole is at rest, while the plasma is moving. The procedure
presented in this work can be used for a large class of strongly coupled theories dual to
gravity though in this work we focus on its application to strongly coupled N' = 4 SYM



plasma. The method pursued here, however, has limitations. In the static case these
limitations (that stem from the saddle point approximation used in the calculation of the
imaginary part of the potential) were discussed in detail in [22] and we shall see in this paper
that similar limitations restrict our discussion here to the case of slowly moving quarkonia
(therefore, our results are much more relevant to RHIC collisions than those at the LHC).
We note, however, that the overall qualitative behavior found here, i.e., slowly moving
quarkonia are less stable than the static case and that QQ pairs are more stable when they
are aligned with their velocity axis, is consistent with the findings of [40, 41, 43, 44].

This paper is organized as follows: in section 2, we discuss the case where the QQ dipole
is moving perpendicularly to the axis that joins the QQ pair — this presents a simpler
problem where, in the case of strongly coupled N'= 4 SYM, some simple analytical results
can be obtained. The case of a general orientation of the Q@ pair is a more complex problem
that is dealt with in section 3, together with numerical calculations for this quantity in an
N =4 SYM plasma. In section 4 we present our conclusions and outlook.

2 Dipole perpendicular to the hot wind

2.1 General results — real part

In this section we evaluate general expressions for the real and imaginary part of potential
energy Voo of quark-antiquark QQ pair moving with the QQ dipole axis oriented perpen-
dicularly to a strongly coupled non-Abelian plasma, using holographic methods. This case
is computationally simpler than the case of a dipole with an arbitrary orientation with
respect to the wind. In fact, this case can be solved analytically in the case of strongly
coupled N' =4 SYM and it represents an extreme case (and check) of the calculations of
Voo for arbitrary orientations of the dipole with respect to the wind. Our calculations for
the real part follow the analysis done in [40, 41].

We start by assuming that our d 4+ 1-dimensional gauge theory in Minkowski space has
a gravity dual with the following metric,

ds® = —Goo(U)dt? + Gpp(U)da? + Gy (U)dU?, (2.1)

where ¢ = 1,2,...,d, x; are orthornormal spatial coordinates for the boundary and U
is the radial coordinate. We will assume that our gravity dual has an asymptotically
AdSs boundary at U — oo and a black brane horizon at U = Uj,, where we will assume
that Gyy (Up) — oo, with Goo(Ur)Guu (Up) finite. The presence of a black brane (which
implies Gog # Gu.) breaks the original SO(d, 1) Lorentz isometry of the metric in the
transverse spacetime coordinates (t, ;) to only a rotational SO(d) isometry in the spatial
coordinates x;.

The fact that we do not have the full SO(d, 1) isometry group means that the met-
ric (2.1) is not invariant under rigid Lorentz boosts of the Minkowski spacetime slices we
have at each fixed U. This is expected, since the presence of a black brane in the gravity
dual is associated with a thermal boundary field theory, and in this case there is a preferred
reference frame (namely, the frame where the thermal medium is at rest). Boosting this



frame with a velocity ¢ means that the an observer in this frame sees the medium moving
past him with velocity —v.

We can exploit this fact to study the effect of the plasma on a Q@ pair in the thermal
medium. Starting from a reference frame where the plasma is at rest and the QQ dipole
is moving with a constant velocity — we can boost to a reference frame where the dipole
is at rest but the plasma is moving past it. This is the main idea used in this calculation.
When interpreting the results of our calculations, we will interchange frequently between
both points of view.

With these considerations in mind, let us consider a Q@ pair moving with rapidity n
along the x4 direction with the plasma at rest in this reference frame. Let us then boost
our reference frame in the x4 direction with rapidity 1, so that the QQ is now at rest and
the plasma moves with rapidity —7 in the x4 direction (the QQ now feels a hot wind):

dt' = dt' coshn — dz!;sinhn
dzg = —dt' sinhn + dx/; cosh . (2.2)

Applying this boost to the transverse coordinates of the metric (2.1), the geometry now
becomes (after dropping the primes):

ds® = —(Goo cosh? ) — Gy sinh? ) dt? + (Ge cosh? n — Gog sinh? n)da?
— 2(Gyz — Gop) sinh ) coshndt deg + Gmd:v? + GuudU?, (2.3)

where 7 =1,2,...,d—1.

Now, consider a QQ dipole oriented perpendicularly to the wind in the gauge theory.
Let z1 be the direction to which the dipole is aligned and let L be the length of the line
joining both quarks. The quarks are located at 1 = L/2 and 1 = —L/2. As discussed
in section 1, the heavy quark-antiquark potential energy V5 of this system is related to
the expectation value of a rectangular Wilson loop by eq. (1.2). Holographically, in the
supergravity limit (corresponding to a strongly coupled plasma) we can evaluate (W (C))
by the prescription [35]

(W(C)) ~ 1kt (2.4)
where St is the classical Nambu-Goto action of a string in the bulk,
1 M N
Sur = —5— dodr\ [~ det(Grrn0a XMOXN) (2.5)

evaluated at an extremum of the action, §.5s, = 0. The resulting equations of motion must
be solved with the boundary condition that the worldsheet of the string, parametrized by
spacetime target functions XM (o, 7) (M =0,1,...,d — 1 are the target spacetime indices,
a, B = o, 7 are the worldsheet coordinates), must describe the curve C, in the boundary of
the bulk geometry. Plugging back Sg, in (2.4) we extract the real part of V,5. Once we
include thermal fluctuations of the string in (2.4), we will be able to evaluate the imaginary
part of Vi in this case.

