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1 Introduction and overview

Maximally supersymmetric quantum field theories have been the subject of great interest in
recent times. Although both maximal Yang-Mills (which has a 16-component supercharge)



and maximal supergravity (which has a 32-component supercharge) are not of direct exper-
imental relevance their special properties make them of considerable theoretical interest.
Much information has been obtained, in particular, concerning the perturbative expansions
of scattering amplitudes in these theories. Thus, four-dimensional N’ = 4 Yang-Mills theory
has long been known to be free of ultraviolet divergences to all orders in perturbation theory
and is integrable in the planar limit (the large-N, limit with SU(N,) gauge group). It is of
interest to determine the behaviour of contributions to the amplitude that are sub-leading in
the large- N, limit. Maximal supergravity, which is the low energy limit of M-theory, is non-
renormalisable and superficially possesses ultraviolet divergences. However, explicit calcu-
lations of the four-graviton amplitude in four-dimensional N' = 8 supergravity demonstrate
that there are no ultraviolet divergences up to four loops [1-4]. It is a challenge to determine
the order in the perturbation expansion at which ultraviolet divergences first appear.

Although sophisticated techniques have been used to address these perturbative field
theory issues, such methods generally fail to use the full power of space-time supersymme-
try, which severely constrains the structure of the amplitudes. However, supersymmetry is
manifest in the world-line pure spinor formalism recently introduced in [5]. This is a field
theory formalism that is modelled on the pure spinor formalism introduced by Berkovits
in order to quantise the superstring in a manifestly supersymmetric manner [6, 7]. This
was used in [5] to demonstrate how supersymmetry restricts the topology of the pertur-
bative diagrams for four-particle amplitudes in maximally supersymmetric Yang-Mills and
supergravity in general space-time dimensions. It provides a very efficient procedure for
determining the degree of ultraviolet divergence order by order in perturbation theory, re-
producing the results up to four loops that were obtained by more standard means for the
Yang-Mills case in [1, 3, 4, 8-10] and the supergravity case in [1-4]. Since supersymmetry
is manifest at every stage, the results follow without encountering any subtle cancellations
between different diagrams.

Furthermore this pure spinor world-line formalism is able to pinpoint the diagrams at
higher loops that contribute to the leading ultraviolet divergence. Particularly intriguing
are the indications of a five-loop contribution to the 9®R* interaction, which is the first
explicit indication that this interaction is not protected by supersymmetry. This is in line
with many other arguments [11-23], which indicate that there should be a logarithmic di-
vergence of this form in A/ = 8 supergravity in D = 4 dimensions, which would there arise
at seven loops. However, since the coefficient of this divergence was not evaluated in [5] it
might possibly vanish, but this would require a cancellation that cannot be explained by
conventional effects of supersymmetry.

The world-line formalism was presented in [5] as a series of seemingly ad hoc rules
that were based on corresponding rules in the non-minimal pure spinor string world-sheet
formalism. The main purpose of this paper is to present the formalism in a more coherent
manner and demonstrate the consistency of the approach. Most notably, we will study the
BRST invariance of multi-loop amplitudes and in this manner we will determine the rules
in a much more precise manner. Among other things, this will determine the way in which
certain contact terms arise in higher-loop diagrams. The results of [5] will also be reviewed.



1.1 Outline of paper

In order to motivate the structure of the pure spinor world-line formalism we will first, in
section 2, describe the world-line formalism for perturbative scalar field theory with cubic
vertices. This will generalise the discussion of [24] to also include the (b, ¢) ghost system.
The rules for constructing vertices and gluing them together with propagators, and the role
of the b ghost will provide guidance for the later construction of the pure spinor amplitudes.

In section 3 we consider maximally supersymmetric Yang-Mills and gravity, modelled
on the non-minimal formalism of the pure spinor string [7]. This is based on the dynamics
of the classical superspace coordinates (X™, %) and their conjugate momenta (P, p,) in a
fixed gauge. However, the standard (b, ¢) ghosts are absent and instead there are a number
of other bosonic spinor coordinates, A% and A, and their conjugate momenta, w, and w®, as
well as fermionic spinor coordinates r, and their conjugate momenta s,. These additional
world-line fields satisfy ten-dimensional pure spinor constraints. Since the formulation of
the theory is based on the string, the theory uses the terminology of ten-dimensional super-
symmetry although the expressions may be evaluated in an arbitrary space-time dimension
reached by supersymmetric dimensional continuation. Although there are no (b, ¢) ghosts,
we will be able to construct a composite b ghost by mimicking the string construction
by Berkovits in [7]. We also construct the three-point vertices that describe how off-shell
states absorbs a physical state, which are basically the point particle versions of the string
vertices in [6].

The amplitude prescriptions of Yang-Mills and supergravity are introduced in section 4.
The Yang-Mills propagator involves an insertion of the composite b ghost and regulator.
The off-shell Yang-Mills vertex is constructed by imposing locality, which is compatible
with BRST invariance. The vertices are glued together with propagators to construct
amplitudes. The construction of the supergravity amplitude mimics that of the closed
string, doubling the world-line fields (apart from X and P). For example, the propagator
involves two insertions of the b ghost (one for each sector of the theory).

In section 5 we consider the BRST properties of these amplitudes. Central to the
discussion are four-point amplitudes (constructed from three-point vertices) where states
can be off-shell. We obtain amplitudes that are compatible with BRST invariance if the
three channels of the four-point amplitude are included in all sub-diagrams.

Important features of the multi-loop amplitudes are encoded in the zero modes of the
world-line fields. In section 6 we will enlarge the discussion of [5] concerning the saturation
of fermionic zero modes and the need for a regulator to deal with large-A divergencies. This
regulator is closely related to the one used in pure spinor string theory [7].

In section 7 we review the ultraviolet properties of the four-point amplitudes that were
presented in [5]. Furthermore, we enlarge the discussion and obtain the one- and two-loop
amplitude up to an overall constant using [25, 26] (see also [27-29]). For the one-loop
case, we also study IN-point amplitudes and give an alternative proof of the “no-triangle
hypothesis” of supergravity [30-33]. A consequence of the theorem is that there are no
sub-diagrams with bubbles or triangles in supergravity (and Yang-Mills) at any loop. This
property is a manifest consequence of maximal supersymmetry. We also show that loop
amplitudes with fewer than four points vanish.



In section 8, we summarise the main points and briefly consider the connection between
the first- and second-quantised pure spinor approaches to theories with maximal supersym-
metry. In the appendix the equations of motion of the different component fields are shown
to follow from the on-shell constraints and Bianchi identities for Yang-Mills in D = 10.

2 First-quantised scalar field theory

Before treating the pure spinor case, we will discuss scalar field theory in the first-quantised,
or world-line, approach with cubic vertices. We will obtain the amplitude prescription of
the theory by considering free propagation of particles and constructing the three-point
vertex. We will extend the discussion of [24] to include the (b, ¢) world-line ghosts. The
approach to computing loop amplitudes for the scalar theory may be modelled on bosonic
string theory. Although the ghost system in this case has rather trivial effects, it motivates
the later use of a b ghost when considering the pure spinor particle. The relationship be-
tween the structure of loop amplitudes in bosonic string theory and the pure spinor string,
through the A = 2 topological string [7], will be used in later sections to motivate a set of
rules for constructing loop amplitudes for the pure spinor particle.

The starting point is the reparameterisation invariant action for a massless scalar par-

ticle!
X2
SB = /dee, (21)
where X™ are the classical coordinate fields in D-dimensions, m = 1,..., D. The action is

invariant under reparameterisations of the world-line, 7 — 7+ o (7)

X™ = X™(1+ 0,0 (7))
e —e(l+0.0(T)) . (2.2)

where o(7) and 0,0 (7) are infinitesimal. The canonical momentum is defined in the usual

way
58  Xm
- Z _am 2.3
= e T e (2.3)
From the definition of the momenta one can determine the action in phase-space
. (& 2
Sp = [ dr <PX — 2P ) . (2.4)

Using standard methods, one can obtain the contraction between two X'’s in, for example,?
the gauge e = 1,

(X™()X"™() = §mG(r, T, (2.5)

'We will in this paper work in Euclidian signature, by analytically continue from Lorentzian signature.
2In this and forthcoming formulas, an overall normalisation will be ignored.



and the equal time commutator
[P X, = =0 . (2.6)
The Green function, G(7,7’) in (2.5), satisfies
O2G(r, 7)) = =6(r — 1) + p, (2.7)

where the constant p arises on a compact “skeleton” diagram in order to cancel a zero
mode of the delta function.

We need to take care of the infinite dimensional gauge group generated by the repa-
rameterisation invariance. This can be achieved in a covariant way by introducing a set of
fermionic (b, ¢) ghosts. Consider therefore the partition function

DXDPDee_SB"FdeXme

rep

(2.8)

where V;¢p is the volume of the gauge group. The moduli dependence is incorporated in a
world-line einbein e. The integration over this field can be written as De = d1 Do, where
Do is the integration over the reparameterisation group and d1' the integration over the
moduli. Fixing the gauge e = T and parameterising the line as 0 < 7 < 1 one obtains

1
Z[Jm] = /dT/DXDPDch </ dr bdr (e)> e~  drT bt [ dr X" I
0

1
= /dT/DXDPDch </ drb) e~ drTbet [ dr X Jm (2.9)
0

Later expressions are simplified by making a reparameterisation of the line so that the
dependence on the modulus is incorporated in the integration limits

T
Z[Jm] = / dT / DXDP Db De ( / C;fb> e Sp =St ar X - (2.10)
0

where Sy, = [ drbé. From the action one can obtain the equal time commutator?
[b,¢] = 1, (2.11)

where I;, ¢ are fermionic operators.* The (b, c) ghosts can be thought of as the zero mode
components of the ghost system for the bosonic string. The vacuum is two-fold degenerate
and satisfies

cll) =11 ¢l =0
b[1) =11) oll)=0
(T =1. (2.12)

3[,] denotes the graded commutator.
4In the following the hats will be suppressed when this cause no confusion.



The theory is invariant under BRST transformations generated by a BRST charge propor-
tional to the Hamiltonian

Q =cH
= —cP2 (2.13)
The states in the cohomology of (2.13) are
[k, 1) = "0, 1) k=0
K7, 1) = e*%10,7) K =0, (2.14)

where the second set of states is projected out using the physical state condition b [phys.) =
0. Observe that since we are in an Euclidian signature the eigenvalue of P™ is purely imag-
: 5

inary

P k™, 1) = —ik™ [k, 1) (2.15)

The eigenstates above have been described in the Schrodinger picture, where operators and
eigenstates are time independent. The operators and eigenstates in Heisenberg picture are
related by a canonical transformation

|457) = e |A)
A(r) = e THATH (2.16)

As the Hamiltonian for the ghost system is zero, the ghosts are locally constant and
only depend on the order in which the ghosts are inserted on the line. Therefore, integra-
tion over ghosts reduces to a straightforward Grassman integral. Furthermore, we will find
that although the ghost insertions have rather trivial consequences in the case of the scalar
particle they demonstrate the manner in which the number of b ghost insertions is related
to the number of integrated and unintegrated vertex operators. This will be of use later
in our discussion of the pure spinor particle. We need to determine the propagator which
map a state at proper time 0 to proper time 7. The propagator can be obtained from

the partition function in (2.10) by evaluating the integrand of the modulus 7" between two
momentum eigenstates and setting J,, = 0
T
dr» 17
0

p17b2>
= <pf,bf;T’5 pi;bi30>

= 0(bp — b)) 8 (pp —pi)bye” 27, (2.17)

where we have introduced the state |b) = ||) +|T) b and its dual (b] = b(T| — (||. Note that
these states satisfy

blb) = |b)b

5The sign is chosen to match the theory in Lorentzian signature.



Figure 1. The scalar vertex (Vg; 7| where the arrows on each line indicate the direction of increasing
proper time.

(blb = —b |
(V'|by =" —b=05(b"—1b). (2.18)

The operator sand-wedged between the the initial and final state in (2.17),
P(T) = b, (2.19)

projects out the unphysical states in the propagator. This also demonstrates that each
propagator has a b insertion. This b ghost is connected with the existence of one modulus,
which is the length of the propagator.

The construction of multi-loop amplitudes to be considered later, will involve attaching
external vertex operators to propagators in skeleton (or vacuum) diagrams. Each external
vertex operator describes absorption of an external physical state carrying momentum k
(k? = 0) by a state propagating in the skeleton. These operators can be obtained from
a three particle off-shell vertex (Vp;7| from which the physical three-point amplitude is
obtained by contracting with three physical states. Consider now the construction of
the three particle off-shell vertex. A natural condition to impose is locality so that the
interaction takes place at one point in space-time. This interaction point is integrated
leading to conservation of momentum at the vertex. One additional condition is that the
vertex should be BRST invariant. Thus, the BRST charge should be conserved at the vertex

(V; 7| Q7 =0, (2.20)

3
=1

J

where 7 is the BRST charge acting on the j’th leg. In the above equation we have used
the sign convention in figure 1, where arrows denote increasing proper time and the index
on the BRST charge labels the different legs of the vertex.

As with the physical states, these conditions are not sufficient to construct the vertex
and one has to impose additional conditions on the ghost coordinates,

(Vg;r|d =0, j=1,2,3, (2.21)

which constrain the vertex to be in the up-state on all legs. This implies that (Vg; 7| Q7 = 0
for each j separately.



(a) (b)

Figure 2. (a) The function describing absorption of one physical state with momentum k,. (k2 = 0)
of the three-point vertex. (b) The propagator absorbing N physical particles evaluated between
two general states with momenta p; and py.

The vertex operator describing a physical state of momentum k, (k2 = 0) that is
attached to a propagator in a skeleton diagram is obtained by contracting one of the legs
of (Vp; 7| by |k, |;T) (see figure 2(a)), giving

Vil by b57) = [ o 157) dPae=) (o, 157
= /]w,c;ﬂ dPz ¢ deethre(7) (x,c;7|,

= eethrX(7) / |z, c;7) dPx de (x,¢; 7|,
= Up(ky, 7)1, (2.22)

where I is the identity operator. In this expression we have used
(@, 157 [k, Ly 7) = €7, (2.23)

and introduced the state |¢) = [1) +|]) ¢ and its dual (c| = ¢ (]| — (1| satisfying

¢le) = le)e
{c[é = —c(c]
(d'|e) =6(d —c)=d —c. (2.24)
The operator Uy (k,,T) in (2.22) is
Uy (ky,7) = cethrX(T), (2.25)

which satisfies [Q, Up(ky, )] = 0.



The integrated vertex operator can be obtained from Uy(k,, T) by attaching the oper-
ators P to the legs one and three in figure 2(a),

T T
/ dr P(T — 1)U (ky, 7)P(r) = / drbeeh X0y
0 0

T
= / dr Vo(kr,7)b. (2.26)
0
We have now constructed the integrated vertex operator

‘/O(ka T) = [b7 UO(k7 T)]
ek X(T) (2.27)
The integrated vertex also satisfies [Q, Vo(k, )] = [H, Uo(k, T)].
This generalises to the situation in which several external states are absorbed by a

propagator in the skeleton. For example, N vertex operators attached to a line of length
T in a given order,

Tr—1 N -t
H/ dr. B, ({k.}, {r- }; T) H/ dr, P(T —m1) HUO (77, kp)P(77 — Tr41)

N

:H/”én
:H/”én

Tr—1

:H/dn

where 7y4+1 = 0 and 79 = T'. In the picture where one use the integrated form of the

|;:]z

kX () b)

eik (ﬂ”)) b

Vo(Tr, kr)> b, (2.28)

E\z |

\3
Il
—

ETz

vertices, one can integrate over the whole line, which describe all different distributions of
the external vertices.

