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1 Introduction

The AdS/CFT correspondence [1–4] has been extensively studied and fruitful progress has

been made in recent years. In particular, as a strong-weak duality, it has provided a useful

tool for studying strongly coupled field theories. Moreover, inspired by condensed matter

physics, studies of non-relativistic AdS/CFT correspondence have been accelerated since

last year, which may open a new window for investigating physical systems in the real

world. For reviews see [5–7].

In many condensed matter systems near a critical point, there exist field theories with

anisotropic scaling symmetry, that is, temporal and spatial coordinates scale differently,

t → λzt, xi → λxi, (1.1)

where z is called the ‘dynamical exponent’. Until now, there are two main concrete ex-

amples of the gravity duals of non-relativistic field theories. One is called the Schrödinger

case, which was proposed in [8, 9] and the finite temperature generalizations were investi-

gated in [10–12]. The other is the Lifshitz case, which was obtained in [13]. For general

(d+ 2)−dimensional spacetime, the dual geometry of Lifshitz fixed points is given by

ds2 = L2

(

−r2zdt2 +
dr2

r2
+ r2d~x2

)

, (1.2)

where d~x2 = dx2
1 + · · · + dx2

d. The scale transformation acts as

t → λzt, x → λx, r → r

λ
. (1.3)

When z = 1, it reduces to the usual AdS metric.
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When d = 2, the above geometry can be obtained from a (3 + 1)−dimensional gravity

coupled with a negative cosmological constant to abelian two- and three-form field strengths,

S =

∫

d4x
√−g(R− 2Λ) − 1

2

∫

∗F(2) ∧ F(2) −
1

2

∫

∗H(3) ∧H(3) − c

∫

B(2) ∧ F(2), (1.4)

where F(2) = dA(1),H(3) = dB(2). To obtain such a solution the cosmological constant and

the gauge field strengths should take the following values,

Λ = −z
2 + z + 4

2L2
, c =

√
2z

L
,

F(2) =
√

2z(z − 1)Lrz−1dr ∧ dt, H(3) = 2
√
z − 1L2rdr ∧ dx1 ∧ dx2. (1.5)

However, it is quite difficult to find analytic black hole solutions which are asymp-

totically Lifshitz-like. Black hole solutions with z = 2 in the above (3 + 1)−dimensional

theory were investigated in [14] via numerical methods. Lifshitz topological holes were

studied in [15] where exact solutions were found in certain specific examples. Black holes

in asymptotically Lifshitz spacetimes with arbitrary critical exponent and the correspond-

ing thermodynamic behavior were studied in [16, 17]. Another model of non-relativistic

holography was proposed in [18] where exact Lifshitz black hole solutions were obtained.

For other recent work on Lifshitz black holes see [19–24]. It should be pointed out that

it is very difficult to embed the Lifshitz background into string theory, although certain

string theory duals of Lifshitz-like fixed points were obtained in [25]. Recently some no-go

theorems for string duals of non-relativistic Lifshitz-like theories were proposed in [26].

Another type of exact Lifshitz black hole solutions was obtained in [27], where the

main purpose was to study holographic superconductors with Lifshitz scaling. In order

to realize phase transitions, they added a second Maxwell field F(2) and a scalar field ψ

which was charged under the new gauge field but neutral under the original gauge fields

F(2) and H(3). It was observed that these two additional fields were sufficient to ensure

a superconducting phase transition characterized by Lifshitz scaling with z > 1. Here we

generalize their analysis to arbitrary (d+2)−dimensional spacetime. Rather than studying

the holographic superconductor, we investigate the thermodynamic and hydrodynamic

properties of such black holes. We show that the black hole mass can be obtained by the

first law of thermodynamics, while the other approaches for defining conserved quantities in

non-relativistic backgrounds do not work. We also obtain the Gauss-Bonnet corrections to

five-dimensional charged Lifshitz black holes by perturbative methods. The ratio of shear

viscosity over entropy density and the DC conductivity are calculated in the presence of

Gauss-Bonnet corrections.

The rest of the paper is organized as follows: We obtain the charged Lifshitz black

hole solutions in general (d + 2)− dimensions and discuss the thermodynamics in section

2. The Gauss-Bonnet corrections to such black holes in five dimensions are calculated

perturbatively in section 3. We compute the ratio of shear viscosity over entropy density

and the DC conductivity in section 4 and section 5 respectively, where Gauss-Bonnet

corrections are taken into account. We summarize our main results and discuss related

issues in section 6.
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2 The solution and thermodynamics

In this section we will obtain the exact solutions of charged Lifshitz black holes and discuss

their thermodynamics. First we will review the charged Lifshitz black hole solution studied

in [27]. The four-dimensional action (1.4) admits the following exact Lifshitz black hole

solutions, whose general form can be summarized as

ds2 = L2

[

−r2zf(r)2dt2 +
g(r)2

r2
dr2 + r2

(

dθ2 + χ(θ)2dφ2
)

]

, (2.1)

with

χ(θ) = sin θ if k = 1,

χ(θ) = θ if k = 0,

χ(θ) = sinh θ if k = −1, (2.2)

where k = +1, 0,−1 corresponds to a spherical, flat, and hyperbolic horizon respectively.

