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1 Introduction

Higher dimensional gravity and especially black holes in higher dimensional spacetimes
became established and very active area of research. Higher dimensional black holes ex-
hibit very interesting properties and features some of which are completely absent in four
dimensions. Of particular interest are the black holes in spacetimes with compact extra
dimensions (with circle topology in most cases) known as Kaluza-Klein black holes. More
precisely, a five dimensional spacetime M (the case we consider here) is called Kaluza-
Klein spacetime if it is asymptotically M?* x S' where M?* is the 4-dimensional Minkowski
spacetime. Very recently the uniqueness theorem for vacuum Kaluza-Klein black holes was
established in [1]. This theorem gives complete classification of the possible horizon topolo-
gies and classification of the black solutions on the basis of the so-called interval (rod)!

'With regard to the general concept of rod structure we refer the reader to [2]. More precise mathematical
definition of the rod structure (the so called interval structure) can be found in [1].



structure. Some exact Kaluza-Klein black hole solutions? have also been constructed [2]-
[7]. Among them are the solutions describing sequences of static vacuum black holes and
bubbles [3]-[4] which are of particular interest in the context of the present paper. We also
refer the reader to the review article [17] where the Kaluza-Klein black holes are consid-
ered from different perspectives. Nevertheless, the known exact Kaluza-Klein black hole
solutions are far from being exhaustive. The thermodynamics of Kaluza-Klein black holes
in the presence of Maxwell field is also interesting to be studied. Especially in the case of
black rings the thermodynamics exhibits a novel feature - the (local) dipole charge appears
together with its corresponding potential in the first law [19]. Moreover, new terms related
to the magnetic flux appear in the Smarr-like relations and the first laws for Kaluza-Klein
black holes with Maxwell field along the compact dimension [20].

In the present paper we are dealing with sequences of 5D Kaluza-Klein bubbles and
black rings in the presence of self-gravitating Maxwell field. While in the static vacuum
case the construction of such configurations can be done in relatively simple way by solving
linear equations, in the presence of self-gravitating Maxwell field, the construction of such
configurations is much more difficult since we are forced to solve nonlinear equations. In
this paper we construct new exact solutions to the 5D Einstein-Maxwell gravity describing
sequences of dipole black rings and Kaluza-Klein bubbles. The solutions are generated
by 2-soliton transformations from vacuum black ring - bubble configurations. The basic
physical quantities characterizing the new solutions are computed. We also derive the
Smarr-like relations and the mass and tension first laws for such configurations of dipole
black rings and Kaluza-Klein bubbles in the general case.

2 Solution generating method and the exact solutions

2.1 Solution generating method

In five dimensions the Einstein-Maxwell equations read

1 1
Ry, = ) <FMFV)‘ - 6FU)\F")‘gH,,> , (2.1)

V,F" = Vi, F,y =0,

In this paper we consider 5D EM gravity in spacetimes with the symmetry group
R xU(1)? generated by the commuting Killing fields &, ¢ and 1. Here ¢ is the asymptotically
timelike Killing field and ¢ and n are the axial Killing fields, respectively. The Killing field
n will be associated with the compact dimension. We also assume that all the Killing fields
are hypersurface orthogonal. In this case, using adapted coordinates in which £ = 9/0t,
¢ =0/0¢ and n = 9/0¢, the 5D spacetime metric can be written in the form

ds® = —e2X7Uq? + e_zx_“pzdz,l)2 + e 2xug2l (dp2 + dzz) + e2tdep? (2.2)

where all the metric functions depend on the canonical coordinates p and z only.

Tt is worth mentioning that there are interesting Kaluza-Klein black hole solutions which have an
asymptotic different from the standard one M* x S*. For explicit examples we refer the reader to [8]-[16].



For the electromagnetic field we impose the following conditions

LeF = LoF = L,F =0, (2.3)
igF = i(F: in*F = O,

where x is the Hodge dual, Lx denotes the Lie derivative along the vector field X and ix
is the interior product of the vector field X with an arbitrary form. From a local point of
view these conditions mean that the gauge potential® A has the local form A = Agde.

The 1-form 4, F is invariant under the spacetime symmetries and therefore can be
considered as 1-form on the factor space M = M/R x U(1)%. Since the factor space
is simply connected [1] and i, F is closed (di,F" = 0) there exists a globally well-defined
potential A such that

inF = —dA. (2.4)

It is worth mentioning that locally we have A = A4 up to a constant.
Further we introduce the complex Ernst potential £ defined by

i
E=¢e"+ A 2.5
e+ (2.5)

With the help of the Ernst potentials the dimensionally reduced 5D Einstein-Maxwell
equations can be written in the following form
(E+E) (26 + p 'O, + 02E) = 2(0,£0,€ + 0,£0:E),
x+p ' Opx +2x =0, (2.6)

— 2 2 3 * *
P 18pF = (0px)" — (0:x)" + & +g*)2 (0p£0,E" — 0.£0,E) ,
p 10T = 20,x0.x + 0 5, 0,E0.E".

(E+E%)

The consistency conditions for the last two equations in (2.6), i.e. the equations for
the metric function I', are guaranteed by the first two equations in (2.6).