In constructing loop diagrams it will be useful to define a basic bolding block, Bj, de-
scribing an internal line, labelled j, of length T); to which NV vertex operators are attached at
position 71, ..., 7y. This is defined by the matrix element of the integrand of (2.28) between
two general states of momenta p; and p; with ghost content b; and by (see figure 2(b)),

N
Bj (pg, by, pisbiy (ke }, {7 15 T5) = (0, b Tyl T Vo (7o, B )b |pi, B35 0) - (2:29)
r=1
For the corresponding expression in the unintegrated picture, we will choose a different
parameterisation. The position of the r’th vertex operator is parameterised by > ., 7
and the length of the propagator between the two general momentum states is ZNJEI Ts-
Then the corresponding expression in the unintegrated picture is

3 {Uo (Z ) }

N+1

(pf’bf pl’bjﬁ{k } {TS} <pfabfa Z Ts

pi,bi;0> -(2.30)



Using this parameterisation will make the integration over the moduli more transparent.

We will now give a general discussion of N-point amplitudes with L loops. The com-
putation can be split up into several steps. First one chooses a particular L-loop skeleton
diagram, denoted F7, and performs the functional integral with fixed moduli and fixed
positions of the external vertices on the lines of the skeleton

N’ N
Ip, ({kr}, T, 1) = <HVO(1€1~,7}) H Uo (krﬂ'r)>
r=1 F

r=N’'+1 '
N
/DXDPDcDb Hb7 1% &, 7) H Upe 58751 (2.31)
7=1 r=1 r=N'+1

where N’ is the number of integrated vertex operators, N — N’ is the number of unintegrated
vertex operators® and M is the number of moduli. ' denotes the insertion of the b ghost
on line j in the skeleton. The result of the functional integral is a function, If, , that is to
be integrated over the positions of the integrated vertices and the moduli. This gives the
amplitude corresponding to a particular skeleton

A (s37) :/dT1 dTM/F HanFL ({kr . Ty ). (2:32)
L

where f Py dr, = Zj]\/il fOT 7 dr, denotes the integral around the whole skeleton. Here s;j are
the Mandelstam invariants, which can be constructed from the N external momenta. To
get the full amplitude with L loops one has to sum the different L-loop skeletons

Sw ZAFL (sif) - (2.33)

The amplitude above is constructed using the picture where as many b ghosts as possible
has been contracted, the so-called integrated picture. One can do this in the unintegrated
picture as well. In the following we will evaluate the functional integral (2.31). Amplitudes
with more than one loop are constructed by gluing together 3L — 3 operators defined
in (2.29) with 2L — 2 internal vertices. The one-loop amplitude is special since the ends of
the propagator are glued together using an external unintegrated vertex operator.

The functional integral is expressed in terms of the Green function by an expression
of the standard form

N’ N
<H % (kTa T’I‘) H UO (]an, Tr)> = (Z k ) T<S kr ksG(Trﬂ_s), (234)
r=1 F

r=N’4+1 '

where (1), denote the expectation value of the skeleton amplitude. Here N — N " is one
for the tree and one-loop and zero for all other cases.

5The tree diagrams are special since three-point vertices couple to one or two external states (or three
for the three-point amplitude). N — N’ is one for the tree and one-loop and zero for all other cases.

~10 -



(a) (b)

Figure 3. The figures describing the s-, t- and u-channel of the four-point function. Arrows indicate
increasing proper time and the numbers indicate the particle. Figure (a), (b) and (c) illustrate the
s-, t- and u-channels, respectively.

2.1 Scalar tree amplitudes

The simplest amplitude to consider is the three-point tree amplitude. This is the vertex
(Vp; 7| multiplied with three physical states. As the only non-trivial property of the vertex
is momentum conservation, the amplitude equals

3
Tree
AT (ke }) = 6(2@) (2.35)
r=1
Using the equivalent prescription in (2.22) one gets
AT (1 1) = / P dec S ko), (2.36)

which clearly reduces to (2.35) and also gives some insight into the correspondence with
the string expression. A crucial difference from string theory is that here there is only a
single mode of ¢, where in string theory ¢ has three zero modes (corresponding to the three
conformal killing vectors of the spherical world-sheet). A third prescription, which can be

used to obtain amplitudes with more external particles, is”
AT (k) = A dPz de (Vo (k1,T1) Vo (ka, To) Up (ks, T3)) - (2.37)

At the vertex, we have 7 = 0. Observe that the vertices Vj (k2, T2) and Vj (ks, T3) should
be thought of as unintegrated vertex operators without a ¢ ghost. Using that the world-line
Green function for tree diagrams has the form

, (2.38)

GTree (T, T/) = —% ‘7’ —7

and (2.34), one obtains (2.36).
To construct the four-point tree amplitude, we use the third description of the on-shell
three-point amplitude. This can be thought of as a three-point amplitude in (2.37) to which

"The values of T} are arbitrary, the choice here simplifies the generalisation to more external particles.

- 11 -



VOO C

(a) (b) ()

Figure 4. (a) A one-particle irreducible skeleton. (b) A one-particle reducible skeleton that

consists of two sub-diagrams with loops. (¢) A one-particle irreducible skeleton with a three-point
tree sub-diagram attached. Ounly (a) and (b) will be considered in this paper.

a second vertex has been added. The position of the second vertex (involving the fourth
particle) should be integrated over all the three legs of the three-point vertex (see figure 3)®

AL (5 ¢ u) = hmOOZ/ dr (Up (k1, T1) Vo (k2, To) Vo (k3, T3) Vo (ka, 7)) . (2.39)
At the first vertex, we have 7 = 0. In the above equation we have defined the Mandelstam
invariants s = —kj - ko, t = —ky - k4 and u = —k; - k3. These satisfy s +t 4+ u = 0 as the
particles involved are massless. Using the Green function for the tree (2.38) and (2.34),
the matrix element (2.39) can be reduced straightforwardly to®

Agﬁee) (s, t,u) = / dT/dDas de c e\k1tkatkst+ka)z [eTt +e™ + GTS]
0
4
=9 (Z /-c) (1/s+ 1/t +1/u)
s 4+ t2 4+ u?
— 2.4
© 2stu (Zk ) ( 0)

Note that in order for the 7 integral to converge the three terms in the integrand have been
defined by separate analytic continuations to the regions s < 0, ¢t < 0 and u < 0.

For tree amplitudes with more external particles, one can proceed iteratively. The
N-point amplitude is constructed by adding a vertex to a (N — 1)-point tree and summing
over all non-equivalent possible positions of the vertex. As we are not interested in tree am-
plitudes with more than four external particles, we will not construct explicit expressions
for these amplitudes.

2.2 Scalar loop amplitudes

Our discussion of scalar loop amplitudes will be restricted to diagrams which are either
one-particle irreducible (as in figure 4(a)) or, diagrams that consists of loop diagrams joined

8The choice of T} here unify the construction of the s-, t- and u-channel.
9As usual, we are ignoring overall constants.

- 12 —



1 \{D 2\{2> 3

Figure 5. The unique one-particle irreducible two-loop skeleton diagram. The amplitude is ob-
tained by attaching vertex operators to points on the lines, which are integrated around the diagram.
The circular arrows denote the different Bj-cycles. The propagators in the skeleton are numbered
from 1 to 3 and the arrows on each line indicate the direction of increasing proper time along the line.

by a particle propagator (as in figure 4(b)). We will not consider diagrams in which a tree
diagram is attached to a loop (as in figure 4(c)).

The one-loop amplitude is special and will be discussed first. This amplitude can be
constructed straightforwardly from (2.29) involving N — 1 external physical particles. The
loop is obtained by periodically identifying 0 and T' and gluing together the ends with an
unintegrated vertex operator coupled to the N’th external particle,

0o T N-1
AW (s35) :/ dT/ I1 dTr/dedb
0 0 r=1
N-1
% (p,b; 7| T Vo (kv 72) b Us (kr,0) [p, b3 0)

r=1
oo TN-1 N 2
- / dT/ H dTr/de dPx dcdbbce’(ZTzlkr)xe_%Te_ 2 krksG(7r,7s)
0 0 r=1

7T N-1

al % 4T
=5 (> ke Zoys | L] drem Zree koGl (2.41)
r=1 0 T 0 r=1

Here we have used the integrated form of the vertices. The Green function for the one-loop
amplitude satisfies

0*G(r,7) = =6(r,7") + 1T, (2.42)
which has the solution

T—T')2

G(r,7) = —% T — 7|+ ( 5T (2.43)

The Green function for the N-point amplitude with L > 1 loops was determined in [24]
by using an electric circuit analogue. This involves a basis of Bj-cycles defined by the L
inequivalent internal counter-clockwise loops. An example at two loops is shown in figure 5.
Using the Bj-cycles one can define the non-trivial one-forms of the skeleton,

wr = aldr;, (2.44)

~13 -



where

1 By in the same direction as d7;
i

ar’ = ¢ —1 By in the opposite direction as dr; . (2.45)
0 else

The period matrix of the skeleton is defined in terms of the one-forms w; and the Bj-cycles
by

Qg E% Wy (2.46)
By

Observe that the period matrix is symmetric, 277 = €27, as can be seen from the relation
fBz wy = fFL (wrwy/dr). One can compute the entries of the period matrix in a simple way
for any planar skeleton. The diagonal element, €275, are equal to the length of the Bj-cycles
and the off-diagonal entries, {277, are equal to minus the length of the lines common to the
cycles By and Bjy. For non-planar skeletons, the computation of the non-diagonal pieces
is more complicated since two different Bj-cycles can have the same direction on a line,
giving a plus sign. The determinant of the period matrix is important in the computation
of the skeleton amplitudes and is denoted by A = det 277. These expressions are closely
related to those that arise in discussing Riemann surfaces, which are central to computa-
tions of string theory amplitudes [34, 35]. In the point particle case the formalism can be
simplified since the integrand is constant on each line and the integral reduce to simple
matrix multiplication.

Consider now the L > 1 amplitudes. One here glue together the ends of the propaga-
tors in momentum space with the vertex (Vp;7|. This will introduce a delta function for
the momenta,

/ Pz (Vi 7| (|p}, b 7) [, Vs ) [ b)) = / Py ¢ Py p})e

=6 (pf + 0} +0}), (2.47)

here determined when all propagators are in the final state. This we will call an internal
vertex.

The components in the construction are 3L — 3 propagators in (2.29), labelled j =
1,...,3L—3, giving a total of N external particles. Furthermore, there are 2L — 2 internal
vertices, labelled [ = 1,...,2L —2. The ends of the propagators can be glued together with
vertices in a variety of ways described by matrices {df }2 and {dl}é The matrix {d/ }é is
equal to one if the propagator j ends on the vertex [ and is zero otherwise. In the same
way the matrix {dl}é is defined to be one if the propagator j begins on vertex [ and zero
otherwise. Consider the picture where all the vertices are integrated. The amplitude with
L loops is obtained by integrating over all positions of the external vertices and over the
lengths of the 3L — 3 propagators and summing over all different choices of the matrices
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{af }é and {d’}é This results in an expression for the amplitude of the form

30-3
AP (sij) = Z /dTl - dT3r— 3/ HdTT/ H ary’ dD Jdb] db’
{dr}, {d'}, Fur=1
21,2 3L-3

x H 6 (10 Vo) — {d'Yp]) H B; (v}, b0 05 T3 ) - (2.48)

Here we have suppressed the vertex dependence of B; for simplicity. In this equation,
> (@} {di}, denotes the sum over all non-equivalent matrices. This is equivalent to the
sum over all different skeletons with L loops. There is a total of 3L — 3 insertions of b
ghosts since the functions B; are linear in b.

Let us now evaluate (2.48). The ghost part of the amplitude is trivially integrated out
since

/dbi dby (by|b|bs) = /dbl- dbs 5(bs — b;) by = /dbb = 1. (2.49)

Explicitly performing the functional integral (2.48) using (2.29) and (2.34) gives

Sz] Z/dTl dTgL 3/ HdTT

Frop—1
3L—3 A - , o
/ H dPp’, dPpld"x H 6 (1Y) — {a')w])
=1
3L—3 (v1)? ) _
X H e Li~5—s§ (pi‘ —pﬁ) e~ Lras krksG(rr o) +i( X0 kr )z (2.50)
j=1

It is useful to change Variables for the momentum integrals in order to rnake the loop mo-
menta explicit by defining pf = (u)[/dT]) +p and pl = ¢! (wr/drj) + p'l. Observe that
there are 5L — 6 independent variables p and p"l. By construction, the delta functions
in (2.50) are independent of ¢/. Therefore, the surplus momenta variables p’g and p'jc can
be integrated out giving

) (s47) Z / dTy ... dTsp 3 / HdTr / dPx HdDrf

Fr .21

—r Qe /2 fzromsa(n,u)ﬂ >N lkr)

T ...d1T31—3 Koy ks G (T 7
‘5<Zk)2/ Mol [ [lane Soeobrhnm, (250

Frop—1

where A is the determinant of the period matrix. One essential property of the amplitude
is the integration over zero modes, in the first line of (2.51) (the z and ¢! integrals). There
is one zero mode for each component of the coordinate field X, enforcing overall momentum
conservation. Such fields with one zero mode for each component are world-line scalars.
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The coordinates ¢/ in (2.51) are the L zero modes of the momentum, P conjugate to X,
which correspond to the loop momenta of the amplitude. Fields of this type, which have
L zero modes, are world-line vector fields. The vertex is constructed in such a manner
that world-line scalar fields have a common value at the vertex, and the components of a
world-line vector are conserved.

3 Pure spinor particle

An action for the pure spinor particle describing ten-dimensional N = 1 supersymmet-
ric Yang-Mills was introduced in [36]. This action was written down in the “minimal”-
formalism and can easily be generalised to the “non-minimal” form (introduced for the
string in [7]) by adding additional pure spinor fields to the action

2
SYM:/dT<XP+0'p+)'\w+w)'\—37‘—];), (3.1)
written here in the gauge e = 1. The world-line fields in this action consist of the classical
superspace fields together with a set of pure spinor fields. The classical fields are the bosons,
X™ and P, (where m = 1,...,10) and the fermions 6% and p, (where a = 1,...,16). The
non-minimal pure spinor fields consists of the bosonic fields!® A%, wq, Ao and @w® and the
fermionic field 7, and s*. The coordinate fields are X, 6% A%, A\, and 7, and the corre-
sponding conjugated momentum fields are Pp,, pa, We, W* and s®. In the next section we
will find that the coordinate fields are world-line scalar fields and the conjugated momen-
tum fields are world-line vector fields.
The commutation relations between the various coordinates and their conjugate mo-
menta follow in the usual manner

[Pm7Xn] = _5mn7 |:p067 0/8] = _5Oéﬁ7 |:w047 )\'Bi| = _50/3
[, As] = —6%. [s%,mp] = 0%, [day dp] = =P™ (Ym)ap
(dy, X™] = —% (Y"0). . [dasPp] = 0, [da,0%] = 5., (3.2)

where we have defined d, = po + %Pm (Ym0) .-
The world-line fields A%, A, and r, are pure spinor fields satisfying the constraints

AMYmA =0, A =0, Ayt = 0, (3.3)

which imply that A%, A and 7, have eleven degrees of freedom. The pure spinor constraints
generates a gauge invariance of the action which acts non-trivially on the conjugated mo-
menta for the pure spinor fields

dwa = —€7" (YmA),

o = —ey' ('ij‘)a — €5 (ymr)”

10WWhen computing amplitudes, the non-minimal pure spinor field A, should be interpreted as the complex

conjugate of the minimal pure spinor field A* [7].
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65% = —€§" (ymA)”, (3.4)

where €/" are infinitesimal vectors. One can make linear combinations of w,, w* and s
that are gauge invariant. These gauge invariant combinations are

J = lw, J =W\ — sr
N, = 1 A Vo1 b 1
mn — 2w7mn , mn — 2w')’mn 23'7mnr
~ 1 _
S = s\, Son = §S’Ymn)\, (3.5)

where Ny, Ny and Sy, has ten linearly independent components. Writing all expres-
sions involving wg, w* and s% in terms of these combinations, one can strongly impose the
pure spinor constraints in computations.