Since the dipole is perpendicular to the wind, x4_1 is constant along the line joining
the endpoints of the string — this means that we can take X?~! to be constant. We use



the remaining symmetry of (2.5) to completely fix the static gauge given by (X O=171=t,
X! =5 =2, X* = const, X1 = const, U = U(U)), where i = 1,...,d — 2. With this
gauge choice, (2.5) becomes, after inserting the background metric (2.3),

T L/2 ) —

S =g | do/ NI(U)U" ()2 + V(U), (2.6)

where we defined
M(U) = M(U) cosh? p — N(U) sinh? 5 (2.7a)
V(U) = V(U) cosh?n — P(U) sinh?n (2.7b)

and

M(U) = GooGuu (2.8a)
V(U) = GG (2.8b)
PU)=G2, (2.8¢)
N(U) = Gme« (2.8d)

Also, U’ = dU/do. We see that (2.6) has formally the same form found in the case of a
plasma at rest — we only need to replace M and V by M, V, respectively [22]. We also
see that taking n — 0 takes (2.6) back to the case in which the plasma is at rest. However,
an important difference between (2.6) and the corresponding action in the case where the
plasma is at rest is that in the latter the function M is always positive whereas here M
can be negative, depending on the bulk geometry and 7.

Let us proceed to solve the variational problem S = 0. Since the calculation is
very similar to the n = 0 case (see, for example, [35, 36, 38, 39]) our notation closely
follows [19, 22]) and here we will only sketch the basic steps. First we write down the
Hamiltonian associated with (2.6), which is a constant of motion. Then, since the string is
symmetric with respect to X7 = o = 0, we have U’(0) = 0, with the corresponding position
of the deepest position in the bulk being U(0) = U,. From the Hamiltonian, we can write
the equation of motion for U(o),

i H(U(0)) (2.9)
with H(U) defined by
mm:¢Wmvw>ﬁ: .10,
SV Ve M@U) ’

The subscript ¢ in V, and M, means that we evaluate these functions at U = U, i.e.,
F. = F(U.). It follows by the chain rule that

d*U  1dH

U 2.11
o7 = 5477 (V@) (2.11)
and in particular

d?U 1V



where V' = dV /dU. This equation will be useful later in the calculation of Im Voo-
From (2.11), using the boundary condition that at the boundary of the bulk geometry the
string has to reach the Wilson loop contour — or more precisely, U(c — L/2) = A, where
A is an UV cutoff, we can relate L with U, as follows

A

dril
VHU)

Plugging (2.11) back in (2.6) we can relate Sy, and U,
S = /AdU\/M(U) V() {V(U) — 1]1/2 (2.14)
st ﬂ'o/U V(U,) LV(U,) ' ‘

This action is formally infinite when we remove the cutoff UV A, since this means that

L
5= (2.13)

the string worldsheet stretches from U = U, to the conformal boundary at U — oo and
thus has infinite area. To regularize Sg,, we subtract the T' — 0 divergence in Sg,. This
comes from the fact that in a thermal field theory all UV divergences should come from
the vacuum. For further details, we refer to [22]. The regularized Wilson loop is, therefore,

o VU [V) 71/2
st - { /dU\/ D7D )" - v

- Mo(U), (2.15)

7Ta Uy,

where My(U) = Ggo(U)GYy(U), with Gf), being the metric in the absence of the black
brane. Using (2.15) and (2.4) we have, ﬁnally, ReVpg = Sir/T as a function of U..
Together with (2.13) we can find L(U.) and Re Vj5(Ue).

2.2 Comments on the imaginary part

The main idea to evaluate Im V(5 is to consider thermal fluctuations of the string world-
sheet [19, 22]. The action (2.6) is exactly of the form already considered in refs. [19, 22].
However, now the function M (U) is not strictly positive. When M (U) > 0 the argument
used in the calculation of the imaginary part from [19, 22| is left unchanged. However,
when M (U) is negative, the thermal fluctuations that may generate an imaginary part
must take place away from z; = 0 and, thus, must have large amplitudes (as shown in
figure 1). Fluctuations of this kind cannot be considered using the current approximations
employed in our approach, as we discuss below.

If M(U,) > 0, the argument in [19, 22] can be readily used. We refer the reader to [22]
for the necessary details. In the end, one can show that

1 v,
ImVyp = ————\/ M. | =5 — =5, 2.16
QQ 220/ 0[2‘/0// V;J ( )

if Im V) < 0.
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Figure 1. Thermal fluctuations of the string worldsheet responsible for Im V5 # 0 when
(a) M(U) > 0 and (b) M(U) < 0. Fluctuations of the second type, large and distant from
U = U, cannot be considered in our current approach since they require corrections that go beyond
the saddle point approximation.

