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1 Introduction

The AdS/CFT correspondence [1-4] has been extensively studied and fruitful progress has
been made in recent years. In particular, as a strong-weak duality, it has provided a useful
tool for studying strongly coupled field theories. Moreover, inspired by condensed matter
physics, studies of non-relativistic AdS/CFT correspondence have been accelerated since
last year, which may open a new window for investigating physical systems in the real
world. For reviews see [5-7].

In many condensed matter systems near a critical point, there exist field theories with
anisotropic scaling symmetry, that is, temporal and spatial coordinates scale differently,

t — N, 't — At (1.1)

where z is called the ‘dynamical exponent’. Until now, there are two main concrete ex-
amples of the gravity duals of non-relativistic field theories. One is called the Schrédinger
case, which was proposed in [8, 9] and the finite temperature generalizations were investi-
gated in [10-12]. The other is the Lifshitz case, which was obtained in [13]. For general
(d + 2)—dimensional spacetime, the dual geometry of Lifshitz fixed points is given by

d 2
ds? = L2 | —r%d2 + © 4 r2d?), (1.2)
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where d7? = dz? + - - - + daz%. The scale transformation acts as

t — Nt, = — Az, r — ; (1.3)

When z = 1, it reduces to the usual AdS metric.



When d = 2, the above geometry can be obtained from a (3 4+ 1)—dimensional gravity
coupled with a negative cosmological constant to abelian two- and three-form field strengths,

1 1
S = /d41’\/—g(R— 2A) 9 /*F(Q) /\F(Q) 9 /*H(3) /\H(g) — C/B(Q) /\F(Q), (14)

where Fg) = dA(1), H(3) = dBy). To obtain such a solution the cosmological constant and
the gauge field strengths should take the following values,

A__z2+z+4 C_\/Q,z
B 212 L
Flgy = V2z2(z — 1) Lr*Ydr A dt, Hg =2Vz— LL?rdr A dzy A das. (1.5)

However, it is quite difficult to find analytic black hole solutions which are asymp-
totically Lifshitz-like. Black hole solutions with z = 2 in the above (3 + 1)—dimensional
theory were investigated in [14] via numerical methods. Lifshitz topological holes were
studied in [15] where exact solutions were found in certain specific examples. Black holes
in asymptotically Lifshitz spacetimes with arbitrary critical exponent and the correspond-
ing thermodynamic behavior were studied in [16, 17]. Another model of non-relativistic
holography was proposed in [18] where exact Lifshitz black hole solutions were obtained.
For other recent work on Lifshitz black holes see [19-24]. It should be pointed out that
it is very difficult to embed the Lifshitz background into string theory, although certain
string theory duals of Lifshitz-like fixed points were obtained in [25]. Recently some no-go
theorems for string duals of non-relativistic Lifshitz-like theories were proposed in [26].

Another type of exact Lifshitz black hole solutions was obtained in [27], where the
main purpose was to study holographic superconductors with Lifshitz scaling. In order
to realize phase transitions, they added a second Maxwell field F(3) and a scalar field v
which was charged under the new gauge field but neutral under the original gauge fields
Floy and H(z). It was observed that these two additional fields were sufficient to ensure
a superconducting phase transition characterized by Lifshitz scaling with z > 1. Here we
generalize their analysis to arbitrary (d+ 2)—dimensional spacetime. Rather than studying
the holographic superconductor, we investigate the thermodynamic and hydrodynamic
properties of such black holes. We show that the black hole mass can be obtained by the
first law of thermodynamics, while the other approaches for defining conserved quantities in
non-relativistic backgrounds do not work. We also obtain the Gauss-Bonnet corrections to
five-dimensional charged Lifshitz black holes by perturbative methods. The ratio of shear
viscosity over entropy density and the DC conductivity are calculated in the presence of
Gauss-Bonnet corrections.

The rest of the paper is organized as follows: We obtain the charged Lifshitz black
hole solutions in general (d 4+ 2)— dimensions and discuss the thermodynamics in section
2. The Gauss-Bonnet corrections to such black holes in five dimensions are calculated
perturbatively in section 3. We compute the ratio of shear viscosity over entropy density
and the DC conductivity in section 4 and section 5 respectively, where Gauss-Bonnet
corrections are taken into account. We summarize our main results and discuss related
issues in section 6.



