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Abstract

This paper extends the use of one-dimensional elements with node-dependent kinematics to the analysis of Stokes flows.
According to the Carrera Unified Formulation, the primary variables of the flow, velocity and pressure, are expressed as
arbitrary expansions of the generalized unknowns. The novel implementation proposed in this work allows to increase
the accuracy of the model only in the areas of the domain where it is required; i.e. close to boundaries, barriers or
sudden expansion. Refined one-dimensional models based on Taylor and Lagrange expansions are used in this work
and some typical applications are proposed to assess this novel technique, including Stokes flows in cylindrical and
non-conventional domains. For each numerical example, different combinations of one-dimensional models have been
considered to account for different kinematic approximations of flows, and the results, compared with analytical or finite
volume solutions, highlight the capabilities of the proposed approach to handle non-conventional boundary conditions
with ease and in preserving the computational cost without any accuracy loss.

1. Introduction

The perspective of simulating very complex fluid-
dynamic systems, together with the growing necessity
to decrease the computational times, influences the re-
searchers to develop mathematical theories and numer-
ical methods able to satisfy these requirements. The
development of accurate but straightforward models
does not represent an easy challenge, and often it re-
quires the involvement of strong assumptions. Modern
Computational Fluid-Dynamics (CFD), in which even
a simple 3D analysis requires a considerable computa-
tional power, is well-suited to this cause, at least for
flows with a prominent direction. The first reduced de-
scription of a fluid-dynamic network dates back in the
1960s and was a model with lumped parameters. In
this context, the flow parameters were expressed by al-
gebraic equations that lump everything in a relatively
small number of parameters, similarly to electrical cir-
cuits, [1, 2]. Over time, some progress was made due
to the introduction of the transversally averaged flows.
In this case, the pressure and the flow rate are aver-
aged in each transversal cross-section, neglecting the
other components of the motion. This method allows
obtaining relatively simple equations, even if it suffers
the more complicated topology, [3]. Recently, these
limitations have been overcome locally due to the ad-
vent of one-dimensional (1D) models for the resolution
of Navier-Stokes equations. In this framework, the
axial flow parameters are spread on the cross-section

through different mathematical methods. Karnidakis
and Sherwin [4] developed the idea of a 1D finite el-
ement model coupled to spectral/hp function; these
preliminary results incouraged Pontaza and Reddy [5]
to implement them with a least-square method, and
Smith et al. to develop a finite difference scheme, [6].
More recently, an iso-geometric analysis with spectral
functions has been proposed by Guzzetti et al. in [7].

Although the significant achievements, the prob-
lem of providing an efficient modelling methodology
to describe entire networks of 1D flows (e.g., cardio-
circulatory system) is still open. As an example, a
detailed analysis of an artery branch cannot neglect
the interaction with the rest of the cardiocirculatory
system, but, at the same time, it is unthinkable to
model the whole system with the same accuracy all
over the problem support. Because the use of three-
dimensional models for the analysis of the complete
domain could lead to huge computational costs, sev-
eral attempts have been done to use reduced refined
models only in a small region and reduced models else-
where. A preliminary analysis of this argument has
been conducted by Formaggia et al. [8], whereas a
multi-scale model for the coupling of one-dimensional
with 2D/3D models has been proposed in Ref. [9]. The
models with variable kinematics (node-dependent kine-
matics, NDK) have been proposed, for structural me-
chanics, by Carrera and Zappino [10], in the framework
of the Carrera Unified Formulation (CUF). The node-
dependent kinematic approach, as used in Ref. [11–13],
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allows to change the kinematic assumptions node-by-
node, as in Fig. 1. In this manner, by using the scal-
able properties of CUF and the finite element shape
functions, the analyst can gradually increase the ac-
curacy of the solution in determined zones of interest,
without introducing any mathematical aartificies. In
other words, low-order models can be combined with
higher-order models with 3D accuracy without any ac-
curacy loss if CUF-NDK methodology is used. The
CUF is a one-dimensional finite elelemnt (FE) scheme
capable to describe the kinematic field along the cross-
section through the use of interpolation functions [14].
The 1D-CUF was initially developed for expansion
functions based on Taylor series (TE) by Carrera and
Giunta [15]. A new family of interpolation functions
based on Lagrange polynomials has been introduced in
the CUF framework by Carrera and Petrolo [16]. In
this case the transversal physical domain is subdivided
into a number of local expansion sub-domains, whose
polynomial degree depends on the type of Lagrange ex-
pansion adopted. The 1D-CUF has been employed in
many other areas of interest and refined models were
used, for example for composite structures [17] and
aerospace engineering [18]. As it concerns the CUF
in the fluid-dynamics framework, preliminary results
were discussed by Varello et al. in [19]. The present
work aims to extend the capabilities of NDK tech-
nique to the description of incompressible and highly
viscous flows. The present paper is organized as fol-
lows: (1) first, CUF-NDK technique for fluid-dynamics
are presented; (2) then some numerical results are dis-
cussed and analyzed and, finally, (3) the key findings
are drawn.