In this way we reduced the problem of solving the 5D EM equations to two effective
4D problems, i.e. two Ernst equations. The central and most difficult task is to solve the
nonlinear Ernst equation. Here we will not discuss in detail the methods for solving the
Ernst equation. Instead we shall present the working formulas we need. Details can be
found in [18].

Let us consider a solution to the vacuum 5D Einstein equations

dsyy = ghodt® + guydi® + gh(dp® + d2*) + gfyde? (2.7)
with metric function gq% given by

N
s\
Gy = €710 = H (eQUW) ; (2.8)

=1

3In the presence of dipole (magnetic) charges the gauge potential is not globally well-defined [19].



where

eV = Ry, + Gy, = \/P2 + A G =V (1)t (- w) (2.9)

and v; and ¢; are constants.
The 2-soliton transformation generates the following solution to the 5D Einstein-
Maxwell equations from the vacuum solution (2.7)

Y p

960 95
ds® = v(‘)?dtQ + ;”V%W + ngp(dp2 +dz?) + W3¢, de?, (2.10)
1+ 02 b(1
3 = avaaer el H 0D fibll o i
2

where k1, ko (Ak = k1 — ko) and Ao are constants. Without loss of generality we put
Ao = 0. The functions included in (2.10) are presented below. The functions a and b are
given by

=1 e "
N/ au, 20,, \ ¢
ek et
i=1 e
where « and (8 are constants and
Uk = Ry, — Gy = VP2 + (2 — k)% = (2 — ). (2.11)

The function W is presented in the form

Wi
W = 2.12
h 212

where
[ Rkl + Rk2 (Ak)Q] (1 + ab)2 + [(Rlﬂ - Rk2)2 - (Ak)z] (a - b)Qa (2'13)
= [(Rkl + RkQ + Ak) + (Rk1 + RkQ - Ak)ab]z
+ [(Rlﬁ — Ry, — Ak)a — (Rlﬂ — Ry, + Ak)b]z :
For the function ) we have

_ Wi o%h
Y= R, Ry - (a0 219

where ) is a constant and

N
b= Vv o1 = 2V ke Vho ko T Z €i (Ver,vs — Vhoys) » (2.15)
i
1. 1- 1 )
Ykl = 2Uk+2U1—41H[Rle+(Z—k‘)(z—l)+,0 ]. (2.16)



Figure 1. Rod structure of the bubble - black ring sequence

Before closing this subsection we should explain the following. The 2-soliton trans-
formation involves two parameters k1 and ko but one of them can be absorbed by a shift
z — z + constant under which the ”electromagnetic part” of the field equations is in-
variant. We prefer to keep using the two parameters k1 and ko but those readers who feel
unconformable with these parameters may think that parameters k1 and k9 are appropriate
functions only of Ak and examples will be given below (see eq. (3.2)).

2.2 The exact solutions

In order to generate the solutions to the 5D Einstein-Maxwell equations describing sequence
of dipole black rings and Kaluza-Klein (KK) bubbles we take as a seed the vacuum solution
describing neutral black rings* on KK bubbles constructed in [4]. More precisely this
solution describes a sequence of ¢ black rings and p = ¢+ 1 KK bubbles in the form bubble

— black ring — bubble — black ring — ... — bubble — black ring — bubble with rod structure
shown on figure (1). There are ¢ finite rods [ag, as], [a4, as], ...., [an—2,an—_1] corresponding
to the black ring horizons and p finite rods [a1, a2], [a3, a4], ..., [an—1, an] corresponding to

the KK bubbles, i.e. the axes of the Killing vector d/0¢. The semi-infinite rods [—oo, a1]
and [an, 400 describe the axes of the Killing vector 9/0i. The number N is even and
is given by N = 2(q + 1). For simplicity we will confine here to the particular case of
one black ring surrounded by two KK bubbles, i.e. we will consider ¢ = 1 and p = 2.
The generalization to sequences consisting of arbitrary number of bubbles and black rings
is straightforward and it is presented in appendix A. The explicit analytical form of the
solution in the specified case is the following

3
E (Ra2 - Caz) 2U,.\ (—1)*
g = — = — e aq 5 217
00 (Rag _ Cag) e ( ) ( )
4
E (Ra1 - Cm)(Ras - Cas) 2, \ (=1t
g — — e s (218)
o0 (Raz - Ca2)(Ra4 - Ca4) };Il ( )
ggzp = (Ray + Cay)(Ray — Cas)s (2.19)
Yi4Y5 Y12Y34 Ry, — €
E 14123 12134 figy aq
= 2.20
990 = 4Ry, Roy Ray Ray \/Y24Y13 Ray — Gy’ (2.20)

41t should be noted that the topology of the black rings is S x S where S* is not topologically supported,
i.e. S' is associated with the orbits of ¢ and is not the Kaluza-Klein circle. This can be seen from the rod
diagram (1).



where

YVij = RaiRaj + Caigaj + /02-

(2.21)
Taking into account that
e2Vai = p26_20‘” (2.22)
and Zf\;l(—l)”l = 0 for even N, it is not difficult to see that
4 i
=11 <e20‘”>(_1) . (2.23)
i=1

