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ABSTRACT: The appearance of BCFW on-shell recursion relation has deepen our under-
standing of quantum field theory, especially the one with gauge boson and graviton. To
be able to write the BCFW recursion relation, the knowledge of boundary contributions is
needed. So far, most applications have been constrained to the cases where the boundary
contribution is zero. In this paper, we show that for some theories, although there is no
proper deformation to annihilate the boundary contribution, its effects can be analyzed in
simple way, thus we do able to write down the BCFW recursion relation with boundary
contributions. The examples we will present in this paper include the A¢? theory and
Yukawa coupling between fermions and scalars.
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For theory with Lagrangian description, we can calculate amplitudes using Feynman dia-

grams. Any Feynman diagram is constructed by putting some elements, i.e., the vertex,

together through propagators. Thus any higher point amplitude can be constructed re-

cursively from lower point amplitudes with one very important feature: these lower point

amplitudes must be well-defined off-shell. Comparing to the on-shell amplitudes, which



have physical meaning, off-shell amplitudes are usually longer and more complicated, es-
pecially for gauge theory where gauge freedom renders the expression including many
redundant information. Thus it is natural to ask if we can construct any higher point
on-shell amplitude recursively from lower point on-shell amplitudes only. If we could, we
can call this theory ”on-shell constructible” to be distinguish with off-shell constructions
by Feynman diagrams.

Initially by Witten’s twistor program [1], BCFW recursion relation [2, 3] provides the
first concrete example for on-shell constructibility. Let us first review how the goal is
achieved. First we pick up two special momenta p1,p2 and do the following deformation
(BCFW deformation) using an auxiliary momentum g:

pi(2) =p1+2q, pa(2) =p2—2q. (1.1)

The opposite sign makes the momentum conservation satisfied. Furthermore, if we impose
the conditions ¢ = 0, p; - ¢ = pa - ¢ = 0, the on-shell conditions of p1(z) and py(z) are
also satisfied. In another word, we have a deformed on-shell amplitude A(z) over single
complex variable z. Having the deformed A(z) we consider following contour integration

[ A
B _?éc d (1.2)

where contour C' is big enough circle around z = 0. We can evaluate the integration by
two different ways: either by contour around z = oo or the big contour around the origin.
Thus we have

A(z = 0) = —ZRes(Aiz)> +B, (1.3)

where A(z = 0) is the amplitude we want to find and B is the boundary contribution. The
residue part can always be calculated using the factorization properties from lower-point
on-shell amplitudes. In another word, the expression (1.3) tells us that for any theory,
some parts of tree amplitudes are ”on-shell constructible”. The trouble part comes from
the boundary contribution B. It is easy to see that B # 0 when and only when A(z) is not
zero under the limit z — oco. Thus if there is some deformation such that A(z) — 0 when
z — 00, we will get the wanted on-shell constructibility. Assuming this strong condition,
i.e., B =0, some beautiful results can be derived in [4].

From above discussions, we see that for the application of on-shell constructibility,
the knowledge of boundary contribution becomes very important. The analysis of the
boundary behavior is, in general, an extremely nontrivial task for many theories, especially
the one with gauge symmetry, as demonstrated in the beautiful paper [5] as well as others,
for examples [6]-[10]. In these papers, it is shown that for gauge theory or gravity theory,
with proper choice of BCFW deformation we can make the boundary contribution zero
and derive the on-shell recursion relation.

However, there are other theories where we can not find any deformation to set bound-
ary contribution zero. One typical example is the A¢? theory. For these theories, the



on-shell constructibility is not so easy to answer. In fact, more accurate statement from
expression (1.3) is following: If B = 0, the theory is on-shell constructible, but if B # 0, it
can be on-shell constructible or not on-shell constructible.

In this paper, we will address the problem carefully with B # 0. We will show that
for some theories, although there is no any choice to set boundary contribution zero, the
boundary contribution can be analyzed and obtained in fairly simple way through lower
point on-shell amplitudes. Thus for these theories, we can still write down the on-shell
recursion relations.

The structure of our paper is following. In section 2, we use the A\¢* theory as our first
example to demonstrate the on-shell constructibility with nonzero boundary contributions.
In section 2.1, we have identified boundary contributions from Feynman diagram analysis
and written down the BCFW recursion relation. Then in section 2.2, we calculated several
amplitudes using our BCFW formula and compared with results from Feynman diagrams
in appendix A.

There is another way to deal with A¢? theory by introducing a massive field as given
in [4]. For the new Lagrangian we have a triple deformation with vanishing boundary
contributions and similar BCFW recursion relation. In section 3, we use same triple defor-
mation for A¢? theory. We showed that how the boundary contributions for A¢* theory are
mapped to the pole contributions in the new Lagrangian, thus established the equivalent
relation between these two methods.

In section 4, we discuss the scalar QCD, i.e., fermion interacts with scalar through the
Yukawa coupling. This example is more interesting because this kind of interactions is a
major part of standard model. We analyzed the boundary behavior for various helicity
configurations in section 4.1 and wrote down the corresponding BCFW recursion relations.
In section 4.2, we present explicit calculations to demonstrate our results.

There are two appendixes. In appendix A we have present amplitudes calculated
directly by Feynman diagrams. Its role is to check calculations did by BCFW recursion
relation with boundary contributions. In appendix B, we have discussed the boundary

contributions for general 2/ fermions in scalar QCD.

2 The A¢* theory

In this section, we discuss our first example with nonzero boundary contribution: the A¢?
theory. We will analyze the boundary behavior first, and then write down the BCFW recur-
sion relation with boundary contribution. As a comparison we have done same calculation
using the standard Feynman diagram method in appendix A.

2.1 The boundary behavior and BCFW relation

Let us consider following BCFW deformation for massless A¢? theory
A = A0 L 20 NGO = \0) — 3@ (2.1)

Using the only nontrivial vertex A¢? to construct the tree-level Feynman diagram, we found
that all diagrams can be divided into two categories: (A) particles ¢, j are attached to same



(a)

(b)

Figure 1. (a) The contribution from boundary. (b) The contribution from pole part.

vertex; (B) particles 7, j are attached to different vertexes. For diagrams in category (B),

there is at least one propagator on the line connecting ¢, j depending on z linearly, i.e., we
1

P2—2(j| P|i]

category (B) will go to zero, so they do not give boundary contributions.

will have factor in the expression. Thus under the limit z — oo, expressions in

Opposite to the category (B), since i,j are attached to same vertex, the whole ex-
pressions in category (A) do not depend on z at all. In another word, there are nonzero
boundary contributions from category (A). By this simple analysis, we know that the
boundary contribution can be calculated by attaching the lower-point tree level ampli-
tudes to this vertex.

Having above analysis, we can immediately write down the BCFW on-shell recursion
relation for this simple theory as

A=A+ Apole (22)
where Ay as boundary contribution given by
. 1 1
Ay = (—i\) > Ap (K1) by by Az ({E}) (2.3)
I/ j/

'UI'={n\{i.j}

and Apole as contributions from poles given by standard BCFW-form

L A7 (K hpi(er), Pr(en)) (24)

Apole = Y Az ({Kp},piler), —Pr(21)) P2

1€L,5¢1

The expression (2.3) just states the fact that set Z’, set J' and particles 4, j are attached
to same vertex with coupling constant —i)\. There two contributions can be represented
by figure 1 (a) and (b), where we have set i,j = 1,2:

In following subsection, we will check the formula above using explicit calculations.
For simplicity, we will focus on the color ordered case. For ordered case, something new is
happening: when particles ¢, j have distance more than two, they will never be attached
to same vertex and the boundary contribution will be zero. Thus we can check our result
using (1]2]-shifting with boundary contribution against the (1|4]-shifting without boundary
contribution. We want to emphasize that although for ordered case we can have deforma-
tion without boundary contribution, in real calculation, we need to sum up all orderings,

so formula with boundary contribution will be unavoidable.



