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ABSTRACT: Several dimensionful parameters needed for model building can be engineered
in a certain class of SU(5) F-theory GUTs by adding extra singlet fields which are localized
along pairwise intersections of D7-branes. The values of these parameters, however, depend
on dynamics external to the GUT which causes the singlets to acquire suitable masses or
expectation values. In this note, we demonstrate that D3-instantons which wrap one of the
intersecting D7’s can provide precisely the needed dynamics to generate several important
scales, including the supersymmetry-breaking scale and the right-handed neutrino mass.
Furthermore, these instantons seem unable to directly generate the p term suggesting that,
at least in this class of models, it should perhaps be tied to one of the other scales in the
problem. More specifically, we study the simple system consisting of a pair of D7-branes
wrapping del Pezzo surfaces which intersect along a curve ¥ of genus 0 or 1 and classify
all instanton configurations which can potentially contribute to the superpotential. This
allows one to formulate topological conditions which must be imposed on ¥ for various
model-building applications.
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1 Introduction

F-theory compactifications on local Calabi-Yau four-folds appear to be a very promising
arena for engineering realistic supersymmetric Grand Unified Theories (GUTSs) in string
theory [1-3]. The properties of these models have been further explored in [4-8]. In
such constructions, the gauge group is housed on a stack of 7-branes wrapping a 4-cycle
Scut and charged matter is localized on curves where this stack is intersected by addi-
tional 7-branes. Both the spectrum and structure of the superpotential can be determined
completely by the topology of the four-fold near Sgyr and any nontrivial gauge bundles
present there.
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Figure 1. Pair of intersecting D7-branes and their coupling to a 7-brane GUT

Supersymmetric GUTs exhibit a number of dimensionful parameters with scales typi-
cally lower than Mgyt whose origin must be explained. These include the supersymmetry-
breaking scale and the supersymmetric Higgs mass term, p. In addition, models which
implement the seesaw mechanism in the neutrino sector must also introduce a mass for
the right-handed neutrino. Quite nicely, it was observed in [3] that all of these parameters
can be naturally incorporated into one class of SU(5) GUTs in [2, 3] using a very simple
configuration, namely a pair of intersecting D7-branes which meet the GUT stack at a
point of triple intersection. This setup is depicted in figure 1(a).

To see how such a simple system can be so versatile, recall that open strings stretching
from one of the D7-branes to the GUT stack engineer charged matter in the 5 and 5
representations. Bifundamentals between the D7-branes themselves engineer a GUT singlet
1 and the Yukawa coupling which arises at the triple intersection point takes the form

5x5x1. (1.1)

If we identify the 5 and 5 as messenger fields f and f for gauge mediation, then this is
simply the superpotential for ordinary gauge mediation [3, 8]!

Woam ~ X[ [, (1.2)

where the GUT singlet field is denoted by X. On the other hand, if we identify the 5 as the
SU(5) multiplet containing the up-type Higgs, H,, and the 5 as the multiplet containing
the down-type Higgs, Hg, then we instead write this superpotential as

W, ~XHH . (1.3)

We see that this can give rise to a nonzero p term provided some physics external to
the GUT stack causes X to obtain a nonzero bosonic expectation value [3]. Note that

! As usual, both f and f are 4d N = 1 chiral superfields.



interactions of this type also appear in one of the two scenarios discussed in [8] for coupling
the Higgs and messenger sectors in models of gauge mediated supersymmetry-breaking. In
that case the 5 is identified as H or f and the 5 as f or H in order to generate direct
couplings between the Higgs and messenger sectors through the interactions

W,~XHf (1.4)
or the analogous one with H f replaced by H f. In this case, we can obtain the couplings
W, ~ pHJ + (15)

where p and p are bosonic expectation values of our GUT singlet fields. Finally, if we
identify the 5 as the SU(5) multiplet containing H,, and the 5 as one of the SU(5) matter
multiplets, denoted ®,, then we get the superpotential

Wiy ~ XH®, . (1.6)

In this case, the GUT singlet field X is playing the role of the right-handed neutrino,
Npg. This can lead to neutrino masses via the seesaw mechanism provided X becomes
massive [3].

In each of these situations, we desire some dynamical mechanism to give a mass or
suitable expectation value to matter localized at the intersection of two D7-branes. In [7],
it was proposed that a supersymmetry-breaking F-component expectation value could be
induced at a small scale using D3-instantons.? One component of that work was a proposed
mechanism for lifting 2 of the 4 universal 3-3 Fermi zero modes on the instanton, as required
for generation of a superpotential coupling. A nice feature of this proposal was that it did
not rely on any details of the global compactification, making it useful for ”local” model
building. Since the appearance of [7], however, the validity of this mechanism has come
into question [34] so, for the time being, we feel it is best not to rely on it. As we explain
in section 2.1, we expect that an alternative along the lines of [35] will occur in most global
completions. Because of this we feel that it is reasonable to assume that the mechanism
of [35] can ultimately be realized in a global embedding of our local story, thereby lifting
the requisite half of the 3-3 zero modes.