For the seed solution under consideration we find

4 2U}, 20U, -1y
a:aH(e 1;6 ) , (2.24)
i=1 er e

4 2U, 20,, (-1
e“k2 4 e M
b=p | | ( - > .
i=1

(2.25)
eVai

3 Analysis of the solution

The investigation of the solution shows that the functions W, Y and A, under some condi-

tions discussed below, are regular everywhere for the following ordering of the parameters

Ao2m—1 < /{?2 < /{?1 < a9m (3.1)
where m = 1, 2. In other words the parameters k; and ks must lie on any of the bubble rods.
A convenient choice for the parameters k1 and ko is the following

_ 1
N (3.2)
2 2
am + aom—1 1
Ak.
ko 5 5 k

There are potential singularities in the functions W and Y for z = k; and z = ks. In
order to eliminate these potential singularities we must impose

2m—1 4
o = H (ky —ag) D™ H (aj — k)0, (3.3)
i=1 j=2m
2m—1 4 .
8 = [ (ke —a)V" IT (a5 = k)"0 (3.4)
i=1 Jj=2m



3.1 Asymptotics

In order to study the asymptotic behavior of the solution we introduce the asymptotic

coordinates r and 6 defined by
p=rsinf, z=rcosf.

Then in the asymptotic limit we find

1 ck
goo & —1+ D [(azs41—az) = —1+ i ; (3.5)
s=1
Gy & T2 5i0% 0, (3.6)
1 p=2 o
g£¢ ~1-— , ;(azs a25_1) =1+ f , (3 7)
gp ~ 1, (3.8)
1—afb Ak
Wa1- 3.9
1+af r’ (3:9)
Y~ Yo(l+ap)?, (3.10)
a+ 0 Ak
A=~ V3 . 3.11
v 1+af r ( )

In order for our solution to be asymptotically Kaluza — Klein we must impose

1

Y (1t ag

(3.12)

3.2 Balance conditions

Let us first consider the semi-infinite rods corresponding to the axes of the Killing vector
0/0¢. The regularity conditions then give the following period of 9

P*g
Ay = 27 lim PP = 2m. (3.13)
p—>0 gww

For any bubble rod [a2;,—1, a2m], m = 1,2 corresponding to an axis of the Killing vector
0/0¢ the regularity condition gives

(Ag) = 27 lim P _ (y >3/2 (Ag)g, (3.14)
Rodlagm—1,02m] p—0 oo w Rod[a2m—1,a2m] oditan - dan] ‘

where

a2 — ai

(Ags)god[al,ag} = 471'(@4 - al)\/

ag—al’

as — a
(AD)E o) = 4w<a4—a1>¢ 1= (3.15)

ag —as’



are the periods for the seed solution corresponding to the two bubble rods, and
2

] e
(y) [r+es (k) <k1—a1>
w Rod[aq,a2] 1+ap ko—ar)’

2

- ki) 7
<y> B 1+ap (ai#cé) <a4—k2>
w Rodlas,a4] 1+ap as — kq .

Then we obtain two balance conditions

(Agb)Rod[agm,l,agm} = La m= 1, 2. (316)

The parameters can be adjusted in appropriate way so that the balance conditions
be satisfied.

3.3 Dipole charge
The dipole charge associated with the black ring is defined as

1
Q= o /572{ F (3.17)

where 33'721 is the 2-sphere of the black ring horizon.

When we calculate the charge of the black ring horizon for our solution we have to
consider two separate cases, i.e. when the parameters of the soliton transformation k; and
ko belong to the first bubble rod a1 < k; < as or to the second bubble rod a3 < k; < aq4.
We find the following expressions

a; < k?l' < a (3.18)

LV/3BAk(ag — az)(as — ko) (aa = kz) ™! [1 +ap I, (Z:iié)(w]
Q- | |
2n |1+ a8 (275 )] [1 +ap T, (i)™ ]
ws ks (3.19)

Lv3alk(as = az)(k1 —a1) ™ (k1 —a3)”! [1 +af [Ty (Zzi’éﬁ(l)i}
2r [1+a (J270)] [1 +aBTTL, (gg_z;)(”i]

3.4 Dipole potential and magnetic fluxes

Q:_

If we consider the dual field H defined by H = xF' and more precisely
iCiﬁH = Z'Cig * F, (3.20)
we can show (see the next section) that there exists a potential B such that

icieH = dB. (3.21)



In our case B can be given explicitly by the expression

B=+3e "0 w;;f? + Cg, (3.22)

where Cp is a constant. The constant Cp plays no essential role and we set it zero. The
function wg, x, is given by [18]
Wiy = [(Riy +Riy)? — (AK)?(1 + ab)[(Re, — Ry, + Ak)b+ (R, — Ry, — Ak)al
+[(Ri, = Riy)* = (AK)?](b — a)[(Ri, + Riy + Ak) — (Ry, + Ry, — Ak)ab). (3.23)
The asymptotic behaviour of the potential B is
V3AK

B~ 1+ af [(1—=cos)B — (1+cosf)a]. (3.24)

Further, we need the value of the potential B on the black ring horizon and on the

axes of the Killing field { = 0/0. After some algebra we find
2V3aAk [T y(a; — k)Y

