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ABSTRACT: Recent studies suggest that in the Kerr/CFT correspondence, much universal
information of the dual CFT, including the central charges and the temperatures, is fully
encoded in the thermodynamics of the outer and inner horizons of the Kerr(-Newman)
black holes. In this paper, we study holographic descriptions of Reissner-Nordstrém (RN)
black holes in arbitrary dimensions by using the thermodynamics method.We refine the
thermodynamics method proposed in [20] by imposing the “quantization” condition so that
we can fix the ambiguity in determining the central charges of the dual CFT of RN black
holes. Using the refined thermodynamics method, we find the holographic CFT duals for
the RN black holes, and confirm these pictures by using conventional analysis of asymptotic
symmetry group and the hidden conformal symmetry in the low-frequency scattering. In
particular, we revisit the four-dimensional dyonic RN black hole and find a novel magnetic
picture, besides the known electric CFT dual picture. We show how to generate a class of
dual dyonic pictures by SL(2, Z) transformations.
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1 Introduction

The Kerr/CFT correspondence [1] asserts that there is a two-dimensional (2D) confor-
mal field theory (CFT) to describe the Kerr black hole holographically. In setting up
the Kerr/CFT correspondence, the conventional way is to obtain the central charges of
dual CFT from the asymptotic symmetry group (ASG) of near-horizon geometry of ex-
treme black hole in either Barnich-Brandt-Compere (BBC) formalism [1-3] or equivalently
the stretched horizon formalism [4-6], and read the dual temperatures from the Frolov-
Thorne vacuum [1] or the hidden conformal symmetry in the low-frequency scattering [7].
Kerr/CFT has many extensions and generalizations, and the reader can find details and
more complete references in the nice reviews [8, 9].

One remarkable feature in the holographic description of Kerr and multi-charged black
holes is that the central charges of the dual CFT are written in terms of “quantized”
charges, angular momenta and U(1) charges, independent of the mass of the black holes.
This feature could be related to the fact that the area product of the horizons S;S_ of
these black holes are also mass-independent. Actually, it was shown [10-13] that for general
five-dimensional (5D) and four-dimensional (4D) multi-charged rotating black holes, the
outer and inner horizon entropies could be written respectively as

St = 27(\/NL, + \/Ng), (1.1)



where Ny, Nr could be interpreted as the levels of the left- and right-moving sectors in a
two-dimensional CF'T. Therefore the entropy product

S.S_ =4r*(Np — Npg) (1.2)

should be quantized, as (N — Ng) must be integer due to the level matching condi-
tion in CFT. As a result, the entropy product S;S_ must be mass-independent [14, 15].
For other recent relevant studies on this issue, see [16-19]. Strictly speaking, the mass-
independence condition breaks down in some cases, including various warped black holes
in three-dimensional (3D) topologically massive gravity, but the relation (1.1) is always
sound for the black holes with holographic descriptions [18]. From (1.1), one may find
microscopical entropy of dual CFT. This suggests that the physics of the inner horizon of
the black hole should be taken seriously.

Very recently, the Kerr/CFT correspondence was investigated from the point of view
of thermodynamics of both outer and inner horizons [20]. Firstly, it was proved that the
first law of thermodynamics of the outer horizon always indicates that of the inner horizon,
under reasonable assumption. Secondly, the mass-independence of the entropy product
S+S_ is equivalent to the condition 7,54 = T_S_, which is much easier to check. More
interestingly, it was found that the thermodynamics in the left- and right-moving sectors
of the dual CFT could be obtained from the linear composition of the thermodynamics of
the outer and inner horizons [14, 20]. This thermodynamics method provides us a simple
way to read the information of the dual CFT. It has been checked in many well-established
black hole/CFT correspondences, including 3D BTZ, 4D Kerr-Newman and 5D Myers-
Perry black holes [6, 21-28], and applied to the study of holographic descriptions of black
rings [29]. It turns out to be quite effective, allowing us to read the central charges and
the temperatures in all possible pictures.

One of interesting generalizations of Kerr/CFT is the so-called RN/CFT correspon-
dence [23, 30-33], which states that there is a holographic 2D CFT description for the
four-dimensional Reissner-Nordstrom (RN) black hole. The central charges of dual CFT
have been computed either from a reduced two-dimensional effective gravity action or from
a uplifted 5D metric point of view [31-33]. It is puzzling to see that the central charge
could only be determined up to a scale factor ¢ = 6Q3/I, with | being an undetermined
factor. Correspondingly, there seems to be an one-parameter class of CFTs dual to 4D RN
black hole. Such an ambiguity looks strange if one apply the same techniques to the well-
known multi-charged black holes in string theory, whose CFT duals have quantized central
charges proportional to the product of the numbers of different branes. We try to solve
this puzzle in this paper. The key point in our treatment is to impose the “quantization”
condition on the thermodynamics method, which allows us to get rid of the ambiguity. We
find that this condition is actually in accord with the quantization condition on the angular
momentum of the higher dimensional uplifted configuration.

Another interesting issue in the RN/CFT correspondence is the holographic duals for
dyonic RN black holes. It has been studied using the hidden conformal symmetry in [34].
In [34], the dual picture was obtained by using an electric-charged scalar to probe the
geometry. This picture will be called as the electric (E) picture. As the dyonic RN black



hole carries both electric and magnetic charges, it is interesting to inquire what one can
get if using a magnetic charged probe. We will show that such an investigation gives
us a magnetic dual picture of the dyonic RN black hole. Actually, the magnetic (M)
picture could be easier to figure out from the thermodynamics method, as we will show in
section 4. As shown in the case of Kerr-Newman black hole, when the black hole has two
U(1) symmetries, there will be a CFT dual picture for every U(1) charge [23-25, 27, 34],
and a whole class of novel CFT pictures could be generated by SL(2,Z) transformations
acting on two elementary dual pictures [6, 28]. We find that the similar phenomenon
happens for 4D dyonic RN black holes. In this case, there is an electromagnetic duality
group SL(2, Z) acting on the elementary electric and magnetic pictures.

In this paper we investigate RN/CFT correspondence mainly using the thermodynam-
ics method, and verify our results using conventional methods if possible. In section 2 we
consider RN black holes in all dimensions d > 4, and find that 7S, = T_S_ are always
satisfied. We find their CFT duals using the thermodynamics method, and verify the pic-
tures by re-deriving the results via ASG analysis and the hidden conformal symmetry. In
section 3, we consider RN-AdS black holes in all dimensions, and find that 7.5, =7T_S_
breaks down, which suggests that there are no CFT duals for such black holes. In sec-
tion 4, we consider the four-dimensional dyonic RN black hole, and find a novel magnetic
CFT dual. The picture is confirmed by the study of hidden conformal symmetry in low
frequency scattering of various kinds of probe scalar and also ASG analysis of a 6D uplifted
spacetime. In section 5, we end with conclusion and discussion.