Given the assumption that 3-3 zero modes are properly dealt with, we demonstrate
in this note that D3-instantons can in fact trigger the expectation values and mass terms
needed to generate all of the scales above except for the u term, whose generation seems
to be obstructed by an important feature of doublet-triplet splitting in this class of SU(5)
GUTs. The fact that u is singled out seems to suggest that its generation in these models
must be tied to one of the other scales at our disposal. This is of course a welcome
feature for models with low-scale supersymmetry as one expects the p term to sit naturally
near the soft mass scale. One mechanism for accomplishing this in F-theory has been
suggested in [8] and is based on the phenomenological framework developed by Ibe and
Kitano [16]. A different approach to the generation of u in F-theory GUTs is expected to
appear very soon [17]. Note also that using instantons to induce supersymmetry-breaking,

*Previous studies of nonperturbatively generated superpotentials in F-theory also include [9-15].



neutrino masses and other dimensionful parameters is not a new idea and has in fact been
implemented in a variety of different contexts in recent years [18-31].

In the simple case of intersecting D7-branes that wrap del Pezzo surfaces, we are able
to classify all supersymmetric fluxes on the various branes which can lead to nontrivial
superpotential couplings. We find that the class of the curve ¥ along which the D7-branes
intersect uniquely determines the type of superpotential couplings that can be generated.
We then provide several explicit examples which can be used to introduce supersymmetry-
breaking, neutrino masses, and p couplings of the form (1.5). Finally, in our discussions of
supersymmetry-breaking, we observe that the Polonyi construction of [7] actually realizes
an O’Raifeartaigh model of the type studied in [32] at the Kaluza-Klein scale, whose
1-loop Coleman-Weinberg potential lifts the pseudo-moduli space to yield a long-lived,
metastable supersymmetry-breaking vacuum. Throughout, we restrict our attention to
single-instanton contributions because we expect that these will generally dominate any
multi-instanton ones.?

The organization of this note is as follows. In section 2 we first review some details of
the general setup and summarize our classification of the possible supersymmetric fluxes
that lead to the generation of nontrivial superpotential couplings. We also discuss con-
straints that arise when our system is coupled to an SU(5) F-theory GUT and the trouble
associated with trying to directly generate the p parameter. In the rest of the note, we
provide several simple examples. In section 3 we study linear superpotentials, which can
be used for supersymmetry-breaking or generation of the p coupling (1.5). We also review
the construction of [7] and discuss how this system engineers the O’Raifeartaigh model
of [32]. We then turn in section 4 to quadratic superpotentials, which can be used to
generate neutrino masses or p couplings. In section 5 we study a "mixed” superpotential
involving a pair of chiral fields with opposite U(1) charges, which realizes a Fayet model
of supersymmetry-breaking. Finally, we describe the details of our instanton zero mode
analysis in appendix A.

2 Setup and summary of instanton contributions

In this section we describe our basic setup, set notation, and present a general classification
of D3-instanton configurations which can generate nontrivial superpotential terms. The
system under study is an extremely simple one, namely a pair of intersecting D7-branes.
For the purposes of bundle calculations, we will always assume that the D7’s wrap del
Pezzo surfaces. This is motivated partly by their simplicity and partly by our interest in
adhering to the local philosophy of [2, 3], wherein one considers models for which a strict
Mpy — oo limit can be taken at least in principle.

In the following, we shall be interested in studying the effects of single D3-instantons,
which are coincident with one of the D7-branes. As such, we single out one of the D7-
branes, D71, and denote the 4-cycle that it wraps by S. The second D7-brane, D75, then
intersects S along a curve X while the D3-instanton whose effects we shall study wraps all
of S. This setup is depicted in figure 1(b).

#Multi-instanton effects in this context were studied in [7].



2.1 Lifting 3-3 modes

As discussed in the introduction, a prerequisite for a D3-instanton to contribute superpo-
tential couplings is that half of its universal 3-3 Fermi zero modes are lifted. One mechanism
for doing this was proposed in [35], which was inspired by the use of orientifolds for this
purpose in type IIB. To review this proposal we note that, in general, our D3 may intersect
a variety of (p,q) 7-branes, each of which induces an SL(2,7Z) monodromy action on the
worldvolume theory. This may include not only D75, which is a (1,0) 7-brane, but also B
and C type branes in the language of [35, 36], which correspond to (1,—1) and (1,1) 7-
branes in this duality frame. The combined monodromy around a B —C pair has two effects
on the worldvolume theory. The first is an innocent shift of the # angle by a multiple of 2.
The second, however, is to perform a chiral rotation on the 3-3 modes. Because this rota-
tion does not correspond to an anomaly-free symmetry [35], it presence effectively projects
out half of the 3-3 modes as desired.?. In order to ensure that our D3-instantons contribute,
then, it is enough to assume that our D3 intersects at least one B and one C' type brane.

One might worry that this is a very strong assumption to make, but we have reason
to suspect that it will occur quite generically when we embed our story in full F-theory
compactifications. Consider, for instance, a curve C = P! C S, that intersects D7 at a
single point.> A path 7 around this point in C induces the standard monodromy 7" that
takes 7 — 7 + 1. Because we can deform v away on P!, there must exist other defects
in C with compensating monodromies that total to 7~!. These correspond to additional
(p, q)-branes that intersect S. We have not said anything about the specific types of (p, q)-
branes that should appear but experience with ADE geometries suggests that B and C
type are among them since they are the primary components, along with D7-branes, of
ADE singularities [36].