By = (—1)i1° a1 < ki < as (3.25)
LrasTlL, (sh)
2V3BAK 7, (k2 — a) V"™
B’H = B H;l( jik )(71)1. , az < k; < aq,
|:1 + O[ﬂ Hi:1 (a:—k;) :|
(6%
BT = BRodjay,+o00] = —2\/3Al<:1 o (3.26)
B~ = BRod[—co,z1] = 2\/3Al<:1 fa 5 (3.27)

The magnetic fluxes ¥ and ¥~ are defined in the next section - see the discussion
around eqgs. (4.27) and (4.29). For our exact solution we find

L\/3Akﬁ(a4 — ko)™

Ut = . (3.28)
[1+apait]
-1
g = _pV3Akalk —a)™ (3.29)

[1 + aﬁkr‘“}

ki—a1
The quantities By, BT, B~, U+ and ¥~ play important role in the Smarr-like relations
and the mass and tension first laws as we will see in the next section.
3.5 Mass and tension

The ADM mass and the tension can be calculated from the asymptotic expansion of

the metric
1 E E L E
M = 4L(2ct — by = LEM , (3.30)
1 3_1—ap L 3_1—ap
TL = L(cf —2cF L Ak =TF L Ak 3.31
JHle’ =2e5) + 1+ a8 [ B S (3.31)

here 7% and L¥ are the tension and the length of the Kaluza-Klein circle at infinity
corresponding to the seed solution.



3.6 Temperature and entropy

The temperature of the event horizon is given by

1 _
T = nm\/ g (3.32)

21 p—0\| p2gpp

Applying this formula to our solution we find

T =Y,°T", (3.33)
where
4 a;—k1 (-n77? i
1+ap Hi:S (a:—k‘g) 4 a; — ko =1
= 1+af }1(%—@)
and
1 — —
rE o L Va—aya-a (3.34)

o 47 (a4 — al)(ag — ag)

is the temperature of the event horizon for the seed solution and the metric function ) is
evaluated on the horizon rod as < z < ag.

Further we can find the black ring entropy.

3/2 L
S =yPsP <LE> . (3.35)
Again
p_ LP
ST = 4TE (a3 - CLQ) (336)

is the entropy corresponding to the seed solution.

3.7 Mirror solutions

The solutions with k; placed on different bubble rods are related by a discrete symmetry
described below. For a given solution with parameters ai, as, as, aq, k1, ko where a1 < k; <
as, we can find a ”"mirror” solution which has the same mass and opposite charge. The
parameters af, a4, as, ay, ki, ks of this "mirror” solution are given by the transformations

(k2 — a1) — (ag — ki),
(a2 — k1) — (k3 — ag),
(ag — az) — (a5 — af), (3.37)
(a3 — az) — (ag — ay),
(k1 = k2) — (k{ — ky),
where a4 < k/ < aj. The physical quantities of the mirror solution are given by
M =M,L =L, T'=T,8" =8 T =T, (3.38)

Q =-Q V'*t=-v", V" =9t B'*t=-pB", B =-B"

,10,



We can also consider a mirror solution of second kind. This solution is obtained from
the mirror solution by reversing the sign of the electromagnetic potential, i.e. A = =\’ =
—\. For the mirror solution of the second kind we have

M"=M, L"=L, T"=T,8"=8, T" =T, (3.39)
QI/:Q \I}/I+:\Ilf \Ill/iz\IJ+ B/I+:Bf 81/7:84».

3.8 Parameter counting

Our solutions are characterized by 4 parameters - the lengths of the three finite rods and
Ak. For a given length L of the KK circle at infinity we have 2 constraints coming from
the balance conditions. Therefore we are left with 2 parameters for the regular solutions.
This means that the regular solutions are characterized by two independent parameters
which can be chosen to be the mass M and the dipole charge ). Let us note, however,
that the solutions in the general case are not uniquely specified by the mass and the dipole
charge. There are different solutions which can have the same mass and dipole charge —
for example, a given solution and its mirror solution of second kind have the same mass
and dipole charge.

The full classification of the KK black holes with dipole charges exceeds the scope of
this paper. This question was briefly discussed in [20] where it was pointed out that the
dipole KK black holes (with electromagnetic field along the compact dimension) can clas-
sified by the rod structure, the dipole charges and also by the magnetic flux(es). Detailed
consideration of the classification will be presented elsewhere.

4 Smarr-like relations and first laws for the mass and the tension

In this section we derive the Smarr-like relations and first laws for the mass and the tension
for the configurations under consideration. Our derivation will be done for the more general
case of 5D Einstein-Maxwell-dilaton gravity given by the field equations
1 Ao
GQMVF)\O'F ) )

-2 v
VM (e TP RH ) = 0, V[oFﬂy] = 0, (4.1)

V. Vi = —gedwFa)\Fo)‘,

1 o
Ry = 20,00, + o€ 2ye <F;wFu —

where R, is the Ricci tensor for the spacetime metric g,,,, F},, is the Maxwell tensor, ¢ is
the dilaton field and + is the dilaton coupling parameter. For v = 0 (and ¢ = 0) we obtain

the 5D Einstein-Maxwell equations.