2. Governing equations for Fluid-Dynamics

The computational domain is assumed in a Carte-
sian coordinate system as depicted in Fig. 2. Ω is the
domain and ∂Ω represents the boundaries, whereas Γ
is referred for the orthogonal cross-sections. Let con-
sider the Galerkin approximation of the Stokes prob-
lem for incompressible flows with homogeneous bound-
ary condition in Eq. 1:

Find uh ∈ Vh, ph ∈ Qh such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∫

Ω

ν∇uh :∇vh dΩ −
∫

Ω

ph ∇ · vh dΩ =

∫

Ω
f · vh dΩ ∀vh ∈ Vh

−
∫

Ω

qh ∇ · uh dΩ = 0 ∀ qh ∈ Qh

(1)

with ν as the kinematic viscosity in [m2/s] and f as the
body forces acting in Ω. uh and ph in Eqs. 1 are the
discrete solutions of velocity in [m/s], and pressure in
[m2/s2], of the Stokes problem. Due to the presence of

a highly viscous fluid, it is possible to neglect the non-
linear term from the Navier-Stokes set of equations,
referred as linear momentum conservation and mass
conservation.

The terms uh and ph in Eqs. 1 are the discrete so-
lutions of the Stokes problem in weak form. Let the
bilinear forms a : V × V → R and b : V × Q → R to
be defined as follows:

a (u, v) =

∫
Ω

ν∇u :∇v dΩ (2)

b (u, q) = −
∫
Ω

q∇ · u dΩ (3)

With this notation, the Galerkin approximation of the
Stokes equations reads

Find uh ∈ Vh, ph ∈ Qh such that

⎧
⎨

⎩

a (uh, vh) + b (vh, ph) = (f , vh) ∀vh ∈ Vh

b (uh, qh) = 0 ∀ qh ∈ Qh

(4)

where Vh ⊂ V and Qh ⊂ Q represent two families
of finite dimensional subspaces depending on a real
positive discretization parameter h.

2.1. One-dimensional CUF-FE models for
Stokes flows

The one-dimensional Carrera Unified Formulation
(CUF) is here employed to approximate the Stokes
problem presented above. According to CUF, the ve-
locity field uh and the pressure field ph are expressed,
in a unified manner, as a generic expansion of the gen-
eralized unknowns through arbitrary functions of the
cross-section domain coordinates:

uh(x, y, z) = FU
τ (x, z)uτ (y), τ = 1, 2, · · · ,MU

(5)

ph(x, y, z) = FP
m(x, z)pm(y), m = 1, 2, · · · ,MP

(6)

where uτ (y) and pm(y) are the vector of the velocity
and the scalar pressure respectively, both functions of
the pipe axis y. According to the CUF, FU

τ and FP
m

correspond to the interpolation functions on the cross-
section Γ, which is defined in the Cartesian plane xz,
and MU and MP are the number of terms in the ex-
pansion, for velocity and pressure respectively. In the
present work Taylor and Lagrange expansion functions
are considered.