2 RN/CFT in arbitrary dimensions

In this section we consider the RN/CFT correspondence in spacetime of dimension d > 4.
We set up the general RN/CFT in three different ways, i.e. the thermodynamics method,
ASG analysis, and the hidden conformal symmetry.

2.1 Black hole solutions

The charged spherically symmetric black hole solutions in d dimensions were found in [35].
We have ¢ = h = 1 for convenience, but we set Gy = Zg_z with ¢, being the Planck
length in d-dimensional spacetime. We use the convention here because the dimensional
analysis plays a subtle role in our calculation. We consider the Einstein-Maxwell theory
with the action

1 1
d%z\/—gR — ——— [ d%x\/—gF,, F", (2.1)

I, =
T 161Gy 40g_o

where we have normalized the electromagnetic field so that 5_5 is the volume of a unit
d — 2 sphere S92

Qg_o = (2.2)



Note that in four dimensions we are using the Gauss convention with this action. The
Einstein equation is now
1
R, — QRQW =81G T},

1

1 o
Ty = o — (FWFZ,P = 9w Fpr F* ) : (2.3)
d—2

The d-dimensional RN black hole has the metric and the electromagnetic potential

ds? = —N?dt* + gp.dr® +r2dQ3_,,

Q
A= ———FT——dt 2.4
(d _ 3)7"‘1_3 ’ ( )
with
1 2m ¢
2 _ _
N = % =1- rd=3 " 2(d-3)’
2 (d—2)(d = 3)Q4—2 2
= . 2.5
Q ey q (2.5)
The black hole has outer and inner horizons locating at r4, with
i3 =m £ /m2 — ¢2. (2.6)

The mass of the black hole, the Hawking temperatures and the entropies of the outer and

inner horizons are respectively

(d—2)Qg— (d—2)Qq—

M = _ d—3 d—3
87Ga | 1omel? (=),
0, N* d—3)(r{? —r?
T s _ | >(T+d_2 =) (2.7)
47T r=ry 47TT:E
g, Ay Qqor{?
4G, g
The electric charge of the black hole is @), which is just
o _ (d—2)(d—3)Qq— -3
= ToT_ , 2.8
Q T ) 23
and the electric potentials at the outer and inner horizons are
Q
by =——. 2.9
T (d—3ypd (29)

One can see that in d dimensions the electric charge has the dimension of length power %,

d—4
i.e. [Q] = Lz . It is dimensionless in four dimensions but is not so in higher dimensions.
One can verify the first laws of thermodynamics of the outer and inner horizons

AM = T.dS, + ®,dQ
= —T.dS_ + ®_dQ, (2.10)



which are equivalent to Smarr formulas of the two horizons

d—2

M:d_3T+S++¢’+Q
d—2

=——T 5 +o_Q. 2.11
q—3l-5- 20 (211)

2.2 Refined thermodynamics method

Let us apply the thermodynamics method proposed in [20]. First of all, we check that
TSy =T_S_, which means that the entropy product S;5_ is independent of the mass
M and there is CFT dual for the black hole with equal right- and left-moving central
charges. We define the new quantities [12-14]

T, T-
TR,L = +77
T_+T,
1
Srp = 5(5+ F 5-), (2.12)
o, _ T2 TP
BL= T

such that the first laws and the Smarr formulas can be separated into the right- and left-
moving sectors

1
5dM = TrdSg + ®rdQ

=TrdSp + ®1dQ, (2.13)
1 d—2
—M = T P
5 73 rSr+ ORC
d—2
= d_gTLSL—I—(I)LQ. (2.14)

Explicitly, these quantities are

(d—3)(r{? —r?)

Try = ,
Lk 47T(7“fi[2 + riliQ)
Vs 4o 4
Spp = —aa(ri? i), (2.15)
8¢d
o — T+ +r (d—2)Qq_o(ryr_)4=3
Bl 42 £ 72 om(d—3)ei2

We have to mention that, the Smarr formulas play no fundamental rule in our calculations
and they are just convenient ways to verify the first laws.

As what have been done in [20, 29] for the BTZ black hole, 4D Kerr-Newman black
hole, 5D Meyers-Perry black hole, doubly rotating and dipole black rings, one could rewrite
the first laws of black hole as

dJ =T{dS;, — T{dSg, (2.16)



then one identify Té ; as the J picture CFT temperatures. Since the angular momentum
J and the entropies Sg ;, are dimensionless, the CF'T temperatures 7' j{’, ;, are dimensionless
as required. This treatment works remarkably well to get the J pictures of various black
holes with rotations.
For the RN black holes, we may use the same strategy. From (2.13) we can get

dQ = &dSL — &dSR. (2.17)
But now the left hand side of the equation is not dimensionless, and so a factor must
be multiplied to both sides of the equation. In [20], we multiplied an arbitrary factor to
read the ) picture of the Kerr-Newman black hole and found complete agreement with
the results in the literature [31-33]. However, such an ambiguity makes us uncomfortable,
especially considering the fact that for multi-charged black holes in string theory this treat-
ment may give us bizarre results. Actually without dimension uplifting or reducing, the

only natural scale is the Planck length 1/¢,, t , but still there is an ambiguity in introducing
a numerical dimensionless factor.

Note that in setting up the J picture, we should work with eq. (2.16). The underlying
reason is simple, as the angular momentum is quantized. In fact, eq. (2.16) tells us how
the black hole responds to the perturbation. As the angular momentum is quantized, the
minimal variation due to the perturbation gives exactly eq. (2.16).

Similarly, for the equation (2.17), the left hand side should be quantized. It is more
suggestive to recast the first laws into the form

dN = TNdSy, — T dSk, (2.18)

with IV being an integer-valued quantized charge, then the temperatures of the N picture
CFT dual are T}]z\{ ;, without any ambiguity. For the RN black holes, we scale (2.17) as

A AT, AT
0,° 0,2 (Pg — ®y) 0,2 (Pg — ®p)

where )\ is a numerical factor. The factor A\ makes

—e (2.20)

with e being the unit charge which is determined by the Maxwell theory. Then we can
identify the size of the space where the two-dimensional CFT reside as [12-14]

(d — 2(d 2) _ 2d-2)y,,

4y ey (Pr — ®1) (7"173 - d— ’ )27 ( d —2)(d - 3)Qd—2(7“+7"7)d71’

and the temperatures of the CFT as

(d_3)2( d—2:FTd—2))\£
V2r(d —2)(d = 3)Qq_o(rr_)d-1

TR, = RoTr1 = (2.22)



We suppose that the right- and left-moving entropies could be expressed in the form of the
Cardy formula if there really exists a CF'T dual