Having above explanation, in following calculations, we will write down results from
shifting (1]2] and compare them with the one from shifting (1|4] as well as the one with

direct Feynman diagrams in appendix A.

2.2 The (1/|2] shifting

Since for A\¢* theory we have only quadruple vertex, tree-level amplitudes with odd num-
ber of scalars are automatically zero, thus we will consider six, eight and ten point ampli-
tudes only.

In this part we will use the (1]2] shifting given by

A1 (Z) = A + 29, XQ(Z) = XQ — le (2.5)
thus we have following results.

Six-point amplitudes: first we consider the (1|2] shifting. It is easy to see that there

is only one figure contributing to pole part

~ 1

(1/2] _ T
Ao (L,..6) = A4(5,6,1, —P)P5261

For the boundary part, there are two contributions

1 1
AélllQ](laﬂG) = A4(1727_P17_P2) ( 2A2(P173)> ( 2 A4(P2747576)>
’ P3 Prys

1 1
+A4(1727 _Ply_PQ) 2 A4(P173747 5) < 2A2(P276)>
Pias D

1 1
= (—i))? < + > (2.7)
P1223 P1226

where for simplicity we have defined the notation As(a,b) = 6*(pa—ps)p2, Pijk = pi+p;i+pk.
Putting together we have

1 1 1
AEP(1,...,6) = (—i))? < - + ) (2.8)
Py Phg P
which agrees with the one from three Feynman diagrams.
For the shifting (1]4], there is no boundary part but there are three terms in pole part:
(123|456), (612]345) and (561|234). Adding three terms together we get the same answer.

Eight-point amplitudes: there are two types of trees with three vertexes contributing at
this level: (A) type (123]45|678) plus Zg cyclic ordering and (B) type (123]48|567) where
4,8 at at the two sides of propagators, plus Z; cyclic ordering. Adding them together

we have
AEP(1, ..., 8) = ATP@ 4 AFP0) (2.9)
1 1
= (—iN)? ) ( ) ) + o ) )
aczs \ oo Lo@omos)  2o)e@0@) Lo)00)00)



where F'D means the result from direct Feynman diagrams.
Now we use the (1]2]-shifting. The pole contribution is given by sum of following two
terms (notice that the tree amplitude is zero with odd number of external lines):

1)2 n ~ 5 1 2535
;]‘;O]le(la 2’ L) 8) = A4(7’ 8’ 1’ _P) P2 A6(P’ 25 3, 45 5’ 6)
178
+A6(5,6,7,8,1,—P) _, A4(P,2,3,4) (2.10)
234
1 1 1 1 1 1 1 1
= (—i\)? ~ + + + + 0t
Piog P§234 Pis  Pig P Pirs PT278 Py
Using the locations of the poles z; = — Pirs 2o = — Bl we can simplif
g p 1= (1| Py7g]2)° 2 — (1| P234]2]? pary
1 n 1 B 1 1 . 1 B 1 (2.11)
P1278ﬁ’2234 ﬁ’lg78P2234 P1278P2234 1—- 2 1 - Z P1278P2234 ’
where we have used the identity 17121 + 17122 = 1. In fact, there is a general identity
Z2 21
n n
1
11 s =1 (2.12)
i=1 j=1 zj
J#i

which will be useful also in our ten-point calculation.
For boundary part, there are following three splitting (3]|45678), (345/678) and
(34567|8). Adding them up we have

! <1+1 1) (2.13)

AT 2 8) = (—iN)? +
8 P1223 Pf56 P5267 P6278

+ 1 < 1 n 1 + 1 >+ 1
Py \Piis Pl Pigr)  PiusPers

It is easy to check that add the pole part and boundary part we indeed reproduce the result
from Feynman diagrams.

Now we move to the shifting (1|4]. There is no boundary part, but for the pole
part, there are following six terms: (123|45678), (812|34567), (781|23456), (78123|456),
(67812|345) and (56781]234). Adding them up, we get again the same answer.

It should be interesting to compare terms we have added up in each method. For
Feynman diagram method, there are 8 +4 = 12 terms. For (1|2]-shifting there are 2+ 3 =
5 terms while for (1]4]-shifting there are 6 terms. Different method has given different
combinations of various propagators.

Ten-point amplitudes: for this case, there are several topologies for tree amplitudes as
shown in appendix A. The result can be summarized with cyclic ordering as (A.12). There
are four kinds of diagrams with Zyy cyclic ordering and another three, Z5 cyclic ordering,
so there are total 55 terms.



For the (1|2]-shifting, the boundary part has following four terms: (3]456789(10)),
(345(6789(10)), (34567|89(10)) and (3456789|(10)). The result is given by

A2, 10)

1 1
= A4(1727 _P17_P2) ( QAQ(P173)> < 2 AS(P2747"'710)>
b3 Py

+A4(152,_P15_P2) < A4(P1,3’4?5)> ( AG(PQ,Ga"'alO))

2 2
P345 P12345

1 1
+A4(1,2,—P1,—P2)< 5 AG(P1,3,...,7)> ( A4(P2,8,9, 10))

2
DP34567 P 89(10)

1 1
+A4(1,2,—P1,—P2)< 2 AS(P1,3,-~79)> ( 5 A2(P2,10)>
Plioyi2 P1o

= (—in)? ! ( ! + ! >
-\ 2 2 2 2 2
Pins \ geze \Lo@0@o) Lo@omo®  2Lo@o@o) Lomo®)oo)

n 1 1 n 1 n 1 n 1 < 1 n 1 n 1 )
PiisPlhsus \Pérs  Pho P 829(10) Piyser L, 829(10) Pfs  Pie Pl

1 1 1
T p2 ( 2 2 + 0 ) ) (2.14)
Pi210) gezy \Fo@oe®) Fo@omom)  Lo@o@os) Lomo®)0)
The pole part is given by the sum of three terms
1|2
O e(1,2,...10)
= A4(9,10,1,-P) _,~  A3(P,2,3,4,5,6,7,8)
Poaon
+A4(7,8,9,10,1,—P) _, Ag(P,2,3,4,5,6)
2345
- ~ 1 —
+A8(5a6, 75 8,95 105 15 _P)P2 A4(P’2,354)
234
) 1 1 1
=N 2 (132 P2 T op2 P2 )
9(10)1 \ oeZs o(2)o(3)o(4)” a(5)o(6)o(7) o(2)o(3)o(4)” o(6)o(7)o(8)
+<1+1+1>1<1+1+1>
~ ~ ~ 5 ~ ~ ~
Pl P829(10) P92(10)1 Pysase \ P33y Piys  Pisg
1 1 1
+ po <]32 5 + 5 5 > (2.15)
234\ 5ezg o(5)0(6)a(7) " o(8)a(9)a(10) o(5)0(6)a(7) " ¢(9)a(10)o(1)



Using (2.12) we can show following identity:

( ) )\) |: 1 ( 1 1 n 1 1 L 1 1 L 1 1 n 1 1 >
—1 ~
P2 P P2 p2 p2 p2 p2 P2
9(10)1 P 534 = 967 456 P§3456 Piause Togs Taag 1067 345 P23456

n 1 ( 1 1 + 1 1 + 1 1 + 1 1 + 1 1
P2 P2 p2 p2 p2 P2 P2. p2 P2 P2
234 N7 678 9(10) P23456 Bguse 1189 1567 P9(10)T 80(10) 3 23456

13 R
0)1
5 ( )} (2.16)
23456 234

= )\) [ 1 < n 1 n 1 1 n 1 1 n 1 1 )
= —1
P92(10)1 P2234 P567 P4256 P223456 P223456 P2234 P2234 P5267 P3245 P223456

and then we can show that the result is same as given by Alf(]]j .