Note that the Hamiltonian of the action in (3.1) is

1
H = 5P2, (3.6)

so the solutions of the equations of motion of all fields other than X are locally constants.
This will be an important feature in the computation of the amplitudes in later sections.
The BRST charge for the action in (3.1) is given by

Q = M+ wr, (3.7)

which is nilpotent using the pure spinor constraints. In the non-minimal formalism one
can construct a composite b ghost by mimicking the procedure in [7] of the pure spinor
superstring. The equation which the b ghost satisfies is

as well as b?> = 0. The solution for the b ghost resembles the string theory expression and
is given by!!

GV AargHEB  Xorgr KB X rgr rsL10879)

S COV MGV W) W’

: (3.9)

where [ ] denote anti-symmetrisation of the indices. Here the G, H(*A, K267 and L[*#7]
are the zero modes of the expressions that arise for the pure spinor string in equation (3.16)
of [7],

Qe = _%Pm ('Ymd)a

1
HO = o mnp ) — 24 N PP
394 Ymnp (""" d) ]
[0 1 Q m n
Kleb = 192%[7151) (y"™d) NP

"The condition b* = 0 for the zero mode part of the string has been checked by Aisaka and Cederwall [37]
and the general case by Chandia [38].
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1

[afyd] — [aB ~m 0] Ay prar
L0 = o nlol ym AN N (3.10)
which satisfy!?
[Q,G%] = \°H, [Q7 H[am} — egal
[QjK[aﬁv]} — )\[ozHBw]7 {QvL[aﬁw]} — )\[OzKBW7 Alersvéd — . (3.11)

In the derivation above, the following gamma matrix identities has been used

1 m 1 1 mn
5 ()" (™) = 8365 + 30085 + S () (v,
()™ (i), = 4 (38,2 (3)™ + (), * (1)) - (3.12)

For future reference, note that the b ghost involves P.

We will now construct the single-particle vertices of the theory (the three-point vertices
with one physical particle). This also follows by analogy with the case of the pure spinor
string [6]. The unintegrated and integrated vertices, denoted by Uyn and Vi respectively,
are obtained from the properties

[Q,Uym] = 0
[Q, Vym] = [H,Uywm] - (3.13)

One can construct these vertices in the minimal picture where the unintegrated vertices
only depend on X™, 0% and A\“. The solution for the unintegrated vertex is

Uynm (X,0,)) = \*A, (X, 0), (3.14)

if the field A, (X,0) satisfies the linearised field equations of supersymmetric Yang-Mills
in ten dimensions. The field equations and f-expansions are summarised in appendix A.
The integrated vertex operator is given (after use of the equations of motion) by

Vert (P, X, p, 0,w,\) = P™ A, (X, 0) — daWW® (X, 0) + %Nm”}"mn (X.0), (3.15)

if the fields in (3.15) satisfy the linearised field equations. As we are mainly interested
in amplitudes with external gluons, it is enlightening to consider where the field strength,
Fonn, arises for the first time in the #-expansion of the different superfields. For A, it arises
as 02 F, for A,, it arises as #° F because A,, ~ DA,. For the superfield W it arises in 6 F
as W ~ D?A,. Here D, is the fermionic superderivative defined in (A.3) of appendix A.
An important observation is that there is a term in the integrated vertex operator, which
depends on the momentum. When such insertions arise in pairs they can produce contact
terms (vertices with more than three legs) in the amplitude. Since we are considering
on-shell amplitudes we will make a plane wave expansion of the fields and consider vertex
operators with fixed momentum, which will be denoted Uy (kr, 7)) = Uym (eik’"X (T""), 9)
and 1%V (k‘r, TT) = WM (eik’"X(T’"), 9)

!2These properties can shown with the help of the software package GAMMA [39].
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The integrated and unintegrated vertex operators are related, up to BRST exact terms,
by the b ghost

b, U (k,7)] = Vo (k, 7). (3.16)

However, the relation is not as simple as for the scalar particle, because the b ghost involves
the non-minimal pure spinor fields.

Standard gauge transformations of the fields, which act as 6,4, = —Dqp and §,A,, =
—0Omp, generalise to BRST transformations of the three-point vertices,

S,Uynm = [Q, p] ,
5pVYM = [Q, [,0, b]] + [H, ,O] . (3.17)

Note that it is possible for [¢,b] # 0 even if ¢ does not depend on the pure spinor fields
since the b ghost is a composite field. The above considerations apply to the abelian theory
but the generalisation to the non-abelian theory is straightforward by introducing colour
factors. This will be discussed in more detail in later sections.

The above vertices are constructed for the linearised theory. We may also need to
include non-linear effects, by considering how the vertex operators deform the BRST charge
and the Hamiltonian. The effect of the perturbation is to deform the free expressions of
the BRST charge and the Hamiltonian as

Q — Q—eUym(e)
H — H — eVym(e), (3.18)

where € is a small parameter. The nilpotency condition of the BRST charge then implies
€
@, Uym(€)] = 5[Uvm(e), Uym(e)]- (3.19)

By using the form of the vertex operators, one obtain the equations of motion of N’ =1
supersymmetric Yang-Mills in ten dimensions, see appendix A. The BRST invariance of
the Hamiltonian follow from the equations of motion and the properties of the b ghost.

All of the preceding can be generalised to describe maximally supersymmetric super-
gravity in ten dimensions. Mimicking the transition from the open string to the closed
string, this involves doubling all the fields in the action (3.1), apart from X and P, giving
the action

P2

Ssq = /dT <XP+9'd+>\w+wi—sf—d§+wi+ifa+r*§—2). (3.20)

The new fields are the ones with a hat on them. The BRST charge for this theory is
Qiotr = M + Wr + d\ + 710, (3.21)

which decomposes into two separate pieces, () and Q, corresponding to the unhatted and
hatted fields. There are various different ways to construct a b ghost, by, for the model,
but the most natural way is to construct a b ghost which also decompose into a sum of two
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terms, byt = b+ 13, one involving the unhatted fields and one involving the hatted fields.
This construction also resembles that of the pure spinor string. The generalisation of (3.9)
implies that the ghost satisfy

[Qtot brot] = [@,8] + [Q,0] = H,  [Quor,b—b] = [Q,8] — [Q,5] =0, (3.22)

the second condition corresponds to the level matching condition for the string. Observe
that the ghost for one of the sectors of the theory is half of the corresponding expression
for Yang-Mills, see (3.9).

The construction of the unintegrated and integrated vertices are a bit different in the
supergravity case since the BRST charge and b ghost decompose into two parts. As for the
string, we need to consider integrated and unintegrated vertex operators. These satisfy

[Q.Usc] = [Q,Usc] = 0 @, Vsa] = %[H, K]
Q. Vaa) = —5[H, K] QK] =10, K] =0
Q. K] = 31, Usg] QK= [HUsql (329

From these conditions one can determine that the unintegrated vertex operator has the form
Usa(X,6,0,\, ) = \*A.5(X,0,0) 75, (3.24)

if the fields satisfy the linearised field equations of type ITA supergravity'? [40, 41]. Sim-

ilarly, the integrated vertex operator is of the form'

Vaa (P, X, p,0,p,0,w,\, 0, \) = PGy P + doW3d° — do ES P™ — P"Eppod® +

1 A 1 . 1 A X
+§Nanmn;pPp + §PQO;npan _ §Nmncmn;ada

1 A 1 -
— Aol N + N S g NP, (3.25)

if the fields satisfy the linearised type ITA field equations. We will consider amplitudes
with external gravitons, so it is of interest to note the lowest components of the - and 6-
expansion of the superfields in which the Riemann tensor arises. In particular, the Riemann
tensor arises in the 63 3 R component of AP and in the 62 02 R component of G, as G ~
D D A. Furthermore, the bispinor W< 3 contains the curvature in the term 6 6 R because
W ~ D DG@G. The fields Eﬁ‘l and Ey,q contains the curvature in the term 062 R and 626 R,
respectively. Here D® is the fermionic superderivative for 0., defined in the same way as D,,.
An important observation is that there are momentum factors P in different parts of the ver-
tex operators. When they arise in pairs they can generate contact terms in the amplitude.

130ne can also describe IIB supergravity by changing the hatted fields to have the same chirality as the
unhatted ones.

14The dependence of the classical superfields has been suppressed on the right-hand side for the economy
of space.
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We can also determine the “intermediate” fields in (3.23)
. . . 1 .
K(Pa X, 07137 97 A, w, >\) =\ <Aampm - a;ﬂdﬁ + 2Qa,mnNmn>
A . , 1 Q
K(P,X,p,0,0,w,\,\) = <PmAmﬁ — d B8 + 2Nmmmnﬁ> As, (3.26)

where the fields involved satisfy the linearised field equations of type ITA supergravity. The
vertex operators and intermediate fields satisfy the relations

b, Usc] = K, b, Usc] = K,
1

[b, b, Usc]] = Vic, 5

([b, K]~ [b, K]) = Vi, (3.27)

up to BRST exact terms because the b field involve non-minimal fields.
It is also essential to consider non-linear effects in the above fields. The vertices deform
the free theory

Qtot — Qtot — % (K(E) - K(d)
H — H— eVig(e), (3.28)

where € is infinitesimal. From the nilpotency condition of the BRST charge it follows that

[Quots K (€) = K(€)] = 7 [K(e) = K(e), K(e) = K(e)]. (3.29)

Using the relation between K, K and Usg in (3.27) one obtains
€ ~
[Usc(e), Quot] = 1 [Usa(e), [b— b, Usa(e)]], (3.30)

up to BRST exact terms. This is the equation, which the vertex operators satisfy if one
includes non-linear effects. Observe at this stage one cannot exclude the presence of higher-
point, fundamental, vertices. But as we will see in section 5, these are not present within
perturbation theory.

In the next section we will define the perturbation theory of the pure spinor particle
by extension of the construction of the scalar theory. This makes use of the connection
between the N/ = 2 topological string and the pure spinor string [7].

4 Amplitude prescription for the pure spinor particle

In this section we will discuss the multi-loop four-particle amplitude for the pure spinor
particle. A web of relations between different theories motivates the form of the amplitude.
First, the non-minimal pure spinor string is related to the N’ = 2 topological string [7].
The amplitudes of the latter are modelled on the bosonic string. Furthermore, as we have
shown in section 2, the amplitude prescription of the scalar particle is closely related to
the bosonic string.!® Therefore, we conjecture that the form of the amplitude of the pure

151n principle, it is the tachyonic part of the bosonic string.
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Figure 6. (a) The three-point vertex with colour factor. (b) A two-loop amplitude

spinor particle is closely related to that of the scalar particle. The consistency will be
checked by an analysis of BRST invariance. In the Yang-Mills case, we conjecture a form
for the propagator, motivated by the bosonic particle. The internal vertex is constructed by
imposing locality, which is enough for the vertex to be BRST invariant. For supergravity,
the propagator and the internal vertex are determined by mimicking the relation between
the open string and the closed string. In the end, we will reproduce the expressions in [5]
but will learn much about the structure of the amplitudes, which will make the BRST
invariance more transparent.

We will consider the Yang-Mills and supergravity theories separately since there are
essential differences between them. These differences are important in discussing the BRST
invariance of the amplitude, which will be studied in section 5.

The amplitudes obtained are generalisations of those presented for the tree and one-
loop amplitude in [36, 42].

4.1 Yang-Mills

To simplify the expressions we will denote any coordinate fields by ¢ and any momentum
field by ®. The propagator is the operator which takes a particle with momentum ®;.,, at
T =0to ®syp, at time 7). Here b; and by denote the colour factors of the different states.
By analogy with the expression for the scalar particle the obvious expression for the pure
spinor particle propagator is

(@p, i Ty IN (6, @) b (6, P)| Di,; 0) (4.1)

where we have emphasised that the b ghost is not a fundamental field. Observe that we also
have inserted a regulator, N, to regularise possible singularities. We impose the condition
that the regulator is BRST exact and it has an expansion of the form

Ty
N(p,®)=1+¢ dr [Q, x(1)] + O(é%). (4.2)
0

Since there is an odd number of fermionic fields and one insertion of a b ghost, the operator
in (4.1) is bosonic.

Let us now discuss the colour factors of the amplitude. First, we can consider a partic-
ular ordering of the external particles. The complete amplitude is determined by summing
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over all permutations of the external particles. We will usually consider the ordering in
figure 6(b), where the amplitude is a function of s and ¢. Each vertex contains a factor of
the structure constant, f®¢, where one of the indices has been raised by the Killing form
making it totally anti-symmetric. The convention we use is that the indices are placed in
clockwise order (see figure 6(a)). Each propagator has an insertion of the inverse of the
Killing form, which contracts the indices in the vertices. One example of a colour factor
is falblbz fb3b4b5 fazb7b6 fa3bgb8 fb10b11b12 fa4b14b13 Kby bs Kbabg Fibrbs Fibobro Fibsba Kby 1 brs Kbabra for the
amplitude in figure 6(b). This can be rewritten in terms of single- and double-trace con-
tributions

N2 (Tr[t®1¢92¢93¢%4] 4 Tr[t®11%4¢%3t%2]) Ap(s, t)
+ N Tr[t* %] Tr[t*3t%] Anp (s, 1) + O(NY) (4.3)

where we have expanded the expression for a large number of colours, N.. The leading
term is the planar single-trace contribution, Ap(s,t), which is proportional to NX. The
next to leading term is the double-trace contribution, Axp(s,t), which is proportional to
NE=1. In this section we will not be concerned about factoring out the colour, although
analysing the relative behaviour of planar and non-planar contributions will be important
later when we discuss the leading low energy behaviour of the single-trace and double-trace
contributions.'6

We will now construct the bolding blocks for the amplitudes. Using the above, one can
obtain expressions for the propagator that absorbs N external particles. From section 2 we

know that there are two different approaches. In the unintegrated picture the propagator is

D;.p, > . (4.4)

The index r of the vertex operator U, here denotes the momentum, position and colour.

N+1

BY (¢, @p,, Pip,, {kr}, {7}) = <<I>fbf, >

N

H (bUS\) N b| @

In the integrated picture there is only a single b ghost insertion. This b commutes with
the integrated vertices and can therefore be located anywhere. We will make the choice
that the b ghost is inserted to the right of the vertex operators, so that

N
B (¢, @pp, Pisn, {br o AT 1 T) = (@pi T| [ Vo N 0 2350) (4.5)
r=1

By using the relation between integrated and unintegrated vertex operators one can
show that (4.4) and (4.5) are equivalent up to a BRST exact term.!” The BRST invariance
of the amplitude is easiest to see in the first picture, but it is easy to determine the low
energy properties of the amplitude using the second approach. Since B]U ~ BJI , in the
following it will not be necessary to keep the superscript I or U.

16 Although the large-N,. limit is not necessary, it will be used in section 7 as it gives an intuitive picture
of the difference between the single- and double-trace operators.

"Note that we have chosen the order 7,_; > 7, for the integrated propagator. If we were to integrate
over all orders it would be necessary to include a sum over all permutations in the unintegrated picture.
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In the previous section we determined the single-particle vertices of the theory i.e.
the absorption of a single physical state from the propagator. These vertices were not
constructed from a general three-point vertex. We also need to consider the general three-
point vertices, which arise as internal vertices in loops. For the vertex, denoted by (Vyng; 7],
we only need to impose locality — momentum conservation follows from integration over the
interaction point. Furthermore, the colour factor of the vertex is f?1%2%3 where the colour
indices are distributed in a clockwise direction, see figure 6(a). A consequence of imposing
locality at the vertex is that the coordinate fields are world-line scalars and the momentum
fields are world-line vectors as will be shown later in the section. We will in the construction
of the amplitudes be interested in the vertex contracted with three momentum states

/d¢> (Vs 7] (| @p,57) | @55 7) (@55 7]) = /dcb (Vs 7] (| @p,57) @35 7) | =035 7))
=5 (Pp, + D5, — Pp,) - (4.6)

Our sign convention assigns a plus sign to an incoming momentum and a minus sign to an
outgoing momentum. As the number of fermionic fields involved are odd,'® the delta func-
tion is fermionic and an odd function. This delta function also includes the colour factor
of the vertex. No other conditions need to be imposed on the vertex in order to conserve
the BRST charge (unlike the situation in the string calculation in [43] where additional
conditions were imposed to ensure that the vertex conserves supersymmetry). This follows
from the form of the BRST charge given in (3.7).

