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1 Introduction

The AdS/CFT correspondence (or more generally gauge/gravity dualities) provide a recipe
for computing correlation functions for strongly interacting field theories from classical
gravity [1-3]. The analytic properties of field theory Green’s functions are constrained by
considerations such as unitarity and causality. For example, causality forces the Fourier



transform of the retarded Green’s function to be analytic in the upper half of the complex
frequency plane (with our sign conventions). If the AdS/CFT conjecture is true, these
analytic properties must hold. However, without a proof of the conjecture it is an inter-
esting question to ask how these analytic properties arise from the gravitational side of
the correspondence. In particular, we would like to understand how sum rules for thermal
Green’s functions emerge from gravity.

Sum rules play an important if sometimes overlooked role in non-perturbative field
theory. There has been recent interest in applying sum rules to investigate the strongly
interacting quark-gluon plasma formed at the Relativistic Heavy Ion Collider (RHIC). To
compute transport coefficients from lattice QCD calculations, Euclidean Green’s functions
need to be continued to real time. In this difficult game, sum rules provide additional con-
straints that the analytically continued Green’s functions must satisfy. To obtain bulk and
shear viscosities from the stress tensor two-point function, sum rule constraints were em-
ployed by for example refs. [4-7]. One may also consider sum rules for a conserved current.
One famous result is the Ferrell-Glover-Tinkham sum rule which relates the “missing area”
in the real part of the conductivity as a function of frequency to the London penetration
depth of a BCS superconductor.!

In the AdS/CFT context, there have been already a number of papers about thermal
sum rules. Romatschke and Son [8] derived a pair of sum rules for the stress tensor of
N =4 SU(N) Super Yang-Mills theory in 341 dimensions at large N and strong coupling.
Similar sum rules for a non-conformal theory dual to a Chamblin-Reall background were
constructed in [9, 10]. The authors of [11] numerically demonstrated an analog of the
Ferrell-Glover-Tinkham sum rule for a holographic superconductor in 2+1 dimensions,
while [12] studied an R-charge correlator sum rule for N' = 4 Super Yang-Mills theory.
In this paper, we will rederive the results of [8, 11, 12] in a slightly more rigorous and
general framework. Our point of view is different; we want to see how gravity constraints
enforce the sum rules more generally rather than checking in specific cases numerically or

analytically that the sum rules are valid.

In section 2, we present the class of gravity theories that we intend to analyze and sum-
marize our results. The bosonic correlation functions we study are governed through the
gravity theory by a single second order differential equation. Instead of considering scalar,
current, and stress-tensor correlators separately, we unify the analysis through studying
the behavior of this single differential equation. In contrast, for the massless fermions, we
study only correlators of objects with spin 1/2.

In section 3 we review the conditions which lead to sum rules in field theories. Taking
the corresponding gravity point of view in sections 4 and 5, we state our assumptions and
derive sum rules from gravity. In particular, we show that — given our assumptions —
the Green’s functions are holomorphic in the upper half of the complex frequency plane
including the real axis but not the origin.

'Recall there exists a Kubo relation between the current-current correlation function and the conduc-
tivity. The London penetration depth is related to the superfluid density which in turn is proportional to
the “missing area”.



Furthermore, we derive a contraction map for bosons and a contraction-like map for
massless fermions which we use to bound the large frequency behavior of the corresponding
spectral functions. From these two major results we derive general sum rules in various
dimensions and relate them to earlier results. Finally, we discuss our work and suggest
some future directions in section 6.

2 A class of holographic theories & summary of results

Before we describe our class of theories, we present our field theory definition of the retarded
Green’s function for two bosonic operators?

Gt x) = i6(H{O'(t,2), 0/ (0)), (2.1)
and two fermionic operators

Gr(t,z) = i0(t)({0(t,2),0T(0)}). (2.2)
Our conventions for the Fourier transform are

Gr(w, k) = /ddx ewtike Qo (t, x) (2.3)

where we have taken advantage of translation invariance of the underlying theory. We
define also the spectral density to be the imaginary part of Gr(w, k):

1
plw.k) = . (Grlw. k) = Grlw,k)') . (2.4)
i
On the gravity side we will not be completely general and instead focus on a particular
class of d + 1 dimensional space-times with the line element:

2
ds? = —f(r)e XNae? + 22 dz? + (2.5)

fr)
We will assume that the space-time contains a horizon at r = r;, where f(r;) = 0 and
f'(rn) = frn # 0. We also assume that at large r, the space-time becomes asymptotically
anti-de Sitter with a radius of curvature L:

2 2

T _ r
to, e Xf= e (2.6)

=1

These space-times are conjectured to be dual to thermal field theories with d space-time
dimensions and have appeared many times before in the AdS/CFT literature. They are
sufficiently general to allow us to consider field theories at nonzero temperature and charge
density and also, if need be, in a superconducting or superfluid phase [13, 14, 17].

The prescription for calculating Green’s functions was provided in the original pa-
pers [2, 3] and later extended to nonzero temperature by [18, 19]. The procedure begins by
finding a solution to a system of differential equations describing fluctuations of classical

2Note that our definition of the Green’s function differs from the one given in [18] by a minus sign.



gravitational fields. In this paper, we will consider the two-point functions for a scalar, a
conserved current, the stress tensor, and a spin 1/2 field in the space-time (2.5).

For bosonic fields, the following versatile second order differential equation will play a
big role in this paper:

D(¢)(r) = ¢"(r) + Ta(r)¢/ (r) + To(r)d(r) = 0, (2.7)
where ” denotes d/dr,
F' n w? Y
T = r + . and Ty 2 e (28)

Y is a potential term specified below, and F' = fe X/2. This differential equation can be
used to study two-point functions of scalar, vector and tensor fields from gravity.

After a brief review of sum rules in section 3, in section 4 we will study the analytic
structure of the Green’s functions for a scalar O, a component of a conserved current
J*, and a component of the stress-tensor 7%Y using the differential equation (2.7). We
discuss the reality and positivity properties of Gr(w,k): Gr(w,k)* = Gr(—w,—k) and
wp(w, k) > 0. We show that Gr(w, k) continued to complex w, has no poles or branch
cuts in the upper half of the complex plane including real w # 0. We discuss the large
w behavior of Gr(w,0) from which we can justify the sum rules. Finally, we repeat this
analysis for massless fermions in section 5.

Let us first explain how (2.7) governs the bosonic correlators and describe the results
for fermions and bosons in greater detail:

Scalars. Consider a real scalar operator O dual to a minimally coupled scalar field ¢ in
the gravity dual:

So == [ @10y [0,0)(0"0) + 7] (2.9

Forn=d—1andY = (m?+ k*L?/r?)e~X/2 the differential equation (2.7) is the equation
of motion of a scalar field ¢ of mass m and space-time dependence ¢ ~ e~ ™!z The
momentum space two-point function for O can be read off from the large r expansion of
¢. The expansion takes the form

p=ar® Y1+, )+br 21+..), (2.10)

where the ellipsis denotes higher order terms in 7 and A(A — d) = m?L?. Note that A
can be interpreted as the scaling dimension of the dual operator in the field theory. From
gravity, solving the differential equation with ingoing boundary conditions at the event
horizon r = rp, up to an overall normalization and possible logarithmic contact terms, we
have Gr(w, k) ~ —b/a.

We do not press the analysis as far as a demonstration of sum rules, with the exception
of m = 0, where the analysis overlaps with the stress tensor correlator described below.



Conserved currents. Conserved currents J# in field theory are dual to gauge fields A,
in the gravity dual. If we set n =d — 3, ¢ = A,, and Y to a particular form we describe
in appendix A (see (A.10)), then a solution to (2.7) describes the G**(w, 0) component of
the current-current Green’s function in the dual field theory. Indeed, the presence of Y
allows us to study Gr as a function of charge density and also follow its behavior through
a superfluid phase transition.

The Green’s function can be found from the behavior of the gauge field near the
boundary. Restricting to d = 3 and 4, the z-component of the gauge field takes the form
Ay = AD 4+ A2 4 O(r~(4=1). Being more careful about normalization than we
were in the scalar case, the Green’s function is then (see for example [18])
d—2 A 1 Fri=3 4

lim

T _ _
GR (W7O) - e2[,d—1 A;O) - e2Ad—3 r oo Ag: ’

(2.11)
where e is a coupling constant for the U(1) gauge field strength. In d = 4, this expression
will contain a logarithmically divergent contact term that needs to be regularized.

In the cases d = 2, 3 and 4 when Y = x = 0, and f = 72(1 — (ry/r)%)/L?, the
equation (2.7) is exactly solvable. This case corresponds to a thermal field theory at zero
charge density (and also not in a superfluid or superconducting phase). One can explicitly
verify the analytic structure of the Green’s function. We review these known results in
appendix A.1.

The more interesting general case where Y # 0 we save for section 4. Given some
assumptions about the behavior of G%7(0,0), we are able to prove that the Ferrell-Glover-
Tinkham sum rule holds from gravity considerations.

Stress tensor. The stress tensor T#” in field theory is dual to fluctuations of the met-
ric in the gravity dual. It is well known that off-diagonal metric fluctuations dg,, =
B(r)e”wtHikzp2 /12 that are not functionally dependent on x or y obey the equation for a
minimally coupled scalar of mass m = 0. Thus, a solution to (2.7) for n = d — 1 allows a
calculation of a particular component of the stress-tensor two point function: G%y’gﬁy(w, E)
where the x and y components of k are set to zero. Up to contact terms and regulators we
describe in more detail in appendix B, the retarded Green’s function is
vy -1 Fri-lg |

w (w, k) = lim

= g (2.12)

where k is the gravitational coupling constant. This correlator is of particular interest
since it is related to the shear viscosity transport coefficient [20]. Among other results, we
recover in general space-time dimension a sum rule proposed by Romatschke and Son [8]
for N = 4 Super Yang Mills, i.e. the d = 4 case. For the sum rule, we restrict to Y = 0
and hence £ = 0. Note that k& = 0 is still the interesting case for the shear viscosity
computation.

Fermions. The operators O, J%, and T%Y are all Hermitian. By way of counterpoint, in
section 5, we consider sum rules for a non-Hermitian operator — a minimally coupled mass-
less fermion in an asymptotically AdS4y1 space. The relation G%ﬁ (w, k)" = G%ﬁ (—w,—k)



(with a, 3 spinor indices) does not hold. We show p(w, k) > 0 for real w # 0.> We prove
that all (quasi)normal modes must either lie in the lower half of the complex frequency
plane, or at w = 0. Finally, we study the large w behavior of Gr(w, k). These are the
ingredients from which we derive a sum rule for massless, charged fermions in arbitrary d.
For d = 3, the sum rule we find is a special case of a sum rule proposed in an appendix
of [21].

3 Sum rules from field theory

Consider a retarded Green’s function Ggr(w) and the corresponding spectral density,
p(w) (2.4). While this section can be generalized to the case where G r(w) has a multi-index
structure, for clarity we will assume that Gr(w) is the single component retarded Green’s
function of a scalar bosonic operator. We make two assumptions about the retarded Green’s
function:

1. Gr(w) is holomorphic in the upper half plane, including the real axis.
2. limy| oo Gr(w) = 0 if Imw > 0.

The first assumption enables us to apply the Cauchy integral theorem:

Gr(w + i€) :j{c Gr(z)dz ;0= ]éc QMGR(z)dz . (3.1)

27i(z — w — ie) (z —w+ie)

For w € R and some r € R™, we choose C to be the contour that travels along the real axis
from —r to r and then along a semicircle in the upper half plane back to —r. Our second
assumption tells us that the integral along the semicircle must go to zero as r — oco. Then
we have

Grlw +i€) = lim GrEz)dz / Gr(z)dz (3.2)

r—oo |_, 2mi(z — w — i€) r—oo |_, 2mi(z — w + i€)

We subtract the complex conjugate of the second integral from the first integral in (3.2) and
take the limit € — 0 to find a “spectral representation” of the retarded Green’s function:

Grlw) = 1m [ © P&

e—0t ) Tz—w—1ie

(3.3)

If assumption 2 is not satisfied, then a modified version of (3.3) can often be con-
structed,

Gr(w) = m [ ¥ 0PG)

- (3.4)
0+ T 2 —w— 1€

3The missing factor of w in this inequality can be traced to the different statistical distributions obeyed
by bosons and fermions. The Fourier transform of the variance, (O (2)O(0)), is non-negative, as can be
seen by decomposing O(z) into a complete basis of eigenstates. The variance is then related to the spectral
density by a Bose-Einstein or Fermi-Dirac distribution function, depending on whether O(x) is a bosonic
or fermionic operator.



where dp = ImdGpR. The precise definition of dGr(w) depends on the regularization
procedure. For example, suppose

Gr(w) =0GRr(w) +co+crw+ ...+ cpw" + (dp + dyw . .. + dsw?®) log(—iw) (3.5)

where 6GRr(w) does satisfy assumption 2. We take the branch cut of the log to lie along
the negative imaginary axis. The relation (3.4) then replaces (3.3). Other regularizations
are often possible. The coefficients ¢; and d; may be independent of a parameter in the
theory, for example temperature T'. In this case, we could construct a regulated G by
considering the difference Gr(71)—GRr(T2). Another way to regulate the large w divergence
is to take derivatives:

o+l . /dz (n+1)!p(2)

Gr(w) = lim (2w ie)2

While the entire function Gr(w) is generically difficult to determine in an arbitrary quan-
tum field theory, it is often possible to obtain the ¢; and dj; in the limit Imw — oo, for
example through an operator product expansion in an asymptotically free theory.