If, instead, M (U,) < 0, the argument is the same up to the point where we write

eq. (4.6) in [22]
[,j = 3 /01.1? + Cy (2.17)

with C; and Cy given by eqs. (4.7) and (4.8) in [22], with the substitutions M,V — M, V.
The argument of the square root in (2.17) is, now, positive for a small interval of z;
and negative outside of this interval. This means that the square root is purely real
inside this interval and negative outside this interval. Thus, £; has an imaginary part
only outside of the interval centered in x1 = 0. However, our calculation is only valid
for 1 ~ 0, near the bottom of the string — we do not have access to the fluctuations
that may occur far from x; = 0 since they would require to go beyond the saddle point
approximation. Thus, there is still an imaginary part for the potential in this case but,
due to the saddle point approximation, we cannot compute it with the formalism derived
in [19, 22]. This interesting case, which corresponds to the case of large QQ rapidities, is
beyond the range of applicability of the approximations employed in our method and a more
general construction involving the explicit D-branes degrees of freedom [46] corresponding
to fundamental quarks used in [43] may be required.!

1We note that even though the worldsheet fluctuation method [19, 22] is formally applicable in general,
at the moment we have not worked out the technically nontrivial issues needed to go beyond the saddle
point approximation.



2.3 An explicit example — thermal N =4 SYM

Let us apply the results of the foregoing subsection for the case of ' = 4 SYM plasma.
The gravity dual to thermal N' =4 SYM is type IIB superstring theory on AdSs x S° with
a black brane. The metric of the gravity dual is
U? U? R? 1

ds* = —— f(U)dt* + —d7F* + — ——dU? + R*dQ3 2.18
where f(U) = 1 — U/U* is the blackening factor and R is the common AdSs and S°
radius. The temperature of the black brane and, therefore, of the thermal gauge theory,
is T = Uy,/(nR?). We choose a fixed configuration on the S° and, thus, we neglect its
contribution to the dynamics. It follows that the functions in (2.8) are

MU)=1 (2.19a)
4 4

V(U) = 24( - g’;) (2.19b)
4

P(U) = % (2.19¢)

N(U) = < - g@_l. (2.194)

After some algebra, one obtains from (2.13) and (2.15)

1 —y4cosh?n / , (2.20)
1 VP -D )

Re:/‘fQQ N \zf{ /100 w [\/(y4 - iy;(y“ —vh 1] B ylh} ’ =2

where y, = Up,/Ue, y. == 1/yn and A = R*/a/? is the 't Hooft coupling of the gauge
theory. Note that since U. > Uj, one has 0 < y. < 1. It is possible to integrate (2.20)
and (2.21) analytically (see the appendix B of ref. [22] for details; the main idea is to use

T = e

integral representations of the hypergeometric function [45])

2\/%/6\/— 135
LT — 1 — ot h2 == = 4 2.22
F(1/4)2 Y. cosh™ nolt 274747yc ) ( )
Re V5 VA V2rs 1 11 135
Ty W[QF1<2,_4,4,%) o C°Sh2”2F1<2’4’4’y3>] B
C

where 9F(a,b,c,d) is the Gauss hypergeometric function. The limit n — 0 yields the

expressions shown in [22]; for (2.22) this is immediate, whereas for (2.23) it requires some
use of the properties of hypergeometric functions (namely, Gauss recursion formulas) [45].

In figure 2 we show the behavior of LT for this perpendicular case as a function of
y. for several choices of 1. The maximum of the LT(y.), LTyax indicates the limit of
validity of the saddle point approximation — to go to higher LT it is necessary to include
further connected contributions past the saddle point approximation [47]. We see from
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Figure 2. (Color online) LT as a function of y. for a QQ pair oriented perpendicularly to the
hot wind in an N/ = 4 SYM plasma. Different rapidities are considered: the solid black curve
corresponds to n = 0, the dashed blue curve to n = 0.4, the dotted red curve to n = 0.8, and the
dashed-dotted purple curve to n = 1.2.
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Figure 3. LT,.. as a function of rapidity n for a QQ pair oriented perpendicularly to the hot
wind in an ' = 4 SYM plasma.

figure 3 that increasing 7 reduces LTmax. A systematic study of LT as a function of
n is presented in figure 3. In the literature [40, 41], LT.x has been used to define a
dissociation length for the moving Q@ pair — the dominant configuration for S, in this
case would be two straight strings (two heavy quarks) running from the boundary to the
horizon. In this paper, based on the discussion in [22, 47], we choose to use this quantity to
define the region of applicability of the U-shaped string configuration (which is dependent
on the pair’s rapidity). Moreover, the dissociation properties of heavy quarkonia should
be sensitive to the imaginary part of the potential and that will be estimated later in this
section using the expression for Im V5 computed above.

We proceed to show, in figure 4, Re V) / (TV/\) as a function of LT for some choices of
n. We see that for short distances the QQ pair does not feel the moving plasma, as expected.
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Figure 4. (Color online) Re V55 /(T V') as a function of LT for a QQ pair oriented perpendicularly
to the hot wind in an A/ = 4 SYM plasma. Different rapidities are considered: the solid black curve
corresponds to = 0, the dashed blue curve to n = 0.4, the dotted red curve to n = 0.8 and the
dashed-dotted purple curve to n = 1.2.

For each 7 the upper branch corresponds to another saddle point of the string action (which
is associated to the curve to the right of LT},ax in figure 2), which is suppressed with respect
to the lower branch.