2 The solution and thermodynamics

In this section we will obtain the exact solutions of charged Lifshitz black holes and discuss
their thermodynamics. First we will review the charged Lifshitz black hole solution studied
in [27]. The four-dimensional action (1.4) admits the following exact Lifshitz black hole
solutions, whose general form can be summarized as

2
ds® = L* | =% f(r)2di® + 9(:2) dr? +r? (6% + x(0)%d¢?) |, (2.1)
with

X(0) = sinf it k=1,
x(0) =16 if k=0,
x(f) =sinh@ if k=-1, (2.2)

where k = 41,0, —1 corresponds to a spherical, flat, and hyperbolic horizon respectively.
A z = 2 topological black hole with a hyperbolic horizon was obtained in [15], where

1 1
flr)= ):\/1—22. (2.3)

g(r r

Another solution is a z = 4 black hole with a spherical horizon [16], where

1 1 3
Fr) = - \/1 T 10r2 T 4000t (24)

At first sight, these Lifshitz black holes carry a charge that couples to the two-form
field strength F{3), but actually they are analogous to Schwarzschild-AdS black holes rather
than RN-AdS black holes. It has been shown in [27] that the system cannot undergo su-
perconducting phase transition without additional field contents. Then a second Maxwell
field F(y) and a scalar field ¢ were incorporated, which were sufficient to ensure a super-
conducting phase transition. It should be pointed out that the scalar v was charged under
F(2) but neutral under F(y) and H(z). The original Lifshitz gauge fields can be seen as
auxiliary construction, which modify the asymptotic geometry from AdS to Lifshitz. The
authors of [27] added the following term to the action

S]-' = —2 /*.7:(2) /\f(g). (2.5)

The new z = 4 black hole solution still takes the form of (2.1), with

_ L _ k 3k Q2
fr) = g(r) \/1 o2 T 40004 T 27 (2.6)

where the physical charge @) is induced by the second Maxwell field F(g).
On the other hand, it has been observed in [18] that the following action

_ 1 d+2,. /. Cop b oo
5_167TGd+2/d xy/ g(R 2A 4F 2mA (2.7)



admits (d + 2)—dimensional Lifshitz spacetime with arbitrary z
1 d
ds? = L? (—TZZdtQ + 2 dr?® 4 r? Z dw?) (2.8)
i=1

as a solution, where the values of the fields are fixed to be

1
212

2(z—1 d
(2 )LTZ, m2="". (2.9)
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However, it is difficult to find Lifshitz black hole solutions in general dimensions by explor-

ing this action. Then inspired by [27], we add a second Maxwell field F(9) to the above

effective action in arbitrary dimensions and we find analytic Lifshitz black hole solutions.
Consider the following action in (d 4+ 2)—dimensional spacetime

1 1
/dd+2x\/—g (R —2A — 4F2 —

- 167TGd+2

1

5 2

1
m? A% — 4.7—“2> : (2.10)
The corresponding equations of motion are given as follows,

Ou(V—gF") = m*\/—gA",
Ou(v/—gFH) =0,

2 1 N N 1, 1,
R, = dAgﬂV+2FM)\FV "’2‘7:;0\‘7:1/ —|—2m A“Ay_éldF g“l'_éld]: G-
(2.11)
Let us take the following ansatz for the black hole metric
2 2 2 2 dr? 2 : 2
_ z
ds® = L? | —r? f(r)dt® + 2yt ;dxi : (2.12)
It can be seen that the t¢t and rr components of the Einstein equations give
’ (2= 1)d B m?
Rt — R: = — L2 f(?"') = — 2L27“23f(7") AtAt- (213)

When z = 1, the above equation leads to the following solution for the massive vec-
tor field,
Ay =0, F..=0. (2.14)

The second Maxwell field and the cosmological constant are given by

_qL B d(d+1)
Fre= a4 A=—""0 (2.15)

The metric of the black hole turns out to be
m 7>

— . (2.1
rd+1 + 2d(d — 1)r2d (2.16)

dr? d
2 _r2|_ 2 2 2 2 _
ds* =L rf(r)dt® + r2f(r) +r ;1 dzi |, f(r)=1



This is simply the ordinary planar RN-AdS black hole.
When z # 1, the mass parameter and the cosmological constant remain the same as
the zero-temperature Lifshitz background,