For shifting (1]4], there are nine terms from the recursion relations. Summing it up
with some algebra we see that it reproduce the right answer.

Again, we count terms from different methods. The Feynman diagrams give 55 terms.
The (1]2] shifting gives 4 + 3 = 7 terms while the (1|4] shifting gives 9 terms.

3 Boundary BCFW and auxiliary field

As we have discussed, for A¢? theory, the boundary contribution is not zero for BCFW
deformation (here we means the general unordered case). However, as presented in [4], by
introducing a massive auxiliary field y, it is possible to rewrite the A¢* theory into another
form where three-particle BOCFW deformation without boundary contribution does exists.
In this section, we will explore the relation between auxiliary field method and the boundary
BCFW method for A\¢* theory.

The new Lagrangian with auxiliary field is given by

L0600 =  (040) (") +  (B) (") — mx® = g™ (3.1)

2 X
The theory is not the A¢* theory, but under some limit, we can recover late. The limit is
the large mass limit, where x is not excited, so we can use the equation of motion (where
the kinematic part has been set to zero) miX + g¢? = 0 to solve x and then put it back to
the Lagrangian to get

£(6) = , (0u0) (0"6) - j,<z> (32

A
=

The Lagrangian £(¢, x) is on-shell constructible without boundary contribution under

where to match up the coupling constant, we need to set 2 5
mx

following three-particle BCFW deformation

A () = 30— (Eg} 3@ 4 %3} A(4>>

AP () = \O 4, {2 3} AL AW () = 2@ 4 z%i A (3.3)

)



(a)

Figure 2. Pure scalar case: (a) boundary term figure (b) boundary term figure in view of auxil-
iary field.

but £(¢) has boundary contribution under same deformation. In another word, for £(¢, x)
theory the BCFW recursion relation for n ¢ scalars is given by

~ ~ 1 ~
Ap = Z AI(I(Z)aP¢)P2AJ(J(Z)a_P¢)
i€l, 2 or 4€J
~ 1 ~
Y APy A2, Py, (3.4)
i€l, 2 or 4€J X

where the first term has (¢p¢) propagator in middle and the second term, has (xx) propa-
gator. For £(¢) theory the corresponding recursion relation is modified to

1
A= > AiI(2),Py) poAs(J(2),=Py) + Ay (3.5)
i€l, 2 or 4€J

where A is the contribution from boundary. Comparing these two formula (3.4) and (3.5),
we find that first term of both formula is, in fact, identical. Thus gn = A, is equivalent to
the condition that the second term of /Nln, which is provided by the auxiliary propagator,
is equal to the boundary part of A,. Now we show this is true in remaining part of
this section.

The boundary part of (3.5): just by checking the Feynman diagrams, it is easy to
identify which kind of Feynman diagrams contributes the boundary term. It is nothing,
but the one where particles 1,2,4 are attached to same vertex, as shown in figure 2 (a).

The second term of (3.4): for this part, we need to use the amplitudes with one x field,
so it is important to know the g, m, power dependence of these amplitudes. First it is easy
to know that the amplitude of m ¢ scalars and one x scalar is zero when m = odd while
when m = even, it is not zero. Assuming there are V triple-vertex, I; (¢¢) propagators
and Iy (xx) propagators, by some simple arguments we have

11212:7;—1, V=m-1, (3.6)



thus the large mass limit is given by

v m—1
A(mae, x) ~ (mi)m/Q_l ~A2omy . (3.7)
Now we consider the amplitude under z-deformation where z is solved by P?(z) —mi =

0, ie., zo ~ mi for large mass limit. With the appearance of z, propagators will have
different large mass behavior than the one without z-deformation. For (xx) propagator
2

since P?(z,) — my ~ mi, the large mass behavior is same before and after z-deformation.

Opposite to that, the (¢p¢) propagator will be P%(z) ~ mi after z-deformation and P? —

2

X)O before the z-deformation. Putting this back, we have

(m

A(mo, X, za) ~ )\m2—1m§<_2t7 (3.8)

where ¢ is the number of (¢¢) propagators affected by z-deformation. Applying (3.8) to
the second term of (3.4) we have

mp,—1 1-2t; 1 mp—1 2

1-2tp no
A2 my 2)\ 2 my ~ A2
my

(mi)ﬂ(tLthR) ’ (3.9)
which is not zero under large mass limit when and only when t;, =t = 0.

What are these nonzero contributions with ¢; = tg = 0 under our triple deformation?
They are nothing, but the one given by figure 2 (b). It is also easy to see that they
correspond exactly to the boundary part of (3.5).

Thus we have shown that how the boundary contribution can be transferred into

contribution from auxiliary fields under triple deformation.

4 The scalar QCD theory

In this section, we consider another example where scalar and fermion interacting by
Yukawa coupling form ¢e. Similar interaction terms are presented in Standard Model,
so our example will have potential applications for practical calculations.

As in previous section, we will discuss the boundary behavior first and then write
down the BCFW recursion relation with boundary contributions. After that we do several
concrete calculations to demonstrate our method. For simplicity, our attention will focus
on color ordered amplitudes with exactly two fermions and n scalars. Other situations can
be discussed similarly.

4.1 The analysis of Feynman diagrams

For ordered amplitudes with two fermions and n scalars, we use q1, g2 to denote momenta of
fermions and p1,...,p,, the momenta of scalars, thus the ordered amplitude is denoted by
A(q1,p1,---,Dn,q2). By inspecting the general Feynman diagram given in figure 3, we see
that there is one common feature: a single fermionic line connecting these two fermions
while other scalars are attached through Yukawa coupling at same side. Using the fermionic
iyf

2 the amplitude can be written as

A= Z S:9; (4.1)

diagrams

propagator

,10,



Figure 3. General Feynman diagrams.

where S; is contribution from scalar part and Q; is the form

1R1|Rs|. .. | R 2]

_ m
Q(qy , a5 R1ye vy Ryp) ~ i
Lo R2R%....R2,

(4.2)

where we have assumed the helicity of g1, g2 is (—, +) and there are m fermionic propagators

along the line. In fact, it is easy to see that when hy, = hg,, to get nonzero amplitudes we

must have even number of fermionic propagators (i.e., m = even) while when hy, = —hg,, to

get nonzero amplitudes we must have odd number of fermionic propagators (i.e., m = odd).
Now we introduce following (1|2]-deformation between the two fermions

AD 2D 4@ 3@ 230 {0 (4.3)

It is easy to see from Fig 3 that all S; factor in (4.1) do not depend on z and the only
z-dependence is inside Q;. With different helicity configurations, the discussion will be a
little different, so we consider it case by case.

The helicity (hg,,hq,) = (+,+): in this case the number of propagator should be
even and we have following two cases: (A) m = 0; (B) m > 2. For case (B), we have

Qg , g5 Ry .., Rn) (4.4)
m {1|(Q1 + Ry + Z)\Qxl)(H;n;lQ(m + Ry + 2221)) (@1 + R + 222A1)[ A2 — le]
o (@1 + Ri 4+ 22000))2 ([ (@1 + Ry + 200M)2) (a1 + Bin + 2X0)1)?
" [1|(Q1 + Rl)(H;n:?(m +R; + Z)\2X1))(Q1 + R, + zA2X1)|X2 — le]

(g1 + Ry + 222x0)2(TT72 (@1 + Ry + 2221)2) (1 + R + 2X2A1)?