In this paper, we adopt a ”local” perspective in that we focus only on the intersection of
D7; with D75. This is the optimal situation for generating superpotential terms involving
the singlet that localizes there and will allow us to make specific statements about what
the topology of this intersection must be in order to generate the desired couplings. We
stress, however, that if additional zero modes arise from intersections of the instanton with
other 7-branes, or with the GUT stack itself, they can spoil the resulting couplings. The
absence of such modes represents an additional condition that must be dealt with when
building global models that utilize the instanton contributions described here.”

2.2 Gauge bundles and mode counting

Hereafter, we focus only on the two D7-branes, D7; and D7,. Each of these D7-branes
houses its own U(1) gauge group, which we denote by U(1); for D7,. We further obtain
charged matter localized on ¥ and can induce a net chirality in the massless spectrum by

4Strictly speaking, [35] describes a situation in which the path encircling the B — C pair is always
sufficiently far away that we can remain at weak coupling throughout. Nevertheless, we expect that the
lifting of 3-3 modes will continue as the B and C branes are moved apart from one another so that the
mere presence of such a pair is sufficient for the mechanism to operate.

5Tt is easy to check that such a P! exists in all of our examples.

SWe will have more to say about extra modes from intersections with the GUT stack in section 2.6.



turning on suitable supersymmetric U(1); gauge bundles, V;. Throughout this note, we
will typically use the notation X or X for chiral superfields with charges (+,—) under
U(1); x U(1)y and X or X; for chiral superfields with charges (—,+). The numbers nx
and n ¢ of massless chiral multiplets of type X and X can be computed, for instance, along
the lines of [2] as

nX::hOQLng®VHg®L§45) (2.1)
TLX = ho <E, K;]/Q & V1_1’Z ® ‘/2’2) ) (22)

where K;/ % is the spin bundle on 3.

As discussed in [7], nontrivial superpotential terms can be generated by D3-instantons
which wrap the 4-cycle S. Such an instanton houses its own gauge group U(1)ingt and we
must further sum over all possible choices of supersymmetric bundle Vi,s and hence all
possible supersymmetric instanton configurations. As pointed out and discussed in much
detail in v2 of [7], the flux on the instanton has to be trivializable in order to contribute.
By trivializable, we mean that the flux is a two-form on S that is dual to a 2-cycle that is
nontrivial in the homology of S but trivial in the homology of the full geometry. We will
assume trivializability, which is a global condition, throughout this paper.”

Rather than parametrize these configurations by Vins, however, we will find that it is
more convenient to use the bundle £ defined by

L=V @V . (2.3)

For a given choice of £ the superpotential interactions that can be generated, if any, are
determined by the number of fermi zero modes which connect it to the two D7-branes. This
counting is reviewed in appendix A, where we also observe that the 3-7 and 7-3 zero mode
structure implies that for ¥ of genus gy, < 1 only three types of superpotential coupling
can be generated. These take the form

wh ~xP w® X7 and WO ~ XX (2.4)

with 0 < p,q < N — 2 for S = dPy. For higher genus gy, > 1 additional couplings may be
possible but we restrict to gs, < 1 in this note for simplicity.

In order to use this system for model building, it is useful to determine when these
various couplings can be generated and, if so, what bundle choices do the job. The col-
lection of bundles that we have to choose from, however, is restricted to those which are
supersymmetric and this in turn depends on our choice for the Kéhler form Jg on S. More

specifically, given Jg we must consider supersymmetric V

/ Jg A Cl(Vl) =0 (2.5)
S

"One consequence of trivializability is that a trivializable flux cannot by itself yield a chiral spectrum of
modes connecting the D3 to D7. For this reason, it is important for all but the Fayet model of section 5
that the D7 houses a nontrivial flux.



We should also sum only over supersymmetric instanton bundles, Vi,s, but this does not
give a new constraint because any Vg that is trivializable is automatically supersymmetric
because Jg descends from a globally well-defined divisor class in the base of our elliptically
fibered Calabi-Yau four-fold. For the purpose of studying supersymmetry conditions of V7,
and correspondingly £, it will be useful for us to assume that Jg takes the so-called large
volume form?®

N
JS:AH—ZBiEZ-, A, B; >0, A>B, Vi. (2.6)
i=1

2.3 Generating W) ~ X7

Let us turn now to the three types of superpotential couplings in (2.4). In appendix A, we

demonstrate that a necessary condition for generation of superpotential terms of the form
W@ ~ XP is that £ takes the form

p+2
L=0|E-) E|, (2.7)
j=2

up to permutations of the exceptional divisors F;. This is a condition which follows from
counting fermi zero modes between the instanton and D7; and hence is completely inde-
pendent of our choice of class for 3. For £ of the form (2.7) a sufficient condition for the
generation of a superpotential coupling W) ~ X? is then

deg (£]s) = —deg (Vils @ V5 Is) — p. (28)

2.4 Generation W® ~ X4

A necessary condition for generating W) ~ X, on the other hand, is that £ takes the
form
m+2

LY =0(-E1+ ) Ei|, (2.9)
j=2

up to permutations of the exceptional divisors E;. As with (2.7), this is a condition which
follows from counting fermi zero modes between the instanton and D7; and hence does not
depend on the class of ¥. For £ of the form (2.9) a sufficient condition which guarantees
the generation of W2 ~ X™ is then given by

deg <£5,3>|2> = —deg (Vils ® V' |z) +m. (2.10)

8We use this condition for exactly one purpose, namely ruling out the possibility that bundles £ with
c1(L) - H # 0 yield nontrivial superpotential contributions. We will further make use of the standard
notation for exceptional divisors for dP, surfaces: F; - E; = —d;j, H? = 1,and H - F; = 0.