9 zd 1

= A:—2L2[22—|—z(d—1)+d2], (2.17)

m

while the massive vector field and the second Maxwell field strength are given by

2(z -1
A= \/ (Zz )erf(r), Fpt = qLr*= 971 (2.18)

where
2

fr)=1- 2;%2' (2.19)

It should be emphasized that this charged Lifshitz black hole is different from the z = 1
counterparts, as it does not admit extremal solutions. In this sense it looks more analogous
to Schwarzschild-AdS black holes than RN-AdS black holes. Here the dynamical exponent
z cannot be arbitrary, but has to be fixed by

z=2d. (2.20)

One can see that in four dimensions the solution agrees with the k = 0 black hole solution
obtained in [27], after redefining the charge parameter g. The temperature and entropy

are given by
z TZ _ LdVd 'r'd
47 O 4Ggys

where r§ = 2/2d* and Vj denotes the volume of the d—dimensional spatial part.

T = (2.21)

Next let us calculate the mass of the Lifshitz black hole. One way is to consider the
Hamiltonian approach, which was proposed in [28] and was illustrated for four-dimensional
Lifshitz black holes in [16, 17]. The mass is given by the following formula

1

M =—
8mGayo

/ dlzN(K — Ky), (2.22)
Sge

where N is the lapse function, K is the extrinsic curvature of the Lifshitz black hole
metric at constant r and Ky is the corresponding extrinsic curvature for zero-temperature
background solution with f(r) = 1. One can obtain

Ld
Valo PP = 1)~ (2.23)

M=—
8TG g yg r—o0

that is, the mass is divergent. However, one can still define thermodynamic mass of the
solution according to the first law of black hole thermodynamics,

VLt 4,

. 2.24
487TGd+2 "0 ( )

M = /TdSBH =

Another approach was proposed in [29], where it argued that the divergences found
in [16] were due to using an action which did not include the surface terms necessary to



ensure that the action was finite on shell. However, if we simply generalize their analysis
to general (d + 2)—dimensional spacetime, the action can be written as

S = Spulk + Shay

1 1 1 1
= d e/~ —9A — E, F" — mPAAF — F?
1677Gd+2/ a4 9<R 4t 9" 4
1 2d
dey/—h (2K — A, A” Sderiv- 2.25
+16ﬂGd+2/ 3% ( ;A )) + 54 (2.25)

Here £“ are coordinates on the boundary, h,g is the induced metric and K3 is the extrinsic
curvature of the boundary. Sgqerv is a collection of terms involving derivatives of the

boundary fields. By fixing f(4,A%) = —(2a/L)v/—A,A® and taking Dirichlet boundary

condition for A, one can obtain a well-defined variation of the action,
68 = / AT (50500 + 5,0A%), (2.26)
where

d )

Z(X(_AaAa)—l/QAa> + Sgeriv (227)

Sq = —V—h (n“FHQ -7

and T3 = Ko — Khog.
The contribution of the second Maxwell field F,,, to the on-shell action can be esti-

/\/—g}'2 ~ /rd_l, (2.28)

which is divergent. According to [29], for asymptotically Lifshitz spacetimes, the energy is

mated as

given by
E =25 — st A, (2.29)

Substituting the black hole solution into (2.27), the result turns out to be

£ = lim dLr3(f(r) — f(r)/?) ~ 1! - . (2.30)
T—00
The divergence implies that the boundary terms in (2.25) are a priori insufficient to render
the on-shell action finite. We expect to remove the divergences in further investigations on
the definitions of conserved quantities in asymptotically Lifshitz spacetimes.

3 Gauss-Bonnet corrections

In this section we study Gauss-Bonnet corrections to five-dimensional charged Lifshitz
black holes. Generally speaking, it is always difficult to obtain exact black hole solutions
in higher derivative gravity, so we will try to find black hole solutions in Gauss-Bonnet
gravity by perturbative methods, following [30].



First we rewrite the five-dimensional charged Lifshitz black hole solution as follows,

. dr?
W [‘TQ OV + 5 ey + (e o +dag)| o f(r) =1
z=2d=6 m2—18 A=-— ! (22 +(d—1)z+d?] =
ST Ty T 2L2 -
)
ac=[2e), Fum i

2
S 182 T
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Now consider the following effective action containing Gauss-Bonnet corrections

1 5 1 v 1 2 1 v
S = L6nGn /d 2/ —g [R— 2N~ Fu P = mP A A~ F P
A
+ (;B L3Ry RM™ — 4R, R™ + R?)|.