4.1 Smarr-like relations

In order to derive the Smarr-like relations we shall use the generalized Komar integrals [21]
in the form presented in [20]. The generalized Komar integrals are given by

L

M= - 29 —1 4.2
167T/Sgo[zn*df ig * i (42)
1

T =— ) — 2 4.
W/Sgo[zn*dg ig * ] (43)

— 11 —



where the integration is performed over the 2-dimensional sphere at the spatial infinity
of M*.

The generalized Komar integrals allow us to define the intrinsic mass of each object in
the configuration [7]. The intrinsic mass of each black hole is given by

L , .
Mt = — 16m /H 24y, % d€ — ig % dn] (4.4)

where H; is the 2-dimensional surface which is an intersection of the i-th horizon with a
constant ¢t and ¢ hypersurface. Analogously the intrinsic mass of each bubble is

L
B _ . .
M7 = 6 /Bj 24y, % d§ — ig % dn)] . (4.5)

One can show that the intrinsic masses of the black holes and bubbles are given by

1 5_ 1.5
Mt = QLZZH, My = LI, (4.6)
where ZZH and lf are the lengths of the horizon and bubble rods, respectively. It was also
shown in [7] that

MH:1

L
i= AR M7 = ;A (4.7)

78

where k7, and Ay, are the surface gravity and the area of the i-th horizon and the surface
gravity and area of j-th bubble. The surface gravity and the area for a bubble were first
introduced in [22]. The bubble surface gravity is defined by

1
ﬂ% = 2v[u77u}v[ﬂ77y] (4.8)

where the right hand side is evaluated on the bubble. The reader might consult [22] for
other equivalent definitions. The bubble area is given by

A= [ lgulappgis dsiv. (49)
B

For regular (smooth) bubbles (i.e. bubbles without conical singularities), the case we

consider here, one can show that

2T

i (4.10)

KB =

Using Stokes theorem the tension can be represented as a bulk integral over a constant
t and ¢ hypersurface ¥ and surface integrals over the black hole horizons and bubbles

L . . L . ,
TL = —167Tzi:/7{i(zn*d§—21§*dn)— 167sz:/8j (in * d§ — 2ig % dn)  (4.11)

L

—167T/2d(in*d§—2i§*dn)

- 12 —



where we have taken into account that 9% = S% -, H;—>_,; Bj. Using the definitions (4.4)
and (4.5), the Killing symmetries and the identity dx d¢ = 2x R[] for an arbitrary Killing
field, we have

1 L
L=, ;Mﬁ+2;Mf+ Sﬂ/z(in*R[ﬁ] — 2i¢ % R[n)) (4.12)

where R[X] is the Ricci 1-form® with respect to the vector field X. Making advantage of
the field equations (4.1) we obtain

1 2 1
* R[¢] = _26*2’”’ <—3z’§F/\*F + 3F/\z'§*F> (4.13)

and the same expression for xR[n|, however with & replaced by 1. Hence we find

1
in * RIE] — 2i¢ x R[] = 2e*QW’z;,F Nigx F (4.14)
and therefore
1 M 5, L 2y, :
TL = N EZ Mt +2 gj M7 + 1677/26 i F N e x F. (4.15)

Using now the invariance under the Killing field { we can write

/ e i, F Nigx F = 2r / i [e7P%iF N i * F] (4.16)
by M

where M = M/U(1)? x R = $/U(1) is the factor space. For i¢i, F we have
di(inF = i(indF + i(ﬁnF — inL:CF =0 (4.17)

and taking into account that ¢4, F’ vanishes on the axes of 7 and ¢ we conclude that
i¢cinF = 0 everywhere. Hence we find

/ e i, F Nigx F = 21 / i [e7 % F Nig % F] (4.18)
3 M

= 27 / e %4, F Nigig * F.
M

As a consequence of the field equations and the spacetime symmetries we have
dle™2*%j¢ie x F] = 0. Since the factor space is simply connected [1] there exists a globally
well-defined potential B on M such that 6*20‘*"1'(2'5 * I = dB. With this in mind we obtain

/ e %0, F Nigx F = —2r / e 215, F Nigig % F (4.19)
D M

= 27T/ d[Bi,F| = 2w BiyF.
M oM

"We recall that the Ricci 1-form R[X] is defined by R[X] = R, X*dz".

,13,



The next step is to calculate the integral on the boundary of the factor space which
formally can be presented in the following way OM = Arc(co) + Rod,(—00, z1]+ ), Rod —
Horizon; +3_; Rod — Bubble; + Rody[22n, +00), where Arc(co) is the upper infinite semi-
circle. It can be shown that for an upper semi-circle with radius R we have

1
BinF ~ 4.20
Arc(R) K R ( )

which means that this integral does not give any contribution in the limit R — co. The
same is true for the integral on the bubble rods since the Killing field 5 vanishes on them.
In this way we find

/ Bi, F = Bi, F + / BiyF+ Y / Bi,F. (4.21)
oM Rody, (—00,z1] Rod.[z2 ,00] ; J Rod—Horizon,;