Given an appropriately regulated version of (3.3), people often call the spectral repre-
sentation evaluated at w = 0 a sum rule:

SGR(0) = / dw op(w) (3.7)

s w

By construction, this object is convergent for large w, but in discarding the ie regulator,

we have to be careful about the convergence properties of the integral at w = 0. From the

definition of the retarded Green’s function, it follows for bosonic Hermitian operators that

Gr(w,k)* = Gr(—w, —k) (for real w and k). Let us restrict to the case k = 0. In a small

w expansion of Gr(w,0), even powers of w have real coefficients and odd powers have pure

imaginary coefficients. Provided 0G (0, 0) is finite, the sum rule should be well defined.*
There are also generalized sum rules that involve derivatives of Gr(w):

1 32'] dw z 2i—1
(25)! Ow?i Gr(0) = / Tw2i+l (p(w) o Zazi_lw ) ) (3.8)
=1

where 25 > n,s. For these generalized sum rules, the a; are chosen to ensure that the
integral converges at w = 0. Note we have taken advantage of the reality properties of a
small w expansion of Gr(w). Some specific examples of this type of generalized sum rule
for current-current correlators are given in the appendix, (A.27) and (A.37).

4 Sum rules from gravity

We would like to see how correlation functions for bosonic Hermitian operators derived from
the gravity side of the AdS/CFT correspondence satisfy sum rules of the form (3.7). (The
4We will see a case in the appendix, for the current-current correlation function in d = 2 space-time

dimensions, where Gr(w) ~ i/w at small frequencies. In this case, we have to be more creative to write a
sum rule. Note that this behavior violates assumption 1 above.



fermionic case is postponed to section 5.) Consider a generic retarded Green’s function
Gr(w,k). We will establish, from gravity, that Ggr(w,k) is holomorphic in the upper
half plane and also for real w # 0. We will check that Gr(w, k)* = Gr(—w, —k) and that
wp(w, k) > 0 (for real w and k). We will determine the large frequency behavior of Gg(w,0)
so that we can appropriately regularize (3.3). We will not be able to show in general that
G R(O, 0) < 005

4.1 Imw >0

There is a very good, well known physical reason to expect that Gr(w) is holomorphic in
the upper half plane. The reason is field theoretic and related to causality. Consider the
Fourier transform back to real space

Gn(t) = / W it G (). (A1)
27

If Gr(w) has poles and branch cuts only in the lower half plane, then the contour can be
closed in the upper half plane for ¢ < 0 and the integral evaluates to zero, as expected if
the response of the system is to be causal.®

As emphasized in the introduction, we would also like to have a gravitational reason.
In appendix D.1 we show that there are no branch cuts in the class of theories we analyze
here. So we consider only meromorphic Gr(w, k), and the only non-analyticities are poles
which ref. [18] has argued are dual to quasinormal modes in gravity. The locations Wk of
poles of the boundary theory Green’s function in the complex frequency plane are exactly
the quasinormal frequencies wy  on the gravity side. A quasinormal mode is a solution
where the bulk field has ingoing boundary conditions at the event horizon of the black

hole and where the leading behavior of the field vanishes, e.g. A;O) = 0 for the current-

current correlation function. Given the assumed time dependence e™™! a quasinormal
mode in the upper half of the complex plane is a solution that is exponentially growing in
time, indicating an instability of the metric and/or matter fields in the gravity dual. An
interesting consequence of gauge/gravity duality is thus that the boundary requirement of
causality Im(wEOIe) < 0 corresponds to the gravity requirement of stability Im(wj ) < 0.7
Just because a pole in the upper half of the complex plane would be a bad thing doesn’t

mean it can’t happen. (Indeed, such poles drive the holographic superconducting phase
transition described in [11, 13]). Given some additional mild technical assumptions, we now
prove for the class of scalar, current, and stress tensor correlation functions governed by
the differential equation (2.7) introduced above, there are poles only in the lower half of the
complex plane and at w = 0. In particular, we make some general assumptions about (2.7).
We assume that n > 0. Next, we assume ' > 0 and Y > 0 on the interval r;, < r < co. We

5See footnote 4.

5Note that we could redefine our Green’s function such that the integration contour passes above all of
the poles. While the resulting Green’s function will be causal, the contour deformation is non-standard,
and the poles in the upper half plane indicate instabilities in the field theory. We thank Karl Landsteiner
for discussion on this point.

"Causality can also be studied considering the front velocity, and analyzing the poles of Gr(w, k) in the
complex momentum plane (for real frequencies) [15].



also assume the near horizon behavior F' ~ (r — rp)Fj, > 0 and Y (ry) < oo and the large
r behavior F' ~ 72 and Y ~ r=22 where A > 0. From these assumptions, it follows that a
quasinormal mode solution to this differential equation has the near boundary behavior®

A ~ r~" 1 and the near horizon behavior
A ~ (7’ — ’I“h)_iw/Fh . (42)

The near horizon behavior is chosen to give a retarded rather than an advanced Green’s
function. With an implicit time dependence e, the boundary condition corresponds to
a plane wave traveling into the event horizon.

Such a differential equation (2.7) can be derived from the one dimensional effective
action

su= [Caren o (7 - 2 ) 1407] 43)
A . rFr r F o r . .

Assume that there exists a quasinormal mode solution A to (2.7) with frequency w. Because
the differential operator is real, there will be a second complex conjugate quasinormal mode
A with frequency @. Consider 0 = S4 — Sa, evaluated on implicit solutions A and A. We
integrate by parts, using the equation of motion for A in the first S4, and that for A in
the second. We find that

o A AT |0 -2 oy [T T 2
0= Fr [AA—AA]!rh+(w —w)/rh drF\A] . (4.4)
Because of the large r behavior of A, the first term must vanish evaluated as r — oo for
n > 0. Now if w lies in the upper half of the complex plane, the first term will also vanish
evaluated at r = 7,. In this case, @? = w? and we find that w lies on the positive imaginary
axis. For w in the lower half plane, in contrast, the differential operator is not self-adjoint
and w? need not be real.
Assume now that there exists a quasinormal mode in the upper half plane for which
w? < 0. In this case, S4 is positive definite. If we integrate by parts and use the equation
of motion (2.7), S reduces to the boundary term

Sa = F?""A(?“)A’(r)ﬁi : (4.5)
From the near boundary and near horizon behavior of FF and A, S4 = 0. Thus, no

quasinormal modes in the upper half of the complex plane exist.

Note if we weaken the condition on Y and allow Y to become negative and develop a
potential well, then such a quasinormal mode can exist. As an example of such a quasinor-
mal mode crossing into the upper half plane, consider the case where A is a charged scalar
field in the holographic superconductors [11, 13, 14, 16]. Because the scalar is charged, it
does not fall in the class of fluctuations which we address in this paper, and its instability

8If A = 0, as for example happens for a massive scalar field, we have Y ~ m? near the boundary.

Assuming m? > 0, it follows that A has an even smaller exponent A ~ r*1/2("+1+\/("+1)2+4m2L2)

at large
r. The argument we are about to present justifying the absence of quasinormal modes in the upper half

plane continues to hold.



is thus not ruled out by our argument. As a similar example, consider the holographic
superconductor involving instability of a neutral scalar [14]. Here a negative mass squared
causes Y < 0 violating our initial assumption Y > 0, and this case again is not in our class
of models.” In both cases, this scalar instability causes the phase transition to the super-
conducting state. In the new stable phase, the scalar develops a nonzero expectation value.
(The field which we call ® later in this paper could be thought of as such a condensate.)

4.2 Real w

The observant reader will have noted that while both gravity arguments above rule out
quasinormal modes with Imw > 0, they do not rule out quasinormal modes with Imw = 0.
In section 3, however, we required the Green’s function to be holomorphic also for Imw = 0.
In this section, in addition to ruling out quasinormal modes with real w # 0, we study some
other properties of the Green’s functions for real w.

Consider the quantity W = A’A — A’A introduced above, which for real w can be
associated with the Wronskian. As discussed below (4.4), a necessary condition for A to
be a quasinormal mode is that " FW must vanish in the limit » — oco. Recall that the
Wronskian satisfies the differential equation

W'(r)+ Ti(r)W(r) =0, (4.6)

which for Ty = (F'/F +n/r) is solved by W o r~"/F(r) up to an r-independent constant.
Assuming A ~ (r — 73,)~*/Fh near the horizon, we find

r"F(A'A— A A) = —iwr) . (4.7)

Thus the Wronskian never vanishes unless w = 0 (or in the limit 7, — 0). We conclude
there are no quasinormal modes on the real axis away from the origin for non-zero 7y, and
hence no poles in Gr(w, k) for real w # 0.

To understand the positivity properties of the spectral function, we use the Wronskian
to show w p(w, k) > 0 (for real w). The idea is very simple. Up to an overall normalization,
we can write the spectral density as [23]

-1 A A
Im Gr(w) ~ % TILI&FT" <A — fl)l (4.8)

As A and A are linearly independent solutions, this expression is proportional to the
Wronskian W for the differential equation (2.7). Thus the spectral density can be written
in a way that makes its positivity properties manifest:

ImGRr(w) ~ _ lim (4.9)

using equation (4.7).

9We suspect that Y < 0 also for a third example of instability: the real scalar fluctuation of the
probe brane embedding in the D3/D7 system [22]. Based on numerical evidence, we know the Schrédinger
potential of the scalar develops a well.

,10,



To understand the reality property Ggr(w, k)" = Gr(—w,—k) (for real w), note first
that (2.7) is a real differential equation that depends on w? and k2, not on w or k by
themselves. The solution A is complex only because of the near horizon boundary condi-
tion (4.2). Thus A, up to an overall constant phase factor, is a function of iw with real
coefficients. A is also an even function of k. Given the recipe for constructing Gr(w, k)
from A, the result follows.

Note there exists a physical interpretation of the quantity (4.7).1° The action (4.3)
contains a conserved Noether charge ) associated with phase rotations of A and A. The
left hand side of (4.7) is equal to this ). Thus ingoing boundary conditions at the horizon
force @ # 0 which in turn guarantees that there are no quasinormal modes for real w # 0.
In the case where A is a scalar field, this charge () is related to the radial component of a
charge current J". A slightly more elaborate argument relates (4.7) to current conservation
V.J% = 0: J! is independent of ¢ which in turn forces V,J" = \/ig(?,ﬁ\/—g J" = 0. The left
hand side of (4.7) is \/—g¢J" up to normalization. The sign of Im Gr(w) is related to the
sign of the charge current J".

The absence of poles for real w may seem surprising in view of some results in the
literature. For example, there are Dp/Dq brane systems in black hole backgrounds that
support normal modes, i.e. poles at real w at nonzero temperature [24, 25]. Despite the

11 Another distinct class

nonzero temperature, these systems still have 7, = 0 in (4.7).
of examples, where r, = 0 coincides with 7" = 0, has normal modes only in the limit
T — 0. At any T # 0, the modes have at least a small imaginary part. The current-
current correlation function for the holographic superconductor with a charged scalar at
the Breitenlohner-Freedman bound is in this class [29]. Such modes were also observed in
the low temperature limit of current-current correlation functions for the D3/D7 system,
at nonzero charge densities [22, 30-32].