2
™
SpL = gchTg’L, (2.23)

then we obtain the right- and left-moving central charges

3Srr 3 (d—2)Q)_(ryr-)d-t
273(d — 3)3

Q _
CRL T orQ T g
™IRp L p

¥
I\

¥
w

:<d33>2A<<d2;1<d3>>d13<95;2>“ Q S (229)

lp
For example, in four-dimensions we at last get
6 3
P, = % (2.25)

with the numerical factor A = 1/e. Therefore, we resolve the puzzle on the undetermined
scale factor in RN/CFT [31-33].
If the Maxwell theory is that in quantum electrodynamics (QED), then the unit charge

e is related to the fine structure constant as
2 ~Y i

137
Since the black hole charge is also quantized, we have the black hole Q = Ne with N being
a possibly very large integer. Then the central charges become

a=e (2.26)

¢, = 6a*N®, (2.27)

The appearance of the fine structure constant in the central charge is actually in accord
with the discussion in [17].
Furthermore the first laws (2.13) could be written in a more suggestive way

1
TSk = Rq <2dM - @RdQ> ,
1
TEdS;, = Rq <2dM - <I>LdQ> . (2.28)

Under some perturbations dM = w, d@Q = kee, with e being the unit charge (2.20) and so
ke being an integer, we identify

TRdSk = wi, — diuf.

ngSL = wg — qgu%, (2.29)

with wg I qg I ,ug ; being the frequencies, the charges, and the chemical potentials of the
perturbation around the thermodynamical equilibrium of finite-temperature CFT. Explicit



calculations show that

o_ a_PRg _ 2m(d — 3)(r27P — 2D g
WRTWL T 5 WT T3 a3 —>
(ri? = r87)/2m(d — 2)(d — 3)Qa 2 (ryr)
qg = qg - kea
d—2 d-2
Q (ry+r_)(ri " —ri?)
= eliQPr = , 2.30
KR Q¥R %1 (rfl;:s - rd_—?,) ( )
d—2 | . d-2
Q (ry —r )2 4+r77)
= eRp®P;, =
K, Q¥L %y (Tfffg - Td_f:s)

These results will be compared with those obtained from the hidden conformal symmetry.

2.3 ASG analysis

To do ASG analysis we uplift the d-dimensional RN black hole to (d 4 1)-dimensional

Einstein gravity
1

Ijy1 = —— | d¥ /= . 2.31
d+1 1677Gd+1/ vV —GRg i1 (2.31)

The metric becomes

) , | 167 ez \?
d8d+1 = de + —_— <£d+1dx + €p2 A> N (232)
with ds? and A being defined as (2.4), and x ~ y+ 27 and {411 being the scale of the extra
dimension. Again the natural scale of £4; is the Planck length ¢, up to some numerical
constant {411 = M. From Kaluza-Klein reduction, we have

Aqrpd—2

Rii1 = Ry — dez F,F", (2.33)

and thus we have the identification of two theories I;.1 = I with

16
Gapr = KWQ%MPGC[. (2.34)

For uplifted RN black hole, the areas of the horizons satisfy

167
(Ax)as1 = | =27 Mp(AL) 4, (2.35)
Qg2

so that we always have the relationships

(Ap)ar1  (Ax)a Az

Git Gq %

(2.36)

where we have G, = Bg_Q and denote Ay = (Ai)g. The uplifting does not change the
entropies of the black holes. Note also that, the electric charge @ has been transformed to



the angular momentum along the angle y. The angular momentum and angular velocities

of the outer and inner horizons could be identified as
d—4

A 0,%
K= Q="

O (2.37)

It is remarkable that the quantization of the angular momentum .J, indicates the

relationship
d—4

0%
A
with e being the unit charge of the theory. In other words, the quantization condition

=e (2.38)

imposed on the thermodynamics method in the last subsection is equivalent to the quanti-
zation of the angular momentum in the uplifted spacetime. The requirement of a quantized
angular momentum which is crucial to pin down the extra factor in the central charge has
been ignored in the literature.

To do ASG analysis, we take the extremal limit of the metric (2.32). We expand the
following quantities at the horizon r4 = r_,

N2 = (r =1+ O =)

S Y (- (2.39)
Grr = (r—ry)? r—ry)’ '
d—4
g 2
NX = p)\ At = —sz_ + (T — T’+)f3x + 0(7’ — T'+)2.
Explicitly, we have
d—4
d—3 T4+ X E?Q
= = = 2.40
fl e ) f2 d_37 f3 )\Ti_Qa ( )

and we may also define

N
7= A (d=3)2artt (2.41)

Remember that in the extremal case, we have the areas of the horizons (in d-dimensional

spacetime) and the electric charge

_ d—2)(d—3)Qq—2 4_-
A =Qq0r8? Q= \/( i d72) d-2,d-3, (2.42)
8l

It was demonstrated in [5, 6] that for an extremal black hole, there is always a CFT dual,

whose information could be read from ASG analysis, no matter in the BBC formalism [2, 3],

or in the stretched horizon formalism [4, 5]. The left-moving central charge of the CFT is
3fXAL 3t [(d—2)Q8,

X: p—
L™ onGy el T\ 203(d - 3)°

_<d—33>2h<<d—2;l<d—3>)dlg(Q;z)3 2 (2.43)




And from the Frolov-Thorne vacuum the left-moving temperature of the CFT is read out

. 1 2(d — 3)? 0,
L ompx ™ o \2n(d — 2)(d — 3)Qq_s

(2.44)

Comparing the results with (2.24), (2.22), we see that in the extremal limit cCL2 = cf

and Tg = T}f, the results are in perfect match. Especially, the results justify the factor
multiplied in (2.19) and thus the prescription (2.18). This shows that the thermodynamics
method is an effective way of getting the CFT dual of the black hole.

2.4 Hidden conformal symmetry

We investigate the scattering of a complex scalar off the RN black hole. We can consider
either a charged scalar in the d-dimensional RN black hole background (2.4), or equiva-
lently a neutral scalar in the uplifted (d + 1)-dimensional black hole background (2.32).
In the former case, we consider a scalar of mass ug and charge k.e, with e being the unit
charge (2.20) and k. being an integer. The equation of motion for such scalar ® is

(V, — ikeeA,)(VF — ik.e A)® = p3d. (2.45)

We define p = 7473, and expand ® = e ' R(p)0,, with © being the eigenfunction of the
Laplace operator of the unit d — 2 sphere S%~2, i.e. (D'D; + A)©, = 0. Then we could get
the radial euqation

o (or- 1)
(d—3)2(p— p+)(p —p-)

In the later case we consider a scalar of mass 441, with its equation of motion being

A+ mZr?
(d—3)?