The equations of motion for the gauge fields remain the same as before,
Ou(V—gF") = m?y—gA”,  0,(v/—gF") =0,

while the Einstein equations take the following form

1
R,uz/ - QRQ;W = _Ag;w + T% + 8

s
with
T, = ;F,MFJ + ;mzAﬂAy + ;fof - éFQgH,, —~ imQAQQW
T — )\;,B 12 ;guu (Rups R — 4R, R™ + R?)

—2RR,, + 4R, R, + 4RV R, 5, — 2R, 50 R, |
The Einstein equations can be recasted as
2 M R LM R
R, = 3Agw, + T + T — 3(T +T) g,

where TM = g T}X{, and TR = g# TE/.
The ansatz for the metric is given by

L2
ds® = 2 —2AP) g2 4 7280 gp? 4+ da? + dad + dxgz»,] .

One can derive the following relations for the components of the Ricci tensor

3
Ri—Rj= 7, e*B0) p(A'(p) — B'(p)),

/
1, ) 1 [ 2B 5
3(Rt—R§)—R1:_L2< )

4
7o

r?’

(3.1)

(3.6)



where the prime stands for derivative with respect to p. To obtain the perturbative solution,
we will substitute the field configurations of the unperturbed solution into T}XI, and T};.
By combining (3.6) and (3.8), we can obtain

1 (250N o 2 2 p 2
_L2< ol )P:3Tt+3Tt—3A- (3.9)
Then the function e2P®) reads
PO = f(p) 1+ Aol (). Fo) =1L (3.10)
From the first equation of (3.8), we can obtain
M) =B+ [0 - . (3.11)
After substituting the unperturbed solution, the function ¢24() is given by
(2A(9) _ 2B(p) ;- (20 D(Z+NGE) gy [2(Zoz— 1) Aci;qz pz0:| ’ (3.12)
0

where zg = 2d = 6 denotes the dynamical exponent of the unperturbed solution.
Finally, performing the coordinate transformation p = 1/r, the perturbed solution in
Gauss-Bonnet gravity can be summarized as follows

ds® = L? {— Fh(r)r¥de® + Tf}é) + 02 (da? + da} + dxg)] , (3.13)
where
F0) = KO+ Aanhe). folr)=1- ¢
h(r) = exp [5;;’?6“’2} , (3.14)
and
i+ aplzo—1), 0 —2d—6. (3.15)

The first-order solutions of the gauge fields can also be obtained by substituting the per-
turbed metric into the equations of motion (3.3), where we have made the following ansatz

5
Ay = \/ 7 fo(r) + AaAn(r),  Frr = qLr® + AcBFir. (3.16)

The first-order corrections are given by

6 6 3 arctanh <:§) . . 6 .
— 0
Ay = ci(r’ —rg) + 2 _6r8 + 61 (r® —rg) | + O (log(r® —rg))
5 rg
Fire = 3qu4 (3.17)



Here are some remarks on the perturbed black hole solution:
e The horizon still locates at r = rg for the perturbed black hole solution.

e The temperature and entropy are given by

1
re L3Vs. (3.18)

1 5
g 070 OXP <3 GB> ) BH 4G

Note that the Bekenstein-Hawking formula still holds for planar black holes in Gauss-
Bonnet gravity.

e The 1/N effects in non-relativistic gauge-gravity duality were investigated extensively
in [31], where they argued that the dynamical exponent would be renormalized in

higher derivative gravity except for zg = 1. Here our results support their arument.

4 Calculating n/s

The AdS/CFT correspondence has provided us a powerful tool for investigating the hy-
drodynamic properties of strongly coupled field theories. One remarkable progress is the
calculation of shear viscosity in the dual gravity side. It has been found that the ratio
of shear viscosity over entropy density is 1/47 for a large class of CFTs with Einstein
gravity duals in the large N limit. Therefore, it was conjectured that 1/47 is a universal
lower bound for all materials, which is the so-called Kovtun-Son-Starinets(KSS) bound [32].
However, in [30, 33, 34] it was observed that in R? gravity such a lower bound was violated
and a new lower bound 4/257 was proposed by considering the causality of the dual field
theory. Corrections to 7/s for various examples were nicely investigated in [35, 36]. For
more developments, see e.g. [37-41].