We will first consider loop amplitudes. We will here consider the same set of diagrams
as those described in section 2 and figure 4(a)-(c). We start with the special case of one
loop. The amplitude is constructed by again generalising the procedure for the scalar
particle in section 2. In the integrated picture one use the operator in (4.5)

T N-1

o N-1
AD (s)) :/0 dT/O 11 dTr/d@ 5 (@ TIN T Vb U [94:0) . (4.7)
r=1

r=1

In the unintegrated picture one has to integrate over the length of the propagators con-
necting the unintegrated vertices as well as summing over all different permutations of the
first N — 1 external particles

N

N ] (b U@&))

r=0

oo N N
AQulsy) = > /0 1 / dwd<q>c;z%
r=1 s=1

ceESN_1

Dy o> . (4.8)

As described earlier, the two different prescriptions are equivalent if the amplitudes are
BRST invariant. We introduce both pictures as it is easier to prove BRST invariance in
the unintegrated picture (4.8), but the low energy properties are more transparent in the

BThe fields 7o and s each have eleven degrees of freedom.
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latter picture (4.7). We note that the expression (4.7) is equal to the functional integral

T N-1

AD) (s17) = / aT / T dre kst ({1, 727)

Kym ({ke ), T, 77) /D(I)Dgi)/\/'b H Vi (ks 70) UM (B, 0) (4.9)
r=1

where we have separated the integration of the moduli and position of the vertex operators
and the functional integration of the fields for fixed values of the moduli and position of
the vertices.

We will find in the next section, that the above prescription has to be generalised in
order to be consistent with BRST invariance. This generalisation can be expressed in one
of two ways — either by including higher-point external vertices or by the addition of trees
attached to the one-loop diagram.

For amplitudes with more than one loop, the N-point amplitude is constructed by
using 3L — 3 propagators with a total of N vertex operators and 2L — 2 internal vertex
operators. In the unintegrated picture the result is

. 00 3L—3+N 3L-3
AR = > > / II / [ do’ do!
{df}l {dz}l N r=1 j=1
2L—2

3L-3
< I o (1@l —(@yel, ) T] Bi (¢ 9%,,.0%,) . (410)
=1 j=1

where } aryL {diy denotes the sum over all different choices of {d/ }é and {dz}‘l7 and )y
denotes the sum over all different distributions and permutations of external vertices. This
equation will be the basis of the study of BRST invariance of the amplitude.

In the unintegrated picture, the amplitude is

3L-3

Agle\)/[(Sij) = Z / dIy...dTsr— 3/ HdTT/ H d(IDJ d®)

df}l {dz}l Lr 1
2L—-2

3L—3
< I ¢ (1afyied,, — taviel, ) T 85 (6,9%,,.9%,.7) - (411)
=1 j=1

To match this with the expression of the functional integral in [5], we observe that the sum
over all inequivalent {df }é and {dz}é matrices is equal to the sum over all different skeleton
graphs. Therefore, the amplitude prescription in (4.11) is equal to the functional integral

FL)
YM (sij) E :A (sij)

A%Fﬁ)(sij) = /0 dT1 NN dT3L_3/F H dTrKgﬁ/[ ({k‘ } )
L

r=1
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3L-3 N

K{;ﬁ/[ ({kr}, ijTr /Dq}DQbN H HVYM (kr,7r) (4.12)

7j=1 r=1

where &/ denotes the b ghost insertion on line j and 3 , denotes the sum over all possible
skeletons.

We will now show that each component of a coordinate field is a world-line scalar with
a single zero mode while each momentum field is a world-line vector and has L zero modes
on a skeleton with L loops. This is a generalisation of the discussion in section 2. Consider
the basic bolding block B; in (4.5) add two identity operators in B;

[ @raimy| 6155 ) a6 (o} Iy\fv[VYTMNb]qb%;OW;’ (¢h:0) @:0).  (413)
r=1

One can then integrate over a subset of the momenta fields. This subset can be separated
by a change of variables for the momenta fields q’?‘;bf = <I>£f (wr/dr;) + <I>/fj;bf and (I)g;bi =
<I>£i (wr/ de)—l—CI)gbi. There are L ®' and 5L—6 <I>'fj and <I>;j for each component. This change
of variables makes the delta functions independent of the fields ®/. By first integrating
over 2L — 2 of the fields @ using the delta functions, the 3L — 4 remaining integrals of @’
will give 3L — 4 delta functions involving each of the fields gzﬁj and <Z>j As each propagator
involves a delta function of ¢} and ¢ (see (4.13)), one have in total 6L — 7 delta functions.
Performing the integrals over the surplus ¢’s give

K45 (ke ), Ty, 77) :/d¢qu>13ﬁ33 <¢,<1> < T.> o) (;"é)) (4.14)

This shows that the coordinate fields are world-line scalars and the conjugate momenta
fields are world-line vectors. These properties are a consequence of imposing locality of the
interaction and integrating the interaction point over space-time and pure spinor space.
Note that the integration over the surplus fields can give contractions between different
fields. This will depend crucially on the skeleton considered. We will not consider these in
detailed, as we are mainly interested in the qualitative behaviour of the amplitudes.

We conclude the Yang-Mills discussion by obtaining expressions for three- and four-

point tree amplitudes. The three-point tree amplitude is
Ar? (k) = Tim (U O, T3) Uy Ok, To) Uy O, T3)) - (4.15)

where the proper time of the vertex is 7 = 0. The colour factor of the interaction is f®1%2%3,
The four-point amplitude is defined using the three-point amplitude by introducing a
second vertex and integrating over its position (see figure 3(a)-(c))

AR (s.t,u)

= lim Z/ dr <UYM ]{Il,Tl) UYM (k‘Q,TQ) U%M (k‘g,Tg) VYM (k‘4, )> . (4.16)

T;—o00
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As discussed at the beginning of this section, this amplitude can be separated into different
parts corresponding to different colour orderings. For the four-point tree amplitude this is
fairly simple as there are only single-trace terms. For example, the Tr [t®1¢2¢*3¢%] factor
has only s- and t-channel contributions. Separating this factor from the amplitude gives

T
A%{’l{\r/{ee) (S, t) = lim {/ dr <UYM (kl, Tl) UYM (kg, TQ) UYM (kg, Tg) VYM (k4, T)>
0

T;—o0
T3
+/ dr (Uywm (k1, T1) Uym (k2, T2) Uym (K3, T3) Vem (Mﬁ))}. (4.17)
0

We have now defined the amplitudes for Yang-Mills. Before discussing BRST invariance,
we will consider the supergravity amplitude.

4.2 Supergravity

The definitions of the supergravity amplitudes follow from a series of steps similar to those
used in the Yang-Mills case. This mimics the transition from the open string to the closed
string by doubling the fields, with the exception X and P. Another difference is that
supergravity does not have colour. As we will see, these properties of the supergravity con-
struction are essential for the BRST consistency of the amplitude. In this case it is natural
to take the propagator between momenta ®; at proper time 0 and ®; at proper time T to be

(015 NN b 0350) (4.18)

The propagator is bosonic because there are two insertions of the b ghosts. One argument
of the doubling of the b ghosts is that one corresponds to byt = b-+b and the other the level
matching condition, b — b. A more indirect argument is that one needs two b ghosts for
the amplitudes to be compatible with BRST invariance. We have also inserted a regulator
and assumed that it can be written as a product of two functions, where both are assumed
to be equal to the Yang-Mills regulator.'® Observe that the conjecture is also in line with
the KLT-relations [44], which relate amplitudes for the open string and the closed string.

The basic bolding block of the amplitudes is the propagator which absorbs N physical
particles evaluated between two general momentum states. From the discussion in section 2
we know that there are two different pictures,

N+1 N
BY (¢, @p,®;, {kv},{7s}) = <<1>f; > w1 (b6U§G> NNbb <I>Z~;0> (4.19)
s=1 r=1
N ~ ~
Bl (¢, 5, ®i, {kr} AT ;i Tj) = (@45 Tl [ [ Vi N N DD |2450) . (4.20)
r=1

As for Yang-Mills, one can show that (4.19) and (4.20) are equivalent up to a BRST exact
term.?? Since BJI» ~ B]U, in the following it will not be necessary to keep the superscript I
or U.

¥0ne factor is a function of the unhatted fields and the other is a function of the hatted fields.
2ONote that one has to restrict the positions of the vertices in the integrated picture (7.—1 > ) or include

permutations of the vertices in the unintegrated picture for the relation to be true.
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The three-point vertex in supergravity satisfies the same conditions as the vertex in
Yang-Mills. The important properties are that the interaction is local and conserves mo-
mentum. If the vertex is contracted with three general momentum states it reduce to a
delta function

/ do (Ve | (|@p;7) |@F:7) (9F57]) = / do (Ve | (|@Fi7) [@F:7) [~9F7))
=5 (D) + 0} — @) . (4.21)
A difference between the Yang-Mills and the supergravity cases is that the delta function
is bosonic and therefore is an even function.
Gluing together the two ends of the operator in (4.19), which absorbs N — 1 physical

particles, with an unintegrated vertex operator involving the N’th physical particle, one
obtains the expression for the one-loop amplitude in the unintegrated picture

AR (si) = > / Hdn/dcb <c1> ZTS H (bbUS r)) WU,

ogESN_1 r=1

<1>;0> . (4.22)

In the integrated picture, the one-loop amplitude is
T N-1

0 N-1
A (s) :/0 dT/O I1 dTr/dtb (@; 7| [] Ve N N ob UL, @0y, (4.23)
r=1 r=1

which is equal to the functional integral

T N-1
AW (s) / dT/ H dr, Ksa ({k}, T, 1)
N-—1
Ksa ({k}, T, 7) /ngD@/\/’Nbb I Vs (kr, 72) Usa (k. 0) - (4.24)
r=1

In the expression above we have separated the amplitude into two parts. Omne is the
functional integral with fixed length of the moduli and position of the vertices. The second
part is the integration over the moduli and position of the vertices.
The multi-loop amplitudes are determined in the same way as Yang-Mills. In the
unintegrated picture the amplitude is
00 3L—3+N 3L—3

Men= ¥ % / 1 / quﬂ e
(@} i}y N r=1
2L—2 3L-3

< IT o ({a"yi@) - {ayiel) T B; (¢, 0).@]) . (4.25)
=1 j=1

In the integrated picture, the amplitude is
3L—3

AéLG)(SU) = Z / dI’...dTsr—3 / HdTr / H d<I>] d(I)J
CATRISY =
202 3L-3

< I] 5({df}§q>§; —{di}gcb{) I1 B (¢, @jg,q){;zy) : (4.26)
=1 7=1

— 98 —



This expression of the amplitude is equal to [5],

L F
A=A
Fr,

oo L
A4 _ /0 ATy ... dTy /F [T dn KEE (ko }a Ty
L r=1
3L-3 N

KEL (ko). Ty 70) = /quw/(/ 1 ¥ % T Vic (ke ) (4.27)
r=1

J=1

where b7 b/ denote the insertion of the term bb on line j. By doing the same analysis as in
Yang-Mills, one can show that the field ® has L zero modes for each component and ¢ has
one zero mode for each component on a skeleton with L loops.

As in the Yang-Mills case, we will find that the above prescription has to be gener-
alised to be consistent with BRST invariance. This generalisation can be expressed in one
of two ways — either by including higher-point external vertices or by the addition of trees
attached to the skeleton diagram.

The three- and four-point amplitude is defined in the same way as for the Yang-Mills
case. The three-point tree amplitude is

AL (k) = lim (Usq (k1, T1) Usc (k2, To) Usa (ks, Ts)) (4.28)

T;—o00
where the proper time of the vertex is 7 = 0. The four-point tree diagram is

(Tree) T > Ti
Age™ (s, tu) = lim Y [ dr (Usg (k1 T1) Usg (ka, To) Usa (ks, Ts) Vs (ka, 7))
0

T;—o00 4
J=1

(4.29)

where the position of the fourth particle should be integrated over the whole three-point
diagram.

5 BRST invariance

In the previous section presented the propagator and the internal three-point vertex for
Yang-Mills and supergravity in terms of the pure spinor fields. This led to the three- and
four-point tree as well as loop amplitudes with any number of external states. In this
section we will make the first non-trivial test of these expressions. We will see that the
amplitudes need to be generalised to be consistent with BRST invariance. This can be
expressed in two equivalent ways. Either by including higher-point external vertices (as
in figure 7(a)) or by addition of trees attaching the skeleton (as in figure 7(b)). We will
choose the former as it makes the ultraviolet properties of the amplitude more transparent.
In addition to these higher-point contact interaction®! there are “effective” contact terms
generated by contractions of P factors that enters into the b ghost and vertex operators.

21 A contact term is a vertex that has more than three points.
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(a) (b)

Figure 7. (a) A three-loop skeleton with a four-point contact term attached. (b) A three-loop
skeleton with a tree attached.

The regulator is a BRST trivial term and will be suppressed in the analysis. The only
time it could have an effect is when vertices collide. As the regulator is assumed to have
the form /' = 1+¢ fOTi dr (@, x(7)]+ O (€?) and the function x(7) is a continuous function,
the regulator satisfies limy, .o NV = 1. Therefore, the regulator will not contribute when
vertices collide.

In this section we will use the unintegrated picture and analyse the two theories sep-
arately as there are some important differences. We will first consider loop-amplitudes as
the BRST invariance of the trees follows from this.

5.1 Yang-Mills

Consider first the one-loop amplitude and make a BRST transformation of the N’th vertex,

Uéva — U\](VM + 1@, p), (5.1)

where p is an arbitrary function of the coordinate fields. The BRST charge can be com-
muted through the vertices and b ghosts to act on the bra and ket,

N N—-1
) AYM i) = Z / Hdﬂn /dq)HCdQ<(I)C;ZTT <bU§1(\?) bp <I>d;0>
s=1

0cESN_1 r=1
N N—-1
-y / Hdn /d(I) n0d<<I>C;ZTT I1 (wg;g;)) bp <I>d;O>Q
cESN_1 =1 r=1
N N-1
+ Z / HdTr /dq) ked o) <‘I>C;ZTS H (bU{',%?) bp <I>d;0>
c€ESN_1 s=2 r=2
o N—1 N-1 |N-—
-y / H dTT/dCImCd <<I> S, H (bussy)) bUiy o c1>d;0>
ocESN_1 s=1 r=1

-y 2/ H dn/dqmcd< G ENJ T Sﬁ(bUi}@)

c€ESN_1 5=2 r=1r#s

— 30 —



2 3 2 > 2 3
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(a) (b) ()

Figure 8. The three different diagrams describing interaction between four particles involving only
three-point vertices.

< b (U9 VoRY) TT (b0 b
r=s+1

By; 0> : (5.2)

where we have used [@, b] = H and the fact that an insertion of the Hamiltonian is equal to
a total derivative w.r.t. the length of the propagator. Integration over this modulus gives
an overall minus sign and a contact term. This contact term is expressed in the last line
of (5.2) as two vertex operators adjacent to each other without a b ghost inserted between
them.?? The two terms involving the BRST charge cancel and one can move the U7
vertex in the third term to the right. Using the symmetric group one can show that the
amplitude is BRST invariant up to contact terms

o N-1
dpAvm(sij) = — Z /0 H dTr/d(I) wcd
r=1

oESN_1

N-—1 N—-2
(0 X T (0580) w0
s=1 r=1

1 N-1 .o N N s—2
> Z/ 11 dTr/dfand <q>c; S w| T (b))
c€Sny_1 s=2 0 =1 r#s r=1s#r r=1

g o) T () oo
r=s+1

Dy 0> . (5.3)

Soon we will see how these can be cancelled by addition of contact vertices. Before that
we will analyse the multi-loop amplitude.