[11(ar + BT @ + By + 230h)) (@1 + Bl — 241
(g1 + R1 + 2220M)2(TT72 (@1 + Ry + 2221)2) (1 + R + 222A1)?
(g + RIS (a1 + Ry + Z)\2X1))(Z>\2X1)|X2]

(1 + B1+ 220 0))2(T75 5 (a1 + By + 220M)?) (a1 + R + 200 01)2

=1

=1

+i™

which goes zero under the z — oo limit since each term has (m — 1) z in numerator and m
z in denominator. For the case (A) we have

Qaiq3) = 112 — 21] = [1]2] (4.5)

- 11 —
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Figure 4. Amplitude in total.

which is independent of z.

From above analysis we see that under our (1|2] shifting, there is nonzero boundary
contribution and it is purely given by diagrams of case (A). Thus it is easy to write down
the BCFW recursion relation with boundary term as

Aptolql i1, pniad)

n—1
1
= Aiva(af (z0)ip1s- - pis @) (20)) ; X
i%::l: (@1 + 22521 p5)
_ —1g) 1|2
X An—ito(—q; (2 Pist, - a1 a5 (20) + ((E;?) [pl)lAn—f—l(ph cevsPny Py) (4.6)
i=1Di

where A, 11 is the amplitude of (n+1) pure scalars. The expression can also be represented
by following figure 4

The helicity (hgq,,hq,) = (—, —): in this case the number of propagator should again
be even and we have following two cases: (A) m = 0; (B) m > 2. For case (B), we have
Qg1 95 Ry, ..., Ry)
. <>\1 + 2a|(q1 + R+ 200))([T757 (01 + By + 220h1)) (g1 + B + z)\2X1)|>\2>
T (@ R 2T+ By + 220k @+ R+ 2Aehy)?
. <)\1 + 2X2l(q1 + R1 + Z>\2X1)(H;~n;12(m + Ry + zdo)) (@1 + Rm)|>\2>
o (@ + R+ Z)\2X1))2(H?:12(Q1 + Rj + 220M1)%) (@1 + B + 2X2A1)?
(A + 2hal(gr + RO (@0 + By + 200)) (@1 + Rl D)
(g1 + Bi+ 22000 2T (a1 + By + 220M)?) (a1 + B + 200 01)?
(MR (01 + By + 20000) (@1 + B 22 )
(@1 + Ry + 220M)2([T75% (1 + By + 22001)2) (@1 + B + 2X2)1)?

=M

i (4.7)

which goes zero under the z — oo limit since each term has (m — 1) z in numerator and m
z in denominator. For the case (A) we have

Qg1 9y) = (1 +212) = (1]2) (4.8)

- 12 —



which is independent of z. Thus under our (1|2] shifting, there is nonzero boundary con-
tribution and it is purely given by diagrams of case (A). Thus it is easy to write down the
BCFW recursion relation with boundary term as

Anio(qy P15 5003 G3)

n—1
1
= Aivolqy (205115 - pis al(21)) : X (4.9)
i=1,h==+ (g1 + 2251 pj)?
B B —ig) (12
X An—ivo(—q; (2 Dists - Pni ay (21)) + ( n)< | gAnH(pl,m,pn,Rﬁ)
(Zizl Pz)

where A,,41 is the amplitude of (n+ 1) pure scalars. It is obvious that (4, +) is conjugated
to (_a _)'

The helicity (hq,,hq,) = (4, —): in this case the number of propagator should be
odd, i.e., we have at least one propagator. This case is, in fact, simpler than previous two
cases. The general expression of @ should be

Q¢ g5 5 R, Rin)
[Xll(ql + Ry + 2200 (175 (@ + Ry + zAle))|A2>
(@1 + R1+ 2200) 2([T72 (01 + Ry + 222A0)2) (1 + R + 222A1)?
Nl + BT (@1 + By + 22ah) A )
(g1 + Ry + 222 A))2(TT752 (a1 + Ry + 222M1)2)(q1 + Rin + 222A1)?2

=™

(4.10)
which goes zero under the z — oo limit since each term has (m — 1) z in numerator and m
z in denominator. In other word, with this helicity configuration and the choice of BCFW
deformation, the boundary contribution is zero and we have familiar BCFW recursion
relation which is given by

Apio(qfsp, - o0 ay)

n—1
1
= Z Aia(g (zi);p1, -5 0is 4l (20) i g X
i=1,h==+ (@1 +2>25-1p5)
X Ap—ivo(—q; (20 Pit1s - Pni a3 (2) - (4.11)

It is worth to emphasize that although (hy,hs) = (4,—) case does not have boundary
contributions, the sub-amplitudes in the recursive calculation will meet the helicities con-
figurations (+,+), (—, —) and (—,+), thus the boundary contributions have been included
implicitly through these sub-amplitudes.

The helicity (hg,,hq,) = (—,+): in this case the number of propagator should be
odd and we should have at least one propagator. However, unlike the previous case where
boundary contribution is zero, current one is the most complicated one and we should
divide diagrams into three cases: (A) m = 1; (B) m = 3; (C) m > 5. Let us first show that
the case (C) does not give boundary contributions. The observation we will use is that

,13,



when zAs\; are nearby, its contribution is zero, i.e., <a\z)\2X1]z)\2X1]B> = 0. Using this,
when we have five (¢1 + R; +z)\2X1) factors in a row, we can expand it into the power of z as
(it is worth to remember that there are five corresponding propagators with i dependence)
(@1 + R1 + 222X1) (a1 + Re)(q1 + Ry + 22aX1) (a1 + Ra)(q1 + Bs + zha)y)
+(q1 + R1)(q1 + Re + 2A2A1)(q1 + R3)(q1 + Ra + 222M1) (1 + Rs) + O(2)

For the first term, when we contract with spinor as <)\1 + zxo|(qn + R + z)\gxl)lﬁ , wWe
have (A1 + 2z 2|(q1 + R1)|0] + <)\1](z)\2X1)\ﬁ], thus all terms are at most ! order.

Having established that the case (C) does not give boundary contribution, we move to
case (A) and (B). For case (A) the general result should be

n—1 . N D — o)
et (ursl@ e+ Rer e -] g,
DS . ) , (412)
i—1 (g1 + Ri + 222)1)? Ri(q1 +q2 + Ri)
where R; = p1 + ...+ p; and A; 4 is the contribution from scalars as
Aip = Aix1(p1, -0 PR, ) An—it1(Pit 1, - - - » P> PRy) (4.13)
Taking the residue of I4 around z = co we will get
n—1
(R? +2R; - q2) Aig
B[I 9)* ’ . 4.14
121 IR Ri(q1+ a2+ Ry)? 1)

For the case (B), first we consider which term gives nonzero contributions. Expanding
the product of three (¢1 + R; + zA2\1) we find that following five terms:

(af(q1 + R1)(q2 + Ra)(qs + Rs)|0] + <04|(Z)\2X1)(Q2 + R2)(g3 + Rs)W]
+ (al(a + Bu)(gz + R2) (Ao h) 8]

+ (g + Ri)(222A) (g + Bs)|8] + (al(zAadn) (@ + Ra)(22eA) ]

with @ = A\; 4+ 2A9, 6 = XQ — le. Remembering the 213 factor from three propagators, we
see that except the fourth term, all other terms will vanish under the limit z — oco. In
another word, only the fourth term gives nonzero contribution.