A z = 2 topological black hole with a hyperbolic horizon was obtained in [15], where

f(r) =
1

g(r)
=

√

1 − 1

2r2
. (2.3)

Another solution is a z = 4 black hole with a spherical horizon [16], where

f(r) =
1

g(r)
=

√

1 +
1

10r2
− 3

400r4
. (2.4)

At first sight, these Lifshitz black holes carry a charge that couples to the two-form

field strength F(2), but actually they are analogous to Schwarzschild-AdS black holes rather

than RN-AdS black holes. It has been shown in [27] that the system cannot undergo su-

perconducting phase transition without additional field contents. Then a second Maxwell

field F(2) and a scalar field ψ were incorporated, which were sufficient to ensure a super-

conducting phase transition. It should be pointed out that the scalar ψ was charged under

F(2) but neutral under F(2) and H(3). The original Lifshitz gauge fields can be seen as

auxiliary construction, which modify the asymptotic geometry from AdS to Lifshitz. The

authors of [27] added the following term to the action

SF = −1

2

∫

∗F(2) ∧ F(2). (2.5)

The new z = 4 black hole solution still takes the form of (2.1), with

f(r) =
1

g(r)
=

√

1 +
k

10r2
− 3k2

400r4
− Q2

2r4
, (2.6)

where the physical charge Q is induced by the second Maxwell field F(2).

On the other hand, it has been observed in [18] that the following action

S =
1

16πGd+2

∫

dd+2x
√−g

(

R− 2Λ − 1

4
F 2 − 1

2
m2A2

)

(2.7)
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admits (d+ 2)−dimensional Lifshitz spacetime with arbitrary z

ds2 = L2

(

−r2zdt2 +
1

r2
dr2 + r2

d
∑

i=1

dx2
i

)

(2.8)

as a solution, where the values of the fields are fixed to be

Λ = − 1

2L2
[z2 + z(d − 1) + d2], At =

√

2(z − 1)

z
Lrz, m2 =

zd

L2
. (2.9)

However, it is difficult to find Lifshitz black hole solutions in general dimensions by explor-

ing this action. Then inspired by [27], we add a second Maxwell field F(2) to the above

effective action in arbitrary dimensions and we find analytic Lifshitz black hole solutions.

Consider the following action in (d+ 2)−dimensional spacetime

S =
1

16πGd+2

∫

dd+2x
√−g

(

R− 2Λ − 1

4
F 2 − 1

2
m2A2 − 1

4
F2

)

. (2.10)

The corresponding equations of motion are given as follows,

∂µ(
√−gFµν) = m2√−gAν ,

∂µ(
√−gFµν) = 0,

Rµν =
2

d
Λgµν +

1

2
FµλFν

λ+
1

2
FµλFν

λ+
1

2
m2AµAν−

1

4d
F 2gµν−

1

4d
F2gµν .

(2.11)

Let us take the following ansatz for the black hole metric

ds2 = L2

[

−r2zf(r)dt2 +
dr2

r2f(r)
+ r2

d
∑

i=1

dx2
i

]

. (2.12)

It can be seen that the tt and rr components of the Einstein equations give

Rt
t −Rr

r = −(z − 1)d

L2
f(r) = − m2

2L2r2zf(r)
AtAt. (2.13)

When z = 1, the above equation leads to the following solution for the massive vec-

tor field,

At = 0, Frt = 0. (2.14)

The second Maxwell field and the cosmological constant are given by

Frt =
qL

rd
, Λ = −d(d+ 1)

2L2
. (2.15)

The metric of the black hole turns out to be

ds2 = L2

[

−r2f(r)dt2 +
dr2

r2f(r)
+ r2

d
∑

i=1

dx2
i

]

, f(r) = 1 − m

rd+1
+

q2

2d(d− 1)r2d
. (2.16)
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This is simply the ordinary planar RN-AdS black hole.