A BRST transformation of one of the external vertices has the form [Q, p] = Qp — pQ.
One can move the BRST charge in the first of these terms to the left around the network
using the BRST invariance of the internal vertices and external states so that it cancels
the second term. This is a generalisation of the one-loop discussion. The only part in the
amplitude that has nonzero commutator with the BRST charge is the b ghost. This will
produce one insertion of the Hamiltonian, which can be written as a total derivative w.r.t.
to the moduli. Integrating over this modulus produces a contact term with four points.
Therefore, four-point amplitudes with off-shell states form an essential part of the analysis.

22For loop amplitudes, the upper limit vanishes for fixed nonzero values of the other moduli. For tree
amplitudes, the upper limit vanishes after an appropriate analytic continuation of the momenta.
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Pairs of three-point vertices can be glued together to form three distinct contributions
to the four-point amplitude (as shown in figure 8(a)-(c)), which we call the s-, ¢- and u-
channel, respectively. Including colour explicitly is essential in the analysis, so we separate
it from the kinematics. The contributions of the different channels to the amplitude are

o0

5 Hdefalagdfa?’a‘le/ dr (UynUgn b U Uy )
0

t: "édefawldfaw?’e/ dr {UynUya b UgnUsr)
0

W Kge fOr93d pasaze / dr (UynUsn b UymUn) (5.4)
0

where U? in this equation is an unintegrated vertex operator which can be off-shell. This
operator only depends on the coordinate fields X™, 6% A% A, and 7,. Consider the case
when a BRST charge acts only on the b ghost insertion. As described above, one will then
get an insertion of the Hamiltonian between the two sets of vertices. This can be exchanged
by a total derivative w.r.t. the modulus for the propagator. Integrating over this modulus,
the two three-point vertices will collide and one has in each case a four-point vertex

§1 —HRge f*1027 fo304¢ (UG U\ Uy Uy )
t: —Kgeframd fo2ase (UL U\ UgyUsy)
U —hge fUO3 fO902¢ (UG U\ U Ui ) - (5.5)

Observe that the operators in the above equation can be reordered to have the same kinetic
part. Summing the s-, t- and u-channels one will get

— (proad poons  — poand poans oy pioad posce ) ) (U URG U DRy = 0, (5.6)

where we have used the Jacobi identity. The consequences of this identity are important.
Consider first the case when one of the operators above describes a physical particle. This
shows that there is no contribution when an external three-point vertex collides with an
internal vertex as long as one has the s-, t- and u-channel contributions. Note that this also
applies when one of the colliding vertices is the one, which is BRST exact. The case when
all vertex operators are off-shell corresponds to collisions of two internal vertices. The above
analysis shows that this is cancelled in the sum of the s-, t- and u-channel contributions.

The conclusion is that the only case when there is a possibility for the amplitude to not
be BRST invariant is when two vertices producing external physical particles collide. This
violation of BRST invariance can be cancelled by the addition of an appropriate four-point
contact vertex that does not enter the tree amplitude. This vertex can be determined
by considering a four-point interaction with two on-shell states. This consists of the sum
of two contributions. One of these is formed by gluing together two three-point vertices
together with a propagator (figure 9(a)) while the second is obtained from the four-point
vertex under consideration, U4, (figure 9(b)),

o0 3 . .
Z /0 H de BJ <¢7 é“yf;bjc’ (I)Z,bj’ {kd('l‘)}7 {TS}>
s=1 g

€Sy
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(a) (b)

Figure 9. The propagation of a particle absorbing two physical states through: (a) Two three
point vertices. (b) One four-point vertex.

+/ Hd7532 (¢, - j;bg,{kl,kz},{fs})

b],0> . (5.7)

Multiplying this equation by Qg from the right and rewriting it as Qgc on the left together
with terms where the BRST charge has commuted with vertex operators and b ghosts gives

Z / H drs Bj (¢’ (I)i”;b]j:’ (bz;bgw {kcr('r")}7 {To(r)}; T) Qz

oES2

/0 HdTSB2<¢, ” @)y k1 kb )ng
Z/ HdTSQf < fb], ibg,{ka(r)}y{Tg(r)};T>

0ES>

/ HdTS Qj B2 <¢7 be’ bj,{kl’kQ} T3 T)
-y / dry drs <<I>J b§,T‘b[U§§Z%U§§?]b ‘I’f;bz30>

g€ESs
+/0 d71d72<<b;;b], ‘b[UYM, 1b @j;bj;0> e (5.8)

where the dots denote terms where the BRST charge commutes with the b ghosts adjacent
to the bra or the ket. From the derivation above one obtains the equation, which the
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four-point vertex satisfies

(Uya U] + U1, Uyl (5.9)

| =

[Q, Uyt =

which is similar to (3.19). As expected, the four-point vertex is connected to non-linear
effects. Let us go through the solution in some detail. We restrict to the case with
external bosons (the generalisation to fermions is straightforward). Consider a solution of
the equations of motion for Yang-Mills consisting of two plane waves. The solution for the
6°-component of the superfield A4,, is

A, (K1, ko) g = ape™ X 4 a2 etz X (5.10)

As the equations of motion in Yang-Mills are non-linear, there are terms mixing the two
plain waves. Consider the superfield A,, which is involved in the unintegrated vertex op-
erator. The solution to the equations of motion for this field can be written as a sum of

three terms??

Ag (k1, k) = ALY (By) 4+ ABY (o) + AL (ky, ks) (5.11)

The first two terms satisfy the linearised equations of motion for Yang-Mills. The third
term includes the non-linear effects. Inserting this expression into the equation of motion
and contracting the two free spinor indices with pure spinor fields

A\ (DaAg + %[Aa, AB]>

. 1. . . .
= 2 (DA () AR (k) 4 A2 (k) ALY (1) 4 421 (1))
=0 (5.12)

where we have used the fact that the fields A% satisfy the linearised equations of motion
and that the non-linear term commutes with the other fields. Therefore, the non-linear
term satisfies
1
QA AR (k)] = 5 (INAY (k) A AZE (k)] + NAZ! (ko) AA (k1)) - (5.13)
Apart from e, this is the same equation as (3.19). Therefore, the four-point vertex has the
form

UL, = a>Al2nt (5.14)

where the colour factor of U%ﬁv[ is farazc fdefmcf. The unintegrated contact vertex can be
defined as Vi3 = [U33,,b] just as the three-point vertex (up to BRST trivial terms). It
follows that (c.f. (3.15)) that
12 m Anl o 1 mn nl
Vi (k1, ko, 7) = : PMAY - — t d WS - +§N F,

mn

(5.15)

Z3We have here suppressed the 6 dependence of the superfields.

~ 34—



where : : denotes normal ordering.

We have now shown that adding one four-point vertex can compensate the non-BRST
invariance of the amplitude with only external three-point vertices. However, the BRST
transformation of the amplitude with one four-point vertex will generate yet more BRST
non-invariant terms. Such terms are cancelled by adding additional contact terms. In the
end one will have amplitudes with three-, four- and higher-point external vertices.?* The
higher-point vertices will all satisfy equations of the form (5.9). To simplify the analysis, one
can introduce a parameter, €, and consider a solution consisting of the IV external particles,

N
A (k1s o kw)lgg = € af,e™ X (5.16)
j=1

The solution A, of the Yang-Mills equations can be written as a linear combination

N N

N
A (ke ky) = €Y AR Y >0 At (5.17)
j=1

=2 j1<..<ji=1

We now insert this solution into the equations of motion contracted with two pure spinor
fields,

1
A%\ (DaAg + 2[AQ,AB]> =0, (5.18)

which gives an equation that can be separated into different powers of €. The solution to
order €2 is a generalisation of the simplest case that give U3, (5.14). The equation to
order € describes the collision of a three- and a four-point vertex. This generalises to all
higher orders in e.

The conclusion is that the Yang-Mills loop amplitudes can be made compatible with
BRST invariance by adding multi-point vertices. The form of the higher-point vertices is
completely determined by the form of the three-point vertices.

The BRST invariance of the tree amplitudes follows from the above analysis. The
three-point amplitude is trivially invariant and the invariance of the four-point amplitude
follows from (5.6) with four physical particles.

It is possible to describe the restoration of BRST invariance without introducing con-
tact interactions. This alternative description involves attaching trees to the skeleton as in
figure 7(b). Roughly speaking, the propagators in the tree are cancelled by momenta in the
tree vertices, leading to the contact term discussed above. This description corresponds to
the discussion in the context of string theory [45] and in the context of three-loop field the-
ory in [46], which manifestly incorporates the duality between colour and kinematics [47].

5.2 Supergravity

The discussion of BRST invariance in supergravity is analogous to the Yang-Mills case
with some important differences. Consider first the one-loop amplitude and make a BRST

24The analysis above can be generalised to cases involving one, or more, higher-point vertices in straight-
forward way.
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transformation of the N’th vertex, Usj\é — UéVG + [Qtot, p]. Commuting the BRST charge
through the vertices and b ghosts to act on the bra and the ket one obtains
P; 0>

AL (sip) = / HdTr/d@ Quor <<1> ZTT H (vhUg) bbp

ogESN_1 r=1
+ Y / Hdn/d@ <¢) Zn H (bEUé’g)) bh p q>;o> Otot
oc€ESN_1 r=1
5 % [T fa
UESN 1

<q>NZ <I>;0>
_,Z Z/ H dn/d<1>< i ﬁ(bbU“”)

5=2 0€ESN_1 r=1r#s r=1r#s r=1

g

N-1
Uge o =8 TT (bbUSs”) vbo
r=2

x b (UG8 (b - ) Ugy) H bb U b p

r=s+1
o N—1
-5 Z / 11 dn/d@
UESN 1 r=1
N-1 N-2
X <‘1>? > | TT (0b0ss”) b gV, 6— Bl <I>;0> . (5.19)
r=1 r=1

The first two terms cancel. Using the symmetric group and the fact that the b ghosts
anti-commute, one obtains

A(Slc); (sij) = —iNz:l /000 ﬂ dTr/d(I) <<I>; iv: T, 1:[ (bbUé7 )

< [Ugg;*w, [b_ 5,059 T (0sg) oo @;0>

H (bb g ) vb (|88 00 - 8] 1]

r=1

<¢ z

Therefore, the amplitude is BRST invariant up to contact terms. Before we consider

<1>;0> . (5.20)

the form of these contact terms, we will consider the BRST transformation of multi-loop
amplitudes where such terms also arise.

Analysing BRST invariance of the multi-loop amplitude follow the same steps as Yang-
Mills. Therefore, one needs to analyse four-point amplitudes where particles can be off-
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shell. Consider the three channels of the four-point function depicted in figure 3(a)-(c),

st 0(0F + ®F + ®F) (Dp;Tu|... |®);0) (F T2 ... |9%;0) (®%; T ... Usq bb |@F;0)

to 0(®f + @7+ 0F) (D Tu| ... Udq bb |0F;0) (0% To| ... |0F0) (9% T3] ... |®F;0)

w: (0 + ®F + BF) (DF; 71| ... |} 0) (D% T ... Usq bb |@7;0) (% T3 ... |@F;0) .
(5.21)

Assume now that the BRST charge is first located at line 1 and move it to act on the bb
insertion between the two vertices. This will make the two vertices collide since [Qyot, bb] =

.Y (b — 5) Adding together the three channels one obtains

1 5 7 A

S’zt;aA =3 ([vde o 0] + [Udab = b] + [Ude, b - 8] ) o(@} + @ + @)
><<q>};T1‘...“I>%;0> <<I>2;T2}...‘@?;0><¢3;T3"”‘¢?;0>

- (5.22)

The vanishing comes about because the operator [U%,b — IA)} is a world-line vector. If the
fourth particle is a physical state one concludes that one has no contribution when an
external vertex collides with an internal vertex as long as all channels of the four-point in-
teraction are included. The case when the fourth particle is off-shell describes the collision
of two internal vertices and it follows that the amplitude is BRST invariant as long as the
three channels are included.

The analysis above shows that the amplitude is BRST invariant up to terms when
external vertices collide. We again consider the four-point interaction with two on-shell
states and two off-shell states. This has contributions from the product of two vertex
operators (one for each on-shell state) joined by a propagator and from the new four-
particle vertex with two on-shell states, US%,

Z/IM% 6.8 ¥, (ko) Ar)) + [ drydra B0, 9, 0], (b ()

oES2
Z/ Hdrr< f,zn H(bz;Ugg>)bz; q>g;o>
@{;o> . (5.23)

r=1

oES2
w .
+/0 drm dms @;;Z}TT
r—=

Multiplying this expression with QZ from the right and commuting i‘p through the

bb USZ bb

vertices and b ghost insertions one obtains the same term multiplied with Qﬁc from the left
and terms where Q¢ are commuted with the b insertions,

Z / HdTr (I)J (I)j {kU(r)}’ {Ts}) Q

oES2

. / dry drs BX(6, 9%, @7, {ky, k}, {7.}) Q7
0
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-> [ Hdn@; 6.94,9], iy}, 7))

oc€ESy

+ / dry dry @ B2(6, %, 7, {ky, o}, {7, })
0
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where the dots denote terms when Qiot is commuted with the b ghosts adjacent to the
bra or the ket. From the expression above one obtains the equations, which the four-point
vertex satisfies

1
[ SG7 Qtot]

= 7 (|tda: [0 -0, Uk] | + [vde. [0 - B Uk]]) - (5.29)
The similarities to (3.30) show that the solution is connected to non-linear effects in su-
pergravity. The interesting superfield is A,” as it is involved in the unintegrated vertex
operator. Consider a superposition of two plane waves. As the theory is non-linear, there
are non-linear terms in the A,” superfield. The solution can be separated into the sum of
three terms as before,

AP (k1 k) = AP (k1) 4+ A (ko) + AP (ky, kea) (5.26)

where the two first terms satisfy the linearised equations of motion. Inserting this
into (3.30) shows that the non-linear piece must satisfy

i ([Ude [0 - 8), 0] | + [Uda. [0 - B), U] ]) - (5.27)

We have now improved BRST invariance at lowest order by introducing a single four-point

AP (ky, ko) Ag, Quot] =

contact vertex. As we saw in the Yang-Mills case, inserting this vertex leads to further
BRST violation, which is restored by the insertion of more four-point vertices as well as
higher-point vertices.

The higher n-point vertices are obtained in the same way. Expanding the #°-component
of Gy in terms of N plane waves,

N
Gimnlg—g = € Z €™, (5.28)
j=1
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(a) (b)

Figure 10. (a) A four-point amplitude with a five-point contact term attached. (b) The alternative
solution with a tree attached where the propagator connecting the tree with the skeleton is marked
with .

The solution of the equations of motion for A, can be written as an expansion in terms of e

N N n
A =) AL )+ D YT AL (R, K, (5.29)
2

j=1 m= J1<.<jm=1

Using (3.30), one finds that the term A*A,%™ (k;,... kj,.) 5\/3 corresponds to the m + 2
vertex where the particles with momentum kj, , ..., k;,, are involved.

As in the Yang-Mills case, an alternative description of these contact vertices can be
given in terms of attaching tress to the skeleton. This makes contact with observations in
the context of D = 11 supergravity [48, 49].

One advantage of the description of contact terms as trees attached to skeletons is
that it makes clear that n-point vertices with n > 4 do not contribute to the four-point
amplitude in either Yang-Mills or supergravity. For example, consider the four-loop
amplitude with one n = 5 contact term shown in figure 10(a). This can be expressed as
a tree attached to the skeleton as in figure 10(b). However the leg marked x is necessarily
on-shell and the diagram would give a mass renormalisation to the Yang-Mills state (or
supergravity state) which cannot happen because the two-point function vanishes on-shell
(as will be reiterated in section 7).