Having identified the term, we write down its expression as

<)\1 + 2Xal(q1 + R1)(q1 4 Ra + 220\ (q1 + R3)|ha — le]
Ip = (=gt > - -
i i ringiamn (@ + B+ 2200)% (g1 + Ra + 22o1)2(q1 + Rs + 220\ )?

Al12223@4 ¢
X ’ , 4.15
RI(Ry — R1)*(Rs — R)2(Ry — Ry)? (4.15)

Where Rl = 231:1 p]7 R2 = Z“—H2 pja R3 - ZZ1+Z2+23 pj7 R4 Z?:l p]7 a‘nd

Aivigigiag = Ai+1(P15 - Pins PRy, ) Aig+1 41511404411 (4.16)
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where A;, 11, k = 2,3,4 have similar structure like A;, 11 so we have written them briefly.
Taking the residue we have

-1 Ao
B[Ig] = (—ig)* i1izi3i4,9 (417
[ B] ( Zg) i1+i2+zi3:+i4n <2|Q1 + R2|1] R%(RQ B R1)2(R3 - R2)2(R4 - R4)2 ( )

Having these two boundary contributions (4.12) and(4.17) we can finally write down the
boundary BCFW recursion relation as

Api2(q7ip1, -+ s a3 ) = BlIa] + B[Ig] (4.18)
nfl 1
+ Aipo(qf (201, i (21)) : X
.;i ' ' T @+ Y )

X Ap—iro(—q; ()i pivty - Pus gy (2)) -

There is one thing we want to remark for this helicity. Our above analysis is done
with the (1|2]-shifting. However, if we use the [1|2)-shifting, it is easy to see that there
is no boundary contribution. Thus we can calculate same amplitudes using two different
methods: one with boundary contribution and one without. This will be a strong consistent
check for our formula.

4.2 Explicit calculations for various helicity configurations

In this subsection we will use the BCFW recursion relations presented in previous subsec-
tion to calculate various amplitudes with all possible helicity configurations. All results
are same as the one given by Feynman diagrams in appendix A.

4.2.1 The helicity (hq,, hg,) = (+,—)

This is the simplest case where boundary contributions are zero. However, as we have
emphasized, the sub-amplitudes used in the recursion relation will involve other helicity
configurations, thus the knowledge of boundary behavior is essential.

P2
With two scalars, there is only one possible channel 7 = {qf, 1} with z = (2] PQ111| 1
q1
where we have defined FPy,; = ¢1 +p1 + ... + p;. Putting this we have
_ ~ 1 ~_ — 01| Py1]2)
A(qf;p1,p2;q2) = A(@f;pl;—qul) P2 A<Pq11;pz;q1) = (=ig)* " ) (4.19)
qil q1l
With four scalars there are three channels and we have
3
B . 1P, 1+ 29)(Pyo + 2;0) (P, 3 + 2:0)|2
A(C]f;phpz,ps,m;%) = (—19)42[ I(Foas , )Pz ¥ 2600 Fas + 20)12)
T H; (1_Zi)P2 P2_p2
i=1 J=1 2 ql” @127 13
J#i
, o [ FPg]2) | [1]Fys(2)
—i—(—zg)Q(—z)\)[ P‘g + ];,21 (4.20)
qil Q11
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where z; are poles for these three channels. Using identities

ZHl_Zizl’ ZHl_zizl,(mEZ,1§m<n), ZHl_Zi:HZk
i=1 j=1 2 i=1 j=1 Zj i=1 j=1 Zj k=1
i i i
(4.21)
the first term can be reduced to
1Py 1 Py2Py3]2)
(=ig)" " 5 b po (4.22)

@117 127 13
thus we get the same answer as in appendix.
With six scalars there are five channels. Using identity (4.21) we can simplify the
expression and get
[1’Pq11Pq12Pq13Pq14PQ15‘2>
PinbgePistaalys
[1’Pq1lpq12pq13‘2> [1‘Pq11Pq12Pq15’2>
P PpalisPic  PoalpalosPs
[1|Pq11Pq14Pq15|2> + [1|Pq13Pq14Pq15|2>}
P PeaPisPs  PlsbiabysPh
(1| Py, 3/2) [1|Pq11|2>[ 1 1 . 1 }
PRsPiPly  PoaPs LP5 P Pl
1|P,52) [ 1 1 1
“rane Lo )

A<q1‘;p1,pz,p3,p4; q;) = (—ig)° (4.23)

=g (-ix)|

=g (-in?

which is again the right one.

4.2.2 The helicity (hq,, hg,) = (—,+)

This is the most complicated helicity configuration because there are two possible boundary
contributions B[I4] and B[Ip| with one or three fermion propagators respectively. Since
for these two case (A) and (B), there are also corresponding pole contributions, we can
combine pole part and boundary part together. Sometimes this combination gives simpler
expression. Noticing this we move to the explicit calculations.

With only two scalars, there are only one B[I 4] contribution and one pole contribution:

~

_ — _y 1 =
A(q1 ;pl,pg;ﬂ) = A<q1 ;pl;—Pq11> P2 A(Rjﬁ;m;@) + BlI4] (4.24)
Q11

The boundary term of case (A) is given by
(RZ 4+ 2Rz - q2) Aip

B[I4] = (—ig)? 4.25
Al = 0 " olret] Ry (a1 + a2 + Ro)? (429)
where Rz = Pr 4+ ¢1. Adding them up we have
<)\1 + ZI)\Q’PI + ZIQ’XQ — ZIX1 A, s
—(ig)® 2 2 ’ o T Blla]
Pz R2(q1 + q2 + Rz)
1|Pz|2 A;
— —(ig?117ZP) 0 (4.26)

P} RZ(q1 + g2+ R1)?
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P2
Using result (4.26) and and 2z, = <2\qu1 1] we can simplify to
q11

(1] Py112]

2
P(h 1

A(C]f;pbpz;q;) = (—ig)? (4.27)

With four scalars, both case (A) and case (B) give boundary contributions. For case
(A) there are two nonzero contributions with splitting (1/234) and (123|4) (the splitting
(12|34) will give zero). For case (B) there is only one contribution with splitting (1|2|3]4).
For pole part we have three channels Z = {q1,p1}, {q1,p1,p2}, {q1, p1, P2, p3} With location
of poles z1, zo, z3 respectively. Putting all together we have expression

A<qf;p1,pz,p3,p4;q2+)

— =_ 1 =
= A<q1 ;P13 —Pq11> P2 A<P;1;p2,p3,p4;c?2+) + B[14(1]234)]
q1l
~ = 1 =_
+A(q1 ;pl,pz;—PqE) P A(qul;pg,m;fii)
q12

~

_ N1 /s
+A(q1 . D1, D2, P3; _qu1> e A(Pgl;m;a;) + B[14(123]4)] + B[I(1|2|3]4)]
13

3 <)\1 + Zi)\Zl(qul + Zz‘q)(Pqﬂ + ZiQ)(qu?: + ZiQ)‘}‘VQ - Zi}‘vl
3 i

i=1 [T=1 (1 - ;) PinFaaFs
J#

+B[Ip(1[2[3[4)] + B[1(1]234)]

+(_ig)2(_i>‘) P2 P2

<)\1 + Zl>\2|Pq11|X2 - 21X1} <)\1 + 23>\2|Pq13|X2 - Z3X1] ]
_|_
q11 q11

+B[I4(123]4)]

It can be checked that terms with 23 will cancel with the contribution from B[I(1|2|3|4)].