Even if we were to allow such a loophole of poles at real w # 0 here, given positivity of
the spectral function w p(w, k) > 0, provided the poles are single poles, they will not spoil
the sum rule. The single poles at w # 0 must have purely real residues.'? Regularizing with
an ie prescription, these poles in the real part of Ggr(w, k) introduce Dirac delta functions

into the spectral density which we can integrate over.

4.3 Contraction map for bosonic correlators

To study the large w asymptotics of the Green’s functions from gravity, we find it convenient
first to convert (2.7) to an equivalent, nonlinear first order differential equation. If we have

functions P(r),Q(r), then we can consider the quantity

A-QA (4.10)
S = . .
P A—PA

10Ref. [23] was the first to notice the importance of this quantity.

"1n the D3/D7 brane system with d = 4 at vanishing charge density and at sufficiently low temperature,
there are (scalar and vector) fluctuations with modes having real frequencies. At low T' # 0 the brane
ends outside the black hole as opposed to falling into it. Thus the metric induced on the brane has r, = 0
(Minkowski embeddings) [26-28].

121f the residue at w = ¢ has a nonzero imaginary part b, then p ~ b/(w — ¢). The quantity wp will change
sign as w passes through the pole.
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(Usually we want P and () to be approximations of solutions of (2.7).) Then

s _(P=Q)sD(P) - D(Q)

= - PO - PO ) (4.11)
Also, we have the identity / / /
i - I;z :g . (4.12)
We define u = froo dgl, assuming that
F~or? <1 —pr 4 o(rfd)> (4.13)

at large r and F' ~ (r —r3,) for 7 ~ 7.3 Having set L = 2x% = 1, p here can be related to
the on-shell value of the action and hence to the pressure of the field theory. For a review
of this claim, see appendix B. We choose

ul/2 @

P = /2 H(n+1)/2(wu) , (4.14)
ul/2 W

Q= /2 H(n+1)/2(wu) . (4.15)

Note that!*

D(P) D@Q) n(2-n n+2_F’ _Y (4.16)
P Q 2\ 22  2u2F?2 rF F- '
and that the Wronskian has the form
4i
PQ —PQ=- . 4.17
Q-PQ=- " (417)
Thus the equation for s becomes

I_etsy = T (sH® HWY ’ 4.18
s’ =E(s) = AiF <3 (n+1)/2(wu)— (n+1)/2(wu)> Yy (4.18)

where we have defined

n({2-n n+2 F Y 9
= — — . 4.19
Y (2( 202 o2 rF> F)u (4.19)
We will call the expression multiplied by n/2 above the pressure term because it depends
on p through F.

We will now derive an asymptotic expansion for s(r,w) in the limit w — oo, for
Imw > 0. We introduce the mapping

I(s)= /r E(s(r"))dr". (4.20)

TH

3 Equation (4.13) does not hold for all AdS theories. In general it will only hold if there are no fields
with scaling dimension d/2 or lower.

M Equating the r.h.s. of equation (4.16) to zero determines those Y for which P and @ are ezact solutions.
This observation may be useful for constructing potentials with exact solutions.
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We will assume that Imw > 0 and that y(u) = O(u?2~') as u — 0. For the current-current
correlator, we will assume A > (d — 2)/2 (the unitarity bound for scalar operators). For
the stress-tensor correlator, we will assume that 2A > d. (This latter bound forces us
to consider sum rules for the stress tensor with £ = 0.) Given these assumptions, we will
show in appendix C.1 that this map (4.20) is a contraction mapping with contraction factor
O(Jw|™1). Therefore, the error in s decreases by a factor of |w|~! each time we iterate .
Generally, A is the scaling dimension of a field ® that is coupled to A. (Because of
Lorentz and gauge symmetry constraints, both gauge and gravity fields typically couple to
quadratic functions of fields, hence the factor of 2.) We are particularly interested in the
effect of a nonzero pressure p, for which the effective A = d/2. (In the stress tensor case
n = d — 1, the leading contribution from the pressure vanishes and A > d/2.) Although
our emphasis on the gravity side of the duality obscures the point, one should be able to
think of these couplings in terms of an operator product expansion (OPE) on the field
theory side. The effect of p on the large frequency behavior of the correlation function
comes from the presence of (T'*”) in an OPE of the current-current or stress tensor-stress
tensor correlation functions. Similarly, the effect of a quadratic coupling to a field ® of
dimension A corresponds to the presence of (OO) in the OPE (where @ is dual to O).

4.4 Explicit computation of correlators

Now, we actually compute the asymptotics of the correlators in question.

The first observation is that the large w behavior of s is dominated by the large
r region of the differential equation. This observation is intuitive from the AdS/CFT
correspondence because large w behavior corresponds to the UV of the field theory, and
the UV of the field theory is precisely this large r region. From a mathematical point of
view, we notice that H Zn ) /Q(wu) oscillates very rapidly when w is large. If we expand a
rapidly oscillating integral fooo f(u)g(wu)du as an asymptotic series in powers of w, and f
and g are C'* functions, then only their behavior near 0 (the AdS boundary) and co (the

black hole horizon) is important. (One way to see this is to integrate by parts repeatedly.)
n;;Q
exponentially for large u. So all derivatives of f go to zero at the horizon.

In our case, f = plus some terms that are multiplied by £’ and therefore decrease

In the proof of the contraction mapping above, we neglected suppression due to these
oscillations. Typically, we expect that s will receive contributions only from the large r
region of the integral and so be of order w22, If the pressure term dominates, then 2A = d
while if the Y term dominates, then A will typically be the dimension of a scalar operator
contributing to Y, for example the ® in (A.10).

We will consider the current correlators in d = 3 and d = 4 and then the stress tensor
correlator in general d. We begin with the current two point function in d = 3. From
combining (2.11) and (4.12), we have that

1—s

G%m(w,O) = iwl +s’

(4.21)

(setting e = 1). Note that when d = 3, then n = 0 and there is no contribution to s from

the pressure term in (4.18). We have from the preceding discussion that a nonzero Y will
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induce an s ~ w22, We expect that the dimension should exceed the unitarity bound
2A > 1. Thus, we expect the following variant of the Ferrell-Glover-Tinkham sum rule to
hold for a generic choice of Y:

G (0,0) = 2 /0 T G (0, 0) - w). (4.22)

™ w

For the current two point function in d = 4, we find that

G2 (0, 0) = W <ln(iA/w) - ﬁSS) . (4.23)

The contribution to s from the pressure term should scale as 1/w* while that from Y should

—2A

scale as w where now from unitarity A > 1. Thus a Ferrell-Glover-Tinkham sum rule

of the form ,
2 [*d
GE2(0,0) = / “ (Imagﬂﬁ(w,o) - 7“; ) (4.24)
0

s w

should hold for generic choice of Y.

We can determine the leading contribution to s from the pressure term for this d =4

case. If F = r2 — pr2=4 4 ... for some constant p, then we have 4;’“2 + 41:2 — 57: =
(—4p/5)u* + .... Then we can integrate
> —dput —iru (1) odu 8 4
/0 : 4 Hf (wu) w2 1Y (4.25)

(The integral diverges when w is real, but we may analytically continue from the upper half
plane, where it does converge.) So the leading correction to G (w,0) from the pressure
term is (—iTw?) (185; pw1) = (8p/15)w 2. This term agrees with an analytically solvable
case discussed in appendix A.l. See in particular (A.33). By dimensional analysis, this
correction is of the form one would expect if the first nontrivial term in the OPE of J*
with itself contains the stress-tensor.

For the stress tensor correlator, we are interested in the component G (w,0) =
GRr(w). Combining the results of appendix B and (4.12), we find that

3p . 2iw3s
Gr(w) = —p— 4 + w3 — lt+s’ (4.26)
6p 1 4. . imswd
G = —p— In(iA/w) — 4.27
RW) = —p— o Wt = (4.27)

in d = 3 and d = 4 respectively. Similarly to the current-current correlation function,
the presence of p in the expressions above is consistent with what one would expect if
the OPE of the stress-tensor with itself contains the stress-tensor. To eliminate the power
law growth with respect to w and construct a sum rule, we consider the regulated Green’s
function

5GR((U) = GR(W, T) — GR((U, 0) s (4.28)

where p and s will generically depend on temperature 7. The leading p in Gg(w) comes
from a contact term that we determined in appendix B. The second, p dependent term
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comes from a correction to ). This correction can be generalized to arbitrary d. We have
to look at the large r limit of Q:

Q= (ur) =22 H ) (wu). (4.29)
and in particular we have (ru)(=9/2 =1 — ggz;igr_d%—O(r_d_Q). So Qéi”:o = _ZIZ((ii—_li)r_d
and 0Gr(w) = —p —p(d — 1)d/2(d + 1) + O(s).

To understand the correction from s, note that having set £ = 0 (to be consistent with
the bounds on A and have a contraction map), we find ¥ = 0 in (4.18). As mentioned
above, in the special case n = d — 1 the leading contribution to s from the pressure term
vanishes. We would need to specify more terms in a power series expansion for F to
compute s reliably, but we know that s ~ w22 where A > d/2. Thus s will lead to
corrections of Gr(w) that vanish in the limit w — oo. We find

lim 6GRr(w) = —p — pld = 1)d

lim 2d+1) (4.30)

To understand the sum rule, we also need the behavior of G"*¥(0,0). When w = 0, the

equation (2.7) is easy to solve, A = const. Thus from appendix B, G,"*(0,0) = —p, and

71T / Cf:"ap(w) _ ;‘(l d__:)l()ip. (4.31)

we find the sum rule

In d = 4 we reproduce the result of Romatschke and Son [8]: }Tf %”5/)((4)) = gp = ge.

(In the last equality, we used the fact that for a conformal field theory, the stress-tensor is
traceless and so the energy density e = 3p.) Note we expect this result (4.31) to hold in
arbitrary d for a generic F' satisfying our assumptions.

5 Fermions

We now repeat our analysis carried out in the previous section for the case of Green’s
functions of fermionic operators. Again, it has to be shown that the quasinormal modes of
(now fermionic) bulk fields exclusively lie in the lower half of the complex plane and that
the spectral function falls off fast enough at large frequencies. Our strategy is to decompose
the Dirac equation into a set of identical differential equations involving two-component
spinors. This decomposition allows us to study sum rules in arbitrary dimensions in a
simple way.

5.1 Fermionic Green’s functions in arbitrary dimensions

Consider a fermionic operator Oy in a field theory dual to a spinor ¥ in gravity with the
action

Sy = —i/dd+1x\/—g U(y*D, — ), (5.1)

where U is a Dirac spinor of charge ¢, ¥ = ¥irt. & is a real scalar field which allows
us to study fermionic fluctuations in presence of a scalar condensate, e.g. in a holographic
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superconductor.”® We do not separate ® from a possible fermion mass m. When we
eventually take the metric to be of the form (2.5), we will assume that ® goes to zero
at the boundary as mL + ®gr~% for some A > 1 (which is in general different from the
bound on A in the previous section) and that & is finite at the black hole horizon. For
the sake of generality we keep the fermion mass m # 0 for now, but will set it to zero
soon below. Furthermore, we assume that A; is the only nonzero component of A. The
covariant derivative is )

Do =8+ ywapy" = idAa. (5.2)
where w is the spin connection and A, is a gauge field. For a diagonal metric that depends

only on the radial coordinate r, the spin connection can be written

Wy,ur = mu\/g”’ar \/‘g;w‘ . (5.3)

The gamma matrices 7@ satisfy the Clifford algebra {y?,~1%} = 2¢®. Vielbein indices
are underlined, and the generators of the Lorentz group are o% = ;[ya,yb] = iv®. The
dimension of Oy is d/2 £ mL, where Ay > (d — 1)/2 satisfies the unitarity bound [34].

Dirac equation in arbitrary dimensions. Assuming the metric is diagonal and de-
pends only on the radial coordinate r, it is convenient to rewrite the equations of motion
in terms of a rescaled (2")-component spinor 1) = (—g - g'")/*¥ where n = [(d + 1)/2].
Given the above assumptions on the form of the metric, the equation of motion for ¢ is

[V*(i0a + Aq) — i@ =0, (5.4)

setting ¢ = 1.