Combining the FE classic procedure with CUF
(Eqs. 5, 6) the final expressions describing the un-
known fields are

uh (x, y, z) = FU
τ (x, z)NU

i (y) u τi,

τ = 1, . . . , MU i = 1, . . . , NU
n

(7)
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Figure 1. A three-node 1D finite element with node-dependent kinematics.
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Figure 2. Computational domain Ω

ph (x, y, z) = FP
m (x, z)NP

t (y) pmt,

m = 1, . . . , MP t = 1, . . . , NP
n

(8)

where NU
i and NP

t are the 1D-FEM shape functions
that can be arbitrary, and in general, different, and
NU

n and NP
n represent the number of FEM nodes for

velocity and pressure along the pipe axis, respectively.
In this work, the classic Lagrangian 1D shape func-
tions are considered, (see [20]). This procedure is well
explained in Fig. 3, in which 1D shape functions, NU

i

and NP
t , and cross-sectional expansions, FU

τ and FP
m ,

are represented for a schematic finite element.

2.2. CFD fundamental nuclei
According to 1D-CUF, the generic discrete test func-

tions vh ∈ Vh and qh ∈ Qh are approximated as
in Eqs. 7 and 8. It is sufficient, therefore, that the
Galerkin approximation in Eq. 1 is verified for each
function of the basis of Vh and Qh, because all the
functions in the spaces Vh and Qh are a linear combi-
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Figure 3. One-dimensional CUF-FE technique for
fluid-dynamics.

nation of the basis functions (see [21,22]). Hence, the
solution of the Galerkin approximation in the frame-
work of CUF is derived by the following equations:

Find uh ∈ Vh, ph ∈ Qh such that

⎧
⎨

⎩

a (uh, ϕτi e) + b (ϕτi e, ph) = (f , ϕτi e) ∀ τ, ∀ i, ∀ e

b (uh, φmt) = 0 ∀m, ∀ t
(9)

with τ = 1, . . . , MU , i = 1, . . . , NU
n , e = 1, . . . , 3,

m = 1, . . . , MP , t = 1, . . . , NP
n . The index e refers to

the three components of the velocity field, and

ϕτie (x, y, z) =

⎧⎪⎨
⎪⎩

δ1e F
U
τ (x, z)NU

i (y)

δ2e F
U
τ (x, z)NU

i (y)

δ3e F
U
τ (x, z)NU

i (y)

⎫⎪⎬
⎪⎭ (10)
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are the bases of the space Vh due to the 1D CUF ap-
proximation and δke = 1 if e = k, 0 otherwise. Simi-
larly,

φmt (x, y, z) = FP
m (x, z)NP

t (y) (11)

For the sake of clarity, indices s (instead of τ) and j
(instead of i) are introduced into Eq. 9 for the CUF
approximation of the discrete solution uh (see Eq. 7).
After mathematical manipulations (see [23]), Eq. 9 be-
comes the following system of algebraic equations:

⎧⎨
⎩

Aτ s ij qsj + Bτmit T pmt = Fτi ∀ τ, ∀ i
Bmstj qsj = 0 ∀m, ∀ t

(12)

where Aτs ij is the fundamental nucleus related to the
bilinear form a (uh, ϕτie) of the 1D-CUF model;

Aτs ij =

[
ν

∫
L

NU
i NU

j dy

∫
ΓS

FU
τ,x F

U
s,x dΓ+

ν

∫
L

NU
i,y N

U
j,y dy

∫
ΓS

FU
τ FU

s dΓ +

ν

∫
L

NU
i NU

j dy

∫
ΓS

FU
τ,z F

U
s,z dΓ

]
I

(13)

Bτmit T is the fundamental nucleus related to the bi-
linear form b (ϕτie, ph);

Bτmit T =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−
∫
L

NU
i NP

t dy

∫
ΓS

FU
τ,x F

P
m dΓ

−
∫
L

NU
i,y N

P
t dy

∫
ΓS

FU
τ FP

m dΓ

−
∫
L

NU
i NP

t dy

∫
ΓS

FU
τ,z F

P
m dΓ

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(14)

Bmstj is the fundamental nucleus corrisponding to
the bilinear form b (uh, φmt);

Bmstj =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−
∫
L

NP
t NU

j dy

∫
ΓS

FP
m FU

s,x dΓ

−
∫
L

NP
t NU

j,y dy

∫
ΓS

FP
m FU

s dΓ

−
∫
L

NP
t NU

j dy

∫
ΓS

FP
m FU

s,z dΓ

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

T

(15)

and Fτi is the fundamental nucleus related to the term
(f , ϕτie).

Fτi =

∫
Ω

FU
τ NU

i f dΩ (16)

In Eq. 13, I is the 3× 3 identity matrix.