Terms with lower order of z; sum to zero according to the identity in (4.21). zg’—independent
1| Pyy 1 Pgy 2Py 312]

2 p2
P Ptn2

terms equals (—z'g)4< also by identity in (4.21). Finally we have

4 <1|Pq11Pq12Pq13|2]

2 2 2
qu 1PQ12PQ13

P2, (11Psl2

2 2
qul PQ13

(4.28)

With six scalars, there are five pole channels. For boundary contributions of case

(A), there are three nonzero partitions (1/23456), (123]456) and (12345|6). For the case

(B), there are four nonzero partitions (1|2|3]|456), (123|4|5|6), (1]/234/5|6) and (1]2]345|6).

A(qf;pl,pz,pz,m;qJ) = (—ig) +(—ig)*(—i)) <
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Adding them up and simplifying with (4.21) we get

A(qf;pl,m,ps,m,p&pﬁ;q;)

= (—ig)ﬁ <1’112%111;%12;?%131;%145%15‘2]
@17 q127 137 14" @15
g (in)| (o oy ) o e s
@117 127 137 46 @117 @127 157 35
<1‘Pq11Pq14Pq15’2] + <1’Pq13pq14pq15‘2]]

2 2 2 2 2 2 2 2
P Bpalasta  PrsPralysbis

, , (1Ppsl2) | (1[Pyul2] ] 1 1 1
+(—zg)2(—2)\)2{ + + o+
PRaPhPls  PoaPss LP5 Pi o P

" +<1\Pq15\2][ 1 n 1 1 }}

+ (4.29)
PsPis LPhs P Py

which can be checked with result in appendix A.

4.2.3 The helicity (hq,, hg,) = (+,+)

In this case, we have n = odd for nonzero results. With n = 1, there is no pole contribution,
but there is one boundary contribution and we have

Alafspia3) = (—ig) [Milhe — 2Ma] = (—ig) [1]2] (4.30)

which can be checked to be right. With n = 3 there are two pole contributions and one

boundary contribution B,_3 = (—z’g)(—z’)\)Pi23 [1]2] where Pjj = p;+pit1+...+p;. Adding
up we have

. . 1
Aglp1,p2,03303) = AP0 = Pyi) o AR5 62,083 P3)
q1l

+ADT q1, g2 ~Por2) po A(Py:q3;95) + Bn=s
q12

(3 e (PQ11_Z1Q)(PQ12_ZIQ) BV
= ( Z.g) < [)\1‘ Pqul(qulQ _ 21P2q) ‘)\2 Zl)\l}

~ | (Pt — 220) (P2 — 229) |5 N
+ [)\1‘ ‘)\2 — 22)\1]
(Pq211 - Z2Pq11Q)P(;212

Hia) (i) (11
P, F,
= (107" 1 o po” 21+ (i) (=) pp 112 (4.31)

With n = 5 the boundary part is given by B,—5 = (—ig)(—i)\)2 [1]2] < ! L+ 2 >
5
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Adding the pole part together we have

A(qfp1,p2, 03, P4, 153 45 ) (4.32)
= Bu=s + A(@5 3015 =Fy1) py A(Py1592,03, 04,153 G5 )
Q11
. S P
+A(@ P12 = Fya) py A(Py2ips, .53 d5)
q12
. . 1 ~ ~
+A(@ 31 P2, 035 = Pyry) o A(Pyi3ipa,05:65)
Q13
. SO N
+A(@ P12, 03, pai = Fy) py APy 4553 d5)
q14

. . [1‘2] 1 1 1 . \5 Y Pq11Pq12Pq13Pq14 Y
= (~ig) (—iN)’ + o+ )+ (=i [N %]
P125 P123 P224 P325 Pq211Pq212Pq213Pq214

PQ13Pq14

2 2
PQ13PCI14

oo ([B] ege 5 + (  [] + ] Je )

2 p2 2 p2
Pq11Pq14 Pq11Pq12

which is the right one.

4.2.4 The helicity (hq,,hg,) = (—, —)

This is, in fact, similar to previous one so we will be briefly. For n = 1, similar to the
case (+,+), there is one boundary contribution and the result is B,—1 = (—ig)(1]|2). For
n = 3, we calculate one boundary contribution B,—3 = (—ig)(—i)\)Q%S (1]2) and two pole
contributions as following:

_ _ ~ _. 1 - _
Aar P12, P33 43 ) = Bo=s + Apr3 a1 =Fp1) py A(Py1342,433p3)
q11

~

+A(pr5 0162 —Fyla) oo QA(P,£2§ q3;03)
q1

(Py1 — 219)(Pyy2 — 219)

P2

[A2)
qll(Pq212 — 21Py,29)

P, 1 — P, 9 —
+<)\1+22)\2\( q112 224) (P2 ;2(1) |A2)
(Pq11 - ZQPQIlq)Pq12
P, P
= (~ig)* (U 1o 1o 12) (4.33)
12
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With n = 5, the boundary part is given by B[(5)] = (—z’g)(—i)\)Zm2> ( Lo Plg + . ),

P125 P123 24 P325
thus we have
A(qy 3 p1,P2: 03, P4, P53 45 ) (4.34)

= Bus + Alar3015=Fy1) 1o 1
q1

~

A(P15p2, 03,04, 055 43)

o~

+A(qy 51,02 —Ppl) o APy 203,04, 55 43)

2
PQ12

+A(413P1P2, 035 = Pyry) o A(Pyi3ipa,p5763)
Q13

~

_ 1 ~ _
+A(g15P1, 02,03, P45 = Fya) py APy 455305
q14
. . <1|2> 1 1 1 . \H Pq11Pq12Pq13Pq14
= (—ig)(—i\)? + .+ + (—ig)” (M| [ A2)
PL \Ph P3Py RU Y SRy

. . Py 3Py 4 Pq11Pq14 PQ11PQ12
+(—Zg)3(—2)\) <<)\1\ qu qu A2) + (A1l g oo [A2) + (M1l o 5 [A2)
PQ13PCI14 PQ11PQ14 PQ11PQ12

is exactly what we get from Feynman diagrams.

5 Conclusion

In this paper, we have analyzed the on-shell constructibility more carefully. We showed
that for some theories, although there is no any deformation which has vanishing boundary
contribution, the boundary contributions can still be identified and calculated on-shell
recursively. With the knowledge of boundary behavior we can write down the generalized
BCFW recursion relation.

Our examples in this paper is simple in this sense that all boundary contributions
can be directly analyzed by just a few Feynman diagrams. There are other examples
where above direct analysis is not so straightforward, for example, the gauge theory with
deformation (17 |2*]. It will be interesting to find other methods to deal with these more
complicated situations. Having the knowledge of boundary behavior we can have better
idea for the off-shell and on-shell constructibility. Then we may have better understanding
of S-matrix theory using, for example, the technique presented in [4].

There are many questions we can ask for ourselves. For example, the rational part
of one-loop amplitudes can be calculated by BCFW recursion relation too (see, for exam-
ple, [11]- [16]). Tt is found that sometimes there is nonzero boundary contribution. Using
our new understanding, it maybe useful to recheck this problem.
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Figure 5. A 6-point Feynman diagram.

(a) (b)

Figure 6. Three kinds of 8-point Feynman diagrams.

A Amplitudes from Feynman diagrams

In this appendix, we will calculate various amplitudes using Feynman diagrams directly
to compare with results from boundary BCFW recursion relation. For simplicity we will
focus on the ordered results.

A.1 Amplitude of pure scalar field
The Feynman rule for this theory is very simple: there is only one vertex with four scalar
lines and coupling constant —iA. Using this we get following results.