9p(p— p+)(p — p-)3,R(p) + R(p) = R(p).  (2.46)

VuVYo =3, 0. (2.47)

We expand ® = e ! T*XR(p)O,, and then it can be shown that the equations (2.45)
and (2.47) are identical as long as we have (2.38) and

Qq_ Qk
ke =y, pg = piy + m- (2.48)

It is crucial that the integer k. is identified with the integer k,, whose quantization is
due to the periodic nature of x. The importance of this consistent identification has been
ignored in the literature.

Under some suitable approximations in the low-frequency limit, from the radial equa-
tion (2.46), one can arrive at

T%r <wp+ - Qd]iege>2
9p(p — p+)(p — p-)0pR(p) + =320 —p )(p— p+)R(P)
r? (wp_ — leie?)e)

T @ r — =y TR, 2

with K being some constant.

,10,



In the study of hidden conformal symmetry for the non-extreme black hole, the con-
formal coordinates could be defined as® [7]

p—p-
p—p-

y = \/ﬁew@gwg t(ng 4Dt (2.50)
p—p-

Here t is the time, p is the radial coordinate which is not necessarily r but can be a
monotonically increasing function of r, and ¥ ~ ¢ 4+ 27 may be an angle of the spacetime,
or an internal angle, or a supposition of some angles. Also we use the letter C' to denote
CFT, T g ; are the right- and left-moving central charges of the CFT, and n% ; have no
immediate physical meaning now. With the conformal coordinates the vector fields could
be locally defined as

H, = 04,
n 1
HO = W 84_ + §y8y,
H_ ;= w0, +whyd, —y?o_, (2.51)

and

Hy = 0-

1
H() =w 0_+ 5]./(93/

Hy=w?20_+w yd, —y?0,. (2.52)
These vector fields obey the SL(2, R) Lie algebra
[Ho, Hi1] = FHa, [Hy, H_1] = 2Hy, (2.53)

and similarly for (Ho, Hy1).
The quadratic Casimir is

- 1
H? = H> = H? - o (HLH 1 + H_y H)

1
= 1 W05 —ydy) +y*0:0-. (2.54)
In terms of (¢, p,1)) coordinates, the Casimir becomes

— TC £+ TG, — (n¢ aVo.,12
H? = 0,(p— p)(p—p-)d, — (ps —p )Q[W(CL C+ Ré tc 2("L + 1))

167(T n — Trn7)*(p — p+)
(p+ = p)[n(TF = TE) — (n§ — nf)9y)>
1672(TEng, — TGS (0 — p-)

_|_

(2.55)

The hidden conformal symmetry in four and five dimensional rotating and multi-charged black holes
in string theory has been firstly discussed in [12, 13].

— 11 —



With the scalar field being expanded as ® = e~ T*Y R(p), the equation H>® = K gives
us the radial equation of motion

— p)[m(TE + TH)w + (n§ + nG)k]
1672(TEn, — TGnS)2(p — p+)

9p(p = p+)(p — p-)0pR(p) + G R(p)

_ 7(T¢ — TS )w n¢ —n)k)?
- 1gﬂ2)([TiCTnL% —ji;]j?)nf;gpi p_)R)k] R(p) = KR(p), (2.56)

where K is a constant. Note that k is the quantum number along the angle v and must
be integer-valued.

Identifying the above two radial equations (2.49), (2.56), we find

k= ke,
e _ _ [@d-3P0 F NG

L 2n(d = 2)(d — 3)Qu_o(rer_ )1

@ _ ([@d=3)(ry Fro)
npp = 2o . (2.57)

The temperatures obtained here are in perfect accord with the results got from the thermo-
dynamics method (2.22). Here, the remarkable point is that the integer-valued quantum
number k is consistently identified with the integer-valued charge k.. This point has not
been taken seriously in the former study of RN/CFT. It helps us to pin down the ambiguous
factor in the central charge of RN/CFT. Again, the result justifies the prescription (2.18).

The above radial equation can be solved in terms of hypergeometric functions and
gives the retarded Green’s function and the absorption cross section that agree with the
predictions of the CFT side [25, 36],

Q_ Q Q Q_ Q Q
GRr x sin <7Thi2 + zquL'uL> sin (whg 4 inqR'uR>

2T¢ 2T
Q _ Q,Q Q _ Q,Q
Q _Wr —d4drHp Q , WL — 4k
x I'| hy =5 T hL—i—ziQ
27rTL 27rTL
Q _ Q,Q Q _ Q,Q
x T (G — i IR ) p (g o0~ il ) (2.58)
27rTR 27rTR
Q _ QQ Q _ QQ
o  sinh “L _%LML +WR_(IC§{MR
2T’ 2T’
Q _ Q,Q\|? Q _ Q,Q\|
o R e A I A R R (2.59)
27TTL 27TTR

The conformal weights, the frequencies, the charges, and the chemical potentials of the

— 12 —



perturbations in the CF'T side could be identified as

1 1
e, =44/ +K
RL 2 i
2(d-2)

0 ngTgw 27(d — 3)(r. 7“2,(‘1_2)))\@,(4)
w = = s
ol Q@p@ 799 (r8 — 8327 (d — 2)(d — 3)Qu_o(ryr— )@ ]

qg,L = k,, (2.60)

d—2  _d—2

uf% _ Tgn% _ (ry +r_)(ry " —r27)

. d—3y

Tgn%—Tgng 2rr_(rf 3_pd 3)
d— d—

MQ _ Tgng _ (rg —ro)(r§ 2 4 rd=2)
L T]-?ng — Tgn% 2ryr_ (ri_?’ —rd=3)

These quantities got from the hidden conformal symmetry are in perfect match with the
ones got in the thermodynamics methods (2.30). This agreement is remarkable. On one
hand, the thermodynamics of the black hole tells us how it respond to the perturbation.
On the other hand, the scatting amplitude of the probe scalar gives us the information of
the black hole. It is amazing to see that the thermodynamics method gives us almost the
same information on the dual CFT as the probe scalar: the same frequencies, the charges
and the chemical potentials.