As in other CUF applications, the mathematical ex-
pressions of the nuclei are formally independent of the
theory orders (NU and NP ) and on the FEM shape
functions (NU

i and NP
t ). These nuclei have to be ex-

panded against the indices τ , s, m, i, j, and t. Inter-
ested readers can find more detailes about the imposi-
tion of the boundary conditions in Ref. [23]

3. CUF for fluid-dynamics with node-
dependent kinematics approach

A higher-order approximation allows to the one-
dimensional models to solve complicated problems,
even if the complexity is limited only to some regions
of the domain. Particular inlet velocity profiles as well
as pipe with non conventional geometries are examples
of local problems in which is suitable a node-dependent
kinematics scheme. In the CUF framework, it means
to be able to adopt different interpolating functions at
each node, different in terms of accuracy and family
(TE/LE).

Taking into account, for instance, the fluid domain
in Fig. 5, a different kinematics has been assigned at
each of the FEM nodes, both for velocity and pres-
sure. In this figure, a quadratic and a linear FE were
used for the description of the velocity and pressure
respectively. The expansion of the indexes in the fig-
ure depends on the kinematics assigned to each node,
which determines the dimension of the elemental FE
arrays associated to the Galerkin approximation of the
Stokes problem in Eq. 12. In particular, the velocity
field of the Fig. 5, can be written at the first node as:

u1 = F 1
τ u1τ , τ = 1, 2, · · · ,MU

1 (17)

at the second node, the velocity field is:

u2 = F 2
τ u2τ , τ = 1, 2, · · · ,MU

2 (18)

while at the third one is:

u3 = F 3
τ u3τ , τ = 1, 2, · · · ,MU

3 (19)

The expansion functions F 1
τ , F

2
τ and F 3

τ can be cho-
sen arbitrarily in each node. At node 1 a second-order
TE model has been used, a first-order TE model has
been employed at node 2 while a quadratic LE expan-
sion has been imposed at node 3. As a result, the
expression of the three-dimensional velocity field for
the whole element is:

u = F 1
τ N1u1τ + F 2

τ N2u2τ + F 3
τ N3u3τ ,

τ = 1, 2, · · · ,MU
i

(20)

An analogue procedure is valid for the pressure field.
The different expansions communicate one to each
other through the FE shape functions Ni along the
element length, in order to obtain a smooth transi-
tion of the unknown field among the three nodes. In
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Figure 4. Procedure to build the finite element matrices and vectors expanding the fundamental nuclei. Scheme
for momentum conservation equation.

this way, the continuity of the solution is ensured at
each point. To summarize, the node-dependent feature
means that:

Fτ (x, z) −→ F i
τ (x, z) (21)

M −→ Mi (22)

where the Eq. 21 defines the expansion function as
property of the nodes and not of the element, and the
number of terms in the expansion, M , can be different
at each node, as in Eq. 22 and the i underlines this
aspect. Finally, the general equations of the variable
fields are:

u = F i
τNiuiτ ,

τ = 1, 2, · · · ,MU
i ; i = 1, · · · , NU

n

(23)

p = F t
mNtptm,

m = 1, 2, · · · ,MP
t ; t = 1, · · · , NP

n .
(24)

This feature allows to control the dimension of the
matrices to save computational costs. For further de-
tailes about the CUF-NDK, see Ref. [10,24,25], where
this methodology has been employed for the analysis
of elastic structures.

4. Numerical Results

The section hereinafter shows the efficiency of the
method explained above, through some numerical ex-
amples. The refined models proposed are compared
with the analytical solution whenever possible, or with

solutions obtained by finite volumes tools. The first
example aims to assess the NDK approach in the case
of the Poiseuille flow in a cylindrical pipe. The present
models have been than used to study flows with differ-
ent inlet velocities distributions whereas the last exam-
ple tests the node-dependent kinematics formulation in
the case of square-section pipes.