Now, let us proceed to the evaluation of the imaginary part in this case. First, the
condition M (U,) > 0 leads to

Ye < Ymax,1 = (1 — tanh? n)V/4. (2.24)

When this is valid, use of (2.16) yields, after some algebra,

I 9 \/X 1 — h2
m [QQ m Yco coshmn 4 2
= — 3y cosh“n—1). 2.25
1 24v2 ye || 1—yl (3w =1 (2.25)

Imposing that Im Vi35 < 0 leads to

1
Ye > Ymin = ———F7—5— -
‘ 31/44/cosh?

Also, we must take y. < Ymax,2, Where ymax 2 is the maximum value of y. for which the

(2.26)

connected contribution we consider is valid (see figure 2). These conditions lead to a narrow
window where our method is applicable, shown in figure 5. One sees that Ymax,2 < Ymax,1 SO
the case ]\ZI(UC) < 0 does not need to be considered in our case. For y < ymin, Im Vi = 0.
For ymax2 < ¥ < Ymax,1, our method is not applicable and the imaginary part of the
potential has to be computed using other methods.

Taking into account these intervals of applicability, we show the result of (2.25) for
Im V5 as a function of LT in figure 6 for some choices of the rapidity 1. One can see,
from (2.25), that Im V55 roughly scales as T? (since y. = Up/U. oc T). This scaling was
seen in a calculation of Im V(5 using complex world-sheet coordinates [20] and in lattice

~10 -
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Figure 5. (Color online) From top to bottom, the limiting curves ymax,1 (solid black line), ymax,2
(dashed blue line) and yy,in (dotted red curve) as a function of the rapidity n for a QQ pair oriented

perpendicularly to the hot wind in an A/ = 4 SYM plasma. The filled area represents the region
where our method can be reliably used to estimate Im V5.
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Figure 6. (Color online) Im Vj,5/ (\AT) as a function of LT for a QQ pair oriented perpendicularly
to the hot wind in an A/ = 4 SYM plasma. The solid black curve corresponds to n = 0, the dashed

blue curve to n = 0.4, the dotted red curve to n = 0.8, and the dashed-dotted purple curve to
n=1.2.

calculations [16], opposed to the T scaling predicted by pQCD [15]. Also, for increasing
rapidity, the onset of the imaginary part happens for smaller LT which indicates that
the suppression becomes stronger. However, the actual magnitude of the imaginary part
computed in this case must be interpreted with caution. The apparent smaller magnitude
observed at larger rapidities happens not because the imaginary part (or, equivalently, the
thermal width) really decreases but simply because we chose to plot only the values that
are consistent with the very stringent requirements used in [22]. One could have used the
linear extrapolation employed in the original study [19] and that would give the correct
qualitative result that at large rapidity QQ pairs are less stable. However, in [22] this
extrapolation was shown to largely overestimate the thermal width and, thus, in this paper

- 11 -
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Figure 7. (Color online) The geometry of the QQ dipole, as described in the text, along with the
string in the bulk joining the ends of the heavy quark pair. Note that the projection of this string
on (X1, X4_1) at the boundary is not a straight line joining the QQ quarks but a curved line.

we chose to be very “conservative” and plot in figure 6 only the region consistent with the
approximations used in our method. However, we stress that the correct way to interpret
our findings is that the heavy quark potential of moving quarkonia should have, in general,
larger imaginary parts than the corresponding static case.

3 Dipole at arbitrary angles

The next step is to generalize the previous calculations for a dipole oriented at an arbitrary
angle with respected to its velocity vector. The main difference, in the gravity dual calcu-
lation of the Wilson loop, is that we cannot take Xy 1 = const anymore. As emphasized
in [40, 41], the system has now two effective degrees of freedom. The calculation of the
imaginary part, though it follows the same general lines as before, now needs two pieces of
information that can be extracted from the classical solution.

3.1 General results — real part

Let us proceed to orient the QQ dipole at an arbitrary angle with respect to the hot wind
in the Xy direction. Our objective will be, as before, to extract the real and imaginary
parts of the heavy quark-antiquark potential energy Vi holographically. We will take the
dipole to be in the (X3, X4-1) plane. Let @ be the angle of the dipole with respect to the
Xq—1 axis (see figure 7). If # = m/2 the dipole is oriented along X; and we return to the
case of the previous section.

Using the holographic prescription, in order to evaluate Vi,5 we should evaluate Sgir
given by (2.5) with the boundary condition that the string described by Ss, joins the

- 12 —



endpoints of the dipole. However, now we have two fixed parameters (aside from 7, which
tells us how to rotate the Minkowski slices): the length of the dipole L and the angle 6.
If we followed the calculations of the previous section of this paper, we would have only
one constant of motion, given by the Hamiltonian of the problem, to relate to both L and
6. Indeed, as discussed in [40, 41], one has to consider also a “sagging” of the string along
the line segment joining the quark-antiquark pair, as described in figure 7. In terms of the
string worldsheet, this means that have to consider the behavior of the embedding function
X4-1(0). We cannot, as in the previous section, take X;_1(o) as given. Rather, Xy (o)
must be taken as the second degree of freedom of the string worldsheet and that makes a
difference both in the computation of the real and imaginary parts of the potential.