It was conjectured in [42-44] that the shear viscosity is fully determined by the effective
coupling of the transverse gravitons on the horizon in the dual gravity description. This was
confirmed in [45] via the scalar membrane paradigm and in [46] by calculating the on-shell
action of the transverse gravitons. However, the latter formalism is not covariant under
coordinate transformations, then the choice of coordinate system of the background black
hole geometry affects the form of the action of the transverse gravitons. A new formalism
was proposed in [47], where a three-dimensional effective metric g, was introduced and
the transverse gravitons were minimally coupled to this new effective metric. The action
in this new formalism can take a covariant form. Similar discussions on this issue were also
presented in [48].

The shear viscosity is given by the Kubo formula

S R
77 = hm - (G:BL’L'Q,{L'L’L'Q (w? 0) - G:BL'L'Q,:L'L'L'Q (w? 0))’ (41)

w—0 2w1i

where the retarded Green’s function foy Ap 18 defined by

GR = —i / daeF0(t) < [T (@), Tap(0)] >, (4.2)



and the advanced Green’s function satisfies Gﬁy, (k) = ny, A p(k‘)*. According to the field-
operator correspondence, such Green’s functions can be calculated through the effective
action of the gravitons of the dual gravity theory.

Consider tensor perturbation hjs = hia(t,u, z), where u is the radial coordinate and
the momentum of the perturbation points along the z3 = z axis. Then we denote ¢ = hi
and write ¢ as ¢(t,u, z) = ¢(u)e”“ITPZ If the transverse gravitons can be decoupled from
other perturbations, the effective bulk action of the transverse gravitons can be written in
a general form

Vi - - -
- 16;726? <_;> /d%\/—g (K(U)QMNVMQﬁVN(ﬁ—l- m2¢2) (4.3)

up to some total derivatives. Here gprn, M, N =t,u,z is a three-dimensional effective
metric, m is an effective mass and V; is the covariant derivative using gasn. Notice that ¢
is a scalar in the three dimensions ¢, u, z, while it is not a scalar in the whole five dimensions.
As we have assumed that ¢ = hi(t,u, 2), the effective action for ¢ can be seen as a deduced
three-dimensional action where the other two irrelevant directions can be integrated out. In
this sense it is not the usual dimensional reduction. The three-dimensional effective action
itself is general covariant and K (u) is a scalar under general coordinate transformations.
In the following we will use g,,, to denote the whole five-dimensional background.

By performing the coordinate transformation v = r(?]’ /r3, the perturbative black hole
solution in Gauss-Bonnet gravity (3.13) can be rewritten as

du® 0 (da? 4+ da? 4+ da? 4.4
(- WG T s (@ Hddrdd)|, (49

ds? = L? [—(1 — u)F(u)dt® +
where
F(u) = (14 u)(1 4+ Ag(1 — u*)h(u)rg*u=>*/?,
h(u) = exp [257AGBU2] L Glu) = 901+ u)(1+ Age(l — u?))ud,
z =20+ 2AgB(20 — 1), 2o = 2d = 6. (4.5)

Notice that here the horizon locates at u = 1. Following [47], we write down the action of
the transverse gravitons in momentum space

Vi 1 dwd ~ | e ~uu (/ 1/ ~ 2y
5= 16;26‘ <_2> / (zu;)gd“\/_g [K(“)(Q ¢'d' +w "o + p*57¢°) +m2¢2] . (4.6)

where

dwd, .
¢(t,u, Z) = / (;;T)€¢(u7 k)e—lwt—l—zpz’

k= (w7 0, Oap)7 ¢(u7 _k) = ¢*(ua k)a (47)

and the prime denotes derivative with respect to u. The subsequent steps are similar to
those exhibited in [47], which will not be shown explicitly. We can find that here we still

have the following formula for 7

1= Lo (VK @)mt. (4.