6 Properties of the amplitude

In the two previous sections we have defined the amplitude and shown that it is compatible
with BRST invariance by including multi-point external vertices.

In this section we will obtain some general properties of these multi-loop amplitudes
that follow from saturation of fermionic zero modes. These properties are deeply related to
supersymmetry and strongly constrain the pattern of allowed diagrams, their low energy
behaviour and their leading ultraviolet divergences. We will review and somewhat extend
the discussion given in [5], which is closely related to the discussion in [7] for the pure
spinor string.

In the following, we do not need to distinguish between Yang-Mills and supergravity
as the hatted fields work in the same way as the unhatted. Furthermore, we will use the
integrated picture.
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Before we consider the structure of the amplitudes, we derive the form of the regulator
needed for amplitudes with few enough loops. This is the so-called large-A regulator [7].
The regulator needed to regulate amplitudes with many loops, the so-called “small-\ reg-
ulator” [50, 51] (see also [52] for an alternative regulator) will not be discussed in detail
although some properties of this regulator will be needed in the next section.

6.1 The regulator and integration over zero modes

The first step in obtaining the properties of the amplitude is to discuss the measure of
the zero modes. This is non-trivial as there are pure spinor fields and was determined
n [7, 53, 54]. Consider first the part of the measure involving world-line scalar fields
X™ 6% A\, A\, and 74, which has the form

dp = dPxd" g d ' Na"' N d'lr. (6.1)

In this expression the dimension is generic, as we will dimensionally reduce the theory in
a way that preserves supersymmetry. This is done by reducing the superfields to lower
dimensions and choosing special kinematic configurations for the external particles. The
measure for the pure spinor fields in (6.1) is

AUINNNIN = €5, gy (D717 dyer ayen
A" AN ANy = PP T s @Ay - d gy
A7 = ey primns (TP X RoXydrr . dre (6.2)

where () and [ ] denote symmetrisation and anti-symmetrisation of the indices, respectively.
The tensor T(@N[s1--#s] is given by [6, 53]

6P1~--P11/€1-~~H5T

(aBy)[k1...k5] — N

n D
Vp126 Vo130 Vprar

T 1 9
x <(7mnp)/’15,016 <5(a555 ) (aﬂdv) )) : (6'3)

It follows from the equations above that one has to extract sixteen 6’s as well as eleven r’s
from the b ghost, vertices and the regulator. Furthermore, one also needs three additional
A’s from the measure of the world-line vector fields, b ghost, vertices and regulator
compared to the number of \’s.

The measure for the zero modes of the world-line vector fields is

do! = aPet atal aONT dgt d'ONT agt at0st dst, (6.4)

where we have used gauge invariant combinations as well as d, instead of p,. Furthermore,
¢ is the loop momenta. In this expression the measure for the momenta for the pure
spinors is [7]

10 A71 I ya aj...q Imin Imion 1

dONT dJT A N0 = MEves AN gNT ooy

dONT AT Moy . Ay = (M™ 1)21117;8”“0"10 dNL . dNL !
10 oI I at...o I I 1
d0STdST = MEoS  Nar - Aag dSL o dSL L dST, (6.5)
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ai...a8 :
where M98 . satisfies [7]

o1...08 3 3 ming mionio _ () ) () \
Mmlm...mwmo)‘al tet Aa8,¢ cet w - (A7m1n1m2m3m4)‘) ()‘rym5n5"2m6m7)\)

X (;\'Ymsnsnsnsmg 5‘) (;\'Ymmnmnwmg )‘)
) qgmono (6.6)

and ™" is a fermionic, anti-symmetric, two-form. The measure for the world-line
vector fields behaves as (A/ ()\5\))8]:. To simplify the equations, we make a change of
variables for the non-minimal fields; N}’m = QNS g = Q”jJ,S}“” = Q7 87mn
and S; = Q7;57; which has a trivial Jacobian. From the measure one finds that one has
to extract 16L d zero modes and 11L s zero modes from the b ghost insertions, vertices
and the regulator.

Before we can consider the constraints on the amplitude one has to determine a reg-
ulator. One cannot set this equal to one, as this would give a 0/0 singularity, which is
apparent from the form of the vertices and b ghost. The numerator zero arise because
there are insufficiently many fermionic zero modes to saturate the integrals, while the de-
nominator zero arise at large values of A, NV,,,,, and J. One can write an expansion for the
regulator in (4.2) using

X = @10“Na + @2 (N S™ + JS) (6.7)
where ¢; and ¢o are generic complex numbers. The regulator which follows this is
N = efdrlQx]
— o0 [dT(A*Xa—0°7a ) =gz [ d7(Nmn N+ T =5 (dymnA)S™" —(Ad)S) (6.8)

For consistency, one has to assume that the real part of ¢g; and ¢o is positive otherwise the
bosonic integrals do not converge.

Consider the regulator in (6.8) for a generic skeleton and assume that only zero modes
of the fields contribute. One can then calculate the product of the regulators on the different
propagators of the skeleton to get

max(3L—3,1)
Mot - H N]
j=1
max(3L—3,1) -
_ H e~ ()\“5\(1790‘7"&) Jo?dr
j=1
o 2 (N NI Ty = 3 (@ ) S5 — (A )8,) (271) 7 [ dr (o /dr) (e /)
_ efql(/\"‘;\afOO‘ra)fFL dr
o~ (N N T LTy g (0 ymn 0) S5 (M) S5) (7)™ [ dr (w1 /) (o i)
max(3L—3,1)

L 1R 07ra) SEOE I 1o (N N T () SPT - ()S1) (6.0

where we have used [ F dr (wr/dr) (wi /dT) = QrK. Redefining ¢; to absorb the total
length of the skeleton one obtains

Nt = e 1A Ra=07a)=a> (N N7 7Ty = g (" mn X) S — (A" ) 57) : (6.10)
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which is the regulator in [7]. As a remark, the regulator for the tree amplitudes is obtained
by setting the world-line vector fields to zero in (6.10).

We can now make a detailed analysis of the integration over zero modes. The analysis
is the same as the one for the string presented in [7]. This will constrain the allowed
skeletons and the position of the vertex operators attached to them.

First consider the integration over the world-line vector fields. A key observation is
that the vertices and b ghost are independent of N™". Therefore, the factors of Ny, in the
vertices and b ghost cannot contribute by their zero modes. One can therefore integrate

over NI

LA £ N and J; giving the schematic form

L
_ - _ 1
/H dOENT GE T O8N 4P Ty Ny ~ g5 1 W Notln —gg -  (6.11)

Furthermore, the vertices and b ghosts are also independent of S,,,, and S. Performing the
integration over these fields, using the regulator (6.11), gives schematically

8L 11
—llL 11L —11L 11L 11L I
/Hd S1——31 )SL Niot| Nppn=g=0 ~ @2~ @2~ 751 A H (@) Nootlgrg

(W)™

L
~ A ()" Miotlpr—o - (6.12)
I=1

where Niot|pr_, denotes the regulator for the tree. The result of the integration is inde-
pendent of ¢o, as expected because the regulator is BRST exact.

An important observation in (6.12) is that, after integrating over the zero modes of
the pure spinor momenta fields, one will have eleven insertions of d zero modes for each
loop in the skeleton. Therefore, the b ghost insertions and vertices has to contribute five d
zero modes for each loop in the diagram. This will constrain the skeletons, the positions
of the vertices and the ultraviolet behaviour of the amplitude.

Assume we have integrated over the zero modes of d, picking out possible com-
binations of the terms in the b ghost insertions as well as the vertices. Consider now
the integration over the world-line scalar fields. Whereas the b ghost depends on the
non-minimal fields the vertices do not. Consider the case when the b ghost contribution
is 63573 ~ (A/(AN)3E73(r/(AN))™ with n < 11.2° The integral over the pure spinor fields
and 6 is of the form

_ 3L-3 n
- A
/dllellA d11>\ d160 )\3L (O\X)) <(AT5\)> (@) (P, X, 9) M0t|<1>1:0

N/d“rd“/\dn/\dm@ {)\3 <q1(1AX)> D"O (P, X,0) /\/totyq)lzo}

~ /dllrdllAdllAdlﬁe {N*D"O (P, X,0) Niotlgr_o} (6.13)

Z5The restriction to n < 11 is crucial in order to avoid small-\ singularities.
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where O (P, X, 0) denotes the combined part of the vertices and b ghosts insertions which
depends only on P,,, X" and 6%. Above we have rewritten r, as D,/q acting on the
regulator using momentum conservation. Here D, is the fermionic superderivative defined
in appendix A in (A.3). After partial integration, the operator D, acts on the operator
O (P, X,0). Furthermore, we have replaced 1/ (q1 ()\5\)) by 1 as this factor is independent
of g1 in the integral.

Using the measure in (6.2), it follows that the integration in (6.13) extracts a
specific component of A3D"O (P, X, ) involving three A and five #. This motivates the
introduction of the matrix element

(N0 (P, X,0))

|ps = /d“r A" NdM N A9 N3 O (P, X,0) Niotlgr_g

~ D0 (P, X,0 (6.14)

Moo -

For economy of notation we will suppress the notation |,_, in the following.

Up to now we have considered the Yang-Mills case. The generalisation to supergravity
is straightforward, involving a doubling of all the fields with the exception of X and P.
The regulator involving the hatted fields has the same form as (6.10). Integrating over
the zero modes of the momenta for the pure spinor fields, one obtains a symmetric factor

.. A\ 11
of 3L H%Zl (d[)11 A3 H%:l <d1> . Integration over the zero modes of the world-line

scalar fields picks out a certain 636° component of the operator O(P, X,0, é) Therefore,
we define the matrix element

<>\35\3(9(P, X, 6, é)>

s = / (@) (@A) (dN)? (d'99)” A3 A3

<O(P,X,0,0) (NioxNior)

®I=0

~ D’DPO(P, X, 0, é)\e A

1
i (6.15)

where (alnr)2 = d"r d''#, and similarly for the other fields. As before, we will suppress
the notation [,_s_, in the following.

6.2 Properties of the b insertions

The analysis of the consequences of the b ghost insertions is of importance for the prop-
erties of the amplitudes. We here assume for simplicity that the fields in the b ghost only
contributes through their zero modes. As described in [5], the b ghost consists of the prod-
uct of two world-line vector fields and world-line scalar fields and can be expanded using
the world-line one-forms

V| ro = b (wr/dy) (wy/dr))
_ b[ J aQI J

oT;

zZero

(6.16)

where we have used the definition of the period matrix. This demonstrates the manner
in which the insertion of b ghosts is connected to the period matrix. It follows that the
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product of 3L — 3 insertions of b for a specific skeleton has the form

3L-3

H bjl — pht plsr—3Jsr—3
Z€ero e

j=1

thJl 8QISL73J3L73

TR T (6.17)

In considering the ultraviolet behaviour of the amplitude it is important to see
whether (6.17) is nonzero if every factor of b contributes with the maximal number of
two d zero modes. The term in the b ghost which has two d’s is the second term in (3.9)
(see also (3.10)), which will be denoted by b%/. Since (bﬁ)Q = 0, it is only possible for (6.17)
to be nonzero when b is replaced by by if the period matrix has 3L — 3 nonzero linearly
independent components. This condition can be written as
3L-3

> cj% #0, (6.18)
j=1 J

for any nonzero c;. If this condition does not hold it is not possible for all b ghosts
to contribute via the second term in (3.9), which leads to two possibilities. Either at
least one of the b ghosts contributes via the first term or at least one of the b ghosts
contributes with a nonzero mode. The discussion here again generalises to supergravity in
a straightforward manner.

7 Summary of structure of multi-loop amplitudes

This section will largely review the computations of four-point amplitudes presented in [5].
We will somewhat enlarge the discussion by including the determination of the four-point
one-loop and two-loop amplitudes up to an overall constant using the results in [25, 26].
We also consider the multi-point one-loop amplitudes and give an alternative proof of the
“no-triangle hypothesis” [30]. Furthermore, we also show that loop amplitudes with fewer
than four external physical particles vanish.

7.1 Preliminaries

We will focus on the ultraviolet behaviour of four-point amplitudes and not on the infrared
behaviour, which needs a more detailed investigation. More precisely, we will consider the
L-loop amplitude in sufficiently high dimensions for it to be ultraviolet divergent. This
divergence may be regulated with an ultraviolet momentum cutoff, A. The contributions
to the L-loop amplitude that come from a particular skeleton, Fp, will diverge as a
positive power of A when D > D((;FL), where D((;FL) is the L-loop ‘critical dimension’ for
that skeleton. When D = D((;FL) the amplitude diverges as log A.

By simple dimensional counting it follows that the term with the leading ultraviolet
behaviour of the amplitude is associated with the lowest power of external momenta, k.,
in the low momentum limit, k&, — 0. In taking this low momentum limit in a term with
an even number of momentum operator insertions arising from the vertices and the b

ikrx

ghost insertions it is possible to set e = 1 and make use of the contraction between the

momentum insertions

(P™ (1) P" ('), = =0 (wi(r)/dr) (1) (wy(r')/dr') (7.1)
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which can be obtained from explicit computation of the loop momenta integrals. If there
is an odd number of momenta insertions, then one of these internal momenta has to be
replaced by a linear combination of the external momenta before taking k, — 0.

In previous sections we saw that the X and P part of the amplitude is described
by scalar field theory diagrams with cubic internal vertices, together with certain n-point
external vertices and numerator momenta insertions. In computing the low energy limit of
a term with 2¢ momentum insertions it is simple to see from dimensional counting that

(Pm1 (7_1) . pP™2 (7—2(1)>FL ~ AL(D—6)+6+2q+2m 7 (7'2)

and m denotes the number of external vertices attached to the skeleton (and D must be
large enough for the power of A to be non-negative).

The critical dimension is determined by the value of D that makes the power of A
in (7.2) vanish

2(L+m—q—3)

DY) = 4+ 7

(7.3)

In particular, the condition for the expression to be ultraviolet finite in four dimensions is
q < L+ m — 3, which limits the number of momentum insertions for a given value of L.
Restricting to the case of four-point amplitudes, this condition can be interpreted as a limit
on the number of derivatives acting on F* and R* at any value of L. For N' = 4 Yang-
Mills in four dimensions one does not need any derivatives for the theory to be ultraviolet
finite [55, 56] while for supergravity one needs 2L derivatives acting on R* for L > 1 [57].

The amplitudes for Yang-Mills will be considered in the large-/N. limit, where one can
use the double line notation to indicate the colour contractions on propagating particles.
The group theory is described in terms of external vertices attached to boundaries of these
propagators, as if they were attached to the boundaries of open strips. For single-trace
operators, the four external particles are attached to a single boundary and the amplitude
behaves as N* on the number of colours. For double-trace operators, the four external
particles are attached in pairs to two different boundaries and the amplitude depends as
NCL*1 on the number of colours. Non-planar skeletons are suppressed by 1/N2 compared
to the planar ones.

Before summarising the loop amplitude results, we give the results for tree amplitudes
with three and four external particles for Yang-Mills and supergravity

At (k) = f102%ay, a2, ah, VTS

AGE (1)) = By Wy VY0205

miniTmanz’"ms3an3a

TrFt
A(Tree) £ —
YM (s,1) st
Tree R4
AL (5,8, u) = o (7.4)

where

ymimems _ gmims (k{% _ kgn?,) 4+ gmams (k;m _ kgm) 4 gmama (k;g"b? _ k;m) . (7.5)
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These expressions can be obtained using methods presented in section 2 and the results of
the pure spinor integrals for the string [26].

The guiding principle for extracting the leading low energy term is to first consider
the term which contributes the maximal number of d zero modes in the b ghost insertions
that the skeleton allows (using the first and second term in (3.9)), The external particles
in the four-point amplitude are attached to the skeleton through three- and four-point
vertices. For these vertices, one uses the term with the maximal number of d zero modes
n (3.15) and (3.25). In general, it is not necessary to use the maximal number of d zero
modes from the vertex insertions. For the Yang-Mills case, one uses the first term in (3.15)
for the surplus vertices. In supergravity, one uses the third and fourth terms in (3.25) in
pairs for the surplus vertices.