One can prove that the potential B is constant on the horizon rods, therefore

B; 2rBB;
Bi,F = B'/ inF = Z/ F= 'Q; (4.22)
Zix/Rod—Horizoni K ; ' Rod—Horizon; K ; L S?{i ; L ‘

where

1
- 2 S%Ir

Qi F (4.23)

is the magnetic (dipole) charge associated with the i-th horizon. In order to prove that B
is constant on the horizons we consider the following chain of equalities

< e DPicicx Fe DPicic x F >= —e 9 < EAN(FAC),EN(FAC) >=
—e ™ < EESKFACGFAC> 4% <ie(FAC)ie(FAC) > (4.24)

where <, > denotes the inner product of two forms of the same degree. Further we should
take into account that i¢(F' A ) = 0 since Killing fields £ and ¢ are orthogonal and in our
case 7¢I' = 0. In this way we find

< e Picigx Fe Wicigx F > = —e 1P <L E><FA(FAC>  (4.25)
= e E><((><FF>

which shows that 6_2“/9"2'{1'5 * F' is null on the horizons where < £, >= ¢(§, &) = 0. Taking
into account also that 6*27“’2'(1'5 x I is orthogonal to ¢ (by definition) we conclude that
e~ ?1%jci¢ x F is proportional to £ on the horizons, i.e. e™?7?i¢i¢ % F' = A¢ (on the horizons).
For arbitrary vector field v tangent to a given horizon we have i,dB = L,B = Ai,& =0
which shows that B is indeed constant on the horizons.

Let us now consider the integrals on the semi-infinite rods of the axis of (. The potential
B is constant on the axes of ( and this follows directly from the definition of the potential
B. To be specific we will consider Rody[aan,+00). In the next step we follow [20] and
define C™T to be the 2-dimensional surface generated from the path [asy, 00) by acting with
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the isometry generated by 1. Since 74, = 0 the 2-surface C* has disk topology. Then

we have
Bt Bt
/ BiyF = B* / inF = F="_v" (4.26)
Rod [z2n,00] Rod[azn ,00) L Cc+ L
where BT = B, dfonn +o0) and we have introduced the magnetic flux through the 2-surface

C™ defined by

Ut = F. (4.27)
o+
Analogously we obtain
B
/ BiyF = L\ (4.28)
Rody, (—o0,a1] L
where
v = F (4.29)
-

is the magnetic flux through the 2-dimensional surface C~ generated from (—oc,a;]| by

acting with the isometry generated by n and B~ = B, dyl-sear)”

Summarizing the results so far we obtain

‘ vt v
/ €72 F Nig % F = 21 BiyF =Y 4n*B; Cz + 27BF ;2B (4.30)
by i

OM

or equivalently
_1 H B 7T Lovg+ o -9
TL_QEi:Mi +2;Mj +§i:4BiQi+8B v BT (4.31)
The magnetic fluxes ¥ and U~ are related via the equation
U0 =27 ) Q. (4.32)
%

This follows from the following chain of equalities

O:L/ dinF:L/ z’,]F:L/ z’,]F—i—LZ/ i (4.33)
M 8M ROd(—OO,al} i ROdHorizoni
+LZ/ z’nF+L/ i F=0"42r> Qi+ V.
; /R Rod[asn ,+00) i

Using this constraint and defining

0dBubble,

U= ;(\Iﬁ —-U) (4.34)
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we find

L

Lon /2 e %, FNigx F =21 | Bi,F (4.35)

oM
N T (gl g Vo L ligt_p
_% 4(8, 28 28>Q,+8(B B~)w

which substituted in (4.15) gives the desired Smarr-Like relation for the tension, namely

A S M2y MEAS T (B - s )i+ 1(B+ —B7)W. (4.36)
247 —~ — 4\ 2 2 ‘8

Following the same method as for the tension we find

L

H B —2ap; .

M:ZM +ZMj - 1677/26 204¢ F' N iy * F. (4.37)
? J

which in view of the fact that i¢ ' = 0 gives the Smarr-like relation for the mass

M=> MI+Y MP. (4.38)
( J

The Smarr-like relations for the mass and the tension were derived for the rod structure
shown on figure 1. It is not difficult one to show that the derived relations also hold for
more general rod structures containing black rings and bubbles.

We have checked explicitly that the derived Smarr-like relations are satisfied for the
exact solution constructed in the present paper.

4.2 Mass and tension first law

Our next goal is to derive the mass and tension first laws for the black configurations under
consideration. In our derivation we shall follow in part our previous work [20] based on
Wald’s approach [23].

Our diffeomorphism covariant theory is derived from the Lagrangian

1
L = «R — 2dp A xd¢ — Qe_QW’F A *F. (4.39)

When the field equations are satisfied, the first order variation of the Lagrangian is given by

§L = dO (4.40)
where
dO = d* v —4(dxdp)dp — (e"21¥ x F) N OF (4.41)
and
vy = VY0gu — go‘ﬁvuégag. (4.42)

Here § denotes the first order variation of the corresponding quantity.
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The Noether current ZX associated with a diffeomorphism generated by an arbitrary
smooth vector field X, as it has been shown in [23], is

¥ = 9(P,LxT) — ixL, (4.43)

where the fields g,,, F, ¢ are collectively denoted by P . The current TX satisfies dZX = 0
when the field equations are satisfied. Since Z is closed there exists a 3-form N'¥ (Noether
charge 3-form) such that Z = d\/X.