2.5 Generating W& ~ XX

Finally, we turn our attention to the superpotential coupling W®) ~ X X. The 3-7 and
7-3 zero mode structure implies that such a coupling cannot arise for 3 of genus 0 so we
restrict our attention to the case gs; = 1. A necessary condition for generating W®) is that
L takes the form

L® =0 (B +E;—Ey—FE)  i,j,k,{ all distinct . (2.11)
A further condition which guarantees generation of W) is then simply
deg <£<3>|2) = —deg(Vils ® V5 '|x) - (2.12)

This exhausts all choices for £ which can generate nontrivial superpotential couplings
when gy, < 1.

2.6 Coupling to SU(5) F-theory GUTSs and trouble with p term

In the rest of this note, we will turn to a series of applications of these results in order
to demonstrate that this simple configuration of two intersecting D7-branes comprises
a useful toolbox for model building with intersecting 7-branes. Before getting ahead of
ourselves, though, we first note that, when this system is incorporated into an SU(5)
F-theory GUT [2, 3], it necessitates the introduction of a second matter curve, Xgur,
in figure 1(b) along which the D7 wrapping S intersects the GUT branes. This extra
matter curve is not only the source of some of the GUT-charged matter which participates
in the coupling (1.1), it can also give rise to extra fermi zero modes between the GUT
branes and D3-instanton which can alter or even possibly eliminate our instanton-generated
superpotential terms altogether.

When Yqur = P!, one simple way to ensure the absence of such zero modes for a
given instanton configuration is to choose Ygut so that both the hypercharge line bundle
on Sgur and the U(1)ij,s¢ bundle on the instanton restrict trivially there. As such, if
we want to obtain a specific superpotential coupling, we need only make sure that this
condition holds for at least one of the choices for a trivializable U(1)i,s bundle that can
generate it.

There is one important situation in which we cannot get rid of these extra zero modes,
however, and that is when there are Higgs fields localized on YXgyT. In order to achieve
doublet-triplet splitting in SU(5) F-theory GUTSs, one turns on a nontrivial hypercharge
bundle which restricts trivially to the matter curves which house quarks and leptons but
nontrivially to matter curves which house the Higgs fields [3]. When counting fermi zero
modes between the GUT branes and instantons, doublets and triplets carry different hy-
percharge, though, so it is impossible to remove all of them regardless of how we choose
the class of Y gyt or the bundle U(1)i,st. For this reason, any nonzero coupling that arises
from D3-instantons wrapping Higgs matter branes in SU(5) F-theory GUTs will always
include some SU(2) x SU(3) invariant combination of the corresponding Higgs doublet
and possibly also doublet or triplet modes from its Kaluza-Klein tower. Most, if not all,



of these couplings break hypercharge so we are forced to choose our fluxes in such a way
that D3-instantons wrapping Higgs matter branes do not yield any nonzero couplings.”
Because the p term arises from the intersection of two Higgs matter curves in this setup,
we therefore conclude that it is not possible for D3-instantons to provide the bosonic expec-
tation value that one needs to generate it. All of the other scales that we seek to generate,
however, arise from triple intersections with at least one matter curve to which the U(1)y
bundle in SU(5) F-theory GUTs restricts trivially. That the p term is singled out is actu-
ally quite interesting, as it suggests that perhaps it should not be an independent scale but
rather should be generated in connection with one of the others. One example of this, for in-
stance, is the gauge mediation framework of [8] where the generation of y is connected with
supersymmetry-breaking and hence of the same order as the supersymmetry-breaking scale.

3 Linear superpotential: supersymmetry breaking and the p coupling

We begin by considering linear superpotential terms and their application to supersym-
metry breaking and the p coupling (1.5). Throughout this section, we shall assume for
simplicity that ¥ = P!. In this case, the massless chiral multiplets localized on ¥ are
comprised entirely of X’s or of X’s. Without loss of generality, then, we suppose that the
degree of Vi|x ® VQ_1 |s; is nonnegative so that

ny = deg (Vi ® V5 ') >0
ng =0, (3.1)

Superpotential terms of degree p can then be generated by instanton configurations with
L of the form EI(,I) in (2.7), which further satisfy the condition (2.8), which we rewrite as

deg (L]g) = —nx —p. (3.2)