When z 6= 1, the mass parameter and the cosmological constant remain the same as

the zero-temperature Lifshitz background,

m2 =
zd

L2
, Λ = − 1

2L2
[z2 + z(d− 1) + d2], (2.17)

while the massive vector field and the second Maxwell field strength are given by

At =

√

2(z − 1)

z
Lrzf(r), Frt = qLrz−d−1, (2.18)

where

f(r) = 1 − q2

2d2rz
. (2.19)

It should be emphasized that this charged Lifshitz black hole is different from the z = 1

counterparts, as it does not admit extremal solutions. In this sense it looks more analogous

to Schwarzschild-AdS black holes than RN-AdS black holes. Here the dynamical exponent

z cannot be arbitrary, but has to be fixed by

z = 2d. (2.20)

One can see that in four dimensions the solution agrees with the k = 0 black hole solution

obtained in [27], after redefining the charge parameter q. The temperature and entropy

are given by

T =
z

4π
rz
0, SBH =

LdVd

4Gd+2
rd
0 , (2.21)

where rz
0 ≡ q2/2d2 and Vd denotes the volume of the d−dimensional spatial part.

Next let us calculate the mass of the Lifshitz black hole. One way is to consider the

Hamiltonian approach, which was proposed in [28] and was illustrated for four-dimensional

Lifshitz black holes in [16, 17]. The mass is given by the following formula

M = − 1

8πGd+2

∫

S∞

t

ddxN(K −K0), (2.22)

where N is the lapse function, K is the extrinsic curvature of the Lifshitz black hole

metric at constant r and K0 is the corresponding extrinsic curvature for zero-temperature

background solution with f(r) = 1. One can obtain

M = − VdL
d

8πGd+2
lim

r→∞
r3d(f − 1) ∼ rd, (2.23)

that is, the mass is divergent. However, one can still define thermodynamic mass of the

solution according to the first law of black hole thermodynamics,

M =

∫

TdSBH =
zVdL

d

48πGd+2
r3d
0 . (2.24)

Another approach was proposed in [29], where it argued that the divergences found

in [16] were due to using an action which did not include the surface terms necessary to
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ensure that the action was finite on shell. However, if we simply generalize their analysis

to general (d+ 2)−dimensional spacetime, the action can be written as

S = Sbulk + Sbdy

=
1

16πGd+2

∫

dd+2x
√−g

(

R− 2Λ − 1

4
FµνF

µν − 1

2
m2AµA

µ − 1

4
F2

)

+
1

16πGd+2

∫

dd+1ξ
√
−h
(

2K − 2d

L
+ f(AαA

α)

)

+ Sderiv. (2.25)

Here ξα are coordinates on the boundary, hαβ is the induced metric and Kαβ is the extrinsic

curvature of the boundary. Sderiv is a collection of terms involving derivatives of the

boundary fields. By fixing f(AαA
α) = −(zα/L)

√−AαAα and taking Dirichlet boundary

condition for Aµ, one can obtain a well-defined variation of the action,

δS =

∫

dd+1ξ(sαβh
αβ + sαδA

α), (2.26)

where

sαβ =
√
−h
[(

παβ +
d

L
hαβ

)

+
zα

2L
(−AαA

α)−1/2(AαAβ −AγA
γhαβ)

]

+ sderiv
αβ ,

sα = −
√
−h
(

nµFµα − zα

L
(−AαA

α)−1/2Aα

)

+ sderiv
α (2.27)

and παβ ≡ Kαβ −Khαβ.

The contribution of the second Maxwell field Fµν to the on-shell action can be esti-

mated as
∫ √−gF2 ∼

∫

rd−1, (2.28)

which is divergent. According to [29], for asymptotically Lifshitz spacetimes, the energy is

given by

E = 2st
t − stAt. (2.29)

Substituting the black hole solution into (2.27), the result turns out to be

E = lim
r→∞

dLr3d(f(r) − f(r)1/2) ∼ rd → ∞. (2.30)

The divergence implies that the boundary terms in (2.25) are a priori insufficient to render

the on-shell action finite. We expect to remove the divergences in further investigations on

the definitions of conserved quantities in asymptotically Lifshitz spacetimes.

3 Gauss-Bonnet corrections

In this section we study Gauss-Bonnet corrections to five-dimensional charged Lifshitz

black holes. Generally speaking, it is always difficult to obtain exact black hole solutions

in higher derivative gravity, so we will try to find black hole solutions in Gauss-Bonnet

gravity by perturbative methods, following [30].

– 6 –
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First we rewrite the five-dimensional charged Lifshitz black hole solution as follows,

ds2 = L2

[

−r2zf(r)dt2 +
dr2

r2f(r)
+ r2(dx2

1 + dx2
2 + dx2

3)

]

, f(r) = 1 − q2

18rz
≡ 1 − rz

0

rz
,

z = 2d = 6, m2 =
18

L2
, Λ = − 1

2L2
[z2 + (d− 1)z + d2] = − 57

2L2
,

At =

√

5

3
rzf(r), Frt = qLr2. (3.1)

Now consider the following effective action containing Gauss-Bonnet corrections

S =
1

16πG5

∫

d5x
√−g

[

R− 2Λ − 1

4
FµνF

µν − 1

2
m2AµA

µ − 1

4
FµνFµν

+
λGB

2
L2(RµνλδR

µνλδ − 4RµνR
µν +R2)