Now, let P be a solution to the field equations (4.1) and let §P be a linearized per-
turbation satisfying the linearized equations of the Einstein-Maxwell-dilaton gravity. For
simplicity we will also assume that L¢0P = L£,,0P = L:0P = 0. Then, choosing X to be a
Killing field one can show that [23]

SN = dix©. (4.44)

In the case under consideration we need the Noether forms N¢ and N. After some
calculations it can be shown that they are given by

NE = —xde, (4.45)
N = —xdn— (e ¥ F), (4.46)

where the potential A is defined by i, F' = —d\ (see eq. (2.4)).
In fact what we need are the 2-forms i, N'¢ and i¢A/™ [20]. For them one can show that

6 (digN€) = diic®, 8 (die\™) = ~diyicO. (4.47)
It turns out useful to combine (4.47) to a single equality
6 (20 N'€ — dieN™) = 3diyic©. (4.48)
Integrating on ¥ we have
5 /Z (2dig V€ — dieN™) = 3 /Z diyicO. (4.49)

Calculations very similar to those in deriving the Smarr-like relations give the following
result for the integral on the left hand side of (4.49)

+
. ' ) _ _ 2 Qz _ + v B — v
/2 (2dznj\/ dieN ) A ;B, U —amBt 2B (4.50)

L

Respectively, for the integral of the right hand side of (4.49), we obtain (see also [20])

/ dinic® = —4m(dc; — Scy) + 167D — 2 ALHZ' Skm, — 2 Ap,Orp,
b - -
i J

—4r* " Bid <Ci> _2nB*s <‘I’L+> 2B 6 <‘I’L_> . (4.51)

,17,



where D is the dilaton charge defined by
1 .
D= i Jg ini¢ % de. (4.52)

It is worth noting that the dilaton charge is not an independent characteristic. One can
show that the dilaton charge can be expressed in the form

__ 7 0. L BTt L R
D=-, 1 [2w¥BZQZ+B\II +B~U

(4.53)

__ 7 R e +_
= 4@[%2@2(& o B 28>Ql+(8 BT)v.

Substituting these results in (4.49) we obtain

3 A, 3 Ag,
4(5ct —0cg) = 3D0Poc — 8 Z Sk, — . ZJ: LJ 0B,

T Qi T Qi 1, (U 1wt
2§i:826<L>+4§i:L682 B 5<L g OB (154)
1. [¥~ 19—

—43 5<L>+8L58.

The next step is to take into account that 3/4(dc; —dcy) = 6(M/L)+0T and to express
07 from the Smarr-like relation (4.31) which gives

M 1 A, A, 5
5<L>:3m%_%; 4 G Zf% ( >_87T;,48j5581
1 3 Qi vt 3 (s
- SAz. — O )= TBTS ) . (4.
47T;/-€BJ Ap, 477236 <L> 85 <L> B <L> (4.55)
Now using again the Smarr-like relation (4.38) we also find

M AH, -AHZ 1
0 ( L > A Z OkH Z K, 0 ( > + 8 ;Agﬁmgj (4.56)

+87‘r Z /igj(sABj.
J

Combining the above equalities (4.55) and (4.56) we obtain
M K, o [ An Qi
5<L> D&poo—i-z 5( >— ZABMB— ZB(S(

—8B+5 (‘I';) _ 83*5 (‘I'L_> (4.57)
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which in view of the relation (4.31) gives
KH; 1 ™
M = LD ’ — : L) — i00Q;
5 0000 + Z or 0 — ZJ: Ap,6(rs, L) Z , Bio Qs

—;BW\P* - ;B*w* +ToL. (4.58)

Further taking into account (4.32) and (4.34) we find

KK, 1 T 1 1 __
0M = LD5¢se + Y 87;'5AH,. —gr 2 AB OB L) = > <B,~ -, B" - B >5Qi
i J

st sw +TOL. (4.59)
8

This is the desired form of the mass first law. For smooth bubbles (the case we consider
here) 6(rp,L) = 0 and the third term in (4.59) gives no contribution. Once having the
mass first law, the tension first law can be easily found and the result is

1 1 A,
07T = Dépoo + {7 ;KBj(SABj - {7 EZ : L 5”7‘[1’
Qi 1o 1.\ W 1,
+§i:4 La(& B =B >+L6[8(B B )]. (4.60)

The mass and the tension first laws we derived in this subsection also hold in the
general case not only for the rod structure shown in figure 1. We have checked explicitly
that the mass and tension first laws are satisfied for our exact solutions.

Summarizing, in this section we have derived the mass and tension Smarr-like relations
and the mass and tension first laws. The explicit expressions show that not only the dipole
charge appears together with its (effective) potential [19] but also new terms related to the
magnetic flux are present.