We suppose that the fermion has some momentum k. Because of rotational symmetry,
we may assume without loss of generality that the momentum is in the x direction. The
equation of motion for 1 is then

[\/—g“’yt(w + Ap) + i/ g0 — 9"k — 2@] Y =0. (5.5)

We argue that (5.5) can be decomposed into a set of identical differential equations
acting on two-component spinors. Consider a Euclidean Clifford algebra, {7%,7%} = §? in
D dimensions. In the case D = 2, we take 3% = o3 and 4! = o9 the Pauli spin matrices.
Given a Clifford algebra 4% in D = 2n dimensions, a Clifford algebra I“inD+2=2n+2
dimensions is

M=id®o;, IMN=id®o, I*"=3"2g0. (5.6)
For odd dimensions, in the usual way we identify 72"*! with the product of the other
gamma matrices (up to a factor of 7). Given this construction, we can think of 5° and 7!
as block diagonal, consisting of o3 or o5 matrices along the diagonal. Additionally, 52 (for

D > 2) is block diagonal, consisting of o; matrices along the diagonal of alternating sign.
The Lorentzian Clifford algebra can be recovered by multiplying one of the 4% by i. We

15This kind of coupling along with others, and their various implications, were discussed in [33].
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choose v! = i7!, 4" = 4 and 4* = 2. With these choices, (5.5) in an arbitrary number of
dimensions d reduces to two decoupled equations

[\/—gttm(w A +igTosdr + (—1)%/gmTark — iCD] - (5.7)

where 1, with @ = 1,2,...,2" 1 are the 21 two-component spinors appearing in the
2(n=1) spinor equations, respectively, with momentum alternating between +k and —k.
Therefore the second block of equations, i.e. the one for 15, is related to the first block by
k — —k. A third block (if present) is identical to the first, the fourth block to the second,

and so on.

Fermion operator Green’s functions. We are interested in the retarded Green’s func-
tion for the boundary fermion operator Og. The prescription we use to study this fermion
correlation function closely follows that of [35-38] which is based on the work of [18]. In
what follows we will summarize this prescription. Consider a solution to the Dirac equation
with infalling boundary conditions at the black hole horizon. Before setting mL = 0 below,
let us consider small masses mL < 1/2 now. Decomposing ¢ into eigenvectors of ~", for
mL < 1/2 we find the AdS-boundary behavior

+mL mL—1 ,.—mL—1
%:(%&):(aar ot )>’ a=1,2,...,2070. (58

¢a77 ba T—mL + O(T_mL_l, TmL_l)

We are going to work in the massless limit from now on, so mL = 0 and the two spinor

components scale with the same power of  near the boundary.'®
Note that for mL = 0 two quantizations are possible, choosing either a, or b, as the
sources. Here we choose to identify the number a, with the source for the operator Oy,
while b, = (Ouy). Since the Dirac equation is linear, aq(w, E) will be linearly related to
bg(w, E) In order to make this relation explicit, we define the 2”~! component spinors ).

At the boundary, ¢+ asymptotes to the sources, ¥_ to the vevs:
lim ¢y =a; lim ¢¥_ =b. (5.9)

T—00

r—00

The linear relation between vevs and sources can be written

b(w, k) =S a(w, k). (5.10)
The implicit prescription to compute the retarded Green’s function is then [35]:

b= —iGrypa,Ma. (5.11)

Note that Wédy is the field theory gamma matrix. M is a change of basis matrix that
allows for @ and b to transform in different representations of the Clifford algebra. In
odd dimensional AdS spaces, ’y{;dy = 7|4, i.e. 4 restricted to the positive eigenspace of
~", and M = id. In this case Gr is defined only on the negative eigenspace of " and

SNote that the boundary expansion (5.8) can involve logarithmic sources for half integer masses. Fur-

—mL

thermore, for mL > 1/2 the term involving b7 would become subleading compared to O(r™&=1).
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" itself is reinterpreted as the boundary gamma matrix which determines the chirality

~
of the field theory spinors. With our boundary conditions, the expectation values b are
negative chirality Weyl spinors. Choosing the other quantization would allow us to study
the opposite chirality.

For even dimensional AdS spaces where d + 1 = 2n, we need to construct the field

theory gamma matrices. One simple choice is to let b, transform under

t _ ;n+1z0 ~d
Tody = A A

~et
lec)dy - PYCPdey :
such that a, is related to b, via M = Védy- With this choice, the Lorentz generators Wﬁ\gy

and 4 are compatible.
We rewrite the correlator recipe (5.11),

[Grw, k)],* = _iba . oae{l,2,..., 207}, (5.12)

a

Note that in the present setup the matrix-valued Green’s function is diagonal, because the
spinors 1, decouple due to the block diagonal structure of the Dirac equation discussed
above. We now analyse the pole structure of the fermionic Green’s functions from the
gravity point of view in analogy to the bosonic case in the previous section.

5.2 Imw>0

Analogous to the bosonic case discussed in section 4.1 we can again argue for the absence
of branch cuts as shown in appendix D.2. Thus the only non-analyticities to consider are
again the poles of Gr which now correspond to quasinormal modes of ¥. As was the case
with the bosons, there are no poles in the upper half of the complex plane (Imw > 0).
Quasinormal modes are solutions to (5.5) that are normalizable at the boundary (a, = 0)
and ingoing at the horizon. In the upper half plane, the solutions are also normalizable
at the horizon. So quasinormal modes in the upper half plane are eigenfunctions of the
Dirac operator of (5.5) with eigenvalue w. But in the upper half plane the Dirac operator
is self-adjoint and can have only real eigenvalues.

As mentioned in section 2, because V¥ is not Hermitian, the retarded Green’s function
is not expected to have a reality property of the form G%ﬁ(w, k) = G%ﬁ(—w, —k). For
our fermion, however, the Dirac equation (5.7) has a symmetry under complex conjugation
plus w - —w, kK — —k and Ay — —A;. Thus the diagonal components of the Green’s
functions are expected to have the symmetry Ggr(w, k, n)* = Gr(—w, —k, —p) where p is
the boundary value of A;.

5.3 Real w

As was true for the bosonic Green’s functions, we now show that there are no poles on the
real axis, i.e. no (quasi)normal modes with real frequencies. The fermion spectral function
can be written in terms of bulk field components

1 1 |:¢oz,— i %,—*

pkaaa: . *
(@ k)a" = o, Yot | Vas

|:GRaa - (GRaa)Jr = — lim :| y (U,k cR. (513)
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The spinor components 1, + are chosen such that near the horizon they behave as
VYot = (r— 1) @/ Fhlcy 1 + O(r —rp)]. p has poles if 1, and Y5+ vanish simultane-
ously. The quantity W; = (¢a7,¢;7 i —|—¢a7+1/127_) is the fermionic analog of the Wronskian
considered in section 4, and has to vanish at a pole. It follows from the equations of motion
that W; is independent of the radial coordinate, 0,W; = 0 (see e.g. [39-41]).17 Exactly at
the horizon we find for the diagonal entries

lim Wy = —2|co 4| = —2|ca—|?, (5.14)
r—7rp
because, at w # 0, the leading coefficients are fixed by the infalling boundary condition to
satisfy co,— = —Cq,+. Thus there are never poles in the fermionic Green’s function along the
real axis away from w = 0 (co,+ = 0 is the trivial case 9o +(r) = 0). In contrast, at w =0
the infalling boundary condition and equations of motion no longer imply a relation between
the leading coefficients ¢, +. In this case, without loss of generality one of these coefficients
can be chosen to be real, the other imaginary, and the sum W; = [Cz,_caar + ca7,c(’;7+]
vanishes. For example, in the zero temperature limit a fermionic (quasi)particle pole sits
at w = 0 at the Fermi momentum k = kr [36].
Positivity of the spectral function can be made manifest using equation (5.14) [41].
Consider that p,® = — lim,_,cc W;/(2[tba,+|?), which implies for the diagonal elements that

. ’Ca+’2
¢ = lim ’ >0. 5.15
Pa r=00 |1ha, 4 (r)|? ( )

Note, that the fermion spectral function (5.15) does not contain any explicit factor of
w, in contrast to the bosonic one (4.9). Therefore, it is non-negative also for negative

frequencies.'®

5.4 Asymptotic series for the correlator

Again, we want to determine the large frequency behavior of the Green’s function for
Imw > 0. In order for a sum rule to be valid, we need Green’s functions that fall off fast
enough at large frequencies. In order to examine this large frequency behavior, we are
going to introduce a map Z(v). Let us first define two helpful abbreviations

u=— [V -gg, (5.16)

and
v = —/ dr'\/—g“gw Ay (5.17)

17Similar to the bosonic case, this quantity can be related to the radial component of a conserved current
JT = Uy = W;/\/—g. That 0,W; = 0 follows from the fact that V,J* = 0 and the observation that
the components of J* depend only on 7.

18Similar to the bosonic case, the sign of the spectral density is related to the direction of the radial
current J" mentioned in footnote 17.
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19 we choose

While the method that we used for bosons can also be applied to fermions,
to use a different method that can be generalized more readily to spinors with more than

two components. We define the mapping

I(y) = e @ty 4 7(y), (5.18)

with

T() = i o) /

u

> — iyt (wu'4v) o7 e i®
e ). <\/ggttlm +\/_gtt>¢ (5.19)

where ¥ satisfies

Tt = 0 0,00 =0. (5.20)

Then a fixed point of 7 is a solution to (5.5) with infalling boundary conditions. In other
words Z (1)) = 1) is equivalent to the equation of motion (5.5), as can be shown by taking
the derivative with respect to u on both sides of Z () = .

We can write the first term of (5.18) as

1/1(0) _ I(O) _ e—z‘(qurv)z;(O) ) (5_21)

This is a solution to the equation of motion (5.5) for £ = 0 and ® = 0. Therefore it
can also be considered an approximate solution to the full equation (5.5). We will show
in appendix C.2 that the map Z (1)) can be iterated, using ¥ as an initial approximate
solution, to find the exact solution.

Now we actually compute the first correction to the fermion correlator in the large w
limit. The leading term comes from a ratio constructed from the components of ¥(®) and

P = Z(p0) — (0 We compute 1) and obtain

¢(1) :iei(wu—f—v)/ du/e—Qi(wu’-l—v),yr <\/9 kv + \/ gtt>w(o (5.22)

Once again we have an integral that oscillates rapidly for large w. As long as all
derivatives of \e/f;ztwr (Vg% k~y* +i®) go to zero at the horizon, the asymptotic series

depends only on the behavior near the boundary. We have \/ —gtt ~ \/g*® ~ u. If we let
Ay ~ p, then v ~ pu, so v — 0 at the boundary. We also let ® ~ ®ou” with A > 1.
The leading correction from k is

f S TA (5.23)

21w
)=
)

1 .
]E: |u=0'\’l

¥Suppose A, P, Q are functions that take values in a two-dimensional vector space, and A satisfies D(A)
A'+TA =0. We define s = 2. Then s’ = ! [(PAD(P))s*—(P AD(Q)+Q A D(P))s+(Q A D(Q))

Q@

)
A P
The second order system A”+T7 A'+Tp A = 0 is just a special case with A — (A' ) , P— (P’ ) ,Q— (

0 —1
and T — <T0 T )
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The leading correction from & is

(23))A (A O (5.24)

In our gamma matrix basis, we choose ¢(® = (1,1,...,1) ® (=1,1). We find then that
W ]—o ~ (k/2w)(1,-1,1,-1,...,1,—-1) ® (1,1) + o(1/w). Therefore at large w

Zf)g) |u=0 ~1

ik

Gr(w, k), = <2 + 7+ 0(1/w)> . (5.25)

w

Note that if we consider instead the trace (provided d > 2),
tr Gr(w, k) = 2"+ o(1/w). (5.26)
Thus, we can write down a sum rule of the form

lim wtr Gr(w, k) = / dw (trp(w, k) —2"71). (5.27)
w—0 s

The left hand side will typically vanish provided tr Gr(w, k) is finite at the origin. This
sum rule is similar in spirit to but different in detail from a fermionic sum rule that arises in
the context of ARPES (Angle Resolved Photo Emission Spectroscopy) [47]. This ARPES
sum rule is [ dwA(w, k) = 1, with the spectral function A(w, k).