This implies that we must slightly modify the static gauge used in the previous section.
A possible choice of the string worldsheet coordinates, which will be used in this work, is
(X0 =7 =1t X' =0 =2z, X' = const, X! = X (o), U = U(O’)), where i =
1,...,d—2. Now we have two degrees of freedom, Xy_1(c) and U(c). We note that if the
projection of the string on the (X1, X4_1) plane was a straight line, then X, (o) would
be given by o/tanf. The boundary conditions to be imposed here are

U(:I: gsin0> =A
L L
Xd<:|: 2sin9> = :|:§ cos 6 (3.1)

which, taken together, imply that the string has as its endpoints the heavy quarks. As in
section 2, A is an UV cutoff. The background metric is still given by the generic boosted
metric in (2.3).

With these modifications, the action (2.5) now becomes

str = T /d0'£ (32)

where we defined the Lagrangian

L= \/[M(U) cosh? n—N(U) sinh? 9] U’ (0)2+V (U)X/(0)2+ [V (U) cosh? n— P(U) sinh® n|

(3.3)
with the functions M, N,V and P defined as in (2.8). This action does not depend on o
explicitly, so the associated Hamiltonian

dU oL dXg4 0L

=Q=L—— — 4
H=Q=L do oU’ do 8Xc’l (3.4)
is a constant of motion. Another constant of motion is
oL
K=— 3.5

since £ does not depend on X, explicitly. Inserting the Lagrangian (3.3) in the first
integrals (3.5) and (3.4) we obtain, after some algebra,

Q*[M(U) cosh®n — N(U) sinh? n]U’(0)? + Q*V (U)X}_4 (c)?
+[V(U) cosh? n — P(U) sinh® n] {Q* — [V(U) cosh? — P(U) sinh® 5]} =0 (3.6)
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and

K*[M(U) cosh? n — N(U) sinh? n]U’(0)> + V(U)(K* -~ V(U)) X2 (0)
+K?[V(U)cosh?n — P(U)sinh®*n] =0.  (3.7)

Egs. (3.6) and (3.7) can be recast in a more convenient form; first we solve (3.6) for X/2,
then we substitute the resulting expression in (3.7) to obtain an equation involving only
U’(c). Then one can use the common term [M (U) cosh? n — N (U) sinh? n]U’ () to obtain
a simplified equation for X/,. After these manipulations, one ends up with the final form
for the equations of motion, namely

Q*V(U)[M(U) cosh? n—N(U) sinh? n] U’ (o)

— (V(U)=K?) [V (U) cosh?  — P(U) sinh? ) >~V (U) [V (U) cosh?® n — P(U) sinh? ] Q?
(3.8)

and
Q*VA(X))_)? = K2 [V(U) cosh?p — P(U) sinh? ). (3.9)

Referring back to the figure 7, we define U, as the minimum value of U that the
string reaches in the bulk. By the symmetry of the string worldsheet, we must have
U(c =0) = U, U'(c =0) =0 and Xy4(c = 0) = 0. Using these conditions in (3.8) we
obtain an equation relating U, with Q and K

(Ve — K*)(V, cosh? n — P.sinh?n) — V,.Q* =0, (3.10)

where we used, as before, F, = F(U,).
From the equations of motion (3.8) and (3.9), and taking into account the boundary
conditions (3.26), we are lead to two relations between L, § and @, K and U,
A

£s.inG:Q dU{ 2V(U)
2 U, V(U)cosh*n — P

(U) sinh? 7

M (U) cosh® n — N (U) sinh® }—1/2
[(V(U) = K2)[V(U) cosh? n — P(U)sinh? 5] — V(U)Q?]
(3.11)

X

and

L cosd — K/A JU \/ [M(U) cosh? n — N(U) sinh? 5][V (U) cosh? n — P(U) sinh? 7]
2 U. V(D{(V(U) — K?)[V(U) cosh? n — P(U) sinh? ] — V(U)Q?}
(3.12)
In these equations, if the metric is asymptotically AdS, the integrals converge and we can

formally take A — oo. The general procedure, to be described in more details when we
treat the explicit example of N' = 4 SYM, is to specify a value for the constant @ and
solve (3.10) to obtain U, as a function of @ and K. Then, plugging U. = U.(Q, K), we may
solve (3.11) and (3.12) to relate the set of integration constants (@, P) with the geometrical
parameters (L, 0).
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With the problem of the integration constants taken care of, we can evaluate the action
in the saddle-point approximation and obtain

T [ \/V(U)[M(U) cosh? ) — N(U) sinh? ][V (U) cosh? 5y — P(U) sinh? 5]
U, {(V(U) = K2)[V(U) cosh? n — P(U) sinh? 5] — V(U)Q%}
(3.13)
We regularize this action as before (the process of reorienting the string clearly cannot

o/

introduce new UV divergences). The regularized action is thus

¢ _ T AdU \/V(U)[M(U) cosh? p — N(U) sinh? ][V (U) cosh?  — P(U) sinh? 5]
T mal Jy, {(V(U) = K2)[V(U) cosh®  — P(U)sinhZn] — V(U)Q?}

T [
- MO(U)}W,/O AU/ Mo (D), (3.14)

with My being, as before, the function M (U) defined for T' = 0, in the absence of the black
brane. The real part of the heavy quark potential of the QQ pair is Re Voo = Sreg /T.