3 RN-AdS black holes in arbitrary dimensions
The general RN-AdS black holes in arbitrary dimensions were found in [37], and the solu-

tions are similar to their asymptotically flat cousins. The theory has the action

1
167Gy

1
4042

/ d?z/—g(R — 2A) — / A%/ =gF,, F*, (3.1)

Iy =

with the Newton constant Gg = 62!72 the cosmological constant

NI ET) 52
The equation of motion becomes

L

Ty = Qj_g (FWFZ,” — iguprng”) . (3.3)

The d-dimensional RN-AdS black hole has the metric and the electromagnetic potential

ds? = —N?dt* + gppdr® +1r2dQ3_,,

_ Q
A= gyt (3.4)
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with

1 2m ¢ r?
2 _ _1_ L
N _grfr ! Td_3+ (_)+€27
(d—2)(d—3)Q4—2
Q> = 3n G 7. (3.5)

From N2(ry) = 0, we can get the location of the outer and inner horizons r, and represent
the parameters of the black hole m,q in terms of r. The mass of the black hole, the
Hawking temperatures and the entropies of the outer and inner horizons are respectively

(d—2)0u s
M=-——7—-—-
8mGy m
0, N?
T, = 1 , (3.6)
T |p=ry
Ay Qd_g’l“difQ
Si e — —
4Gy 4¢d—2

The electric charge of the black hole is ), and the electric potentials at the outer and inner

. — (d—:?)ri?" (3.7)

One can verify the first laws of the outer and inner horizons

horizons are

dM = T.dS, + ®,dQ
= —T_dS_ + ®_dQ. (3.8)

Note that there are no trivial Smarr formulas here.
For example, in four dimensions, we have

2 2
[T ri4+rs
M = 1
o (Lt oE )
2 2
B 3ri+2ryr_ +rZ
T+ - 47TT_2|_ (1+ 62 )7
2 2
Ty —r_ ri+2rpr_ +3r2
T = 1
4dmr? (1+ 2 ),
Sy = ——, (3.9)
1 r++r+r +7r2
(I)+ = f\/ /2 )7
1 r++7’+r + 72
* = e\/ 2 )
1 r2 +ryr_ 412
Q = g\/r.,.r + 7 ).
P
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The first laws can be verified easily, and we can see the symmetry of the quantities under
the exchange of ry proposed in [20]. But now we have
(ry +r-)(ry —r2)?

TS, —T_S_ = s : (3.10)

which is not vanishing. This suggests that the entropy product S;+S_ is mass-dependent
and there should be no CFT dual for the four-dimensional RN-AdS black hole.? For the
RN-AdS black holes in higher dimensions, we have similar conclusion. In five dimensions,

we get

m(ri —r?)?

T+S+ - T_S_ - 46%52

(3.11)
We check that for d = 6 ~ 30, we always have 7.5y — T_S_ nonvanishing, and we
believe that the result holds in all higher dimensions. As a result, we conclude that there
seems to be no CFT dual for the RN-AdS black holes in all dimensions. Actually, one
may naively using the thermodynamics method proposed in section 2 to the RN-AdS case,
as now the first laws at both horizons are still well-defined. But one would find that the
central charges of left-moving and right-moving sectors are different. The result contradicts
with our expectation since in Einstein gravity without diffeomorphism anomaly the central
charges in both sectors of candidate CFT should be the same, leading to 7.5y = T_S_ [20].

4 Four-dimensional dyonic RN black holes

Four-dimensional RN black hole is special compared to its higher dimensional cousins in the
sense that it not only can carry electric charge but can also carry magnetic charge, namely
in four dimensions there are electromagnetically charged, i.e. dyonic, RN black hole. We
investigate the holographic descriptions of the dyonic black hole using the thermodynamics
method and the hidden conformal symmetry. We find that there are two elementary CFT
duals, namely the known electric (E) picture [34] and a novel magnetic (M) picture, from
which the other dyonic pictures could be generated by SL(2,7) transformations. Since
the embedding of the dyonic RN black hole in higher dimensions is nontrivial, we cannot
use the ASG formalism in a straightforward way. However, as we show, the dyonic black
hole geometry could be understood as the solution of a theory with two U(1) fields, which
allows us to uplift the solutions to six dimensions and analyze its ASG.

4.1 Dyonic RN black hole

The dyonic RN black hole is a solution of the action

1 fe?
d*z/—gR — Ton d41:\/—gFWF’“’— 3222/d4x\/—gFW*F“”, (4.1)

1

5= 167I'G4

with * being Hodge duality. Here to discuss the full SL(2, Z) symmetry, we have introduced
the 6-term for the gauge field. The two real constants e, 8 could be combined into a complex

>The mass-dependence of S;S_ of four-dimensional RN-AdS black hole has been observed in [19].
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coupling parameter
0 i
=—+ —. 4.2
T or + €2 (42)
Again, we use the convention c =h =1 and G4 = 612,, and for the electromagnetic part we

have used the Gauss convention. The metric of the dyonic RN black hole is of the form

2G, M 2 2G M 2\ !
ds? = — <1 _ 26 + Ga@ >dt2 + <1 _2G + Ga@ > dr® + r2(d6* + sin® 0d¢?).

r 72 r 72
(4.3)

Here M is the mass of the black hole, and
Q= Q7 + Q. (4.4)

with Q¢ being the electric and magnetic charges of the black hole respectively. The gauge
field of the theory can be written as

A= —%dt + Qm(cosh F 1)d. (4.5)
r
The upper minus sign applies to the sphere with the south pole deleted, say 0 < 0 < ,
and the lower plus sign applies to the sphere with the north pole deleted, say 0 < 6 < 7.
We denote F = dA and «F = dA, then we have the dual electromagnetic potential

Ao _9mg Qe(cos O F 1)do. (4.6)
r
Due to the Witten effect [38], the electric and magnetic charges are respectively
el
Qe = Nee — Nm?:
T
N,

with Ne,, being integers. Note that for two dyons with charges Q¢ and Q¢ ,,, there
should be the Dirac-Zwanziger-Schwinger quantization condition

QeQm/ — QmQe = NeNpy — Ny Ner € Z. (4'8)

The horizons locate at ry. = G4M + \/GIM? — G4Q?, and the temperatures, the en-
tropies, the electric and magnetic potentials of the outer and inner horizons are respectively

T —Tr—
Ty = ——
= 4
ard
S:t = €T7
P
Q 5
Py = =5 (4.9)
T+
There are the first laws at the outer and inner horizons
dM = T,dSy + ®7.dQ. + 7'dQ,,
=-T_dS_ + ®°dQ. + "dQ,, (4.10)
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which are equivalent to the Smarr formulas

M =2T.S; + 7Qc + PTQm,
=2T_S_+3°Q, + 2" Q. (4.11)

4.2 Thermodynamics method

According to the discussion in Sect 2, Q¢ are not good quantum numbers and we should
use the integers N ,, that appear in (4.7) to apply the thermodynamics method. We
rewrite the first laws (4.10) as

dM =Ty dSy + Q5.dN, + QTdN,,
= —T_dS_ + Q°dN, + Q"d Ny, (4.12)

with Ne,, being the integers appear in (4.7) and

e __ eQ@ m o__ Qem _ 6@3% 4.1
+ — 5 + — . ( . 3)
== T+

With the quantities defined as those in (2.12),

T, T-

Tpp = —F
R,L T,ﬂ:TJr’