6 Discussion

We have seen how some well established properties of Green’s function in field theory are
realized in a dual gravitational description through the AdS/CFT correspondence. While
our results are not completely general, they do apply to a class of correlation functions in-
volving scalars, conserved currents, the stress tensor, and massless charged fermions. Some
of these properties were easy to establish and the results were partially known in the liter-
ature before. For example the positivity properties of the spectral function, wp(w,k) > 0
for bosons and p(w, k) > 0 for fermions, follow from the horizon boundary conditions and a
conserved charge. That Ggr(w, k)* = Ggr(—w, —k) for Hermitian operators turns out to be
an almost trivial feature of the differential equation and horizon boundary condition gov-
erning the Green’s function (and similarly Gg(w, k, u)* = Gr(—w, —k, —p) for fermions).
Other results were more significant. For the bosons and fermions, we established necessary
conditions for Gr(w, k) to be holomorphic in the upper half of the complex frequency plane
including real w # 0. We developed a contraction map for the bosons and a contraction-like
map for the fermions that allowed us to determine the large frequency behavior of Gg(w,0).
We suspect that these contraction maps may be useful in other contexts to study the large
frequency behavior of Green’s functions from gravity.

We were able to rederive some known current and stress tensor sum rules [8, 11, 12] but
from a different viewpoint and in a more general context. From the results of this paper, we
see that these sum rules hold not just for black D3-brane backgrounds [8, 12] and not just
for the holographic superconductor in AdS; with a scalar operator of conformal dimension
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one or two [11], but more generally, in other space-time dimensions and in cases where
the backgrounds may be deformed by expectation values of arbitrary operators (though
typically some lower bound was placed on the conformal dimension of these operators).
One interesting observation that follows from generalizing the sum rule of [8] to arbi-
trary dimension is that (4.31) for the stress-tensor correlator G*¥*¥(w, 0) can be related to
a similar sum rule for Chamblin-Reall backgrounds [9]. The sum rule of [9] can be written

s 1 1 dw
= . .1
2 1+ 22 w/ op(w) (6.1)

in our notation as

As discussed by [42], these five dimensional Chamblin-Reall backgrounds can be realized
as dimensional reductions of asymptotically AdS;y1 space-times on a d — 4 dimensional
torus. The speed of sound vs and temperature 1" of the Chamblin-Reall background are
identified with those of the AdSg;1 space-time, while the entropy density s and pressure
p are rescaled by the volume of the torus. For conformal field theories dual to these
AdSgy1 space-times, we expect sT' = pd and v2 = 1/(d — 1). Making these substitutions
converts (6.1) into (4.31).

As pointed out by [43], this trick of dimensional reduction also works for constructing
black Dp brane solutions from higher dimensional AdS;,1 space-times. We find that black
D1 and D4 brane solutions come from reducing AdS, and AdS7 space-times on a circle, as
one might expect given the relation between M-theory and type IIA string theory. More
formally, DO branes and D2 branes come from AdS;;1 where d = 14/5 and d = 10/3
respectively. Thus we find predictions of Romatschke-Son type sum rules for black D0, D1,
D2, and D4 branes. In general, Dp-branes are related to dimensional reductions of AdSg;1
space-times with d = 2(p — 7)/(p — 5) [43].

In the appendices, we wrote down some mildly interesting sum rules that to our knowl-
edge are new. We noted that the current correlation function in d = 2 has a pole at w =0
that makes the integral in the naive sum rule (3.7) divergent. One possible construction
that evades this problem is (A.26). Another more standard sum rule (A.27) involves reg-
ulating the pole by taking derivatives. We also wrote down some new sum rules (A.37)
for the current-current correlation function in the d = 4 case, i.e. the case of N' = 4 super
Yang-Mills at large N and large 't Hooft coupling. We hope our techniques can be used
and generalized to find more new sum rules from gravity.

We did not study the full current-current or stress tensor-stress tensor correlation
functions, but only a single component of these multi-index objects. Our fermionic Green’s
function turned out to be diagonal in spinor indices. One would of course like to investi-
gate the full current-current and stress tensor-stress tensor correlation functions, and also
consider more generic cases where the fermionic Green’s function is not diagonal. Such
cases would involve solving more general coupled systems of ordinary differential equations
in gravity. Two distinct systematic approaches to such coupled systems were developed
in [39, 46].

We leave the reader with the most interesting unanswered question of the paper: what
is the physical meaning of the sum rule (3.7) in gravity? Is there a dual gravitational
interpretation of the sum rule itself?
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A The holographic conductivity equation

In this appendix, we want to demonstrate how an equation of the form (2.7) arises in
computing a current-current correlation function from AdS/CFT. We also review some
simple cases where closed form expressions are available for these correlation functions.

Consider the action

1 d(d—1) 1
S = /dd+1x\/—g [%Q <R+ 2 > - 462FabF“b — |D,®* — m?|®)?]|,
where D, = V, —iA,. We look for a solution to the equations of motion with the ansatz
A= A(r)dt+ Ay(t,r)dx, ® = ®(r) (with ® a real function) and
2

2
2 _ _ X2 T e AT
ds f(r)e dt +L2 dz +f(r)

We will treat the components A, and g as perturbations and only consider their lin-

+ 294, (t,r) dx dt . (A1)

earized equations of motion. As given in ref. [14], we find that the background satisfies the
equations of motion

<I>’2+d_1 I 1 eXA£2+(d—1)(d—2)_d(d—1)
2 KZrf 22 f 2Kk2r2 2K2L2 f
eXAZ0?  mie?
+ =0, A2
#oty 42
d—1 o | TeXAZP?
) = A.
9 g TTEIE 0, (A.3)
d—1 2e2 A, ®?
Al Al — = A4
(e mes
d—1 f ¥ eXAZ  m?
ol - P’ b - ®=0. A5
() e (e —
We impose the boundary conditions
r2 - r2
f:L2+..., e X :L2+..., (A.6)
d=0ar"2+..., Ar=p+..., (A7)
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as r — oo where A > (d — 2)/2 satisfies the unitarity bound. We also want to assume the
existence of a horizon at a radius r = 7, where f(r;) = 0 and A;(rp,) = 0 vanish linearly
with 7. The other functions y and ® are finite at the horizon. There is a relation between

Al(rp) = Ap, f'(rn) = fa, X(rh) = xp and ®(rp,) = Py

fn d K2 [ AFeXn
’;2 +2m*®7 ) . (A.8)

rn L2 d—1

Given such a black hole background, the linear fluctuations satisfy the differential

equations
2 252
ggm — Tgtx + .2 AQAJC =0, (A.9)
/ / d— 3
A/l f _ X Al
s T (f 9 + , =T
2 2 2A12 2 2@2
A o

This equation (A.10) is precisely of the general form (2.7).

In the following subsections, we review the cases d = 2, 3 and 4 when & = A, = y =0,
and f = r2(1 — (rp,/r)?)/L?, and the equation (A.10) is exactly solvable. One can locate
the poles of the correlation function, deduce the large w behavior, and verify the sum rules
analytically. The sum rules for the corresponding correlation function G%*(w) are often

rephrased in terms of the charge conductivity o(w) = G%*(w)/iw.

A.1 Current-current correlators in thermal backgrounds

We review some known and partially known results for current-current correlators cal-
culated from dual AdS-Schwarzschild backgrounds. These are correlation functions in a
thermal bath that preserves rotational symmetry. The first part of our treatment fol-
lows [48].

Gauge invariance puts some constraints on the form of current-current correlation

functions. We expect that

G" (w, k) = PL I (w, k%) + LI (w,k?), (A.11)
where
T T T kikj
k. k
L T v
P;w = P, — PW, P = N — ’];2 (A.13)

These correlation functions satisfy the gauge symmetry Ward identities because k“PEV =

0= krPL,.
Our d + 1 dimensional black brane metric is
L2 dz?
ds?® = —f(z)dt* + d7? A.14
=0 (~r@ar a1, (A.14)
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where f(z) = 1 — (2/2,)?% Consider the action for a Maxwell field in this background:

1
Sen = - / A/ —gFyF . (A.15)
We would like to consider fluctuations with a e~ “**%% dependence. There are two types,
longitudinal and transverse. By a gauge choice, we set A, = 0. The transverse fluctuations
involve A, where a # t, x, or z, while the longitudinal fluctuations involve both A; and
A,. The transverse fluctuations satisfy the differential equation

/ _ 2 1.2
A;{+<"}+3zd>A;+w ffan:o. (A.16)

The longitudinal fluctuations satisfy the three coupled differential equations

WA, + kfAL =0, (A.17)
' 3-d 2 k
Ag+<§+ ] >A;+°;2Ax+°;2,4t:o, (A.18)
3-d , kK k
Ay A J‘;’Am:o. (A.19)

The third equation follows from the first two. There is an equivalent “gauge invariant”
formulation of this system of equations constructed from F = kA; + wA,:

" w2f’ 3—-d , wQ—ka
E+<f(w2—k2f)+ . >E+ Iz

From solutions to the differential equations (A.16) and (A.20), we can construct II7 and

E=0. (A.20)

IT" respectively. For a retarded Green’s function, we choose ingoing boundary conditions
at the event horizon: E ~ A, ~ (1 — z)~@#/4_ At small z, A, and E have the expansion

a(l+..)+b22(1+..)), (A.21)

and the corresponding retarded Green’s function, up to contact terms, should be b/a for
d > 2. For d = 2, the expansion will be a little different, b—aln z+. .. (see for example [49]).

In the following subsections, we will work in units where z, = 1. Note that the
temperature of the field theory is given by T' = d/4mz,. To restore units, we shift w —
wzp = wd/47T.

d=2. In d = 2 space-time dimensions, there are no transverse fluctuations, and we need
solve only (A.20). The solution with the correct ingoing boundary conditions at the event
horizon can be written in terms of hypergeometric functions [50]:

. w2—k2
E:(1—22)_Z“/2[(1—z2)z2< A —i—z’w—l)x (A.22)
><2F1[2—Z<w+k),2—Z(“’_k),2—m;1—z2}
P P
- o o
+<2 2wz2—1> (iw — 1)2 [1—1(“’; ),1—1(”2 ),1—iw;1—z2”.
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(The other solution is the complex conjugate.)?® The near boundary expansion of this

solution has the form £ = b — aln z. The corresponding Green’s function is then

1 (w, k) = —wj“_"kQ - ;@z) <i<k2_°")) - ;¢ (—“%”) Cy+InA,  (A23)

where In A is a renormalization dependent contact term and ¢ (z) = I'(z)/T'(x). Note that
ITY has poles in the lower half of the complex plane at positions w = £k — 2ni where
n=20,1,2,....

The spectral function is
_ L_T ™ T,
p(w, k) =ImIT" = A <Coth <2 (w+ k:)) + coth (2 (w k:)>> . (A.24)

Since wp(w, k)/(w? — k?) > 0, it follows that wp(w, k)P is a positive definite matrix, as it
should be.

There is a sum rule here of the form?!

/OOO ‘f:" (p(w/a, 0) - pleo/b,0) + " . a) B gm . 20

a

Thinking of a and b as shifting the temperature, we are regulating the sum rule by com-
paring the spectral density at two different temperatures and additionally subtracting off
a divergent contribution at w = 0. Note that p(co,0) = 7/2. There are also a series of

1 772w>
w o 12 )7
(1 d 1 2 4,3
Y ():/ w P, 0) — _Tw W 7
384 Twd w 12 720

1

w

() (1) _/ dw 2w mhwd 7w
- p(,0) 12 T 720 " 30240 )

generalized sum rules of the form (3.8):

¢(2;(1) :/ dw (p(w70)_

Tws

46,080 Tw?

W),y dw 1 1 (mw)?* By,
(4n)!! (=)™ = Tw2ntl p(w,0) = w o w (2k)! ) (A.27)
k=1
The subtractions here regulate the IR divergence at w = 0.

20We would like to thank Jie Ren for discussions about this case.
2! This integral is an example of Frullani’s integral (which in turn is an application of Fubini’s theorem).
Assuming that df /dz = g(x), then

o) b (o)
/0 dz f(bx);f(”) :/ du/o dz g(uz) = (f(o0) — £(0)) In(b/a). (A.25)

In our case, f(z) ~ coth(z) — 1/x.
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d=3. For d > 2, an exact solution is available for (A.16) and (A.20) only in the case
k = 0. Note that when k = 0, the two equations are identical and IT1*(w,0) = I17 (w, 0).
For d = 3, the authors of [51] found the solution

Ay(2) = E(2) = exp <z’w /0 ’ fiZ)) . (A.28)

The corresponding Green’s function is
II(w,0) = ip =iw. (A.29)

Note that the Green’s function in this case has no poles. The spectral function satisfies

/OO <Z—1)dw:0. (A.30)

—00

the trivial sum rule

d=4. For d =4, the authors of [52] found the solution

1 —iw/4 1 —w/4
E:<1—22> <1+22> .