3.2 Imaginary part — general results

Let us proceed to discuss the imaginary part. As before, we consider thermal fluctuations
in the string worldsheet, following the ideas in [19, 22]. The main difference is that now we
have two degrees of freedom, U(o) and X4_1(0). Thus, in principle, we have to consider
fluctuations 6U(o) and dX4_1(0), with OU/Jo — 0 and 0X4_1/00 — 0. Including these
fluctuations, the stringy partition function takes the form

Lty ~ / D(8U) D(5X )¢ Setr(U+0U-Xa143Xa) (3.15)

where U and X;_; are the classical solutions of §Ss,; = 0 described in the previous sec-
tion. Partitioning the interval [—L/2sinf, L/2sinf] in 2N subintervals and using the
action (3.2), we can write

Zstr ~ </OO d(5U—N)d(5Xd1,N)> (/OO d(5UN)d(5Xd1,N)>€i2T’“Aj£jy (3.16)

—00 — 00

where Az = (L/2sinf)/2N and

L5 = /N (Ua) (U'(2)))? + V (Uay) (X () + V (ay) (3.17)

with M and V given in (2.7). Only considering fluctuations near the bottom of the string,
i.e., at 0 = 0 with U = U,, we can expand the classical solution U(c) around o = 0
to quadratic order on o, and the functions M and V around U — the calculations are
the same as for the static or perpendicular cases, noting that we keep only terms up to
quadratic order in the monomial U™ 06X ,oP. As for Xq_;(z;), if the string did not sag,
then we would have X;_1(0) = o/ tan6f. With the sagging, X; 1 does not assume such a
simple form. However, around ¢ = 0 one must be able to expand X;_1(0) as
o

Xy-1(0) = - + bo® + O(c%), (3.18)
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where 6 would be equal to 0 if the string did not sag and b was a constant. Even terms
do not participate in this expansion because the problem is evidently symmetric under
reflections with respect to the origin of the (X1, X4) plane (see figure 7 where the projection
of the string was drawn taking this into account) and X (o) must be an odd function of
o. Therefore, up to O(a?),

1 6b
X&—1(U)2 = 2

= _o”°. 3.19
tanZ26  tan6 ( )

Inserting (3.19) into (3.17) we arrive, after some algebra, at

Lj=\/Cia? + (s, (3.20)

where we defined

Cy = M, U"(0)% + 1< Ve - f/’) U"(0) + 60 (3.21)
¢ 2\ tan?4 ¢ tanf ©
and
5 Ve ¢ Ve 5 |24 s\ (6U)?
ng< ~+VC>+< C~+V'c>5U+( < ~+V”c>(). (3.22)
tan? 6 tanZ 6 tanZ 6 2

Following the same argument presented in the previous section, we must have C; > 0.
If this is the case, then imposing that (3.20) has an imaginary part, summing all such
contributions of £; in (3.16) and finally taking the continuum limit we arrive at a new and
explicit analytical expression for Im V5 valid for a large class of gravity duals

Ve % 2
Im V. 1 1 (tan2§+ C) ( Ve
m QQ:_ =~ " ~ -

4o\ /0y 2( Ve §+VC//>

tan?

-+ V.. 3.23
tan? 6 > ( )

For this expression to be valid, we must impose Im V55 < 0. Also, note that to compute
C1 using (3.21) we need to use two pieces of information concerning the shape of U(o) at
o~ 0,U"(0) and b.

3.3 An explicit example — thermal N =4 SYM

Let us apply the results of the foregoing sections to strongly coupled thermal N' = 4
SYM. The metric is given by equation (2.18), and the M, N, P,V functions are the same
as in (2.19a). Evaluation of the equations of motion (3.8) and (3.9) lead to

dy 2
7 <d0> = (y* —cosh®n)(y* = 1—p*) = ¢*(y* - 1) (3.24)
2
dz\? p? [ y* — cosh? 772
and (d&) =7 <y4 1 > ) (3.25)
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where we defined the dimensionless variables y = U/Uy, z = XU/ R? and 6 = oU), / R? as
well as the dimensionless integration constants ¢ = R*Q?/U, ,‘f and p? = R*K?/ U;ll. With
these variables, the boundary conditions (3.1) become

y<:|: 7TL2Tsiné?> =A

LT LT
z<:|: " sin 9) = :|:777 cos (3.26)

where we substituted L for the dimensionless variable LT = LU} /(7 R?) to explicit show
the conformal character of the gauge theory and A is the dimensionless UV cutoff. Using
the equations above we arrive at expressions relating the integration constants q,p with
the physical parameters LT, 0:

LT A d
-7 sinf = q/ Y (3.27)
v \J(yt — 1 - p?)(yt — cosh®) — 2(y* — 1)
LT A yd — cosh? 1
and 57 cosf =p / dy Y 4C081 i .
‘ Y Vit =1 - p2)(yt — cosh®n) — g2y — 1)
(3.28)
The condition (3.10) reduces to
(e —1—=p*)(ye —cosh®n) — ¢*(y: — 1) = 0. (3.29)

The real part of the heavy quark potential, after regularization, is given by (3.14). This

yields
ReV,5 oo 4 _ cosh?
TQQ:\A/ dy[ g0 —1| = V(e —1).
o Lyt - cosh )yt — 1) — 2yt - 1)
(3.30)
These results agree with those in [41]. As for the imaginary part, we use (3.23)
ImVpg _7T\/X [3(cos? 0 + cosh? nsin? ) — y?] (3.31)
T o 12 4 _ ‘h2 234" T ’ '
2 (yé—cosh®n y2y"(0) 6b_(rd _
\/y”(O) ( ya—1 ) - sin 6 + tané(yc 1)

where we defined b = U2b/R*. For this formula to be valid, we must guarantee that
Im V5 < 0. In terms of &, the expansion (3.32) takes the form