Before considering general amplitudes we note that vacuum amplitudes vanish. This
follows since there are five more zero modes of 6 than r and the b ghost is independent of
0, so one cannot get a non-zero result for the r and 6 integrals at the same time. Thus,
zero-point amplitudes vanish.

7.2 One-loop amplitude

From the discussion in section 6, five d zero modes need to be obtained from the single b
ghost insertion and the integrated vertices. Since the b ghost can contribute two d’s, at least
three need to come from the integrated vertex operators. Therefore, amplitudes with fewer
than four external particles vanish since one vertex is unintegrated. For the four-point
amplitude there is a single insertion of r, which can be turned into one D. The discussion
generalises straightforwardly to the supergravity amplitude by the doubling procedure.
Since only one configuration of terms in the four vertices contributes the leading ultraviolet
dependence of the amplitudes in the Yang-Mills and supergravity cases are given by

A%z/[(s’t) ~ <)\2DW3AQ> 05 AP=8 ~ PAAP8
A(Sl(zz(sv t, ’U,) ~ <)\3X3D1A)W3A>‘95é5 AD—8 L R4 AD-8 ’ (76)

where the matrix element are defined by (6.14) and (6.15).26 The results are the same
for both the single-trace, TrF'4, and double-trace operators, (TrF?)2, in Yang-Mills. The
pure spinor and fermionic integrals were studied in detail in [26] in the context of the pure
spinor superstring, and using their results one obtains

AR (s,1)

)

NF4 /Oo dz; / HdT 07’2 +G(T3,T4))+t(G(0,T4)+G(T2,73))+U(G(0,T3)+G(TQ,7'4))
o TP/? Jp r€

1r=2

A(l) G(s,tu)

R /°° iT/Z / H dr, 5(GOm)+C(ra,ma)+HG(O0,ra)+G(r2,m))+u(G(Om)+G(r2ma)) | (7.7)
T )
0

26We have here also integrated over X and P.
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where FY is the integration region which respects the ordering of the external particles.
These amplitudes match with [1]. The corresponding one-loop pure spinor string cal-
culation has been carried out in great detail, including a determination of the overall
normalisation in [58].

We now briefly consider amplitudes with more than four points in order to demonstrate
an alternative proof of the “no-triangle hypothesis” of N’ = 8 supergravity, [31-33]. One
has to extract five d zero modes from the b ghost and the vertices, which can involve any
number of external particles, a priori. To get the contribution which involves the largest
number of insertions of P in the diagram one can consider the case in which the b ghost
contributes two d zero modes. In this case, the integrated vertices have to contribute three
additional d’s. The same also holds for the hatted fields. Therefore, one needs at least three
integrated vertices and one unintegrated. This contribution has no insertions of numerator
momenta and proves that there are no bubble or triangle functions.

7.3 Two-loop amplitude

There are two two-loop skeletons. One is the one-particle irreducible skeleton in figure 5
and the other is a diagram consisting of two one-loop diagrams connected by one
propagator. From the rules in section 6, one sees that the three b ghost insertions and the
vertex insertions have to contribute a total of five d zero modes for each loop. Therefore,
the one-particle reducible diagram vanishes unless at least six vertices are attached —
three for each loop. In the case of the one-particle irreducible diagram, the b ghosts can
contribute with at most six d zero modes and needs at least four integrated vertices to be
attached in order to provide the remaining d zero modes. Therefore, two-loop amplitudes
with less than four particles vanish.

We now consider now the four-point amplitude in more detail. The contribution of six
d zero modes from the three b ghosts enter through the term

3
09,
ITv5” T:%JJ = b} (b} — 201 + b32) b2
j=1
= —2bj1 by 7 - (7.8)

The form of this expression constrains the vertices to be attached in pairs to the two
different loops. This shows that there are at most two vertices on each line, which coincides
with the distribution found in [8]. This generalises straightforwardly to the supergravity
case where the distribution of the external vertices coincides with [2]. Using the rules
presented in section 6, the low energy behaviour of the amplitudes is

Ag&(s,t) - <>\3D3W4>‘95 A2D-14 | g2t \2D—14

A (s,t,u) ~ <)\3;\3D3W4>‘ A2D-U4 | gAR4 N2D-14 (7.9)

0565

where F* denotes the single- and double-trace term depending on where the vertices are
attached.
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> 63

Figure 11. The two three-loop one-particle irreducible skeletons. (a) The three-loop ladder skele-
ton. (b) The “Mercedes” skeleton.

In this case one can go further and evaluate the precise form for the amplitude, not
just its leading ultraviolet behaviour using the evaluation of the fermionic and pure spinor
integrals, given in the context of the pure spinor superstring in [25]. This leads to

(2) o dTy dT5 dT3
Ay (s,t) ~ F /0 TADZ . HdTr (s,t,u,7s)

/
2 r=1

es(G(‘rl ,72)+G(73,74))+t(G(71,74)+G(72,73) ) +u(G(71,73)+G(72,74))

dTy dT5 dT:
A(SQG)} (87t7u) ~ R4/0 1AD32 3/ HdTT S taust)z

e
Xes(G(T1,T2)+G(T3,T4))+t( (71,7'4)+G(TQ,T3))+’!L(G(T1,T3)+G(7'2,T4)) , (710)

)

where FY is the integration region which respects the ordering of the external particles and

V(s,t,u, 1) = [(u—1t) A(1,2) A(3,4) + (s —t) A(1,3) A(2,4)
+(s—u)A(1,4)A(2,3)], (7.11)

A, 5) = e <dn) <;’é) . (7.12)

The supergravity amplitude is of the same form as presented in [59]. Although we have not

where

attempted to determine the overall normalisation of these amplitudes, these coeflicients
were determined in the case of the pure spinor string in string in [60] (whereas the overall
coefficient has not been evaluated directly in the RNS approach although it was fixed by
considering a degeneration limit of the amplitude [61]).

7.4 Three-loop amplitude

There are five three-loop skeletons, three of which are one-particle reducible. The results
in section 6 show that one needs to extract fifteen d zero modes, five for each loop, from
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the vertices and b ghosts. This means that at least six vertices must be attached to any
one-particle reducible skeleton in order to obtain a nonzero contribution, so once again
only the one-particle irreducible diagrams contribute to the four-point function.

In particular, twelve d zero modes can be obtained from the b-ghost insertions in
irreducible diagrams. Therefore, one has to attach at least three vertices to get a nonzero
result, so amplitudes with less than three points vanish. Furthermore, certain skeletons
do not support twelve d zero modes so they cannot contribute to three-point functions.
The twelve d zero modes arising from the b ghost insertions in the remaining ones are
accompanied by six r’s, which can be converted into six D’s. As a result, it follows that
the three-point amplitude involves at least six powers of external momenta and vanishes
after imposing the mass-shell condition and conservation of momentum.

The two one-particle irreducible skeletons are depicted in figure 11(a) and (b). The
first skeleton is the (three-loop) “ladder diagram” and the second the “Mercedes diagram”.
The period matrix for the ladder is

T+ Ty —T5 0
oY= | —n DT+ T+ T T | (7.13)
0 —T5 T35+ Ty
while for the Mercedes it is
T+ Ty + 15 —T5 —Ty
o) — Ty Ty+Ts+Ts T . (7.14)
=Ty —Ts T3+ Ty + T

The number of nonzero linearly independent components of the period matrix is five for
the ladder diagram and six for the Mercedes.

As the period matrix for the ladder has only five nonzero linearly independent compo-
nents, it does not support the maximal number of d zero mode insertions from the b ghost.
The maximal number of d zero modes it supports is three for loops 1 and 3 and five for loop
2. The generalisation to the supergravity amplitude is straightforward. The four vertices
must be attached in pairs to loops 1 and 3 and the low energy limit of the amplitude is [5]

A%z/[ (5,) ~ knm <>\3D5W4>‘95 A3D=20 gt pt \3D=20
Aé‘g (s,t,u) ~ k2, <A35\3D51§5W4>‘ . ABP720 L GBRA NP0, (7.15)
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Here F* contains both the single- and double-trace contribution.
Consider now the Mercedes skeleton. As the period matrix has six linearly independent
components, it supports the maximal number of d zero modes from the b ghosts

6
7. 000, 7.
J=1 !

giving four insertions of d zero modes for each loop as well as six insertions of r’s, which
convert into six D’s. Therefore, the diagram has support from three attached vertices (one
being a contact term).
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Figure 12. The three-loop diagram with one contact term that arises in maximal Yang-Mills
and supergravity. While its contribution makes no qualitative change to the leading behaviour
of the supergravity amplitude, in the Yang-Mills case its presence is responsible for the leading
behaviour, 82 TrF*4.

Consider first the case with four single-particle vertices, which was obtained in [5]

A%)v[ (5,) ~ knm <)\3D6AW3>|95 A3D=20  gip4 \3D-20
AL (s,t,u) ~ <A35\3D6l§6EEW2>’05 APDTIS | gORA NP8, (7.17)

where F* denotes both the single- and double-trace contribution. The Mercedes diagram
also gets a contribution from three attached vertices where one of them is a contact term.
The double-trace part of the Yang-Mills amplitude does not get a contribution from such
contact vertices since this would require a single vertex attached to one boundary. This
vanishes because the generators of the algebra are traceless.?” The contribution to the
single-trace operator is nonzero and the amplitude is shown in figure 12. At low energies,
it is proportional to

AR (5:8) ~ (NDOTR(WIWR))| | AIPTIS L 92Tt AP,

AL (s,t,u) ~ <A35\3D6ﬁ6W"ZW2>

. A3D—18 ~ 36R4 A3D—18 ) (718)
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In (7.18) we have used the f-expansion of the non-linear solution of Yang-Mills obtained
in the appendix A. Note that the single-trace and double-trace operators have different
ultraviolet behaviour. They behave different because the single-trace operators involve
contact terms. In supergravity, the contact terms contain two extra momentum factors
and do not change the low energy behaviour of the amplitude.

The ladder and Mercedes amplitudes match the explicit computations at three loops
in [3]. The difference between the single-trace and double-trace terms in the Yang-Mills
case (first noted in [9]) was partially explained using pure spinor open string theory in [45]
and the more complete argument using the pure spinor world-line formalism, reviewed here,
was presented in [5]). There are also arguments based on supersymmetry that suggest that
double-trace operators are more protected than single-trace [18].

2TIn the finite N, case, the contact term is anti-symmetric in the colour indices but the trace is symmetric,
and therefore vanishes.
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(d) ()

Figure 13. The five one-particle irreducible four-loop skeletons. Figure (a) does not contribute to
four-particle amplitudes.

7.5 Four-loop amplitude

There are seventeen different four-loop skeletons, of which five are one-particle irreducible.
From the discussion in section 6 it follows that it is necessary to extract twenty d zero
modes, five for each loop, from the b ghosts and vertices. The one-particle reducible
diagrams vanish unless at least five vertices are attached to the skeletons. So, as before,
the one-particle reducible skeletons do not contribute to the four-point function.

For the one-particle irreducible diagrams, the maximal number of d zero modes the
nine b ghosts can contribute with is eighteen. Therefore, the one-point amplitudes vanish
as one cannot saturate the d zero mode integrations. The term with the maximal number
of d zero modes also has a factor of nine r’s, which can be converted into nine D’s. For
the two-point amplitude, the nine D’s give at least seven insertions of external momenta,
which vanish by momentum conservation. The vanishing of the three-point amplitude
follows from the same arguments as three loops.

It is easy to see that the one-particle irreducible diagram in figure 13(a) vanishes unless
one attaches at least six vertices. The diagrams contributing to the four-point function are
the one-particle irreducible skeletons depicted in figure 13(b)—(e).

In order to analyse the four-point amplitude, we need to determine the period matrices
of the different skeletons. The period matrix for the ladder skeleton in figure 13(b) is

Ty + 17 T 0 0
=T 15+ T+ 17 + T; —T;
Q) = ToTrrlen s ; O 1, (9
0 —T5 T3+T5+T3s+Ty Ty
0 0 —Ty Ty + Ty
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which has seven nonzero linearly independent components. This is two less than the number
of moduli. The skeleton diagram in figure 13(c) has the period matrix

T+ 16+ 17 —Tg =T 0
—Ts Ts5 4+ Tg + Tg —Tg 0
o) - | - i R IO
T+ T3 To+T,+T7+ T3+ Ty Ty
0 0 —Ty T3+ Ty

which has eight nonzero linearly independent components — one less than the number of
moduli. The period matrix for the diagram in figure 13(d) is

T+ 15+ Tk —Tk —Tk 0
—T Ty + T+ T7 + T —T- T
Q%) _ 6 2+ 1+ 17+ 19 7 9  (7.21)
—T5 —T% Ty + 15+ T7 + T3 T3
0 —Ty —1T3 T35+ T3+ Ty

which has as many nonzero linearly independent components as the number of moduli.
The skeleton in figure 13(e) has the period matrix

T+ Ts+ 15+ 1y —Ts — Ty Ty =15 — Ty
0 _ —Ts — Ty T+ T+ T3+ To —Ts — Ty Ty (7.22)
1J Ty —Ts —To T3+ T+ T7 + To —T7 — Ty T
—T5 =Ty Ty =17 =Ty Ty +Ts5 +T7 + Ty

which also has as many nonzero linearly independent components as the number of moduli.

For the ladder, the structure of the period matrix in (7.19) shows that the b ghost can
contribute with at most sixteen factors of d zero modes, which is less than the maximum of
eighteen. There can be at most five d zero modes on loops 2 and 3 and three on loops 1 and
4. The b ghost also contribute with seven r’s, which are turned into seven D’s. Therefore,
the amplitude is only non-zero when four single-particle vertices are attached in pairs to
loops 1 and 4, and the low energy limit of the amplitude is

A%)\/[(Svt) ~ k2 <)\3D7W4>‘05 AAD=26 56 ppd AAD=26
(b) % ~ - -
A (s,t,u) ~ K, <)\3)\3D7D7W4> e AIDTE  GURANID, (7.23)

The diagrams in figure 13(c) also only allow the insertion of sixteen d zero modes.
Naively one would expect seventeen but this cannot occur since the third loop is a
pentagon. As there are four missing d zero modes, the skeleton only contributes to the
amplitude with four single-particle vertices attached. The maximal number of d zero
modes the b ghost insertions can contribute is four on loops 1 and 2, five on loop 3 and
three on loop 4. Therefore, one has to attach two vertices on loop 4 and one each on loops
1 and 2. The terms in the product of nine b ghost insertions that contribute with sixteen d
zero modes also contain one factor of the external momentum flowing across the diagram
(i.e. in the s-, - and u-channel) and one internal momentum factor. In the Yang-Mills
case, this internal momentum is equivalent to a linear combination of external momenta
after functional integration. In supergravity on the other hand, there are two internal
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Figure 14. The planar four-loop diagram with two contact terms that contributes to 9% TrF*.

momenta insertions, which can contract with each other, producing a contact term in the
low energy limit. The resulting low-energy amplitude has the form [5],

A (s,1) ~ K2, (DT
A9 (s,t,u) ~ K2, <A3;\3D7157W4>

4D—26 6 4 A4D—26
b A ~ OOFH A ,

A4D—24 ~ 810R4 A4D—24 ) (7'24)

0565

The number of nonzero linearly independent components of the period matrix for the
skeleton depicted in figure 13(d) is nine, so each of the b ghost insertions can contribute
with the maximal number of two d zero modes,

9

o
Hbg%% = (—2)° bl 622 b4 33 13 p12 23 b3 24 | (7.25)
J=1 !