1
Sk, = §(S+ FS-),
T_Q™ 4 7,00

Qe,m —
f 2T-+Ty) 7
T_Q™ — T, Q%™
om — T = (4.14)
2(T_ —T,)

the first laws could be recast into

1
50M = TrdSp + Q5dNe + QR AN,

=T1dSr, + Q7 dNe + QT dN,,, (4.15)
with
T Ty — T 1
R 4m(r? +7r2)’ Ar(ry +r-)’
_ T2 2
SR,.L 27123(74 Frl),
0¢ eQe(T+ + T—) e eQ@
" 202 +7r2) T T 2(rp — 1)
(Q—m —eQei> (ry +7-) Qm _ 0
ap = P/ Cape s Cear (4.16)
2(ry +12) 2(ry —r-)
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Setting dN,,, = 0 in (4.15), we could get

17, Tr

N,=——L g5, — —*R _
R T T

dSg. (4.17)

then we may identify the scale factor and the temperatures of underlying CFT in the N,
picture, or electronic (E) picture as

R — 1 C(re A 4 r2)
Cs - Q8 2eQ.Q? ’
r2 T2
Th =RTrp = — 5. 4.18
R,L el R,L 47T£%€Q6Q2 ( )
From the Cardy formula we read the central charges
35
% =L 6eQ,Q2. (4.19)

RvL - 27e
T TR,L

We see that the central charges and the temperatures of CFT in the E picture agree
with the ones found in [34] up to the overall factor we fix here. Moreover from the first
laws (4.15), we may set dM = w,dN, = ke, dN,, = 0 and get

ThdSp = why — diii
TEdS), = W — i, (4.20)

with the frequencies, the charges, and the chemical potentials of the perturbations in the
electric picture CF'T being identified as

e Be (ry +ro)(rk —i—rg_)w
RL ™ 9 202eQ. Q> ’
Q?{,L = ke?
(ry+7_)2
pr = RQf = ————, (4.21)
26127@2
r2 42
py = ReQ = -
QEIQ,QQ

Similarly we can set dN. = 0 in (4.15) and get the CFT dual in the N, picture, or
magnetic (M) picture. The scalar factor and the temperatures of the M picture CFT could
be identified as

R 1 (o) 4 r2)
m = m _ om ’
W -9 pee (QTW - eQe%)
r Fr2
Tr', = RyTr L = o Y (4.22)
1732Q? (22 - eQu )
and the central charges are
3SR,L Q 0
o = 2 = 00* (2 - Qi) (1.2
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Furthermore, the frequencies, the charges, and the chemical potentials of the perturbation
in the magnetic picture CF'T, which is dual to the perturbation dM = w,dN, = 0,dN,, =
kp, in the gravity side, could be identified as

- R—mw— (ry +r-)(r2 +1r2)

wR,L = - )
20 2 (% - e )
q%L - km7
(ry+7-)2
pp = RpQp =+t~ (4.24)
2022
r2 +r2
= R, Qp = =& :
202Q?

Note that we call the electronic and magnetic pictures as N, pictures or E, M pic-
tures, and try to avoid the name @, pictures, because Q..,, are not good quantum
numbers and they are not integers, but N, ,, are integers. Now we have two CFT pictures
for 4D dyonic RN black hole, namely the F and M pictures. From our experience in
4D Kerr-Newman and 5D Myers-Perry black holes, once there are two dual pictures, there
could be a class of dual pictures related by SL(2, Z) transformations with each other [6, 28].
In these cases, the SL(2, Z) group could be understood as the T-duality group. In the case
of dyonic RN black hole, we may try to generate more dual pictures from SL(2,Z) trans-
formations as well. Using the description in [20], we redefine the charges N ,, and their
intensive quantities Q7" as

with

(
( m) ) (Z’Z) (&) (1.25)
)

(ab € SL(2, Z), (4.26)
cd
and so

(_f;’;c> € SL(2, Z). (4.27)

We stress that the justification of the redefinitions is that the charges NN, ,, are integers.
Then the first laws (4.12) become

AM =Ty dS, + Q5 dNy + Q7 dN,,
= —T_dS_ + QY dNy + Q™ dN,,. (4.28)
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From the first laws, a pair of generic dyonic pictures with temperatures TE, ’Iznl and central

charges cifl could be obtained as
yTg,\  [ab) (1T,
yrgy ) \ed ) \ 1T, )
C%’,L _(a b CR.L (4.29)
CRL cd C"R17L ' '

We show in [39] that this SL(2,Z) symmetry originates from the electromagnetic duality
in the four-dimensional Einstein-Maxwell theory.

There is a simple way to understand various pictures in the thermodynamics method.
The thermodynamics of the black hole tells us how the black hole responds with respect to
the perturbations of the infalling particle carrying the mass and the charges. The electric
and magnetic charges of the perturbation g ,, could be expressed in terms of two integers
kem as suggested in (4.7)

el
e — ke - km ’
9 ¢ 2w
km
= m 4
q . (4.30)

If the perturbation carries only an electric charge, or more accurately k,,, = 0, then the ther-
modynamics laws tell us how the right- and left-moving sectors changes with the charges.
This gives us the electric picture of the black hole (4.19). While if the perturbation carries
only a magnetic charge, or more accurately k. = 0, the thermodynamics laws tell us the
magnetic picture (4.23). If the perturbation carries both the electric and magnetic charges,
the thermodynamics laws give us the dyonic pictures (4.29).

On the other hand, if we consider a probe scattering off the RN black hole, its scattering
amplitude encodes the information of the black hole as well. As we will show in next
subsection, if the probe is electrically (magnetically) charged, then it tells us the electric
(magnetic) picture. While if the probe is dyonic, then it gives us a dyonic picture.

4.3 Hidden conformal symmetry

The hidden conformal symmetry of an electrically charged scalar scattering off the dyonic
RN black hole was considered in [34], from which the electric CF'T dual was found. Here we
consider the scattering of a more general dyonic charged scalar, and try to find other CFT
duals. Suppose that there is a complex scalar with the electric and magnetic charges (4.30)
and mass p. Its equation of motion is just

(Vi —igeA, —igmAL) (VF —ige AF — ign AM)® = 2, (4.31)

with A, A defined as in (4.5) and (4.6). Note that the coupling of the magnetic charge with
the background could be determined from the electromagnetic duality. Now the scalar has
to be expanded as ® = e~ WitilkeF(Qmae—Qeam)lo R(1)O(6) with upper sign applying to the
north pole and the lower sign applying to the south pole [40]. Note that the scalar picks a

— 20 —



factor e'2(@mie=Qedm)? when passing from north to south, and Dirac-Zwanziger-Schwinger
quantization condition (4.8) could make the factor single-valued.
The equation of motion could be decomposed into the angular part and the radial part
2
sirll 989 sin 00yO(0) — ks (qu;n2C§eqm) cos 6]
r?[rw = (Qege + Qmgm)]”
(r=r)r =)

0(0) + AO(9) = 0 (4.32)

Or(r —r:)(r — )0 R(r) + R(r) = (A + p2r*)R(r).