]

. (3.2)

The equations of motion for the gauge fields remain the same as before,

∂µ(
√−gFµν) = m2√−gAν , ∂µ(

√−gFµν) = 0, (3.3)

while the Einstein equations take the following form

Rµν − 1

2
Rgµν = −Λgµν + TM

µν + TR
µν , (3.4)

with

TM
µν =

1

2
FµλFν

λ +
1

2
m2AµAν +

1

2
FµλFν

λ − 1

8
F 2gµν − 1

4
m2A2gµν − 1

8
F2gµν ,

TR
µν =

λGB

2
L2

[

1

2
gµν(RµνλδR

µνλδ − 4RµνR
µν +R2)

−2RRµν + 4RµγR
γ
ν + 4RγδRγµδν − 2RµγδλRν

γδλ

]

. (3.5)

The Einstein equations can be recasted as

Rµν =
2

3
Λgµν + TM

µν + TR
µν − 1

3
(TM + TR)gµν , (3.6)

where TM ≡ gµνTM
µν and TR ≡ gµνTR

µν .

The ansatz for the metric is given by

ds2 =
L2

ρ2

[

−e2A(ρ)dt2 + e−2B(ρ)dρ2 + dx2
1 + dx2

2 + dx2
3

]

. (3.7)

One can derive the following relations for the components of the Ricci tensor

Rt
t −Rρ

ρ =
3

L2
e2B(ρ)ρ(A′(ρ) −B′(ρ)),

1

3

(

Rt
t −Rρ

ρ

)

−R1
1 = − 1

L2

(

e2B(ρ)

ρ4

)′

ρ5, (3.8)
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where the prime stands for derivative with respect to ρ. To obtain the perturbative solution,

we will substitute the field configurations of the unperturbed solution into TM
µν and TR

µν .

By combining (3.6) and (3.8), we can obtain

− 1

L2

(

e2B(ρ)

ρ4

)′

ρ5 =
2

3
TMt

t +
2

3
TRt

t −
2

3
Λ. (3.9)

Then the function e2B(ρ) reads

e2B(ρ) = f(ρ)(1 + λGBf(ρ)), f(ρ) = 1 − q2

18
ρ6. (3.10)

From the first equation of (3.8), we can obtain

A(ρ) = B(ρ) +
L2

3

∫

1

ρ
e2B(ρ)(Rt

t −Rρ
ρ). (3.11)

After substituting the unperturbed solution, the function e2A(ρ) is given by

e2A(ρ) = e2B(ρ)ρ−(z0−1)(2+4λGB) exp

[

2(z0 − 1)

z0

λGBq
2

d2
ρz0

]

, (3.12)

where z0 = 2d = 6 denotes the dynamical exponent of the unperturbed solution.

Finally, performing the coordinate transformation ρ = 1/r, the perturbed solution in

Gauss-Bonnet gravity can be summarized as follows

ds2 = L2

[

−f(r)h(r)r2zdt2 +
dr2

r2f(r)
+ r2

(

dx2
1 + dx2

2 + dx2
3

)

]

, (3.13)

where

f(r) = f0(r)(1 + λGBf0(r)), f0(r) = 1 − q2

18r6
,

h(r) = exp

[

5λGBq
2

27r6

]

, (3.14)

and

z = z0 + 2λGB(z0 − 1), z0 = 2d = 6. (3.15)

The first-order solutions of the gauge fields can also be obtained by substituting the per-

turbed metric into the equations of motion (3.3), where we have made the following ansatz

At =

√

5

3
rz0f0(r) + λGBA1t(r), Frt = qLr2 + λGBF1rt. (3.16)

The first-order corrections are given by

A1t = c1(r
6 − r60) + c2



− r3

6r60
+

arctanh
(

r3

r3
0

)

6r90
(r6 − r60)



+ O
(

log(r6 − r60)
)

,

F1rt =
5

3
qL
r60
r4
. (3.17)
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Here are some remarks on the perturbed black hole solution:

• The horizon still locates at r = r0 for the perturbed black hole solution.

• The temperature and entropy are given by

T =
1

4π
z0r

z
0 exp

(

5

3
λGB

)

, SBH =
1

4G5
r30L

3V3. (3.18)

Note that the Bekenstein-Hawking formula still holds for planar black holes in Gauss-

Bonnet gravity.

• The 1/N effects in non-relativistic gauge-gravity duality were investigated extensively

in [31], where they argued that the dynamical exponent would be renormalized in

higher derivative gravity except for z0 = 1. Here our results support their arument.