,10,



Next we calculate the effective action of the transverse gravitons in the back-
ground (4.4). By checking directly from the first-order Einstein equations it can be found
that the transverse gravitons can get decoupled from other perturbations. Then the ef-
fective action of the transverse gravitons can be obtained by keeping the quadratic terms
of ¢ in the original action and it can be written in the form of (4.3) with the effective
three-dimensional metric

A Adl, gut

e = (142G A g, (19)
A Ag'uu A2 2A4) g

gtt _ [1+ C2}B ( g _( + 5 )g )} gtt, (4_10)

u u

A 12 _uu /o luu 92U 1

gzz — |:1+ GB <gtt~g _ gttg _ g gtt>:| gzz’ (411)

2 9u gt gu

where A =4/ = 2/3.
In fact, the effective action of the transverse gravitons can also be written as

1 1 -
S= 6 c (—2> /de\/—gg“ 0u 90,9, (4.12)

where g" = g for p,v = t,u, z and g" = g" for i, v = x1, 5. Then K (u) = V=9/v/—3.
Finally, by substituting (4.11) into (4.8) and recalling the fact that the Bekenstein-Hawking
area law still holds for planar black holes in Gauss-Bonnet gravity, we have

n 1 B A
.= dr [1 2>\GBG(1)}
1
= 1-— . 4.1
4 (1~ 6AcB) (4.13)

Here are some remarks on this result:

e The Gauss-Bonnet corrections to asymptotically Lifshitz black holes and the higher
order corrections to 7/s were calculated in [49], where the result turned out to be

"= 11 (0 + 8] (4.14)

It can be seen that the above expression reduces to the result obtained in [33] when
zo = 1. However, here we cannot reproduce the same result as the dynamical expo-
nent 2y is not a free parameter but is fixed by the number of spatial coordinates.

e )\gp should have an upper bound 1/6 to ensure a non-vanishing n/s. The upper bound
of Agp was discussed in [50, 51] where it was found to be 1/4 by the constraints of
causality and stability. Here a similar upper bound in non-relativistic theory requires
further understanding. As the dual field theory is non-relativistic, causality cannot

be served as a constraint but stability may still work.

e In the literatures discussing the ratio of shear viscosity over entropy density in higher
derivative theory of gravity, the new lower bound of /s — 4/25m — can be obtained

— 11 —



by considering the causality of the boundary field theory. However, here we cannot
take such a constraint as the dual field theory is non-relativistic, which is similar to
the case discussed in [49]. However, we expect that the issue of stability may still
exert some constraint on 7/s.

5 Conductivity

In this section we calculate the DC conductivity of the Lifshitz black holes. Firstly, in
order to obtain a well-defined result of the ‘electrical’ conductivity, we imagine coupling
the CFT current to an external or auxiliary vector field, according to [52, 53]. The global
U(1) symmetry of the theory is gauged with a small coupling e. To leading order in e, the
effects of the auxiliary gauge field can be neglected and the conductivity can be determined
from the original CFT. Then the DC conductivity is given by

2
e
o=—lim ImGE (w,k=0), (5.1)
w—0 w ’
where the retarded correlation function of the global U(1) symmetry currents is given by
a Kubo formula similar to the one for shear viscosity,

G (w k=0)=—i / dtdxe™0(t) < [J.(x), J.(0)] > . (5.2)

Due to the existence of the non-vanishing component A4; of the bulk gauge field in
the background, the perturbation of the gauge field A, gets coupled to the shear mode
graviton, i.e., metric perturbations of the form h,;. However, the contribution of h,; can be
integrated out by imposing gauge invariance upon the two sets of perturbations. Then we
can obtain an action that only contains the A, fluctuation. Therefore, the most convenient
way to perform the calculations is the effective action approach. Such an approach was
applied in [54], where the conductivity for five-dimensional charged planar AdS black holes
was computed in the presence of a general set of four-derivative interactions. We will follow
their approach to calculate the conductivity of the charged Lifshitz black holes.

The perturbations of the metric and the gauge field are given by

d*k o
hta: _ / tk(u)e_“"tﬂkz,

(2m)*
d4k —itwt+ikz
Bt = / oy )T,
d4k —iwt+ikz
A, = / (s PR (5.3)

where we have denoted x1 = x and x3 = z. Let us consider the leading order solution first.
After performing coordinate transformation u = T‘g /r3, the metric turns out to be

2 2
du rH

12
ds® = L% | =0 fo(u)dt?
5 [ u Jolu)dt™ + 9u? fo(u) + u2/3

(dz] + dx3 + dx%) , (5.4)

- 12 —



where fo(u) = 1 —u?. The horizon locates at u = ug = 1. As a gauge choice, we would
like to set the perturbation h,” to be zero. By comparing the xx and ux components of
the Einstein equations, we can arrive at the following constraint