A.1.1 6-point amplitude

The typical Feynman diagrams for the 6-point amplitude are given in figure 5. There are six

of them by cyclic ordering. Each one is given by (—i\)? ! where P, = p; +pj + i

P2

i(i+1)(i+2)
Adding them up we have
1 1 1
AEP(1,...,6) = (—i))? ( + + > , (A1)
Py Phg Pl

where we have identified 7 + 6 = 3.

A.1.2 8-point amplitude

The diagrams for 8-point amplitude have two different topologies as given in figure 6. The
expression of the first kind of diagrams has the form

1

(—iA)? ) (A.2)
Pivny 2y i) 46)i47)
with eight cyclic orderings. The second kind of Feynman diagram has the form
. 1
(—iN)? P2 P2 (A.3)
i(i4+1)(i42) " (i4+3)(i44) (i+5)
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with only four cyclic orderings, since it is obvious that this figure is same with shifting
i — i+ 4. Adding them up we have

AED(1,... 8) = AP o 4I'P0) (A.4)
1 1
B
oezs \ oo Lo©omo®  Ho)e@0@) LoG)06)00)

A.1.3 10-point amplitude

The possible seven topologies of the diagrams are given in following:

i+l i+1

i () i (b)
i+1 i+1

i (c) i (d)
i+ 1 i+ 1

i () i (f)

i
1+9
(9)
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and the corresponding expressions are given as

1

O = Pz‘2(i+1)(i+2)P ¢2(z+1)(z‘+2)(z‘+3)(z‘+4)P(2i+7)(i+8)(”9) 7
1

%o = Florn@ra Pl oea e P amrs) -
1

% = Pl Tioniar e Lo ainirs) o
1

%) = Pf(z‘+1)(z‘+2)P (2i—2)(i—1)z‘(i+1)(i+2)P (21‘+5)(i+6)(i+7) o
1

% = Plornas2) Pl n@r a0 Farsero i o
1

% = Pl i+2) P-4+ 43) Fits) (406) 47 Y

o 1 (A.11)

z(i+1)(i+2)P (2i+3)(i+4)(i+5)P (2i+6)(i+7)(i+8)

Among these seven topologies, three of them, i.e., (d), (e), (f), are intrinsic symmetric
under o : [i] — [i + 5], while remaining four are full Z;y ordering. Thus the final answer is
given by

AtP,2,...,10)
1
(i
_( 2)\) Z 2 P2 Pg(g

ez LEe 0203 Fo (000 3)0@)0(5)
1

) (9)o(10)

+ 2 2 2
PU(1)0(2)0(3) Pa(l)a(2)0(3)a(4)0(5) PO'(7)O’(8)O’(9)

1

2
P o(6)o(7)o(8)

o(10)o(1)o(2)0(3)o(4)
1

2
2P 1)0(2)0(3)

+ 2 2
PU(1)0(2)0(3) P0(10)0(1)0(2)0(3)U(4)

1

2
P0(7)0(8)0(9)

+ 2
P10 @0B)o(4)0(5)
1

2 2
2P 1) 2)0(3) B 6)o()o(s)

+ 2 2
PU(1)0(2)0(3)0(9)0(10) PU(G)J(?)U(S)

1

2
2Pa(1)a(2)0(3)

+ (A.12)

P2

2
P, (7)o (8)o(9)

2
o(Do2)03) L o(1)0(3)0(6)
A.2 Amplitude of two fermions and n scalars

The Feynman rules for ordered scalar QCD is given by figure 7. Using this we can calculate
various amplitudes Asg ,(q1;P1, ..., Pn;q2) Where ¢, g2 for two fermions and p; for scalars.
For these amplitudes, we need to notice that since the scalar part has only A¢? vertex,
Ay, with helicities (hq,,hq,) = (+,+)/(—, —) is not zero only when n = odd while with
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Figure 7. Feynman rules for fermion-scalar field.

(hgr» hgy) = (+,—)/(—,+) it is not zero only when n = even. It is also important to notice
that when we write |1),|2) they mean |\;,),[Ag)-

A.2.1 Amplitude of A(q,q5;p1,..,pn)

For this case we have n = odd. For this case we have n = odd. With n = 1 we have
Algyspra3) = (—ig) [12] (A.13)

With n = 3 we have

3 (1] Ppy1Fpy2 2]
P2,P2,

where we have defined Py; = q1 +p1 + ... +p; and Pjj = p; +piy1 + ... +pj Withn =5

we have

T (—ig)(—iN) |

P, [1)2] (A.14)

Algysp1,p2, 3545 ) = (—ig)

5 [1| Pp11Pp12Pp13Pp14 |2]

2 2 2 p2
Pp11Pp12Pp13Pp14

A(qyip1,p2, D3, P4, 05503 ) = (—ig)

—{—(—ig)?’(—i)\) ([1|Pp13pp14 |2] + [1| Pp11Pp14 |2] + [1|Pp11Pp12 |2]>
2 p2 2 p2 2 p2
Pp13Pp14 Pp11Pp14 Pp11Pp12
N 10 2 B B
+(—ig)(—iA)? + o+ (A.15)
CRV A

— 24 —



A.2.2 Amplitude of A(q;,q5;p1,.--,Pn)
With n = 1 we have

Algr;pray) = (—ig)(1]2) (A.16)

With n = 3 we have
3<1|Pp11Pp12 |2>

2 2
Ppl 1 Pp1 2

T (—ig)(~iA)

P, ) (A.17)

AP (g7 5p1,p2, P33 45 ) = (—ig)
With n = 5 we have

A¥P (1501, D2, D3, D4y D55 45 )

<1|Pp11Pp12Pp13Pp14|2>
2 p2 p2 p2
Pp11Pp12Pp13Pp14
1| P, 3P, 2 1| P,,1 P, 2 1| P,,1 P, 2
+(—ig)}(—iN) << ‘PI7213P1)214‘ ) (U Pp1Bpal2) | (1] Bpyi P2 >>

= (—ig)°

2 p2 2 p2
p13~ p14 Pp11Pp14 Pp11Pp12
. 2(1]2) /1 1 1
+(—ig)(—iN)” + o, + (A.18)
P AP TR R

A.2.3 Amplitude of A(q],q;;p1,..,pn)

In this case we need to have even number of n. With n = 2 we have

_ . 1P, 1|2
A<C]1+;P1,P2;q2) = (—29)2[ |Pq21 12 .
q11

(A.19)

where because the color ordering we have defined P,; = ¢1 +p1 +p2+...+p;. Withn =4
we have
4 [1|Pq11Pq12Pq13|2>

1UPy1[2) , [11Ppsl2)
P2 P?2,P?

gl | 12 T

A(Qf;pl,m,p:s,m;q;) = (—ig)

117 127 ¢13 a1l 1l
(A.20)
With n = 6 we have
A(qi;pl,pz,ps,m,m,pa;q;)
— (—ig)G [1|Pq11Pq12Pq13Pq14Pq15|2> (A.21)

2 p2 p2 p2 p2
PCI11PQ12PQ13PQ14PQ15
1|P,, 1P, 2P,,3|2 1P, 1P, 9P, 5|2
—|—(—ig)4(—i)\)[[ |2q112q122q13|2> _|_[ |2q112q122q15|2>
Pq11Pq12Pq13P46 Pq11Pq12Pq15P35
[1|Pq11Pq14Pq15|2> + [1|Pq13Pq14Pq15|2>
P2.p2 p2 P224 Pq213Pq214Pq215P123
1P, 3|2 1P, 1|2 1 1 1
+(_i9)2(_i>‘)2{]£2| ](13123|P>2 + []lqulgz > [PZ P2 + P2 }
a3t13446 11126 24 35 46
[1|Pq15|2>[ 111 H
+ + + .
PP | Ph o Py P

a11” 147 15
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A.2.4 Amplitude of A(q;,q5;p1,---,Pn)
With n = 2 we have

(11Ppaf2]

P2

A(Qf;pl,m;qg*) = (—ig)?
q11

(A.22)

With n = 4 we have

4 <1‘Pq11Pq12Pq13’2]
P2 p2_p2?