5 Conclusion

In the present paper we have constructed new exact solutions to 5D Einstein-Maxwell
gravity describing sequences of Kaluza-Klein bubbles and dipole black rings. The basic
properties and characteristics of the solutions were calculated and discussed. We also
derived the Smarr-like relations and the mass and tension first laws. The novel feature is
the appearance of the magnetic flux in the Smarr like relations and the first laws. Another
interesting feature is the fact that the effective potential associated with the magnetic flux
involves the values of B on the axes of the non-compact direction.
Future work may involve the inclusion of rotation.
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A Multi black rings and Kaluza-Klein bubbles sequences

The general form of the vacuum solution describing sequences of ¢ dipole black rings and
p = ¢ + 1 Kaluza-Klein bubbles is [4]

N-1 N-1
g = — H( —Ga) T = =TT (V) (A.1)
i=2 =2
E _ Al ( 1)itt 20, \ 1)Z Ao
gqsqs—H aZ_Caz H(e > ( )
=1 =1
ggzp = ( + <a1 - CaN)a (A3)
L N-1 (—1)
Y, —1)ititl Y R, — ¢
E 1N (-1) 17 an an
9op = Y ( ) , (A4
" 2N/2 ( ) 2<i<1j_£N1 ! i=2 Yin Ral - Cal ( )
where
Yij = RaiRaj + CaiCaj + PQ- (A.5)
N 2U, 20%_ (,1)2'
a=o[[T " ° (A.6)
i=1 eles
N ooy, a0, \ CDT
b=8][(¢ "¢ (A7)
i=1 el

The 2-soliton transformation applied to this seed solution produces a solution to the
5D Einstein-Maxwell equations describing a sequence of dipole black rings and KK bubbles.

The functions W, ) and A are regular everywhere provided parameters ki and ks lie
on any of the bubble rods

Aom—1 < ko < k1 < A2m,, (AS)

where m = 1,2,..., N/2, and « and [ satisfy

2m—1 N

o = ] (k= a) ™" T (a5 = k)=, (A.9)
i=1 j=2m
2m—1 _ N

B2 = IJ (k2 —a) ™" ] (a; = ko) (A.10)
=1 Jj=2m

Conical singularities are avoided satisfying p balance conditions on each of the bub-
ble rods

(AP) Rodlags_1,a0s) = Ly 8 =1,2,..., N/2. (A.11)
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where

P2 9pp y i E
(A0 it ) = 21 [ 9 = (1) (D) s
lazs-1,02:] p—0 g¢¢ W Rod[a2s—1,a25] Rod{aze—1,02:]
2s—1 kl—ai (_1)i ? 25s—1 A
(y) |1+ aBILL <k2—ai> H (kzg—aZ)(l)
W Rod[ags_l,ags} 1 + Oéﬁ i—1 kl — Q
A®)F is the period for the seed solution given b
( g y
2s5—1
(A¢)god[a2571,ags] = 47T(CLN _al) H
i=2
N-1 L x L N1 ,
X H (aj — ai)(fl)&H H [Van — ai](fl)z+ H [Vai —ap] V"
j=2s =2 1=2s

The general expressions for the dipole charge and dipole potential characterizing the

s-th black ring (m < s) are respectively.

i i (=1)°
zw@ﬁAkAst—kw—wjf%+4w—kﬁ“”+lP*aﬁnfmﬁlﬂéﬁ> ]

N (=i ager Y D ’
2w [H’Oéﬁ Hé\iQS <Z§_§§§> ] [H‘O‘ﬁ Hi\i25+2 <ai_ﬁi> ]
2v/3a Ak [[[g, 1 (ai - k)Y

oS T (528) |

where A denotes the horizon rod length assi1 — ags.

Qs:

(A.12)

The general expressions for the dipole charge and dipole potential characterizing the

s-th black ring (m > s) are respectively.
—171728—1 (_1)i 23 a;—k1 (*Ui
LV3aAkAs (k1 — ags1) 127 (k1 — a;) L+aB ]2, <az—k2>
IRV RN G VL s ar—ge ) CD ’
o [1 +ap I (0oh) } [1 +ap Tt (i) ]

28 o (71)i+1
5. 2VBBARILE, (ky — ai) ™ (A.13)

oot (o)

where A, denotes the horizon rod length assi1 — ags.

Qs:_

Similarly, we find for the temperature and entropy of the s-th black ring.

T, = ¥, °TF (A.14)
L
Sy = Yy St (LE> ’
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where

(-7 .
¥ 1+ aﬁ Hz 2s+1 < Z;) ﬁ <ai - k‘Q > (=1)*
e 1+af i—2sr1 N T k1
and
E 1 25 — ( 1 i+J i Nt (71)1'-0—1
Ty = n (an —a1) H H H[\/GN a;] H [Va; — ai] ;
1=2j=25+1 =2 1=2s+1
(A.15)
LE
SSE = 4TE (a25+1 - (ZQS), (A16)

are the temperature and entropy corresponding to the s-th event horizon of the seed solution
and the metric function ) is evaluated on the horizon rod ass < 2z < ags41.

The magnetic fluxes are given by

V3AKS(an — k2) ™!

Ut =1 : (A.17)
[1+ase ]
-1
U= — L*/?’Mo‘(klk @)™ (A.18)
1+ apln]
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