This shows that the b ghosts contribute with four d zero mode insertions on loops 1 and
4 and five on loops 2 and 3. These insertions lead to nine r’s which can be converted
into nine D’s. As the b ghost insertions contribute all the d zero modes apart from two,
the amplitude support two attached vertices. The leading low energy contribution for
the single-trace amplitude arises from two contact terms, both producing two external
particles. As discussed earlier, contact terms do not contribute to the double-trace term,
so the leading contribution arises from four single-particle vertices. In the supergravity
case, the contact terms do not change the behaviour in the low energy limit. The leading
low energy contribution (obtained in [5]) is

A%&(s,t) -~ <)\3D9A2W2>]95 A4D—24 O} (TrF?)? AID—24
2
AD (5,1) ~ <)\3D9 T (W) >

AD (st u) ~ <A35\3D9ﬁ9E2E2>

A4D—22 ~ 82 TI“F4 A4D_22,
05

. A4D722 ~ 88734 A4D722 . (726)

050

The four-loop amplitude with two contact terms is shown in figure 14.

Now consider the non-planar diagram in figure 13(e). In Yang-Mills the contribution
is suppressed by 1/N2? and therefore vanishes in the large- N, limit. For supergravity, there
is no planar limit and the non-planar skeleton contributes at the same order as the planar
skeletons. One interesting observation for non-planar diagrams is that simple application
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of the no-bubble and no-triangle rule of sub-diagrams does not work. The reason is that
at least one line in the diagram in any basis is involved in more than two loops. In the
basis in figure 13(e), it is line 9, which is involved in all four loops. A naive application
of the “no-triangle hypothesis” shows that one would not need to attach any vertices to
figure 13(e), which is not correct.

As the number of nonzero linearly independent components of the period matrix for
this skeleton is the same as the number of moduli, the b ghost can contribute with the
maximal number of d zero modes

9

0
[] bﬁ_}JJ% = (2)° b4 b2 b3 b4 DL b2 63 bY2 (b3 + 02 (7.27)
i=1 ’

This shows that the insertions of the b ghosts can contribute in two different ways. Either
they contributes five d zero modes to loops 1 and 3 and four d zero modes to loops 2 and 4,
or the contributions are the other way round. As both are equivalent, up to a relabeling of
the loops in the diagram, we consider the former case. The leading ultraviolet behaviour
was obtained in [5] where it was shown to be (7.26). It is also worth stressing that in
the Yang-Mills case the contribution of the non-planar skeleton is suppressed by 1/N?2
compared to the planar contributions.

The four-loop results match the known explicit results obtained in [4], and [9, 10]. It
is notable that in the pure spinor framework the low energy behaviour is obtained by a
mode-counting argument that does not require cancellations between different diagrams,
in contrast to calculations that do not make supersymmetry manifest [4].

It is worth stressing that according to a variety of arguments [11-16, 19-23, 53, 62-65]
the operators R*, 9*R* and 95R* are fractional BPS operators, or “F-terms” that can be
written as integrals over a fraction of the full superspace and are protected from getting
higher-loop contributions. They should therefore be protected from obtaining contributions
beyond one loop, two loops and three loops, respectively.

However, the interaction 08R?, which is the leading ultraviolet contribution at four
loops, is a D-term that can be written as an integral over the whole superspace. Such
terms are not protected from having perturbative corrections from all loops. In other
words, it should come as no surprise if the leading order contribution to the five-loop
amplitude is O3R* as was stressed in a corollary of [17].

7.6 Five-loop amplitude

As expected, at five loops there is a radical change in the pattern of the four-point
amplitudes [5]. A naive computation of the maximal number of d zero modes which the
b ghosts can contribute with is twenty-four. The problem with this naive computation
is that this term involves twelve insertions of . As there are only eleven zero modes of
r, one of the r’s has to contribute by a nonzero mode. The nonzero mode of r has to
contract with one s, but there are no factors of s in the amplitude if the regulator, N/,
is ignored, so the amplitude apparently vanishes. However, since this contribution also
has more than eleven inverse powers of (A)\) the integral over A and A diverges. In other
words, there is a new 0/0 ambiguity, this time at small values of A and M.
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Figure 15. The sixteen one-particle irreducible skeletons with five loops.

The regularisation of r can be understood from the form of the large-A regulator
in (6.8). If the r contributing with a non-zero mode is contracted with an s in the regulator,
it produces a factor of A\ d, thereby reducing the power of r/(A\) from twelve to eleven.
This resolves the problem with too many 7’s but it is important to stress that the regulator
does not regularise the resulting logarithmic divergence in the A and X integrals. To do
this one needs the full structure of the regulator [50, 51] (for an alternative regulator,
see [52]), which still has the property that each r/(A)) is traded for a further factor of d.
Therefore, the conclusion is that the regularised insertions of b ghosts can contribute all
the twenty-five d’s and eleven r’s needed to saturate the integral.

The only five-loop skeletons which are non-zero when the b-mode insertions contribute
the maximum number of d zero modes are those numbered (15) and (16) in figure 15 (which
is reproduced from [5]). As the b ghosts contribute the necessary number of d zero modes,
the first term in each of the four integrated vertices (see (3.15) and (3.25)) can contribute.
For the single-trace contribution, the leading term in the ultraviolet arises when there are
two contact terms, each producing two external particles. As we have seen, the double-
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trace part does not get contributions from contact terms and the leading order contribution
arises from four single-particle vertices. In supergravity, the presence of contact terms does
not alter the ultraviolet behaviour. The leading term at low energies obtained in [5] is

Ag}&)&(w)(s,t) ~ <)\3D11A4>|05 A5D—28 ~ a4(TrF2)2 A5D_28,
2
Agﬁ&ﬂw(&t)m/<A3D“IY<Am) >

A(Slé>)&(16)(57t’u) o <A35\3D11ﬁ11G4>

A5D726 ~ aQTrF4 A5D726

05
ABD—24 , 98704 \5D-24 (7.28)

6565

These have the same form as the four-loop terms. This also highlights the difference
between the ultraviolet properties of Yang-Mills and supergravity. Yang-Mills is logarith-
mically ultraviolet divergent in 26/5 dimensions whereas supergravity has a logarithmic
ultraviolet divergence in 24/5 dimensions.

As discussed in [5], the two skeletons which contribute to 9R* (numbers (15) and
(16) in figure 15) lead to amplitudes with a very simple structure. In the low energy limit
the integration over the positions of the external vertices gives a contribution to the 03R4
term that is proportional to the vacuum amplitude of the scalar particle theory. As there
are two diagrams, there is a possibility that the two contributions cancel.

We now consider amplitudes with fewer than four points. At five loops there are
skeletons that, a priori, do not need attached vertices to give non-vanishing contributions.
Such zero point amplitudes were shown to vanish in the preliminary part of this section.
The one-point amplitude vanishes because of momentum conservation and the fact that
there are insertions of momenta. The two-point amplitude vanishes by the same arguments
as at four loops, since there are at least seven insertions of momenta in the amplitude. For
three external particles there are at least eight powers of momenta in the amplitude so
it vanishes after using momentum conservation and the mass-shell condition. This can be
generalised for amplitudes with more loops, which shows that all amplitudes with fewer
than four points vanish.

7.7 Beyond five loops

We will now review the argument in [5] that 9*TrF?, 9* (TrF2)2 and 9®R* has contri-
butions from all loops. We will not consider the skeletons that contribute to these terms
but we will assume that there are skeletons with no bubble or triangle sub-diagrams has
such contributions. For simplicity we assume that the relevant piece of the b ghost is the
second term in (3.9).

The b ghost contribution for a L-loop skeleton arising from the second term in (3.9) is
proportional to 313456, Regulating the surplus r’s gives r'1d°L=20. Only 5L d’s are
needed and the surplus fields can contract pairwise to give r11d®% P2L=10 Therefore, the
first terms of each vertex (see (3.15) and (3.25)) can contribute. The leading contribution
for the single-trace amplitude arises from two contact terms. The double-trace part does
not get contributions from multi-point vertices and its leading behaviour arises by attaching
four single-particle vertices. In the supergravity amplitude the presence of contact terms
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does not change the behaviour of the amplitude in the ultraviolet. The results is
AP (s,1) ~ (A3DM1AY)

2
A%LL)(S,t) ~ <)\3D11Tr (A"l> >

AB s,t,0) ~ (NWRDM DG

” AUD=9=8 _ gi(Tyf2)2 \LD-4)=8 (7.29)

AL(D74)76 ~ 82TI_F4 AL(D74)76’ (730)
0565

AL(D_z)—14 ~ 88R4 AL(D—2)_14 . (7.31)

6565

Observe that the ultraviolet behaviour of the Yang-Mills and supergravity cases are
different. For example, (7.30) shows that D = 4, N’ = 4 Yang-Mills is ultraviolet finite to
all orders in four dimensions. However, from (7.31) we see that D = 4, N' = 8 supergravity
receives ultraviolet divergences at more than six loops, with the first such divergence being
a logarithmic divergence at seven loops.

8 Summary and discussion

In this paper we have given details of, and justification for, the pure spinor world-line for-
malism presented in [5]. This provides a framework for constructing multi-loop amplitudes
in supersymmetric Yang-Mills theory and supergravity that is manifestly supersymmetric.
The focus of this paper has been on the BRST consistency of the loop amplitudes.

The L-loop amplitude naturally decomposes into a sum of contributions arising from
distinct skeleton diagrams, which are L-loop vacuum diagrams of scalar field theory
with cubic vertices and so have 3L — 3 internal propagators with lengths (or moduli) Tj
(j =1,...3L — 3). The amplitude for each skeleton is given by the expectation value of
the product of vertices describing the scattering particles, which are attached to the lines
of the skeleton and integrated over all positions around the diagram. In the first instance
each vertex operator was modelled on the zero mode content of the string vertex operator,
which describes the emission of a single on-shell gauge particle in Yang-Mills or a graviton
in supergravity.

A key feature that ensures BRST invariance is the BRST covariance of four-particle
sub-diagrams formed by trees with four off-shell legs. We found that this is guaranteed if all
such sub-diagrams include all three channels (i.e. the s, ¢ and u channel pole contributions).
Although this is the case for sub-diagrams containing purely internal vertices it is not the
case for sub-diagrams that contain two external vertices. One way to remedy this is to mod-
ify the rules to allow for external tree diagrams to be attached to the skeleton. For example,
a pair of external particles may couple each other via a three-particle vertex where the third
leg is off-shell and is attached to the loop (see figure (7)). We saw that this is equivalent to
introducing a contact interaction vertex that couples the two external states directly to a leg
of the skeleton. BRST invariance uniquely determined the form of these contact vertices in
a manner that is consistent with the nonlinear classical equations of motion. Further higher-
point contact terms are needed to ensure the higher-loop BRST invariance of amplitudes
with arbitrary numbers of external legs, but such contact terms do not contribute to the
four-point function for L < 3 (but for general n-point function they contribute for L > 1).
However, they play an important role in determining the leading ultraviolet divergences in
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Yang-Mills amplitudes for L > 3. They also contribute for L > 3 in the supergravity case
although their presence does not affect the leading ultraviolet properties of the loop.

Interestingly, the proof of BRST invariance makes use of the colour factors and
the kinematic factors in a related manner in the Yang-Mills and supergravity cases,
respectively. This is reminiscent of the conjectured duality between colour and kinematics
in [47] (further elaborated in [46, 66]).

For completeness, we also revisited and reviewed the analysis of the four-point
amplitudes considered in [5]. We somewhat extended that discussion to demonstrate
the vanishing of amplitudes with fewer than four on-shell particles and derive explicit
expressions for the one- and two-loop amplitude with four external particles. For the
one-loop case, we also gave an alternative proof of the “no-triangle hypothesis” of
supergravity. One important result of the analysis of four-point amplitudes in [5] is that
the 08R? term is not protected from receiving perturbative corrections from all loops.
Indeed, specific five-loop skeletons are identified as giving rise to this interaction. This is
in line with several arguments [11-23] and indicates that there is a logarithmic divergence
of the form 9®R* at seven loops in four dimensions.

There are several avenues of interest to explore. For example, it would be interesting
to derive the results presented here and in [5], which were derived from a first quantised
approach, from a second quantised field theory lagrangian formulation. The rules for
Yang-Mills can indeed be obtained from the second-quantised action in [36]. This has the
form Syn ~ [ (%@Q@ + %@3) where the integration is over all superspace as well as pure
spinor space. From this one obtains a generating function Zyy[J] ~ es ] (%)36% I J%J,
where N is a regulator for the b ghost. This partition function formally gives rise to
the same diagrammatic rules and properties obtained for Yang-Mills in the first-quantised
approach. It is more difficult to obtain a second-quantised version of supergravity in the
pure spinor formalism but the results of this paper suggest that the supergravity partition
function has the form Zgg[J] ~ e3 f(%)se% J7%52* 7 This should make contact with the
recent progress in formulating a second-quantised formulation of pure spinor field theory for

eleven-dimensional supergravity [48, 49] where an action involving only cubic interactions
has been obtained. This could clarify the origin and réle of the composite b ghost [37, 67].
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A Maximally supersymmetric Yang-Mills

In this appendix we will summarise the field equations and theta expansions which follow
from the on-shell constraint F,3 = 0 of supersymmetric Yang-Mills in ten dimensions.
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First we define the covariant derivatives

Vi = O + A (A.1)
Vo = Do+ A, (A.2)
1
D, = 0y + 5 (v"8),, Om , (A.3)
and the field strengths
Fap = [Va, Vsl = (7")ap Vim (A4)
Fam — [vaa vm] (A5)

Observe that the fermionic super-derivatives satisfy

[Dq, Dg] = (fym)aﬁ Om, - (A7)
Furthermore, the field strength, F;,, is related to the potential by

Fon = VinAn — Vo A (A.8)

Important equations follow from the on-shell constraint F,,3 = 0 and the various Jacobi
identities. Combining F,3 = 0 with (A.4) gives

Vads+ VAo = (77" a5 Am- (A.9)

The Jacobi identity involving three fermionic covariant derivatives, Vg, gives Fy, =
(YymW),,. From (A.5) it follows that (v, W), satisfies the equation

(vmW), = Vadm — VA, . (A.10)
The Jacobi identity involving two V,, and one V,, gives the equation
DoFrn + [Aas Frn] = (9m (OuW + [Ap, W), — (n (O W + [Ar, W])),, - (A.11)
The Jacobi identity involving one V,, and two V,’s results in the equation

(V" )ap Frm = (ym) oy (DWW + [Ag, W7])
+ (vm) gy (DaW? + [Ag, W) . (A.12)

From (A.12) one can extract equations for W, Multiplying (A.12) by (v™)* gives
(DWW +[Ag, WY]) = 0. (A.13)
Multiplying (A.12) by (v™) gives

mn)

7 Fyn = 10 (DgW? + [Ag, W7])
+ (™) (Ym) gy (DWW + [Aa, W) . (A.14)

(v

[0
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Multiplying (A.14) by (77),, (7p)*” and using various gamma matrix identities and (A.13)
gives

—6(y™), L Fpn = 12(DWP + [Ay, WP])
+6 (7"™) (Ym) gp (DaW? + [Aa, W7]) . (A.15)

Using (A.14) and (A.15) to cancel out the term involving (7™)% (y™)s, gives the equation

<DaWﬁ + [AwWﬁ]) = }(’Ymn)

3
1 Frn - (A.16)

«

One can use the equations following from the on-shell constraint and the Jacobi iden-
tities to find the #-expansions of the various superfields. Thus, from (A.8), (A.9), (A.10)
and (A.16) it follows that

1 1 1
Ao = 2670+ (070, B0) = 5 (040, (O70) f +--
1
Ap = am + ((9’me) - g (G’Ymnpe) fnp + -
1
W = w® + 1 (Q,Ymn)a Foum o
Fon = fon — (07m (Opw + [an, w])) + (070 (Omw + [am, w])) + -+, (A.17)

where we have used the gauge freedom in the above expansion to set the #-independent
piece of A, to be zero. The field f,,, is defined by finn = Oman — Oman + [am, an).
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