3.1 Supersymmetry breaking
3.1.1 Setup

It has already been established in [7] that one can engineer a single chiral field X and
generate for it a SUSY-breaking Polonyi superpotential using D3-instantons. To review
this construction, we consider the case nx = 1 and seek to generate a superpotential that
is purely linear in X. For S = dPy with N > 3, one choice for X, which allows some of
the bundles E;,l) with p =1 to contribute is simply

S=H-FE —FE,. (3.3)

9This should not be too difficult to achieve. For instance, if the Higgs matter brane does not contain any
trivializable cycles then the flux on the instanton must be trival and we need only ensure that the matter
brane flux is such that the number of 3 — 7 and 3 — GUT zero modes do not agree, which will be the case
in general. If the Higgs matter brane does contain trivializable cycles, it will be necessary to check the zero
mode counting for trivializable choices of Vinst as well. While trivializable Vinst does not change the net
chirality of 3 — 7 zero modes, it can in principle change the net chirality of 3 — GUT zero modes.



In this case, the degree of El(,l)|g is bounded from below

deg (Eé”) > -2, (3.4)

so that (3.2) admits no solutions for p > 1. For p = 1, however, there are configurations
EI(,I) which contribute, namely those of the form

[,:O(EZ’—El—EQ) i>3, (35)
so that linear superpotential couplings are indeed generated.

3.1.2 O’Raifeartaigh model

In addition to the linear superpotential W ~ X for the massless field X, the superpotential
of this model at the KK scale also includes couplings to the various KK modes in the
problem. In particular, there are KK modes for both X and X, and the U(1) ”adjoint”
field ®, which is a (0,1) form on S. Including also the instanton-generated linear terms,

the full superpotential including these tree-level couplings takes the form!®

W =FxX + X Xgr®rx +m X Xgr +mo® g, (3.6)

where both masses m; and mg are of the order O(Mg ). At low scales, one typically drops
terms involving the KK modes since they may be integrated out in a supersymmetric
fashion, i.e. by solving the corresponding F-term equations. Note, however, that with
KK modes included the superpotential that we obtain is essentially the O’Raifeartaigh
model discussed in [32]. That we obtain a Polonyi superpotential, when KK modes are
thrown away, is simply the well-known fact that the O’Raifeartaigh superpotential reduces
to a Polonyi one for the pseudo-modulus at low energies. However, the analysis of [32]
establishes that including 1-loop corrections from integrating out the KK modes leads to
a Coleman-Weinberg potential that lifts the pseudo-moduli space as long as

AR M;X <1. (3.7)

2m1 mo MKK

This is of course the regime of interest for us. The actual value of (X) at the minimum
depends on the ratio 7 = 2ms/my. This expectation value is vanishing when r < 2.11 but
becomes nonzero for larger values of . We would prefer the latter case because (X) is
responsible for giving mass to the gauge messengers when this model is used to implement
gauge mediation. Note that in our local construction, we only know about the scale of the
masses, which are m; ~ M. To ensure that (X) is indeed nonzero, we would need to
know the numerical coefficients more precisely.

Note that, as pointed out in [8], a different contribution, which arises from integrating
out the massive U(1) gauge boson, generates a quartic correction to the Kéahler potential for
X that also generically lifts the pseudo-moduli space [33]. This effect will compete with the
one described here from integrating out KK modes. Which one dominates is difficult to de-
termine, however, because the mass of the U(1) gauge boson is determined by its couplings
to closed string modes and hence, as far as we know, can take a wide range of values.

1%We neglect the instanton-generated term fXgx involving the KK mode Xk because it plays no
essential role here.

,10,



3.2 p coupling

Alternatively, we can use instanton-induced linear superpotential couplings to generate
expectation values, which, in turn, can be used to introduce p couplings (1.5) which im-
plement the gauge mediation scenario of [8] in which the Higgs and messenger sectors are
coupled together at SU(7) enhancement points. The basic idea is to start with bundles V;
and V5 such that ny = ng = 0. In that case, one only has Kaluza-Klein modes X and
X7 localized on ¥ with superpotential

WNZC[MKKX[X], (38)
I

for some suitable coefficients c¢;. If we can succeed in using instantons to generate terms
that are linear in X and X then the resulting superpotential will take the form

W ~ Z (m2 [d[X[ + GIX[ + C[MKKX[X[> R (3.9)
I

where m? is the instanton-generated scale and dj,e; are numerical coefficients, which we
can very roughly assume to be O(1) or so. The F-term equations for this system yield
nonzero expectation values

2 2

er m ~ dr m
Xr=-— , X =— . 3.10
! cr (MKK> ! cr (MKK> (3.10)

These can then be used to generate a direct p coupling (1.5) between the Higgs and mes-
senger sectors in models of gauge mediation [8] through the interaction

W~ NXHF. (3.11)

and the analogous one involving H and f. Neglecting contributions of the various numerical
coefficients, we see that the rough scale of p is set by the ratio m?/Mgx and hence is
exponentially suppressed in this case.