(4.33)

with A as the separation constant. Since the black hole is static, the quantum number
kg4 does not appear in the radial equation. Under the conditions of low frequency, small
mass, small electric and magnetic charges, and near region approximations [34], the radial
equation could be written as

T?k [T+W - (QeQE + QQO)]2
(ry —r)(r—ry)
7“2 r_w — ele mA4m 2
T ) = KRO)

Or(r—ry)(r—r_)o.R(r)+ R(r) (4.34)

with K being some constant. Note that from (4.7) and (4.30), in the above radial equation
there is

Q 0
QeQe + QQO = eQeke + (em - eQe% k. (4'35)

To get the electric picture CFT, we set the magnetic charge of the probe scalar van-
ishing in (4.34), which means k,, = 0 not simply ¢,, = 0. Comparing the radial equa-
tions (4.34) with (2.38), we find
ek, T, EET e e rre (4.36)
= = n = — . .
o RE T 4r2Qeq. T 402Q?
The temperatures are exactly the same as the ones found in the thermodynamics method.
Just like in section 2, we could get the retarded Green’s function and the absorption cross
section that agree with the those of the CF'T. The conformal weights, the frequencies, the
charges, and the chemical potentials of the perturbation in the CFT could be identified as

1 1
o =-+4/-+K
RL ™ 9 1

e = T Thew (re +r_)(r% +1r2)
L Tens, — Tens 202Q02eQ. ’
Gop = ke, (4.37)
e = TR'L (ry +7-)°
B Teng, — Teng 202Q2 7
poo— o Tink 2
LU Teng, —Teng  202Q2
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The results here got from the hidden conformal symmetry are in perfect agreement with
the ones got in the thermodynamics methods (4.21). Therefore, we see that the scattering
of the probe scalar with the electric charge gives exactly the same electric picture as in the
thermodynamics method.

On the other hand, we may consider the probe scalar carrying only a magnetic charge.
In this case, setting the electric charge of the scalar vanishing k. = 0, not ¢, = 0, in (4.34),
the radial equation could still be compared with the Casimir (2.38). In this way, we find
the magnetic picture with

2 2
ry Foro Ty Foro
L= o +Q o\’ ng = : (4.38)
AmlpQ (Tm - eQeﬂ)

= Fm, 1R -
k=lkp, TP e

The temperatures are just (4.22). The conformal weights, the frequencies, the charges, and
the chemical potentials of the perturbation in the CFT could be got as well. They are
in perfect agreement with the ones got in the thermodynamics methods in the previous
subsection (4.24).

Furthermore, we can consider the probe dyonic scalar with both the electric and mag-
netic charges, and find the dyonic picture suggested before. The procedure is that we make
the redefinition in the radial equation (4.34)

ke’ N d —c ke
()= (50 ) o

Then from the redefined radial equation we could set k,,; = 0 or ks = 0 and get the generic
CFT dual pictures (4.29).

In summary, we see that the CFT duals got from the hidden conformal symmetry are
in perfect match with the ones got in the thermodynamics method. This further verifies
the robustness of the thermodynamics method of setting up the CFT duals of black holes.

4.4 ASG analysis

The usual way to obtain the central charges of the CFT dual for the RN black hole is to
uplift the theory to a higher dimensional gravity theory [23] or reduce to a 2D effective
action [31-33]. However, for the dyonic RN black holes, there is short of direct derivation.
In [31-33], it was argued that the central charge in 2D effective theory should be propor-
tional to @2, up to an undetermined factor. This is in accord with what we found in the
thermodynamics method. It is true that we can uplift the dyonic RN black hole into five
dimension and may obtain the central charge of the electric picture, but we cannot read
the central charge of the magnetic picture in a clear way. In this subsection, we provide
another way to understand this problem.

The essential point is that the spacetime (4.3) of dyonic RN black hole is also the
solution of a gravity theory with two U(1) gauge fields,

1

5= 167Gy

1 1
4 4 2
d T/ —gR— ﬁ d T/ —gm’FMV—THMV‘ s (440)
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with

0 i
— 2 —
Ga="b TSt
F=da, a=-Deg
T
N,
H = dB, B=—-""4t (4.41)
r

We write the action in the analog of that of type IIB supergravity. As can be checked
easily, the action is invariant classically under an SL(2, R) transformation

,  ar+b
T = —
cT+d

(5)-(2)(3) -

with a,b,¢,d € R, ad—bc = 1. The pair of two forms (F, H) transforms under SL(2,R) the
same way as the pair of one forms (A, B). Upon quantization N, are integers and the
SL(2, R) becomes SL(2, 7). Now Q. in (4.3) are just the parameters in the black hole
metric and are related to the integer-valued charges NN, ,, through

Qe = Nce — Nmﬁa
2
Np,
Qm = ——- (4.43)

Thus the U(1)2 black hole could fully pertain the properties of the dyonic black hole. The
thermodynamics quantities of the outer and inner horizons, and thus the first laws, are
formally identical to the ones of the dyonic black hole. So the CFT duals, including the
E and M pictures as well as the pictures generated by SL(2,7), of the U(1)? black hole
from thermodynamics are identical with the CFT duals of the dyonic black hole. This
suggests that we may understand the CFT dual duals of dyonic RN black hole from the
investigation of the identified CFT duals for the U(1)? black hole.

The advantage of working with the U(1)? black hole is that it could be uplifted to six
dimension in a simple way and from the uplifted metric we can do ASG analysis to read
the information of dual CF'Ts. The uplifted six-dimensional metric is of the form

ds? = ds? + ;ﬁwxm + TdRe|?, (4.44)
with
axe = dxe — ea,
AXm = dXom — Wdt,
Xesm ™~ Xegm + 2. (4.45)
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The above uplifted metric is the solution of the six-dimensional Einstein gravity

1 6
_ Nawe: 4.4
e /d V=GR, (4.46)

with Gg = 167r2€;§. The two extra dimensions form a torus with the modular parameter 7.
The torus is invariant under the modular group SL(2, Z),

, dr —c
7=
—br +a

Xe! [ a b Xe
()= (5) () w

with a,b,¢c,d € Z and ad — bc = 1. Note that the uplift (4.44) cannot be done arbitrarily,
and the uplifted metric has to be in accord with the quantization condition (4.43). From
the geometry one could get the conserved angular momentum

Jo= Qi = Neo = Qo= N (4.48)

which must be integers. Thus the uplifted metric (4.44) is the only possible uplifting up
to a possible SL(2, Z) redefinition of the modular parameter 7 and the angles X, (4.47).
As we did in section 2, we consider the extremal black hole and compute

1 . Qm _ ei
fi= o fo=ry, f§5= eQ [ = 672662%7 (4.49)
+ rt =
and thus e o 0 g
e _ J2J3 _ m _ J2J3 _ «wm v
o= e =eQe, [7= T e Qe (4.50)

As the horizon area of the four-dimensional extremal black hole is A, = 4%612)@2, we have

the extremal version of the electric and magnetic CFT dual pictures

34, ) 1 1
¢ = = e 17 = = —) 4.51
‘L= 27TG4 = 0eQeQ”, L 2w fe  2meQ. (4.51)
CL = = Q —_— — eQe— s TL = po =
2mGy 2 2r f o ( — Q. 27r>

They are in accord with the ones obtained in the thermodynamics method. After the
redefinition of the modular parameter and the angles (4.47), one could get the SL(2, 2)
generated pictures in accord with the results before. Now the SL(2,7) duality could be
understood as the geometric modular symmetry of the extra torus.