(1 Pp1|2] | (1]Pg3]2]

11" 127 q13 a1l q11
(A.23)
With n = 6 we have
A(qf;pl,m,ps,m,p&pﬁ;q;)
_ . 6<1’qupq2pq3pq4pq5‘2]
- (_Zg) P21 P21 P21 P21 P21 (A24)

al” 127 13" 14" @15
1|\P,, 1P, 2P, 3|2 1|P, 1P, 2P, 5|2
+(—ig)4(—i)\)[< |2 q112 q122 q13|2 ] + ( |2 q112 q122 q15|2]
Pq11Pq12Pq13P46 Pq11Pq12Pq15P35
<1|Pq11Pq14Pq15|2] <1|Pq13Pq14Pq15|2]]

Py Py PrsPsy  PrsPpPrsPr

(1/Pyy3[2] <1|Pq11|2][ L1 1}

PR PHPY - P2 Py | Py P P
+<1|Pq15|2][ Lot 1 H

_|_
PisPis LPh o Py P

+<—z’g>2<—m>2{

B Amplitudes with more external fermions

In section four, we have focused on the case with only two fermions. In this appendix,
we will discuss the general case with multiple pair of fermions. For amplitudes with 2/
fermions and n scalars, there are [ fermion lines, which are connected to each other by
scalar lines. The amplitudes will be the form

l
A=>"81] 2 (B.1)
i =1

where S; are scalar parts and each Q; ; is following form

MR |Bal .. | Ryl
RIRZ....R?

m

where depending on the helicities of i, j, we may need to change A — A
Now we choose two fermions, for example, q1, g2 to make the (1|2]-deformation. There
are two categories of Feynman diagrams: (A) two fermions ¢i, g2 are connected by same
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fermion line; (B) two fermions qi, g2 locate at different fermion line and are connected
through scalar propagators.

For the category (A), the boundary behavior is exactly the same one as we have
discussed in section four with only two fermions. Thus we can write down similar boundary
contributions and add them to the boundary BCFW recursion relation.

For the category (B) things are different. First there is at least one scalar propagator
connecting fermion lines and having i dependence. Second, when there are two nearby
fermion propagators along same fermion line, because

<Oz|(R1 + Z)\Qxl)(RQ + ZA2X1)|ﬂ>
(Rl + Z)\QXl)Q(RQ + Z>\2X1)2

(al(Ry + 22021 Rel 8) (alRi(222h1)18) s
= ~ . + . ~ s .
(Rl + Z)\Q)\1)2(Z)\2)\1)2 (R1 + Z)\Q)\1)2(R2 + Z)\Q)\1)2
we have another i dependence instead of naive z°-dependence. Using above two observa-
tions, we can discuss case by case:

e (B-1) Helicity (hg,,hgy) = (+,+):

For this case, along the line with z-dependence (this line will be constituted by fermion
propagators and scalar propagators), we have one z from external wave-function of
q2, i.e., ‘Xg — le}, zls from s > 1 scalar propagators and f fermion propagators
with naive 20-dependence. However, when there are m pair nearby propagators
as discussed above, we have another ;n -dependence. Putting all together, we found
that to have nonzero boundary contributions, we need to satisfy following conditions:
(a) there is only one scalar propagator depending on z; (b) there is no any nearby
z-depending fermion propagator pair.

The condition (a) implies that the line connecting ¢, g2 involves only two fermion
lines. Furthermore, condition (b) tells us that there is at most one fermion propagator
along each fermion line (remembering that we have two fermion lines here). Using
(R + 2A2)1) ‘Xg - le] is only order of z and [A{|(R + zA2A1| = [Ai|R|, we sce that
no any z-depending fermion propagator can be nearby the external particle g1, g9,
thus the only boundary contribution is the one without any fermionic propagator
depending on z as shown by figure 8. The figure can also be represented as

C [Xlla} Blxg — zXl] (B.4)

(R + ZX2A1)2 |:
where «, 3, C' are z-independent part from other components of diagrams.
The helicity (—, —) will be similar and we will not discuss it further.

o (B-2) Helicity (hg,,hq,) = (+,—):
For this case, along the line with z-dependence, we have le from s > 1 scalar propa-

gators and f fermion propagators with naive 20-dependence. Thus there is no bound-
ary contribution.
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Figure 8. Special case.

e (B-3) Helicity (hq,,hqy) = (—,+):

For this case, along the line with z- dependence we have z? from external wave-
functions ‘)\2 — z)\} and |A; + 2A2), _, from s > 1 scalar propagators and f fermion
propagators with naive zo—dependence. This is the most complicated case with many

possibilities, so we list them one-by one.

With only one scalar propagator (i.e., s = 1), we have several diagrams which can be
represented as following:

1
(I—1): C{\+2)q] P [mAQ - le} ~ 2!
1

(1—2): C )\1+Z)\2|(R1+Z)\2)\1 o
< Q+Z)\2)\1)2(R1+Z)\2)\1)

BI(Ry +2X0h ) ha — z)\l] ~ 20

[ﬁw—le} ~ 20
(1—3) : C<)\1+Z)\2‘Oé]

(Q+Z)\2)\1) R1+Z)\2)\1 2 [

<)\1 + Z)\Q‘(Rl + Z)\Q)\l)(RQ + Z)\Q)\l)’a

(Rl + Z)\Qxl)Q(RQ + Z)\Qxl) (Q + Z)\Q)\l)

[B1(R1 + 22X (Ry + 22ah) 2 — 21|

(I —=5): C(\+ 2A|q] ~ ~ ~ ~z
(Rl + Z)\2A1)2(R1 + Z)\2>\1)2(Q + Z)\2>\1)2

|
:

[E—

(I-4): [mXQ - ZXI] ~ 20

0

(B.5)

The case (I-1) tells us that there is no any z-depending fermion propagator. Case (I-
2) and (I-3) represent the diagrams with one z-depending fermion propagator nearby
external particles g1, ¢ respectively. Case (I-4) and (I-5) represent the diagrams with
two z-depending fermion propagators nearby external particles q1, g2 respectively. It
is worth to notice that we have not included the case where we have two z-depending
fermion propagators and each external ¢; has one propagator nearby, since this one
has vanished boundary contribution.

With two scalar propagators, there are again two situations we need to consider. The
first one is that there are only two fermion lines involved. The expression for this

one is
1 - -
—1): C{\ A ~ ~ Ao —zA1| . (B.
(I —1) (A1 + zA2]a] (@1 + 20 )2(Qs + 230y )? [ﬁ| 92— 2 1] (B.6)
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The second one is that there are three fermion lines involved. For this one, there are

two different representations. The first one is
1 1
N .
(Q1+ zA2)1) (Q2 + zA2)1)

where there is no fermion propagator in middle fermion line depending on z. However,

C (1 + 2Xola] [mxg — le] : (B.7)

since we have only triple-vertex ¢, this case can not be realized. The second one is
1
~ X
(Q1 4 zA2A1)?
DR+ 200008) L
x - . [mAQ - z)\l] (B.8)
(R + Z)\Q)\) (QQ + Z)\Q)\l)

where there is one fermion propagator in middle fermion line depending on z.

(II— 2) : C<)\1 +Z)\2’C¥]

Adding all seven cases together, we get total boundary contribution when g1, ¢o are
not in same fermion line.
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