2(5) = —2— +56° + 0(5°) . (3.32)
tan 6

With these expressions, we can proceed to solve the equations numerically. We consider
n and 0 as given and fixed. The first step is to relate (q,p) with (LT,0). First, we

17 -



100 T T T 100

10}
10}
1
ST Q,
0.1f
0-1f 0.01}
0.01 : . . 0.001 a . .
001 0.1 1 10 100 0.1 1 10 100 1000
q q

Figure 8. (Color online) The constant p as a function of ¢, (left plot) for § = 7/3 and n = 0.1
(thick black curve), n = 0.5 (dashed blue curve), n = 1.0 (dashed-dotted red curve) and n = 2.0
(dotted purple curve) and (right plot) for n = 1.0 and 8 = 7/2 (thick black curve), § = 7/3 (dashed
blue curve), § = w/4 (dashed-dotted red curve), § = /6 (dotted purple curve) and 6 = 7/45 (thin
green curve). The calculations are done for the case of a strongly coupled N' =4 SYM plasma.

solve (3.29) for y. as a function of ¢ and p

1
ye(q,p) = [2\/( — cosh?(n) — p? — ¢% — 1)2 — 4(p? cosh?(n) + cosh?(n) + ¢2)
171/

q2
+5 5| - (3.33)

COSh2 2
2 2

9 +
Then, we substitute (3.33) into equations (3.27) and (3.28). This results in two equations
relating (¢,p) to (L,0). However, the ratio of these equations involves only (¢,p) and
0. Thus, for fixed 0, we can solve this equation numerically for p as a function of ¢,
p(q). Therefore, y. is now a function only of p, y. = y. (q,p(q)). We can insert p(q) and
yc(q,p(q)) into any of the equations (3.27) or (3.28) to solve for LT as a function of q.
Finally, we can obtain Re V5 as a function of LT by considering the parametric curve
(LT(q); Re Vp(q))-

In figure 8 we present the numerical results for p as a function of ¢, for a fixed angle
and some choices of the rapidity n and for fixed 1 and some choices of 8, reproducing (and
extending) the results in [40, 41]. We see that p is a monotonically increasing function of
q, as it should be for the problem to be well-posed.

In figure 9 we show LT as a function of q. We see that LT assumes a maximum value,
LTax which depends strongly on the rapidity 7, for a fixed orientation of the dipole, but
only slightly on the angle 8, with n fixed. As discussed in the perpendicular case, we will
not take LT to define the dissociation length, but only as an indicative of the limit of
validity of our classical gravity calculation.

In figure 10 we present Re V55 as a function of LT The region of small LT does not
change appreciably with either the rapidity n or the angle 8, as it should be expected, since
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Figure 9. (Color online) LT as a function of ¢, (left plot) for # = 7/3 and n = 0.1 (thick black
curve), n = 0.5 (dashed blue curve), n = 1.0 (dash-dotted red curve) and n = 2.0 (dotted purple
curve); and (right plot) for n = 1.0 and 6 = 7/2 (thick black curve), § = 7/3 (dashed blue curve),
0 = w/4 (dashed-dotted red curve), § = /6 (dotted purple curve) and 6 = /45 (thin green curve).
The calculations are done for the case of a strongly coupled N’ = 4 SYM plasma.
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Figure 10. (Color online) Re Vg as a function of g, (left plot) for § = /3 and n = 0.1 (thick
black curve), n = 0.5 (dashed blue curve), n = 1.0 (dashed-dotted red curve) and n = 2.0 (dotted
purple curve); and for n = 1.0 and § = 7/2 (thick black curve), § = 7/3 (dashed blue curve),
0 = w/4 (dashed-dotted red curve), § = /6 (dotted purple curve) and § = /45 (thin green curve).
In (right plot) we show only the detail of Re V55 around LT ax. The calculations are done for the
case of a strongly coupled N’ =4 SYM plasma.

for small temperatures or short distances the interaction of the QQ pair with the plasma
should not be relevant. Near LTyax, Re Vg varies slightly with 7 and almost nothing at
all with 6 (note that in figure 10 (right plot) we are considering only a small region of LT to
zoom in the effect of varying #). The upper, unphysical, branch in the figure 10 represents
the region 0 < ¢ < @umax, Where guax is the value of ¢ which gives LTax: LTmax = Gmax-
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Figure 11. The profile of the string for an N' =4 SYM plasma. (Left plot) y as a function of 5.
(Right plot) z — &/tané as a function of & — the subtraction of 6/tanf is to remove the trivial
shape the string would assume if its projection on the (X1, X4_1) plane were a straight line segment
joining the endpoints of the dipole. These figures refer to a situation with § = 7/3, n = 1.0, and
LT = 0.203.

The lower branch, which is the dominant contribution to the action, is given by the region
with ¢ > gmax.