4 Calculating η/s

The AdS/CFT correspondence has provided us a powerful tool for investigating the hy-

drodynamic properties of strongly coupled field theories. One remarkable progress is the

calculation of shear viscosity in the dual gravity side. It has been found that the ratio

of shear viscosity over entropy density is 1/4π for a large class of CFTs with Einstein

gravity duals in the large N limit. Therefore, it was conjectured that 1/4π is a universal

lower bound for all materials, which is the so-called Kovtun-Son-Starinets(KSS) bound [32].

However, in [30, 33, 34] it was observed that in R2 gravity such a lower bound was violated

and a new lower bound 4/25π was proposed by considering the causality of the dual field

theory. Corrections to η/s for various examples were nicely investigated in [35, 36]. For

more developments, see e.g. [37–41].

It was conjectured in [42–44] that the shear viscosity is fully determined by the effective

coupling of the transverse gravitons on the horizon in the dual gravity description. This was

confirmed in [45] via the scalar membrane paradigm and in [46] by calculating the on-shell

action of the transverse gravitons. However, the latter formalism is not covariant under

coordinate transformations, then the choice of coordinate system of the background black

hole geometry affects the form of the action of the transverse gravitons. A new formalism

was proposed in [47], where a three-dimensional effective metric g̃µν was introduced and

the transverse gravitons were minimally coupled to this new effective metric. The action

in this new formalism can take a covariant form. Similar discussions on this issue were also

presented in [48].

The shear viscosity is given by the Kubo formula

η = lim
ω→0

1

2ωi
(GA

x1x2,x1x2
(ω, 0) −GR

x1x2,x1x2
(ω, 0)), (4.1)

where the retarded Green’s function GR
µν,λρ is defined by

GR
µν,λρ = −i

∫

d4xe−ik·xθ(t) < [Tµν(x), Tλρ(0)] >, (4.2)

– 9 –
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and the advanced Green’s function satisfies GA
µν,λρ(k) = GR

µν,λρ(k)
∗
. According to the field-

operator correspondence, such Green’s functions can be calculated through the effective

action of the gravitons of the dual gravity theory.

Consider tensor perturbation h12 = h12(t, u, z), where u is the radial coordinate and

the momentum of the perturbation points along the x3 ≡ z axis. Then we denote φ = h1
2

and write φ as φ(t, u, z) = φ(u)e−iωt+ipz . If the transverse gravitons can be decoupled from

other perturbations, the effective bulk action of the transverse gravitons can be written in

a general form

S =
V1,2

16πG

(

−1

2

)∫

d3x
√

−g̃
(

K̃(u)g̃MN ∇̃Mφ∇̃Nφ+m2φ2
)

(4.3)

up to some total derivatives. Here g̃MN ,M,N = t, u, z is a three-dimensional effective

metric, m is an effective mass and ∇̃M is the covariant derivative using g̃MN . Notice that φ

is a scalar in the three dimensions t, u, z, while it is not a scalar in the whole five dimensions.

As we have assumed that φ = h1
2(t, u, z), the effective action for φ can be seen as a deduced

three-dimensional action where the other two irrelevant directions can be integrated out. In

this sense it is not the usual dimensional reduction. The three-dimensional effective action

itself is general covariant and K̃(u) is a scalar under general coordinate transformations.

In the following we will use gµν to denote the whole five-dimensional background.

By performing the coordinate transformation u = r30/r
3, the perturbative black hole

solution in Gauss-Bonnet gravity (3.13) can be rewritten as

ds2 = L2

[

−(1 − u)F (u)dt2 +
du2

(1 − u)G(u)
+

r20
u2/3

(

dx2
1 + dx2

2 + dx2
3

)

]

, (4.4)

where

F (u) = (1 + u)(1 + λGB(1 − u2))h(u)r2z
0 u−2z/3,

h(u) = exp

[

5

27
λGBu

2

]

, G(u) = 9(1 + u)(1 + λGB(1 − u2))u2,

z = z0 + 2λGB(z0 − 1), z0 = 2d = 6. (4.5)

Notice that here the horizon locates at u = 1. Following [47], we write down the action of

the transverse gravitons in momentum space

S =
V1,2

16πG

(

−1

2

)
∫

dwdp

(2π)2
du
√

−g̃
[

K̃(u)(g̃uuφ′φ′ + w2g̃ttφ2 + p2g̃zzφ2) +m2φ2
]