Returning now to the condition (3.2), we see that in the case of interest, nx = 0,
bundles E},l) in (2.7) with p = 1 can contribute, giving rise to Wipst ~ X7, if we make the
particularly simple choice

Y =FE. (3.12)

Furthermore, with this choice the restrictions of the L'I(,l) in (2.7) to ¥ have degrees which
are bounded from below

deg <£]()1)|2> > 1, (3.13)

and hence cannot satisfy (3.2) for p > 1. This means that no p > 1 powers of X; can
be generated. Similarly, En% with m = 1 contributes for this choice of ¥, giving rise to

Winst ~ X 1. Meanwhile, no m > 1 powers of X 7 can be generated.
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4 Quadratic couplings: neutrino masses and p coupling

We now turn to the generation of quadratic superpotential couplings. As we shall see,
such models can be applied to engineer a Majorana mass for the right-handed neutrino
or, alternatively, to generate the nonzero expectation value needed to obtain a p term in
the Higgs sector. As in the previous section, we make the simplifying assumption here
that ¥ = P! and consider, without loss of generality, the situation where the degree of
Vilg® V2_1 | is nonnegative. In particular, this means that nx > 0 and ng = 0 as in (3.1).

4.1 Right-handed neutrino mass

To study applications to the neutrino sector, we now suppose that nx = 1 and identify the
chiral multiplet X with the multiplet which contains the right-handed neutrino, Nr. The
desired quadratic superpotential couplings can be generated by instanton configurations of
the form EI(,I) in (2.7) with p =2

L) =O(E,—Ej—E,—E) ik (all distinct, (4.1)
which further satisfy (3.2), i.e.
deg (L]g) = —nx — 2. (4.2)
One possible solution arises if we take S = dPy with N > 4 and further choose X as
»=2H - FE, — FEy — E3, (4.3)
since in this case we get a nonzero superpotential contribution from £ of the form
L; =0 (E; — FEy — Ey — E3) 1> 3. (4.4)

For this choice of ¥, it is easy to see that none of the EI(,I) of (2.7) with p > 2 satisfy (3.2)
so no superpotential terms of degree greater than 2 can be generated. On the other hand,

(1)
P

there are bundles £, with p = 1 which satisfy (2.8), namely

LZO(EJ‘—El—EQ), O(Ej—EQ—Eg), O(Ej—El—EQ) 7>3. (45)

For S = dPy, it is easy to see that none of these can be simultaneously supersymmetric with
the bundle £; in (4.4) which generates the quadratic coupling. This follows from the fact
that the exceptional divisors £; have nonzero area. On the other hand, for S = dPy with
N > 4 it is possible that one of the bundles in (4.5) is simultaneously supersymmetric with a
bundle from (4.4) but this requires a further tuning of the Kéhler form Jg. In order to gen-
erate only a mass term for X, we must assume that this further tuning does not take place.

4.2 p coupling

Note, however, that if Jg is such that there in fact do exist bundles of the form (4.4)
and (4.5) which are simultaneously supersymmetric, we obtain instead a superpotential of

the form
W~ m2X +mX?, (4.6)
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where m? and 7 each contain an instanton-generated exponential suppression factor. This
would be disastrous in a model where X is identified with the right-handed neutrino because
X picks up a nonzero expectation value. On the other hand, we have already seen that
a model with nonzero (X) can be useful for other purposes, namely the generation of the
p coupling (1.5) which appears in one of the gauge mediation scenarios of [8]. Note that
the instanton suppression factor essentially cancels out from the ratio m?/m so that the
expectation value for X obtained in this manner sits naturally near the Kaluza-Klein scale

(X) ~ Mgk - (4.7)

5 Mixed couplings and Fayet

We now turn our attention to the generation of mixed couplings of the form X X. Such a
coupling is in fact precisely what one needs to engineer a Fayet model of supersymmetry
breaking. As discussed in section 2, one cannot simultaneously have massless X and X
when ¥ = P! so we consider instead the case of ¥ = T2. To obtain ny = ng =1, we
further require that

deg (Vﬂz ®V2_1‘2) =0. (5.1)

5.1 Superpotential couplings

The desired superpotential coupling X X can be generated by bundles £3) of the form (2.11)
which further satisfy (2.12), a condition that we can rewrite here as

deg (L]s) =0. (5.2)

If we take S = dPy with N > 4 then one choice for ¥ which leads to generation of the
coupling X X is given by

>2=3H—-F— F». (5.3)
since then we get nonzero contributions from bundles of the form
XX . . . .
Ez‘(j ):O(EI—E2+Ei—Ej) iE g 0,)>2, (5.4)
and ‘x
ij ):O(_E1+E2+Ei_Ej) i £, 1,5 >2. (5.5)

In addition to X X, it is possible that further superpotential couplings are generated.
Bundles which generate X? arise from £ of the form L'I(,l) in (2.7), which also satisfy (2.8)

deg (L[s) = —p- (5.6)
For our choice (5.3) of ¥, however, the degree of £é1)|2 is bounded from below
deg (L]s) > —2, (5.7

so no terms XP? of degree p > 2 can be generated. Terms with p = 1 can be generated,
though, by £ of the form

L) =0(B-E—E) a=12 i#j i,j>2, (5-8)

ija
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while terms with p = 2 can be generated by
(x2) S,
‘Cij :O(EZ'—El—EQ—Ej) ’L#] 1,9 > 2. (59)
The story for superpotential couplings involving X is similar. Couplings of the form
XP with p > 2 are not generated while a linear coupling, X, can be obtained from config-
urations with
X
Egij):O(—Ei%—Ej—l—Ea) a=1,2 1#j5 i,7>2 (5.10)
and a quadratic coupling X? can arise from