141 141 w1 1
Fi|1-— — 1-— 1— . A.31
2 1|: 4 W, 4 W, 2,2< 2’2>:| ( )

(The other solution is again the complex conjugate.) The Green’s function is
9 14 1
(w,0) = —iw — “; [27+1nA’ 1 (— I%) + ( ) Zw)] . (A.32)

This Green’s function has poles in the lower half of the complex plane at positions w =
2n(£1 — i) where n = 0,1,2,.... For comparison with a result in the body of the paper,
we give the large w expansion of II(w,0):

8

2 .
[(w,0) = w*In(iA/w) + 1502

+O0(w™). (A.33)

The spectral density is

nw? sinh(nw/2)

2(Cosh(7rw/2) — Cos(mu/2)) ’ (A.34)

p =
An indefinite integral is known

/Zdw _ m:lﬁ N ;}(1 i (1 B e—7w(1+i)/2> n ‘*2)(1 +i)ln <1 _ 6—7rw(1—i)/2)
+jTL12 <e,m(1+i)/2> _ ;Lig (efm(lfzm) . (A.35)

From this integral, it is straightforward to verify the sum rule

oo 2
/0 i(p—w;‘)>dw:0. (A.36)
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This integral was studied numerically by [12].
Like in the d = 2 case, there are some more interesting sum rules of the form (3.8)
that one can write down: we have

¢(5) dw m2w? miwd
T o6 :/mﬂ (p_‘”_ 24 _2880>’
¢(9) dw m2wd  mhwd 0w’ 78w
212 /mll ('O_‘” T o4 2880 241,020 T 19,353,600) ’

An +1 . d " 2,2\ 2%
TR N (R SR O I
k=1

(oo~ (i) aa)

The subtractions regulate the IR divergence at w = 0.

B The holographic T*¥ two point function

In this appendix, we review how an equation of the form (2.7) arises in computing a
stress-tensor two-point function from AdS/CFT. Consider the action

1 d d(d—1) 1 J d—1
S:%Q/d“x\/_g(}wr 12 >+1<2/d T\ =gy | K — L) (B.1)

where K = V#n, (sum on only the gauge theory indices) is the trace of the extrinsic
curvature and n, is a unit vector normal to the boundary and pointing toward larger r.
We take the ansatz for the metric

d 2 2
f(T?“) + 222 o(rt,z)dxdy . (B.2)

The tensor g,y is the induced metric on a constant r slice.

2
ds? = — f(r)e X0 a2 + ;2 A7 +

We define two quantities, the bulk Lagrangian and the zeroth order Einstein tensor:

_ V-9 d(d—1) o _ 05
L= 02 (R—l— 12 ) , G%= 5ga1 ¢:0. (B.3)
The first observation is that
L@ =, O [V-0(0:0)(0"6) — 40u(y/~9 60°9)]
a=t,r.z
1 V=9f 3
_m28r ( . > +0(¢°). (B.4)

Note that this equality is only valid to order ¢3. From this observation, because of the
(0¢)? term in the Lagrangian, we conclude that (2.7) does indeed govern the stress-tensor
two-point function. Also, we find the onshell action reduces to

1 d—1 1 3
Sos = 2 /ddx\/—gbry (K - n" (r - 4@5&(}5)) . (B.5)
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With the addition of matter fields to the action, one should include the bulk stress tensor
in making the subtraction (B.4). However, provided these matter fields have high enough
scaling dimension, they will not affect (B.5) in the large r limit.

Consider the simple case of a constant metric perturbation where ¢ = ¢q is a constant.
We will assume that for large 7, x ~ 722 where A > d/2 and that f ~ (r2/L?)(1 —
2k2LH1p/rd ). In this case, the on-shell action evaluates to

Sos = /ddxp <1 - ;(b%) . (B.6)

We conclude two things. The constant p can be interpreted as the pressure and
GR™(0,0) = —p.

To see what happens when ¢ is space-time dependent, let’s consider the specific cases
d = 3 and d = 4. Again, this analysis should generalize to the case where there are
additional matter fields in the action, provided the matter fields have conformal scaling
dimension A > d/2.

d=4. Near the boundary, ¢ has the expansion

n poL*(w? — k?) n #1 n PoL®(w? — k?)?

o= oo 12 " 164 Inr+... (B.7)
This expansion yields the on-shell action
2 2
_ 4 W=k 9 1y
sum [ [ e (1 1) -
dogr | LP _
+L5/<;2 + G2 (k2 - w2)2(1 +41n r)qﬁg +O(r 1) .

To regulate the In(r) and 72 divergences, we can add boundary counter-terms

L

4
St = A2 /d m\/—gbry <'R,—

L2In A/
2“ RWRW> , (B.9)

where R, and R are the boundary Ricci tensor and Ricci scalar respectively. At leading

order in ¢,
1 (L% w?eX\ , 3
R—2< 2 f >¢ +0(¢°), (B.10)
1 /L2 w2ex\?
1% _ _ 2 3
ReRy = o (M3 =) # o). (B.11)
The end result is that
1 dod1 | LP¢F
_ 4 2 0 /7.2 212
Sos +Sct = /d X |:p <1 — 2¢0> + L5I{2 + 16/{2 (]C — W ) InAj. (B12)
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d=3. Near the boundary, ¢ has the expansion

Liw? o1
= e B.13
d=dot+ 5 b0t 5t (B.13)
This expansion yields the on-shell action
2
_ 3.1 W 2 Lo 3
Sos = /d X |:4l-€2 (JSO’I“ +p (1 - 2¢0> + AA K2 ¢0¢1:| . (B.14)
To regulate the r divergence, we can add a boundary counter-term
L 4
Set = 0.2 /d :c\/—gbryR, (B.15)

where R is the boundary Ricci scalar. At leading order in ¢,

1eXw? ,
= — .. B.1
R 5 f o° + (B.16)
The end result is that

Sos + Set = /dgx [p <1 — ;(b%) + i?ﬁﬁ;} . (B.17)

C Contraction maps

C.1 Bosons

We prove .
I(s):/ E(s(r"))dr’ (C.1)

is a contraction mapping. First, we restrict the set of s that Z acts on to a domain
r1,00] le=2wu s(r)| We will
show first that Z(s) € D. Then, we will show that for sufficiently large w, 7 is a contraction
mapping with contraction factor O(Jw|™!). More specifically, we show that

D = {s:||s|lec < K} for some constant K where |[s|[oc = sup,|

c
|Z(s) —Z(s0)|] < |w|||5_50||oo Vs, s0 €D, (C.2)

Note that
o [, | “PD(P)|
o< sl [ a0 g
> [e** PD(Q)| + |e*“QD(P)| * 1QD(Q)|
+118/loo /rh |PQ' — P'Q) +/T'h PQ — P'Q|"

We will show below that each of these four integrals scales as 1/|w| in the large w limit,

(C.3)

provided Imw > 0:

[" kTR o [7alErR@  Cro
r |1PQ = P'Q[ — v - |PQ = P'Q| ~ |w|
/OO dr/‘emqu,D(P)‘ < CQP /OO dr' ’QD(Q)’ < CQQ ]
r |PQ' —P'Q| — |wl o 1PQI=PQ[ ™ ||
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The inequality (C.3) reduces to
1
1Z(s)| < o] (K*Cpp + K(Cpg + Cop) + Cqq) - (C.4)

Thus if K is of order one compared to w, then Z(s) € D.
Next we evaluate the Lh.s. of equation (C.2)

[e%¢) e4iquD P
769 - 0l < lls = sl (Jls+ slle [~ 0| G0 TR0+ (e
Th
[ ar ke PP@ QPN
rh |[PQ — P'Q)|
(2KCpp + Cpg + Cgp)
< o T s — s0ll0e (C.6)
is a contraction mapping with ¢ = 2KCpp + Cpg + Cgp.
A lemma. To demonstrate that
o] 4iqufD P 00 4iquD P
/ . (,)‘dr:/ . (,)'qugcpp, (C.7)
vy | PQ—P'Q o | PQ—PQ |w

we first perform a change of variables so that the integral is over w. Then we split the in-
tegral. The Hankel functions H(( )+1)/2( ) have the property that |H +1)/2( z)| = O(z~1/?)

as T — 00, ’H(n—f—l /2( z)| = O(z=(*1/2) as & — 0. The quantity y(u) has the property
that |y(u)] = O(u™') as u — oo. We assume that y(u) = O(u?*~1) as u — 0 for some
A. We split the integral into three parts according to whether w is greater or smaller than
some fixed value ug, and according to whether |w|u (the absolute value of the argument
of the Hankel function) is greater or smaller than one. So the three regions are (ug, c0),
(’wrl’UO)? and (07 Wﬁl)-

On (ug, 00) we get a bound of foo O((lwlu) ™ HO(uY)du = O(|w|™1). On (||, ug) we
get a bound of f L O((Jw|u)™HO(u?2~Y)du, which is O(|w|™1) if 2A > 1. On (0, |w|™1)
we get a bound of flwl O((|w|u) ™ HO(u?*~Ndu, which is O(|w|~22) if 2A > n+1. So,
for n > 0, 2A > n + 1, the integral converges and is O(|w|™!) for large w.

For the current-current correlator, we have n = d — 3, so we have convergence if
2A > d — 2. For the stress tensor correlator, n = d — 1, so we have convergence if 2A > d.

The result for Cpg, Cgop, and Cgq and the other three integrals follow analogously.
So, assuming A is sufficiently large, s — [ £(s) is a contraction mapping with contraction

factor O(|w|™!). We can use this mapping to find an asymptotic expansion in powers of
|w| =t for the solution to (4.18).

C.2 Fermions

We show that Z(s) (5.18) is a contraction-like mapping. (We assume Imw > 0.)

Y = 1°0+D(0) — 1°(0) (C.9)
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where Z°(0) = g(I( . %(0))) Equivalently, Z°7(0) = © + @) 4+ ... 44U~ These
~

contributions are the corrections, which extend the solution ¥(®) to nonzero momentum

k and introduce a non-vanishing scalar ®. If >, ) converges, then it converges to a

solution of (5.5).

We would like to show that ¢(9) decreases exponentially with j, which would imply that
the sum converges. First, we observe from the definitions of Z and J that Z (1) —Z(12) =
J (1) — T(be) = T (11 — 12). We apply this identity to the right hand side of (C.9) to
obtain

WV = J(Z(0) = °07D(0)) = T (V1) (C.10)

It turns out that J(¢) is not necessarily smaller than 1. However, we can still show that
J (T (%)) is smaller than 1 by a factor of O(w™™"1A)) where A is the scaling dimension
of ®. Given our assumption A > 1, we have that min(1,A) = 1. We write

j(j(¢)) _ _/du//du/l |:e—i'y7“,yt(w(u//—u)—f—?)(u//)_v(u)),yr (\/gl'l'k,yx _|_Z(b) \/—gtt|u//:|

x [e*”w(‘“(“'*”N)”(“')’”(“N))v” (Vg=eky" +i®) \/—gttM ¢ (C.11)
= —/du'j(u,u/)i/), (C.12)

u
where we have changed the order of integration and defined a new function J(u,u’).

Another lemma. We now examine the properties of J(u,u’) defined in equation (C.12)
in order to prove the fact that the corrections converge, i.e. that

I < Clwl w2 (C.13)

is satisfied for some C, where we define |[1)|| = sup |e!(=<4 V)|,

Consider

T(uyul) = 77 @A HE@) [(Jgaehy® 4 i®) \/— gyl

u/

. / dul"e™ " W) [(Jgrrky” +i®) V—gu] |, (C14)

u

ul

Once again we have a rapidly oscillating integral. We can bound the integral using inte-
gration by parts. Let f be the integrand in (C.14).

/ eiwu”f(ul/)dul/ _ |1| _ieiwu”f(ul/)m/ —|—’L/ eiwu”f/(u/l)du//
u w u
< (2sup|f<u">| -/ |f'<u">|du")
0
— O(lw|™Y). (C.15)
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since f and f’ decrease exponentially as u becomes large. The quantity on the first line
of (C.14) decreases exponentially as u’ becomes large. Then

[ty = [T ol e ui)an

= O(lw[ Ml (C.16)

o0 -
We have thus shown that 3" +U) converges to a solution of the equation of motion (5.5).
J

D On the absence of branch cuts

In field theory, retarded Green’s functions typically have branch cuts in addition to poles in
the lower half of the complex frequency plane. Because of our reliance on classical gravity
and backgrounds with non-extremal black hole horizons, the expectation is that the field
theories are in a large N strong coupling limit and at nonzero temperature. In this case,
the common lore is that the Green’s functions will have only poles [44, 45]. Indeed, the
exact results (at T # 0) we find in appendix A.1 lack branch cuts.??