Guzty = —Asar, (5.5)

which is the same as that in [54].
After taking the above constraint and the gauge choice hi(u) = 0, the quadratic action
for aj takes the following form

= 1 dk
(2) — /ol
la 167G / (277)4d“(N (w)agay + M(u)ara ), (5.6)

where
Lw2u2/3 3u8/3 o
- 3r(5]f0(u) B Lrg L

Such an effective action can either be obtained by expanding the original action up to

N(u) = =3Lriu=3 fo(u), M(u) (5.7)

quadratic order of ax, or by directly considering the Maxwell equation of the perturbations.
The equation of motion for ap can be re-expressed as

1
] = M .
8u]k (u) 87TG5 (u)ak (u)7 (5 8)
where )
4 _ ol 1 /
Jr(u) = sa = 8ﬂG5N(u)ak(u). (5.9)

In the near horizon region, the equation of motion can be solved by taking the ansatz
ap(u) = Cfo(u)?.

It turns out that by requiring regularity at the horizon, we still have f = +iw/4nT as
usual. The infalling boundary condition fixes § = —iw/47T.

Next, rather than solving the equation of motion for a; as in the conventional cases,
we follow the prescription described in [54]. According to [45], the condition of regularity
at the horizon u = ug requires

) T N(u) Guu 2

Jr(uo) = —iw ulggo 8Gs \/_ gt ax(to) + O, (5.10)
where we are expanding in small w with the zero-frequency limit of (5.1) in mind. The flux
factor can be identified by evaluating the on-shell action, which simply yields

2-7:k :jk(u)a,k(u) (5.11)

Then one can obtain the Green’s function (5.2) by evaluating the flux factor at the asymp-
totic boundary. The DC conductivity is given by a formula which is analogous to the one
for shear viscosity

2

. e
o= lim Im
u,w—0 W ak(

2F 2 im Im [jk (u)a—x (u)]

u)a_k(u)}kzo ~° ww—0 wag(w)a_p(u) |y (5.12)
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In the computations of shear viscosity via the membrane paradigm [45], the evolution
of the canonical momentum in the radial direction is completely trivial in the low-frequency
limit. Then it can be evaluated at any radial position and it is calculated at the horizon.
However, here neither j; nor waj has a trivial evolution along the radial direction even
in the low-frequency limit. It can be seen from the equation of motion that the effective
mass M (u) no longer vanishes in the low-frequency limit due to the existence of A}, so the
equation of motion still produces a nontrivial flow along the radial direction. However, it
was observed in [54] that the radial evolution of the numerator of (5.12) is trivial,

Oulm(ji (u)a—p(u)] = Im[f1(u)ara—i + f2(u)jrj-k] = 0, (5.13)

which is independent of taking the low-frequency limit. Therefore we can evaluate the
numerator at the horizon. Moreover, ji(u) should satisfy the regularity condition given
in (5.10) at the horizon. The conductivity can be expressed as

e? u
= 4rGs mg‘(uo)/\fv((oo)) = (5.14)
where
ki (u) = —N (u) \/— gg::: = Lrou™ /3, N(u) = ag(u)a_g(u). (5.15)

As emphasized in [54], N(u) is real and so independent of w up to O(w?). It also
means that at this order N (u) is completely regular at the horizon. Then we can solve
ax(u) by imposing regularity at the horizon and setting w to zero. Thus the equation of
motion can be simplified

Au(u™ fo(u)a) () = 20~ ay(u), (5.16)
whose solution is given by

T+iV/71 1—4y/71 1

a(u) = ag(0)2Fy | — T 1 el (5.17)
The approximate solution turns out to be
ap(u) = ag(1 — 3u?). (5.18)
Finally, in the leading order background, the conductivity is
o2
o= e Lry. (5.19)

Recall that the temperature is given by T' = zo7r*0 /47, the expression for the conductivity

62 7T ZIO 1
o ( > T=. (5.20)