X2 . . . .
ﬁi(j ):O(—Ei+E1+E2+Ej) i#j 4,5 >2. (5.11)
For our choice (5.3) of X, then, we see that the most general superpotential, which can

be generated by D3-instantons takes the form
WwaX+bX+2X +2X +mXX. (5.12)

Whether the couplings a, b, ¢, d, m are actually generated depends of course on which if any
of the bundles (5.8), (5.10), (5.9), (5.11), (5.4), and (5.5) are supersymmetric. To realize
a mixed Fayet-type superpotential coupling m # 0, it is always necessary to assume that
Jg is such that at least one of (5.4) or (5.5) is supersymmetric. Within the space of Jg,
which satisfy this condition, though, the bundles needed to generate nonzero a,b, c,d will
in general not be supersymmetric. Further relations must be imposed in order to generate
some of these terms simultaneously with m. For simplicity, we shall assume the more
generic situation where a =b=c=d = 0.

5.2 Nonzero FI-parameter and supersymmetry breaking

The Fayet model of supersymmetry breaking relies on more than the mixed superpotential
coupling X X. In addition, we need to have a nonzero Fayet-Iliopolous parameter for one
of the U(1) gauge fields in the problem. This is actually easy to achieve, for instance, by
choosing the gauge bundle V5 on D75 to be nonsupersymmetric

| anam =€ 2o, (5.13)
Sa

where S5 is the 4-cycle wrapped by D75 and Jy is its Kéhler form. The object 5%21) is
nothing more than a Fayet-Iliopolous parameter for U(1)2. As such, we have not only the
Fayet superpotential

Weaget ~ mX X | (5.14)

but also the D-terms with
Dy~ X2 —|X]2, Dy~ |XP—|XP-¢. (5.15)

As discussed for instance in [25], this model breaks supersymmetry at an exponentially

small scale m\/ 51(:21) determined by the instanton-generated coupling m.

— 14 —



Acknowledgments

We are grateful to J. Heckman and C. Vafa for useful discussions and collaboration on the
earlier work [7]. We are also grateful to M. Cvetic, R. Richter, and especially I. Garcia-
Etxebarria for detailed discussion of their works [34] and [35]. The work of JM and SSN
was supported by Caltech John A. McCone Postdoctoral Fellowships. The work of NS was
supported in part by the DOE-grant DE-FG03-92-ER40701.

A General conditions for generating superpotentials with D3 instantons

In this appendix, we study the generation of superpotential couplings by D3-instantons
in the simple setup of a pair of intersecting D7-branes. More specifically, one D7-brane,
denoted D7, wraps a del Pezzo surface S = dPy while the second, D75, intersects S along
a curve Y. We consider here the effects of BPS D3-instantons, which also wrap S. This
setup is depicted in figure 1(b). We denote the gauge groups on the D7; by U(1); and the
gauge group on the D3-instanton by U(1)iust. Supersymmetric gauge bundles V; and Vipst
associated to these gauge groups on the worldvolume satisfy the condition

/J/\cl(V) o, (A1)

where the integral is performed over the compact part of the worldvolume and J is the
corresponding Kahler form. In all that follows, we will assume that the Kéahler form on S,
denoted Jg, takes the large volume form (2.6)

N
JS:AH—ZBiEi, A, B; >0, A> B;. (A.2)
i=1

To study instanton-generated superpotentials we need to count fermi zero modes con-
necting the instanton to the various D7-branes. Using n,q, to denote the number of fermi
zero modes with charges (p,q,r) under U(1); x U(1)y x U(1)inst we recall the general for-

mulae of [7]

Ny_g = Ko (E,Kéﬂ & Vﬂz & V2_1‘2>
n_io=h° (E, Kéﬂ Vi s ® V2|2>
nyo- = —x (S, V1 ® V_l)

inst

n_0+ = —X (S, Vlil & Wnst)
nov- = 0 (%, K% @ Valy © Vil

no—+ = ho (E, Ké/Q & V2_1‘Z X Wnst’Z) . (A?’)

In what follows, it will be important that Ky, = O(—2) for ¥ = P! and Ky, = O for ¥ = T2,
We shall restrict for simplicity to only these two cases.
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A fairly obvious pair of conditions that a given instanton configuration must satisfy in
order to yield a nontrival contribution to the superpotential consists of

Nyo— = No—+ and N_o4 = No4— - (A.4)

In almost all situations with ¥ of genus 0 or 1, only one of ng_ and ng4_ is nonzero. The
only exception to this corresponds to the special situation where ¥ = T2 and V5 ’2®V;;SUE =
O, in which case ngi— = ng—4+ = 1. We thus have three possibilities to consider, namely
no—+ = 0, ngp— = 0, and this special case ngy— = ng_+ = 1. For each situation, we
will classify all supersymmetric instanton bundles that can yield nontrivial superpotential
couplings and the form of the couplings that they can generate. Furthermore, as discussed
in section 2, the flux associated to Vingt on the D3-instanton has to be trivializable. In what
follows, it will be useful to parametrize instanton configurations not by Vist but rather by
the bundle

L=Vnge @V L. (A.5)

When solving for £ we will often use the ansatz
N
L=0 <b0H +> bE) . (A.6)
i=1
Given the assumed from of Jg in (A.2), supersymmetric £ are built from by and b; satisfying

N
=1

This, together with the assumption that A > B;, means that if by # 0, there must exist
at least one b;, say b;,, which satisfies

[big| > [bol - (A.8)
We now turn to a study of the three cases enumerated above.