5 Conclusion and discussion

In this paper we further refined the thermodynamics method of setting up nonextremal
black hole/CFT correspondence. The essential part of our improvement is to impose the
quantization condition on the first laws. Physically, the quantization condition comes from
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the fact that the perturbation always carries integer units of angular momentum and/or
charges. As a result, the first laws of the black hole, encoding the response of the black
hole with respect to the perturbation, should obey the quantization rule as well. From the
first laws of the outer and inner horizons we can in general have

dN = TNdSy, — T dSr, (5.1)

with IV being an integer quantized charge and all other charges being kept invariant. Then
the temperatures of the N picture CFT dual is T]]%\f r» and the central charges could be

derived using the Cardy formula c% L= 8 SRL - On the other hand, taking (5.1) as the

w2 TN,
first laws for the underlying CF'T requires reasonably the quantization condition. Certainly

how to understand (5.1) in the underlying CFT is an important issue.

We investigated the holographic descriptions of various RN black holes via the ther-
modynamics method. As showed in [20], the relation 74 S, = T_S_ could be taken as the
criterion to see if a black hole may have a CFT dual in the Einstein gravity. We found
that 7'+ S+ = T_S_ holds for RN black holes in all dimensions, which means that RN/CFT
correspondence could be generalized to all dimensions, and 74 S = T_S_ breaks down for
RN-AdS black holes, which forbids us finding their CFT duals. Moreover, we tried to set
up CFT duals explicitly for RN black holes in various dimensions by using the first laws at
the outer and inner horizons. It turned out that all the pictures we found are in agreement
with the ones read from conventional ASG analysis and the hidden conformal symmetry.

It is remarkable that the refined thermodynamics method resolve the puzzle on the
ambiguity in determing the central charges of CFTs dual to the RN black holes. Starting
from the first laws (5.1), there is no ambiguity in deciding the central charges. For example,
for the four-dimensional RN black hole, the CFT dual has central charges ¢ = 6eQ?, where e
is the unit electron charge. The quantization condition is actually reflected in the facts that
the angular momentum along the extra circle in the uplifted spacetime must be quantized,
and in the discussion of hidden conformal symmetry the identified angular quantum number
should be integer-valued as well. These key points have been ignored in the literature.

Besides the RN black holes in various dimensions, we also discussed 4D dyonic RN
black holes and found the novel magnetic picture. This picture have not been discussed in
the literature, partially due to the difficulty in deciding its central charge. The different
kinds of pictures could be most easily read from the refined thermodynamics, while can
be also seen from other points of view. For example, to read the magnetic picture from
the hidden conformal symmetry, we had to consider the probe scalar field with magnetic
charge scattering off the black hole. In the minimal coupling, while the electric charge
couples to the gauge potential, the magnetic charge couples to the dual gauge potential by
electromagnetic duality. Such a coupling indeed gives us a consistent magnetic picture. For
convenience we call the electronic and magnetic pictures (1,0) and (0,1) picture respectively.
As shown in (4.29) there are other pictures generated by SL(2,7Z) group. In general we
could obtain a (a, b) picture for every coprime integers a, b. This is a kind of duality among
different CF'T theories. How to understand this duality is an interesting issue. We tried
to understand the dyonic black hole by relating it to a U(1)? two-charged black hole, from
which we may read the central charges from ASG analysis of an uplifted six-dimensional
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metric and more remarkably we may interpret the underlying SL(2,7) symmetry as the
modular group of the extra torus. However, it would be much better to investigate the
symmetry from the dyonic black hole itself. In [39], it has been shown that the SL(2, Z)
duality originates from the electromagnetic duality of the theory. The basic point is that
the dyonic black hole spacetime is invariant under the electromagnetic duality, even though
the charges of the black hole and the gauge potential have to be transformed. Therefore it
is feasible to describe the same black hole in different SL(2, Z)-related theory. Note that
the notion of electromagnetic duality is new in the context of 4D Einstein-Maxwell theory,
but is well-known in string theory [41, 42].

The effectiveness and rebustness of the thermodynamics method is remarkable. It not
only allows us to read the temperatures and the central charges of dual pictures, it also
helps to determine the the frequencies, the charges and the chemical potentials of dual
operators if one consider a perturbation, in exact agreement with the ones got from the
low frequency scattering. The underlying pictures of the thermodynamics method and the
hidden conformal symmetry are different. Consider the situation that a particle falling into
the black hole. The particle carries energy, possibly also an angular momentum and various
charges. The response of the black hole with respect to the infalling particle is encoded in
the thermodynamics laws, both at the outer and inner horizons. There is a dual operator
in CFT corresponding to such a perturbation. The thermodynamics method shows how to
read various information on dual CFT. The different pictures can be obtained by consid-
ering the response of the black hole with respect to different kinds of perturbations. For
example, in the 4D dyonic Kerr-Newman case, if the perturbation carries only an angular
momentum, the response gives us the J picture, while if the perturbations carries only an
electric (magnetic) charge, then the response gives us the electric (magnetic) picture. In
general, if the perturbation carries all the quantum charges, it may lead to a new picture,
whose information could be obtained by SL(3, Z) transformation acting on the elementary
pictures. On the other hand, a probe scattering off the black hole, especially at the low
frequency limit in the near region, can tell us the information of the black hole as well. In
a quite similar way, different probe could read out different dual pictures as we showed.

In all the cases we studied the thermodynamics method is more powerful than the hid-
den conformal symmetry in the sense that even for the cases in which the hidden conformal
symmetry is not easy to find, say the black ring case [29], the thermodynamics method can
still give us consistent pictures. Nevertheless, it would be interesting to understand better
the relation of these two different methods [43].

The accumulated evidence supports that the thermodynamics method is universal to
decide the dual holographic picture of black hole. The thermodynamics of outer and inner
horizon seems encode all the information of the dual CFT. It would be important to have
a better understanding of the physics underlying this method.
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