With the real part under control, let us move on to compute Im V5 for this case.
Before using (3.31) to calculate Im V5, we must obtain 6, 3"”(0) and b for the LT in
consideration, for fixed 6 and 7. The effective angle 6 is obtained directly from (3.25)
evaluated at & = 0, y = . (noting that 2/(0) = 1/6, from (3.32)). To evaluate y”(0) and
b we solve the equations of motion (3.24) and (3.25) subject to the boundary conditions
y(0) = y. and 2(0) = 0. In principle we could use the set (3.26) of boundary conditions,
but since these conditions refer to the string far from 6 = 0, exactly the region of interest
for the evaluation of y”(0) = 0 and z”(0) = 0, they are not very useful. An example of the
shape of the string when we solve these equations numerically is given in figure 11 — we
note in this figure we subtracted the contribution that would appear if the projection of
the string on (X1, Xp) were a straight line joining the endpoints of the QQ dipole. After
figuring out the shape of the string, we may evaluate y”(0) and b.

With 3”(0) and b known, considering only LT < LTjax and ensuring that (3.31) is
negative, we can calculate Im V5 as a function of ¢. As we know LT(g), we can plot
Im V55/T as a function of LT. In figure 12 we show the results of these calculations. We
see that, for a fixed § # m/2, increasing 1 decreases the interval of LT allowed for the
calculation. Such a behavior is also confirmed when we investigate the LT ., for the onset
of the imaginary part, as shown in figure 13. We see that LT, decreases strongly with
n; there is also a slight increase for decreasing . When we fix 7 and vary 0 (figure 12 —
right panel), we see that the region where the calculation is valid decreases and Im Vi /T
is smaller as 6 decreases from the perpendicular case § = 7/2 to § — 0. This suggests
that a dipole oriented parallel to the wind should have a smaller thermal width and the
interactions between the heavy quark-antiquark pair are less screened by the plasma in
comparison to the perpendicular case.
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Figure 12. (Color online) Im VQQ/(\”\T) as a function of ¢, (left panel) for # = /3 and n = 0.1
(solid black curve), n = 0.5 (dashed blue curve) and n = 1.0 (dotted-dashed red curve) and (right
panel) for n = 0.5 and § = 7/2 (solid black curve), # = 7/3 (dashed blue curve), § = w/4 (dotted-
dashed red curve) and § = 7/6 (dotted purple curve).
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Figure 13. LT, for various angles 6, as a function of the rapidity 7, for a QQ pair moving
through an A/ = 4 SYM plasma. The solid black curve corresponds to § = 7/2, § = 7/3 (blue
circles), = 7/4 (red squares), § = w/6 (purple diamonds), and § = 7/45 (green triangles).

4 Conclusions

In this work, we have used the thermal worldsheet fluctuation method [19, 22] to investigate
the imaginary part Im V()5 of moving heavy quarkonia in strongly coupled plasmas with
gravity duals. We have developed a general formalism to holographically compute Im V(5
in the case where the heavy quark dipole has an arbitrary orientation with respect to the
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plasma velocity of the underlying strongly coupled plasma. The general formula for this
quantity is shown in (3.23). Also, we have discussed in detail the regime of validity of
the method in this case with nonzero rapidity, greatly expanding the original discussion
in [22]. In fact, we found that the requirement for small thermal fluctuations around
the classical worldsheet solution imposes severe constraints in the calculation of Im Vi)5.
The most important constraint in this case is that only slowly moving quarkonia can
be considered. In fact, for large rapidities the range of applicability of the saddle point
approximation used in the calculation of the imaginary part of the potential decreases
significantly. Therefore, the case corresponding to moderately large quarkonia rapidities
would require to go beyond the saddle point approximation in the calculation of the string
path integral for the worldsheet fluctuations. This challenging task is beyond the scope
of the present study and we hope to address this problem in a future work. It would be
interesting to see if the other holographic methods to determine Im Vj)5 [20, 21] are better
suited to tackle the problem of rapidly moving quarkonia (this is the case of the method
used in [43]).

We have applied the worldsheet fluctuation method to evaluate Im Voo for heavy
quarkonia moving through a strongly coupled N' = 4 SYM plasma. When the velocity
becomes parallel (6 — 0) to the heavy quark dipole, we find that the imaginary part of the
potential becomes smaller than that in the perpendicular case (6 = 7/2). This shows that
at strong coupling the anisotropy induced by the nonzero rapidity of the heavy quark pair
becomes a relevant factor in the calculation of the associated thermal width in the plasma,
which is suppressed for small angles.

We found a strong dependence of Im V(5 on the rapidity and, taking into account
the strict consistency constraints imposed in our holographic setup, for increasing 7 the
onset of the imaginary part of the potential occurs at smaller values of LT, though the
precise magnitude of this quantity cannot be reliably determined at the moment with
our approximations. Our results indicate that moving quarkonia are indeed less stable
in a strongly coupled plasma, which is consistent with previous findings using other ap-
proaches [40, 41, 43, 44].

It would be interesting to extend the calculations performed here to other gravity
backgrounds, such as those that display a confinement-deconfinement transition described
by bottom-up Einstein + Scalar models [48-52].

Note added. When this article was being finished, we became aware of ref. [53] which
also discussed the effects of nonzero rapidity on the imaginary part of the heavy quark
potential. In their work, they computed Im V()5 only for parallel and perpendicular con-
figurations. In our work we not only considered arbitrary orientations of the dipole with
respect to the hot plasma wind but also discussed in detail the regime of applicability of
the calculations done using the saddle point approximation (this critical analysis was not
performed in [53]).
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