A.1 Case 1: ng_ =0and ng;— =p >0

This case arises when V5 and Vi, satisfy
deg ([Va ® Vird] Is) = p. (A.9)
We can rewrite the above condition in terms of £ as
deg (Lls) = —deg (Vi @V, '] |s) = p. (A.10)

Note that the object deg([V; @ V, ') is precisely what determines the spectrum of chiral
massless fields localized on X.

To obtain a nontrivial superpotential contribution, we must also have

Nn_gy =D and Niyo— =0. (A.11)
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Expressed in terms of the parameters in our ansatz (A.6), these equations take the form

N N
3o+ bi=-p and bF—> bP=-p-2. (A.12)
i=1 i=1

Eliminating p from (A.12) then yields the condition

3\? N-1 I 1)2
<b0—2> +, _;<bi+2> . (A.13)

No solutions to (A.13) with by # 0 satisfy (A.8) so we conclude that the only supersym-
metric bundles £ which satisfy (A.12) have by = 0. In that case, (A.13) becomes the fairy

simple equation
N

Z(bi+;>2:2+i\{. (A.14)

i=1
Solutions to this equation are easy to enumerate. One coefficient, say b;,, must satisfy
bi, = 1 and the rest must be either 0 or -1.11. Returning to (A.12), we then see that the
number of b;’s which take the value —1 must be p + 1. As such, we find that for a given
value of p there is exactly one supersymmetric choice of £ up to permutation of the E;
which satisfies (A.12), namely

p+2
=0 <E1 - ZE,) , (A.15)
=2

provided p < N — 2.

A.2 Case 2: ngy—=0and nop_+ =m >0

This case arises when V5 and Vi satisfy
deg ([Vinst ® V2_1] Is) =m. (A.16)
We can rewrite the above condition in terms of £ as
deg (L]s) = —deg ([Vi® V5 '] |g) +m. (A.17)

Note that the object deg([V; ® V, !]|s;) is what determines the spectrum of chiral massless
fields localized on .
To obtain a nontrivial superpotential contribution, we must also have

n_ot =0 and Niyo— =M. (A.18)

Expressed in terms of the parameters in our ansatz (A.6), these equations take the form

N N
B+ bi=m and  bj—> b =-m-2. (A.19)
=1 i=1
M There is one additional class of solutions in which bi, = —2 and the rest are either 0 or -1. Such

solutions cannot be supersymmetric since the volumes of all exceptional divisors are positive.
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Eliminating m from (A.19) then yields the condition

3\2 N-1 & 1\ 2
<b0+2> +, :;<bi—2> : (A.20)

No solutions to (A.20) with by # 0 satisfy (A.8) so we conclude that the only supersym-
metric bundles £ which satisfy (A.19) have by = 0. In that case, (A.20) becomes the fairly
simple equation

al 12 N

;<bi—2> =2+, . (A.21)
Solutions to this equation are easy to enumerate. One coefficient, say b;,, must satisfy
bi, = —1 and the rest must be either 0 or 1.} Returning to (A.19), we then see that the
number of b;’s which take the value 1 must be m + 1. As such, we find that for a given
value of m there is exactly one supersymmetric choice of £ up to permutation of the E;
which satisfies (A.19), namely

m+2
£ =0 <—E1 + ) E) , (A.22)
i=2
provided m < N — 2.

A3 Case3: X =T2 np,_ =ng_y =1
This case arises when V5 and Vi satisfy

(Va®@ V)]s = 0. (A.23)

inst

We can rewrite this in terms of £ as
deg (£]5) = ~deg (Vi o V5 1] ) - (A:24)

Note that the object deg([V; @V, ']|s) is precisely what determines the spectrum of chiral
massless fields localized on X.
To obtain a nontrivial superpotential contribution, we must also have

nNyog— = N—o4+ = 1. (A25)

Expressed in terms of the parameters in our ansatz (A.6), these equations take the form
N N
Bo+» bi=0 and b= b7 —4. (A.26)
i=1 i=1

No solutions to the second equation with by # 0 satisfy (A.8) so we conclude that the
only supersymmetric bundles £ which satisfy (A.25) have by = 0. In that case, the above
equations take the simple form

N

N
> bi=0 and ) b} =4. (A.27)
=1

i=1

2 here is one additional class of solutions in which bi, = 2 and the rest are either 0 or 1. Such solutions
cannot be supersymmetric since the volumes of exceptional divisors are positive.
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Supersymmetric solutions to this equation are easy to enumerate and take the form
L® =O(Ei+E;—E,—E)  i,j,k, ¢ distinct, (A.28)
provided N > 4.
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