, (4.6)

where

φ(t, u, z) =

∫

dwdp

(2π)2
φ(u; k)e−iwt+ipz ,

k = (w, 0, 0, p), φ(u;−k) = φ∗(u; k), (4.7)

and the prime denotes derivative with respect to u. The subsequent steps are similar to

those exhibited in [47], which will not be shown explicitly. We can find that here we still

have the following formula for η

η =
1

16πG
(
√

g̃zzK̃(u))|u=1. (4.8)
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Next we calculate the effective action of the transverse gravitons in the back-

ground (4.4). By checking directly from the first-order Einstein equations it can be found

that the transverse gravitons can get decoupled from other perturbations. Then the ef-

fective action of the transverse gravitons can be obtained by keeping the quadratic terms

of φ in the original action and it can be written in the form of (4.3) with the effective

three-dimensional metric

g̃uu =

(

1 +
λGB

2

Ag′ttg
uu

ugtt

)

guu, (4.9)

g̃tt =

[

1 +
λGB

2

(

Ag′uu

u
− (A2 + 2A)guu

u2

)]

gtt, (4.10)

g̃zz =

[

1 +
λGB

2

(

g′2ttg
uu

g2
tt

− g′ttg
′uu

gtt
− 2guug′′tt

gtt

)]

gzz, (4.11)

where A ≡ 4/z0 = 2/3.

In fact, the effective action of the transverse gravitons can also be written as

S =
1

16πG

(

−1

2

)∫

d5x
√−gg̃µν∂µφ∂νφ, (4.12)

where g̃µν = g̃µν for µ, ν = t, u, z and g̃µν = gµν for µ, ν = x1, x2. Then K̃(u) =
√−g/√−g̃.

Finally, by substituting (4.11) into (4.8) and recalling the fact that the Bekenstein-Hawking

area law still holds for planar black holes in Gauss-Bonnet gravity, we have

η

s
=

1

4π

[

1 − A

2
λGBG(1)

]

=
1

4π
(1 − 6λGB). (4.13)

Here are some remarks on this result:

• The Gauss-Bonnet corrections to asymptotically Lifshitz black holes and the higher

order corrections to η/s were calculated in [49], where the result turned out to be

η

s
=

1

4π
[1 − (z0 + 3)λGB]. (4.14)

It can be seen that the above expression reduces to the result obtained in [33] when

z0 = 1. However, here we cannot reproduce the same result as the dynamical expo-

nent z0 is not a free parameter but is fixed by the number of spatial coordinates.

• λGB should have an upper bound 1/6 to ensure a non-vanishing η/s. The upper bound

of λGB was discussed in [50, 51] where it was found to be 1/4 by the constraints of

causality and stability. Here a similar upper bound in non-relativistic theory requires

further understanding. As the dual field theory is non-relativistic, causality cannot

be served as a constraint but stability may still work.

• In the literatures discussing the ratio of shear viscosity over entropy density in higher

derivative theory of gravity, the new lower bound of η/s — 4/25π — can be obtained

– 11 –
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by considering the causality of the boundary field theory. However, here we cannot

take such a constraint as the dual field theory is non-relativistic, which is similar to

the case discussed in [49]. However, we expect that the issue of stability may still

exert some constraint on η/s.

5 Conductivity

In this section we calculate the DC conductivity of the Lifshitz black holes. Firstly, in

order to obtain a well-defined result of the ‘electrical’ conductivity, we imagine coupling

the CFT current to an external or auxiliary vector field, according to [52, 53]. The global

U(1) symmetry of the theory is gauged with a small coupling e. To leading order in e, the

effects of the auxiliary gauge field can be neglected and the conductivity can be determined

from the original CFT. Then the DC conductivity is given by

σ = − lim
ω→0

e2

ω
ImGR

x,x(ω,k = 0), (5.1)

where the retarded correlation function of the global U(1) symmetry currents is given by

a Kubo formula similar to the one for shear viscosity,

GR
x,x(ω,k = 0) = −i

∫

dtdxeiωtθ(t) < [Jx(x), Jx(0)] > . (5.2)

Due to the existence of the non-vanishing component At of the bulk gauge field in

the background, the perturbation of the gauge field Ax gets coupled to the shear mode

graviton, i.e., metric perturbations of the form hxi. However, the contribution of hxi can be

integrated out by imposing gauge invariance upon the two sets of perturbations. Then we

can obtain an action that only contains the Ax fluctuation. Therefore, the most convenient

way to perform the calculations is the effective action approach. Such an approach was

applied in [54], where the conductivity for five-dimensional charged planar AdS black holes

was computed in the presence of a general set of four-derivative interactions. We will follow

their approach to calculate the conductivity of the charged Lifshitz black holes.

The perturbations of the metric and the gauge field are given by

ht
x =

∫

d4k

(2π)4
tk(u)e

−iωt+ikz ,

hu
x =

∫

d4k

(2π)4
hk(u)e

−iωt+ikz ,

Ax =

∫

d4k

(2π)4
ak(u)e

−iωt+ikz , (5.3)

where we have denoted x1 ≡ x and x3 ≡ z. Let us consider the leading order solution first.