On the gravity side, Gr(w, k) is free of branch cuts in the upper half of the complex
frequency plane essentially because the differential equation (2.7) is holomorphic in w.
In the next section, we argue that given an assumption about the singular points of the
differential equation (2.7), the singularities of Gr(w, k), possibly away from a set of discrete
points on the negative imaginary axis, are entirely determined by the quasinormal mode
solutions we studied above. The assumption is the requirement that » = r, and r = oo
be regular singular points of (2.7), and that there be no other “nearby” regular singular
points. More specifically, we want the Frobenius power series solutions at » = r, and
r = 0o to have an overlapping region of validity along the real line rj, < r < 00.23

We repeat our analysis for fermionic Green’s functions in appendix D.2. In ap-
pendix D.3, we outline a method that will allow for more general types of singularities
in the differential equation. This second method does not rule out branch cuts in the lower
half plane, and may be useful for studying gravity systems away from the large N and
strong coupling limit.

D.1 Bosons

Given our assumption, there exists a Frobenius series solution to (2.7) at r = oo which is
holomorphic in w on the interval r, < r < co. The series solution at r = oo will generically
take the form:

A(r) = ar®1 Z ard + br—2 Z by~ (D.1)

221n regulating the large frequency behavior of these exact Green’s functions, we often add logarithmic
terms. However, we are free to choose the branch cut of the regulator to lie in the lower half plane.

Z3This assumption can probably be weakened and the following argument made to work provided the
“nearby” singular points are regular and their indicial exponents independent of w.
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where —A and A —n — 1 are called indicial exponents and satisfy the quadratic relation
A(A—n—1) =m?2L2. (We are allowing Y to include a mass term.) The coefficients a and
b are arbitrary and independent of r, and we choose ag = by = 1. The fact that (D.1) is
holomorphic in w is perhaps obvious: the indicial exponents of the series do not depend on
w, and therefore a; and b; will be polynomials in w. Note that if 2A —n — 1 is an integer,
the expansion may be modified to include logarithms. But the logarithms are functions of
T, not w.

The existence of a holomorphic series solution at r = r}, is less obvious as the indicial
exponents depend on w. We have:

[e.e]

Aclr) = (r =m0 Do =) (>-2)
=0

We assume c19 = 1. The coefficients of the ingoing Frobenius series A_(r) will involve
poles at regular intervals 2iw/F}, = n where n is a positive integer. The poles come from
the fact that for these values of w, the two horizon power series Ay (r) solutions overlap
and A_ should be modified to include In(r — r1,) dependence. There is a similar problem
with w = 0. Nonetheless, we can conclude that A_(r) is holomorphic away from these
particular values of w and that moreover A_(r) is holomorphic in the upper half of the
complex frequency plane.

To determine a and b in (D.1), and hence the Green’s function, we can match the
ingoing Frobenius power series at the horizon (D.2) (and its derivative) to the one at the
boundary (D.1) at some intermediate point r;, < r < oo. The matching involves solving
a linear system of two equations and two unknowns, a and b. Because there must exist
a globally well defined solution, the determinant of the system cannot vanish, and the
resulting @ and b must be holomorphic in w, away from the special values mentioned in the
previous paragraph.?*

The Green’s function can be computed from the near boundary limit of A’/A where
we know a and b are holomorphic in the upper half plane and at worst meromorphic in the
lower half plane. Hence, any branch cut or singular behavior of the Green’s function in
the upper half plane must come from zeroes of a, which we studied and largely ruled out,
except at w = 0, in the previous subsections.

If we relax any of the three initial assumptions of large IV, strong coupling, or T' # 0,
the argument above generally ceases to work. So, for example there is a possible source
of confusion regarding the T" = 0 limit where we know that the Green’s functions do
often have branch cuts. From the gravity side, the regular singular point at r = 7, can
become an irregular singular point at » = 0 in the limit 7" — 0. The asymptotic series
expansions around irregular singular points typically have a zero radius of convergence,
and the matching argument above fails. Similarly, 1/N corrections and finite coupling are
both known individually to introduce branch cuts [44, 45] in the lower half of the frequency

2AThe determinant is the Wronskian for the two power series solutions in (D.1) for which W; = (2A —
n —1)r~"/F(r). Superficially then we appear to have missed 2A = n + 1. In this case, an extra logarithm
in one of the series expansion guarantees that W; does not vanish.

,34,



plane. The technique outlined in appendix D.3 may be useful for these cases although it
does not work for 7' = 0.

D.2 Fermions

Similar to the discussion of branch cuts in the bosonic case of appendix D.1, we argue that
there are no branch cuts in our fermionic Green’s functions away from 7' = 0. Instead of
working with a second order differential equation, we find it simpler to work directly with
the first order system (5.7).

Comparing with the bosonic case of section D.1, we make the same assumptions about
the regular singular points of the differential equation, and we attempt to match a power
series solution at the horizon to a power series solution at the boundary. The fermion
equation of motion (5.7) may be written

v = Ta (D.3)

where ¥ is a 2 x 2 matrix encoding the coefficients from (5.7). In computing these power
series, diagonalizing the matrix T at the regular singular points may introduce square root
branch cuts. In fact, the boundary and horizon power series expansions are free of such cuts.
For the massless fermion, the boundary is actually not singular, and no diagonalization is
required. Near the horizon, we know

Sw_i(r—c:h)FhG(l))' (D.4)

The eigenvalues and eigenvectors of lim,_.,, (r —7)% have no square root branch cuts. The
Frobenius power series for the infalling solution will have at most logarithms and only for
the same special values of w along the negative frequency axis that we found in the bosonic
case. Thus the horizon and boundary expansion of i are holomorphic in w everywhere
except for possibly a discrete set of w along the negative frequency axis. We can conclude
the only singularities in the fermionic Green’s function (away from these discrete values)
come from quasinormal modes. It should be possible to relax the assumptions about the
regular singular points of (5.7) along the lines of appendix D.3.

D.3 An extended class of models

We outline a refined technique for demonstrating the absence of branch cuts in the upper
half of the complex plane; we consider only Imw > 0 and w # 0. In proving the absence
of branch cuts before, recall that we restricted our differential equations to have a very
limited class of singular behavior in section D.1 and D.2. We believe this restriction is
consistent with field theories at 7" # 0, large N and strong coupling. The technique here
is valid for an extended class of models where the Green’s functions come from solving
differential equations with worse types of singularities. Such singularities may occur in
moving away from the large N and strong coupling limit in field theory. However, this
particular technique will fail at 7" = 0.
We make the following assumptions:
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° } and Y are integrable on the interval (ry,00), and F is positive.
e Near the horizon, F' ~ r — r and the integral of Y converges.

e Near the boundary, F ~ r? and Y = O(r—2).

Let s = —F /’inA/, then the differential equation for s is
2 2,.m
is' — ;rn + w; LY =0. (D.5)

Suppose we write s as a Taylor series about some wq in the upper half plane:

s(r,w) = Z SEp(r)(w — wo)lC . (D.6)
k=0

If the Taylor series has a nonzero radius of convergence, then s is analytic in a neighborhood
of wp. We can write an infinite sequence of differential equations:

n

k
. 5jSk—j r
is) = E ]Fr”] — (Skowg + 2851wo + O2) P Yr" 6o (D.7)
j=0

From our analysis in section 4.3 and appendix C.1, we know how sy behaves. Note that,
for £ > 0, all of the equations are linear in si. Since the imaginary part of S(ip(:{f ) is non-
positive, there exists a solution for each sj that remains finite at the horizon. We see that
the si obey a recurrence relation similar to that of the Catalan numbers. It is not hard
to show using generating functions that the s, grow at most exponentially, and thus the
radius of convergence is finite.

In the limit » — oo, we have to worry about the s; diverging. Generically, the terms
50,81, 82 are O(r"~1). Because of the F'r" in the denominator of (D.7), subsequent terms
diverge successively more slowly, and for sufficiently large &k there is no divergence. So we
may renormalize s by subtracting a function that is polynomial in w.

Since f F}»n and f ;ﬁn are bounded as r — oo and all but finitely many sj are bounded
as r — oo, our argument that the s; grow at most exponentially works in the limit r — oo
as well.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,
Int. J. Theor. Phys. 38 (1999) 1113 [Adv. Theor. Math. Phys. 2 (1998) 231]
[hep-th/9711200] [SPIRES].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [SPIRES].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [SPTRES].

[4] D. Kharzeev and K. Tuchin, Bulk viscosity of QCD matter near the critical temperature,
JHEP 09 (2008) 093 [arXiv:0705.4280] [SPIRES].

,36,


http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9711200
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802109
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802150
http://dx.doi.org/10.1088/1126-6708/2008/09/093
http://arxiv.org/abs/0705.4280
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0705.4280

[5]

[18]

[19]

[20]

[22]

23]

[24]

F. Karsch, D. Kharzeev and K. Tuchin, Universal properties of bulk viscosity near the QCD
phase transition, Phys. Lett. B 663 (2008) 217 [arXiv:0711.0914] [SPIRES].

H.B. Meyer, The bulk channel in thermal gauge theories, JHEP 04 (2010) 099
[arXiv:1002.3343] [SPIRES].

H.B. Meyer, Lattice gauge theory sum rule for the shear channel,
Phys. Rev. D 82 (2010) 054504 [arXiv:1005.2686] [SPIRES].

P. Romatschke and D.T. Son, Spectral sum rules for the quark-gluon plasma,
Phys. Rev. D 80 (2009) 065021 [arXiv:0903.3946] [SPIRES].

T. Springer, C. Gale, S. Jeon and S.H. Lee, A shear spectral sum rule in a non-conformal
gravity dual, Phys. Rev. D 82 (2010) 106005 [arXiv:1006.4667] [SPIRES].

T. Springer, C. Gale and S. Jeon, Bulk spectral functions in single and multi-scalar gravity
duals, Phys. Rev. D 82 (2010) 126011 [arXiv:1010.2760] [SPIRES].

S.A. Hartnoll, C.P. Herzog and G.T. Horowitz, Building a holographic superconductor,
Phys. Rev. Lett. 101 (2008) 031601 [arXiv:0803.3295] [SPIRES].

R. Baier, R-charge thermodynamical spectral sum rule in N = 4 Yang-Mills theory,
arXiv:0910.3862 [SPIRES].

S.S. Gubser, Breaking an abelian gauge symmetry near a black hole horizon,
Phys. Rev. D 78 (2008) 065034 [arXiv:0801.2977] [SPIRES].

S.A. Hartnoll, C.P. Herzog and G.T. Horowitz, Holographic superconductors,
JHEP 12 (2008) 015 [arXiv:0810.1563] [SPIRES].

I. Amado, C. Hoyos-Badajoz, K. Landsteiner and S. Montero, Absorption lengths in the
holographic plasma, JHEP 09 (2007) 057 [arXiv:0706.2750] [SPIRES].

I. Amado, M. Kaminski and K. Landsteiner, Hydrodynamics of holographic superconductors,
JHEP 05 (2009) 021 [arXiv:0903.2209] [SPIRES].

C.P. Herzog, P.K. Kovtun and D.T. Son, Holographic model of superfluidity,
Phys. Rev. D 79 (2009) 066002 [arXiv:0809.4870] [SPIRES].

D.T. Son and A.O. Starinets, Minkowski-space correlators in AdS/CFT correspondence:
recipe and applications, JHEP 09 (2002) 042 [hep-th/0205051] [SPIRES].

C.P. Herzog and D.T. Son, Schwinger-Keldysh propagators from AdS/CFT correspondence,
JHEP 03 (2003) 046 [hep-th/0212072] [SPIRES].

G. Policastro, D.T. Son and A.O. Starinets, From AdS/CFT correspondence to
hydrodynamics, JHEP 09 (2002) 043 [hep-th/0205052] [SPIRES].

F. Benini, C.P. Herzog, R. Rahman and A. Yarom, Gauge gravity duality for d-wave
superconductors: prospects and challenges, JHEP 11 (2010) 137 [arXiv:1007.1981]
[SPIRES].