B 27TG5 20

We can see that when zy = 1(although zy = 6 is fixed here), the above result reproduces the

can be rewritten as

conventional relation o ~ T'. However, the physical meaning of the non-trivial dependence

on zp in the relation between ¢ and 1" requires further interpretation.
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The calculations in the first-order background are straightforward. The perturbative
black hole solution in Gauss-Bonnet gravity reads

ds? — 2 [_(1 — w)F(u)dt* + a _d:ig(u) + uz(??’ (dz? + dz3 + da?) | ,
Fu) = (1+u)(1 + Aa(1 — u?))h(u)rdzu=2/3,
h(u) = exp [257)\(;]3102] , G(u) =9(1 +u) (1 + Age(l —u?)) u?,
z = z0+2AgB(20 — 1), 20=2d=6

and the perturbations are given by (5.3). We still expand the action up to quadratic terms
for ay,tr, hy and obtain a constraint by setting hy = 0. Plugging this constraint back into
the action and keeping terms linear in Agp we can obtain an action of the form (5.6). Here
the equation of motion for a; becomes much more complicated and it is quite difficult to
obtain an analytic result. Then we solve the equation of motion up to leading order of
AgB. The final result is given by

“ o147 (5.21)
g = T . .
27TG5 0 3 GB

6 Summary and discussion

We study exact solutions of charged Lifshitz black holes and the corresponding thermo-
dynamic and hydrodynamic properties in this paper. We generalize the four-dimensional
solution obtained in [27] to arbitrary (d+2)—dimensional cases by adding a second Maxwell
field in the effective action. The black hole solutions we find exhibit an unusual thermody-
namic behavior. We cannot obtain a finite mass via the Hamiltonian approach [28] or the
recently proposed prescriptions for non-relativistic backgrounds [16, 17, 29]. However, the
mass of the black hole can still be obtained by the first law of thermodynamics. We also
obtain the five-dimensional black hole solutions in Gauss-Bonnet gravity by perturbative
methods. Furthermore, we calculate the ratio of shear viscosity over entropy density and
the DC conductivity in the presence of Gauss-Bonnet corrections.

Here the ratio of shear viscosity over entropy density in Gauss-Bonnet gravity also
violates the conjectured KSS bound, which is similar to the known examples. However,
unlike the case studied in [49], here we cannot reproduce the result for planar AdS black
holes in Gauss-Bonnet gravity, as the dynamical exponent zy is not arbitrary but fixed
by the number of the spatial coordinates. In relativistic cases, a new lower bound can be
obtained by taking the causality of the dual boundary field theory as a constraint. However,
for the non-relativistic cases, the causality of the boundary field theory cannot be taken as
a constraint, as the speed of light tends to infinity. We expect that some other criterions
which are valid both in relativistic and non-relativistic backgrounds, such as stability,
unitarity and locality, may introduce a new lower bound for non-relativistic cases.

When we rewrite the conductivity as a function of the temperature 7', it shows that
the conductivity is proportional to a non-trivial power of T', where the power is determined
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by z9. The dependence on zy requires further understanding, although it reduces to the
conventional case o ~ T when zy = 1.

The definition of the conductivity takes a slightly different form in [54],

e? L2
o= —lim *ImGE (w,k = 0), (6.1)
w—0 w ’
where L, is some scale to make sure that the chemical potential has the appropriate unit
of energy after rescaling A, = L..A,. The ratio ¢T?/ne? was also examined in [54]. If we
take this definition and fix L, = 7L as they did, the ratio is given by

2

JTQ = 12373“’*2. (6.2)

ne 2
It still has a non-trivial dependence on zy. When 2y = 1, this ratio is 1/2, which seems
to satisfy the upper bound 072 /ne? = 1. However, as pointed out in [53], the definition
of o (or n) involves an arbitrary choice of normalization for the corresponding current.
So in order to find a universal bound on conductivity, it is more natural to incorporate a
quantity which is independent of the normalization.

Recently there have been several interesting papers on the transport coefficients for
extremal black holes in higher derivative gravity, e.g. [55-59]. One conclusion is that for
extremal black holes the DC conductivity is always zero, even in higher derivative gravity
theories. The near horizon geometry of extremal black holes contains an AdSs part, which
plays an important role in the calculations. Here the DC conductivity is also zero if we
take T' = 0. However, the behavior of charged Lifshitz black holes is more analogous to
Schwarzschild-AdS black holes rather than RN-AdS black holes thus we cannot have AdS5
near horizon geometry. We believe that for “real” extremal charged Lifshitz black holes,
the conclusion will be the same as the relativistic counterparts, as they will exhibit similar
near horizon structure.
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