After performing coordinate transformation u = r30/r
3, the metric turns out to be

ds2 = L2

[

−r
12
0

u4
f0(u)dt

2 +
du2

9u2f0(u)
+

r20
u2/3

(

dx2
1 + dx2

2 + dx2
3

)

]

, (5.4)
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where f0(u) = 1 − u2. The horizon locates at u = u0 = 1. As a gauge choice, we would

like to set the perturbation hu
x to be zero. By comparing the xx and ux components of

the Einstein equations, we can arrive at the following constraint

gxxt
′
k = −A′

tak, (5.5)

which is the same as that in [54].

After taking the above constraint and the gauge choice hk(u) = 0, the quadratic action

for ak takes the following form

Ĩ(2)
a =

1

16πG5

∫

d4k

(2π)4
du(N(u)a′ka

′
−k +M(u)aka−k), (5.6)

where

N(u) = −3Lr70u
−4/3f0(u), M(u) =

Lω2u2/3

3r50f0(u)
− 3u8/3

Lr50
A′2

t . (5.7)

Such an effective action can either be obtained by expanding the original action up to

quadratic order of ak, or by directly considering the Maxwell equation of the perturbations.

The equation of motion for ak can be re-expressed as

∂ujk(u) =
1

8πG5
M(u)ak(u), (5.8)

where

jk(u) ≡
δĨ

(2)
a

δa′−k

=
1

8πG5
N(u)a′k(u). (5.9)

In the near horizon region, the equation of motion can be solved by taking the ansatz

ak(u) = Cf0(u)
β .

It turns out that by requiring regularity at the horizon, we still have β = ±iω/4πT as

usual. The infalling boundary condition fixes β = −iω/4πT .

Next, rather than solving the equation of motion for ak as in the conventional cases,

we follow the prescription described in [54]. According to [45], the condition of regularity

at the horizon u = u0 requires

jk(u0) = −iω lim
u→u0

N(u)

8πG5

√

−guu

gtt
ak(u0) + O(ω2), (5.10)

where we are expanding in small ω with the zero-frequency limit of (5.1) in mind. The flux

factor can be identified by evaluating the on-shell action, which simply yields

2Fk = jk(u)a−k(u) (5.11)

Then one can obtain the Green’s function (5.2) by evaluating the flux factor at the asymp-

totic boundary. The DC conductivity is given by a formula which is analogous to the one

for shear viscosity

σ = lim
u,ω→0

e2

ω
Im

[

2Fk

ak(u)a−k(u)

]

k=0

= e2 lim
u,ω→0

Im [jk(u)a−k(u)]

ωak(u)a−k(u)

∣

∣

∣

∣

k=0

. (5.12)
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In the computations of shear viscosity via the membrane paradigm [45], the evolution

of the canonical momentum in the radial direction is completely trivial in the low-frequency

limit. Then it can be evaluated at any radial position and it is calculated at the horizon.

However, here neither jk nor ωak has a trivial evolution along the radial direction even

in the low-frequency limit. It can be seen from the equation of motion that the effective

mass M(u) no longer vanishes in the low-frequency limit due to the existence of A′
t, so the

equation of motion still produces a nontrivial flow along the radial direction. However, it

was observed in [54] that the radial evolution of the numerator of (5.12) is trivial,

∂uIm[jk(u)a−k(u)] = Im[f1(u)aka−k + f2(u)jkj−k] = 0, (5.13)

which is independent of taking the low-frequency limit. Therefore we can evaluate the

numerator at the horizon. Moreover, jk(u) should satisfy the regularity condition given

in (5.10) at the horizon. The conductivity can be expressed as

σ =
e2

8πG5
κA

2 (u0)
N (u0)

N (0)

∣

∣

∣

∣

k=0

, (5.14)

where

κA
2 (u) = −N(u)

√

−guu

gtt
= Lr0u

−1/3, N (u) = ak(u)a−k(u). (5.15)

As emphasized in [54], N (u) is real and so independent of ω up to O(ω2). It also

means that at this order N (u) is completely regular at the horizon. Then we can solve

ak(u) by imposing regularity at the horizon and setting ω to zero. Thus the equation of

motion can be simplified

∂u(u−4/3f0(u)a
′
k(u)) = 2u−4/3ak(u), (5.16)

whose solution is given by

ak(u) = ak(0)2F1

[

−1 + i
√

71

12
,−1 − i

√
71

12
,−1

6
, u2

]

. (5.17)

The approximate solution turns out to be

ak(u) = a0(1 − 3u2). (5.18)

Finally, in the leading order background, the conductivity is

σ =
e2

2πG5
Lr0. (5.19)

Recall that the temperature is given by T = z0r
z0/4π, the expression for the conductivity

can be rewritten as

σ =
e2

2πG5

(

π

z0

) 1

z0

T
1

z0 . (5.20)