M. Kaminski et al., Quasinormal modes of massive charged flavor branes,
JHEP 03 (2010) 117 [arXiv:0911.3544] [SPIRES].

S.S. Gubser and F.D. Rocha, The gravity dual to a quantum critical point with spontaneous
symmetry breaking, Phys. Rev. Lett. 102 (2009) 061601 [arXiv:0807.1737] [SPIRES].

C. Hoyos-Badajoz, K. Landsteiner and S. Montero, Holographic meson melting,
JHEP 04 (2007) 031 [hep-th/0612169] [SPIRES].

,37,


http://dx.doi.org/10.1016/j.physletb.2008.01.080
http://arxiv.org/abs/0711.0914
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0711.0914
http://dx.doi.org/10.1007/JHEP04(2010)099
http://arxiv.org/abs/1002.3343
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1002.3343
http://dx.doi.org/10.1103/PhysRevD.82.054504
http://arxiv.org/abs/1005.2686
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1005.2686
http://dx.doi.org/10.1103/PhysRevD.80.065021
http://arxiv.org/abs/0903.3946
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.3946
http://dx.doi.org/10.1103/PhysRevD.82.106005
http://arxiv.org/abs/1006.4667
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1006.4667
http://dx.doi.org/10.1103/PhysRevD.82.126011
http://arxiv.org/abs/1010.2760
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1010.2760
http://dx.doi.org/10.1103/PhysRevLett.101.031601
http://arxiv.org/abs/0803.3295
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0803.3295
http://arxiv.org/abs/0910.3862
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0910.3862
http://dx.doi.org/10.1103/PhysRevD.78.065034
http://arxiv.org/abs/0801.2977
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0801.2977
http://dx.doi.org/10.1088/1126-6708/2008/12/015
http://arxiv.org/abs/0810.1563
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.1563
http://dx.doi.org/10.1088/1126-6708/2007/09/057
http://arxiv.org/abs/0706.2750
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0706.2750
http://dx.doi.org/10.1088/1126-6708/2009/05/021
http://arxiv.org/abs/0903.2209
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.2209
http://dx.doi.org/10.1103/PhysRevD.79.066002
http://arxiv.org/abs/0809.4870
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0809.4870
http://dx.doi.org/10.1088/1126-6708/2002/09/042
http://arxiv.org/abs/hep-th/0205051
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0205051
http://dx.doi.org/10.1088/1126-6708/2003/03/046
http://arxiv.org/abs/hep-th/0212072
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0212072
http://dx.doi.org/10.1088/1126-6708/2002/09/043
http://arxiv.org/abs/hep-th/0205052
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0205052
http://dx.doi.org/10.1007/JHEP11(2010)137
http://arxiv.org/abs/1007.1981
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.1981
http://dx.doi.org/10.1007/JHEP03(2010)117
http://arxiv.org/abs/0911.3544
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0911.3544
http://dx.doi.org/10.1103/PhysRevLett.102.061601
http://arxiv.org/abs/0807.1737
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.1737
http://dx.doi.org/10.1088/1126-6708/2007/04/031
http://arxiv.org/abs/hep-th/0612169
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0612169

[25] M. Kruczenski, D. Mateos, R.C. Myers and D.J. Winters, Meson spectroscopy in AdS/CFT
with flavour, JHEP 07 (2003) 049 [hep-th/0304032] [SPIRES].

[26] J. Babington, J. Erdmenger, N.J. Evans, Z. Guralnik and I. Kirsch, Chiral symmetry
breaking and pions in non-supersymmetric gauge/gravity duals,

Phys. Rev. D 69 (2004) 066007 [hep-th/0306018] [SPIRES].

[27] 1. Kirsch, Generalizations of the AdS/CFT correspondence, Fortsch. Phys. 52 (2004) 727
[hep-th/0406274] [SPIRES].

[28] D. Mateos, R.C. Myers and R.M. Thomson, Holographic phase transitions with fundamental
matter, Phys. Rev. Lett. 97 (2006) 091601 [hep-th/0605046] [SPIRES].

[29] G.T. Horowitz and M.M. Roberts, Holographic superconductors with various condensates,
Phys. Rev. D 78 (2008) 126008 [arXiv:0810.1077] [SPIRES].

[30] J. Erdmenger, M. Kaminski and F. Rust, Holographic vector mesons from spectral functions
at finite baryon or isospin density, Phys. Rev. D 77 (2008) 046005 [arXiv:0710.0334]
[SPIRES].

[31] R.C. Myers and A. Sinha, The fast life of holographic mesons, JHEP 06 (2008) 052
[arXiv:0804.2168] [SPIRES).

[32] M. Kaminski, Holographic quark gluon plasma with flavor, Fortsch. Phys. 57 (2009) 3
[arXiv:0808.1114] [SPIRES].

[33] T. Faulkner, G.T. Horowitz, J. McGreevy, M.M. Roberts and D. Vegh, Photoemission
‘experiments’ on holographic superconductors, JHEP 03 (2010) 121 [arXiv:0911.3402
[SPIRES].

[34] S. Minwalla, Restrictions imposed by superconformal invariance on quantum field theories,
Adv. Theor. Math. Phys. 2 (1998) 781 [hep-th/9712074] [SPIRES].

[35] N. Igbal and H. Liu, Real-time response in AdS/CFT with application to spinors,
Fortsch. Phys. 57 (2009) 367 [arXiv:0903.2596] [SPIRES].

[36] H. Liu, J. McGreevy and D. Vegh, Non-Fermi liquids from holography, arXiv:0903.2477
[SPIRES].

[37] T. Faulkner, H. Liu, J. McGreevy and D. Vegh, Emergent quantum criticality, Fermi
surfaces and AdS2, arXiv:0907.2694 [SPIRES].

[38] M. Cubrovic, J. Zaanen and K. Schalm, String theory, quantum phase transitions and the
emergent Fermi-liquid, Science 325 (2009) 439 [arXiv:0904.1993] [SPIRES].

[39] M. Kaminski, K. Landsteiner, J. Mas, J.P. Shock and J. Tarrio, Holographic operator mixing
and quasinormal modes on the brane, JHEP 02 (2010) 021 [arXiv:0911.3610] [SPIRES].

[40] T. Hartman and S.A. Hartnoll, Cooper pairing near charged black holes,
JHEP 06 (2010) 005 [arXiv:1003.1918] [SPIRES].

[41] S.S. Gubser, F.D. Rocha and A. Yarom, Fermion correlators in non-abelian holographic
superconductors, JHEP 11 (2010) 085 [arXiv:1002.4416] [SPIRES].

[42] S.S. Gubser and A. Nellore, Mimicking the QCD equation of state with a dual black hole,
Phys. Rev. D 78 (2008) 086007 [arXiv:0804.0434] [SPIRES].

[43] 1. Kanitscheider and K. Skenderis, Universal hydrodynamics of non-conformal branes,
JHEP 04 (2009) 062 [arXiv:0901.1487] [SPIRES].

,38,


http://dx.doi.org/10.1088/1126-6708/2003/07/049
http://arxiv.org/abs/hep-th/0304032
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0304032
http://dx.doi.org/10.1103/PhysRevD.69.066007
http://arxiv.org/abs/hep-th/0306018
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0306018
http://dx.doi.org/10.1002/prop.200410169
http://arxiv.org/abs/hep-th/0406274
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0406274
http://dx.doi.org/10.1103/PhysRevLett.97.091601
http://arxiv.org/abs/hep-th/0605046
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0605046
http://dx.doi.org/10.1103/PhysRevD.78.126008
http://arxiv.org/abs/0810.1077
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0810.1077
http://dx.doi.org/10.1103/PhysRevD.77.046005
http://arxiv.org/abs/0710.0334
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0710.0334
http://dx.doi.org/10.1088/1126-6708/2008/06/052
http://arxiv.org/abs/0804.2168
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.2168
http://dx.doi.org/10.1002/prop.200810571
http://arxiv.org/abs/0808.1114
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0808.1114
http://dx.doi.org/10.1007/JHEP03(2010)121
http://arxiv.org/abs/0911.3402
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0911.3402
http://arxiv.org/abs/hep-th/9712074
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9712074
http://dx.doi.org/10.1002/prop.200900057
http://arxiv.org/abs/0903.2596
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.2596
http://arxiv.org/abs/0903.2477
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.2477
http://arxiv.org/abs/0907.2694
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0907.2694
http://dx.doi.org/10.1126/science.1174962
http://arxiv.org/abs/0904.1993
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.1993
http://dx.doi.org/10.1007/JHEP02(2010)021
http://arxiv.org/abs/0911.3610
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0911.3610
http://dx.doi.org/10.1007/JHEP06(2010)005
http://arxiv.org/abs/1003.1918
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1003.1918
http://dx.doi.org/10.1007/JHEP11(2010)085
http://arxiv.org/abs/1002.4416
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1002.4416
http://dx.doi.org/10.1103/PhysRevD.78.086007
http://arxiv.org/abs/0804.0434
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.0434
http://dx.doi.org/10.1088/1126-6708/2009/04/062
http://arxiv.org/abs/0901.1487
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.1487

[44] S.A. Hartnoll and S. Prem Kumar, AdS black holes and thermal Yang-Mills correlators,
JHEP 12 (2005) 036 [hep-th/0508092] [SPIRES].

[45] P. Kovtun and L.G. Yaffe, Hydrodynamic fluctuations, long-time tails and supersymmetry,
Phys. Rev. D 68 (2003) 025007 [hep-th/0303010] [SPIRES].

[46] A. Buchel, Critical phenomena in N = 4 SYM plasma, Nucl. Phys. B 841 (2010) 59
[arXiv:1005.0819] [SPIRES].

[47] A. Damascelli, Z. Hussain and Z.X. Shen, Angle-resolved photoemission studies of the cuprate
superconductors, Rev. Mod. Phys. 75 (2003) 473 [SPIRES].

[48] P.K. Kovtun and A.O. Starinets, Quasinormal modes and holography,
Phys. Rev. D 72 (2005) 086009 [hep-th/0506184] [SPIRES].

[49] J. Ren, One-dimensional holographic superconductor from AdSs/CFTs correspondence,
JHEP 11 (2010) 055 [arXiv:1008.3904] [SPIRES].

[50] D. Birmingham, I. Sachs and S.N. Solodukhin, Conformal field theory interpretation of black
hole quasi-normal modes, Phys. Rev. Lett. 88 (2002) 151301 [hep-th/0112055] [SPIRES].

[51] C.P. Herzog, P. Kovtun, S. Sachdev and D.T. Son, Quantum critical transport, duality and
M-theory, Phys. Rev. D 75 (2007) 085020 [hep-th/0701036] [SPIRES].

[52] R.C. Myers, A.O. Starinets and R.M. Thomson, Holographic spectral functions and diffusion
constants for fundamental matter, JHEP 11 (2007) 091 [arXiv:0706.0162] [SPIRES].

,39,


http://dx.doi.org/10.1088/1126-6708/2005/12/036
http://arxiv.org/abs/hep-th/0508092
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0508092
http://dx.doi.org/10.1103/PhysRevD.68.025007
http://arxiv.org/abs/hep-th/0303010
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0303010
http://dx.doi.org/10.1016/j.nuclphysb.2010.07.017
http://arxiv.org/abs/1005.0819
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1005.0819
http://dx.doi.org/10.1103/RevModPhys.75.473
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA,75,473
http://dx.doi.org/10.1103/PhysRevD.72.086009
http://arxiv.org/abs/hep-th/0506184
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0506184
http://dx.doi.org/10.1007/JHEP11(2010)055
http://arxiv.org/abs/1008.3904
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1008.3904
http://dx.doi.org/10.1103/PhysRevLett.88.151301
http://arxiv.org/abs/hep-th/0112055
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0112055
http://dx.doi.org/10.1103/PhysRevD.75.085020
http://arxiv.org/abs/hep-th/0701036
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0701036
http://dx.doi.org/10.1088/1126-6708/2007/11/091
http://arxiv.org/abs/0706.0162
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0706.0162

	Introduction
	A class of holographic theories & summary of results
	Sum rules from field theory
	Sum rules from gravity
	Im omega > 0
	Real omega
	Contraction map for bosonic correlators
	Explicit computation of correlators

	Fermions
	Fermionic Green's functions in arbitrary dimensions
	Im omega > 0
	Real omega
	Asymptotic series for the correlator

	Discussion
	The holographic conductivity equation
	Current-current correlators in thermal backgrounds

	The holographic T**xy two point function
	Contraction maps
	Bosons
	Fermions

	On the absence of branch cuts
	Bosons
	Fermions
	An extended class of models