We can see that when z0 = 1(although z0 = 6 is fixed here), the above result reproduces the

conventional relation σ ∼ T . However, the physical meaning of the non-trivial dependence

on z0 in the relation between σ and T requires further interpretation.
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The calculations in the first-order background are straightforward. The perturbative

black hole solution in Gauss-Bonnet gravity reads

ds2 = L2

[

−(1 − u)F (u)dt2 +
du2

(1 − u)G(u)
+

r20
u2/3

(dx2
1 + dx2

2 + dx2
3)

]

,

F (u) = (1 + u)(1 + λGB(1 − u2))h(u)r2z
0 u

−2z/3,

h(u) = exp

[

5

27
λGBu

2

]

, G(u) = 9(1 + u)
(

1 + λGB(1 − u2)
)

u2,

z = z0 + 2λGB(z0 − 1), z0 = 2d = 6

and the perturbations are given by (5.3). We still expand the action up to quadratic terms

for ak, tk, hk and obtain a constraint by setting hk = 0. Plugging this constraint back into

the action and keeping terms linear in λGB we can obtain an action of the form (5.6). Here

the equation of motion for ak becomes much more complicated and it is quite difficult to

obtain an analytic result. Then we solve the equation of motion up to leading order of

λGB. The final result is given by

σ =
e2

2πG5
Lr0

(

1 +
5

3
λGB

)

. (5.21)

6 Summary and discussion

We study exact solutions of charged Lifshitz black holes and the corresponding thermo-

dynamic and hydrodynamic properties in this paper. We generalize the four-dimensional

solution obtained in [27] to arbitrary (d+2)−dimensional cases by adding a second Maxwell

field in the effective action. The black hole solutions we find exhibit an unusual thermody-

namic behavior. We cannot obtain a finite mass via the Hamiltonian approach [28] or the

recently proposed prescriptions for non-relativistic backgrounds [16, 17, 29]. However, the

mass of the black hole can still be obtained by the first law of thermodynamics. We also

obtain the five-dimensional black hole solutions in Gauss-Bonnet gravity by perturbative

methods. Furthermore, we calculate the ratio of shear viscosity over entropy density and

the DC conductivity in the presence of Gauss-Bonnet corrections.

Here the ratio of shear viscosity over entropy density in Gauss-Bonnet gravity also

violates the conjectured KSS bound, which is similar to the known examples. However,

unlike the case studied in [49], here we cannot reproduce the result for planar AdS black

holes in Gauss-Bonnet gravity, as the dynamical exponent z0 is not arbitrary but fixed

by the number of the spatial coordinates. In relativistic cases, a new lower bound can be

obtained by taking the causality of the dual boundary field theory as a constraint. However,

for the non-relativistic cases, the causality of the boundary field theory cannot be taken as

a constraint, as the speed of light tends to infinity. We expect that some other criterions

which are valid both in relativistic and non-relativistic backgrounds, such as stability,

unitarity and locality, may introduce a new lower bound for non-relativistic cases.

When we rewrite the conductivity as a function of the temperature T , it shows that

the conductivity is proportional to a non-trivial power of T , where the power is determined
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by z0. The dependence on z0 requires further understanding, although it reduces to the

conventional case σ ∼ T when z0 = 1.

The definition of the conductivity takes a slightly different form in [54],

σ = − lim
ω→0

e2L2
∗

ω
ImGR

x,x(ω,k = 0), (6.1)

where L∗ is some scale to make sure that the chemical potential has the appropriate unit

of energy after rescaling Aµ = L∗Ãµ. The ratio σT 2/ηe2 was also examined in [54]. If we

take this definition and fix L∗ = πL as they did, the ratio is given by

σT 2

ηe2
=

1

2
z2
0r

2z0−2. (6.2)

It still has a non-trivial dependence on z0. When z0 = 1, this ratio is 1/2, which seems

to satisfy the upper bound σT 2/ηe2 = 1. However, as pointed out in [53], the definition

of σ (or η) involves an arbitrary choice of normalization for the corresponding current.

So in order to find a universal bound on conductivity, it is more natural to incorporate a

quantity which is independent of the normalization.

Recently there have been several interesting papers on the transport coefficients for

extremal black holes in higher derivative gravity, e.g. [55–59]. One conclusion is that for

extremal black holes the DC conductivity is always zero, even in higher derivative gravity

theories. The near horizon geometry of extremal black holes contains an AdS2 part, which

plays an important role in the calculations. Here the DC conductivity is also zero if we

take T = 0. However, the behavior of charged Lifshitz black holes is more analogous to

Schwarzschild-AdS black holes rather than RN-AdS black holes thus we cannot have AdS2

near horizon geometry. We believe that for “real” extremal charged Lifshitz black holes,

the conclusion will be the same as the relativistic counterparts, as they will exhibit similar

near horizon structure.
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