All the examples consider a pipe with a length L of
6m, a radius r = 1m and, in case of square section,
a side of s = 2m; the pipe always presents a homo-
geneous Dirichlet boundary condition at lateral walls
and a homogeneous Neumann boundary condition at
the outlet section. The inlet section presents some
non-homogeneous Dirichlet boundary conditions, that
have been specified for each case. No body forces
are applied and the fluid has a viscosity, ν, equal to
10−2m2/s to satisfy the condition of RE 
 1. All
the cases hold a discretization of ten one-dimensional
elements along the main axis, B3 for pressure and B4
for velocity. All the one-dimensional models consid-
ered hereinafter are implemented and solved in FOR-
TRAN environment. For the sake of clarity, the fol-
lowing nomenclature has been used to denote models
with different kinematic assumptions:

• nLEtU ,tP : Model with uniform Lagrange Expan-
sion; n is the number of elements used for the
cross-section description and t is the type of el-
ements used for velocity and pressure, i.e. four-
nodes LE4 or nine-nodes LE9 elements.

• TENU ,NP

: Taylor models with order NU and
NP for the velocity and pressure fields respec-
tively.

• TE/LE/TE: NDK scheme with Taylor and La-
grange Expansions.

As an example, with TE4,2 it is denoted a Taylor
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Figure 5. FEM model of fluid-dynamics model using node-dependent kinematics. The expansion of the velocity
and of the pressure fields change node-by-node and this determines the dimension of the matrices.

model with a fourth order expansion for the veloc-
ity field and a second order expansion for the pressure
distribution. On the other hand, with 4LE9,4/TE3,1

is denoted a model with a LE kinematics in a part of
the domain, and a TE3,1 models elsewhere.

4.1. Poiseuille flow analysis
The first numerical assessment takes into account

the Poiseuille flow in a cylinder. Since the analyti-
cal solution is available, this simple application has
been used to assess the NDK approach proposed in the
present paper. In particular the results obtained with
the node-dependet kienmatic one-dimensional models
have been compared with those obtained with constant
kienmatic models and the analysical solution, [19,26].
A parabolic distribution of velocity was enforced at the
inlet, with uy = 10−4 m/s at the center of the section.
Figure 6 shows the pressure distribution along the ax-
ial direction obtained with the different 1D models,
while in Fig. 7 it is possible to see the comparison be-
tween the 1D node-dependent kinematics model and
the Poiseuille analytical solution regarding the axial
velocity. The results clearly show that, even if the
kinematic is modified along the duct, the 1D models
describe very well the Poiseuille flow. In particular,
as the Fig. 7 suggests, the models can describe the
parabolic distribution of the uy across the section and

are able to keep it on constant along the whole pipe,
in accordance with the analytical solution.

4.2. Analysis of flow with different inlet veloc-
ity profiles

The Poiseulle flow has been used to assess the one
-dimensional node-dependent kinematics models. The
natural decreasing of the pressure, as well as the
parabolic distribution of the velocity, was not affected
by the change of the kinematics along the duct. In
this section, the advantages of the NDK method have
been exploited to investigate flow with complex veloc-
ity profiles at the inlet cross-section.

The first example considered is a flow in a cylindrical
pipe with a fourth-order Dirichlet boundary condition
at the inlet. Equation 25 shows the three components
of the velocity imposed at the inlet section, where uy

is the component parallel to the pipe axis.⎧⎨
⎩

ux = 0

uy = 10−4
(
1− x2 − z2

)2
on Γin

D

uz = 0

(25)

As seen in Ref. [19], it is necessary at least a TE4,2

model to detect the distribution of the velocity across
the inlet section. Since the flow tends to become
parabolic moving away from the inlet section, it could
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Figure 6. Pressure trends of the Poiseuille flow. Com-
parison between constant and node-dependent kine-
matic one-diemnsional models. The grey part defines
the region of domain in which NDK models change the
kinematics.

Table 1
Values of pressure at inlet and midspan sections. Com-
parison of CUF-1D results. Fourth-order inlet velocity
profile.

Model p(m2/s2) - Inlet p(m2/s2) - Midspan
TE4,2 1.79e− 5 8.0080e− 6
TE4,2 / TE2,0 1.78e− 5 8.0079e− 6
TE2,0 −510536 70.4931

be possible to decrease the expansion orders, as in
Fig. 8, saving computational effort. Differently from
the Poiseuille flow case, the pressure has not a com-
plete linear decrease along the duct, that is theNP = 0
is not sufficient in the area closest the inlet cross-
section, as is evident in Table 1. Neverthless, the
possibility to have more refined kinematic in the inlet
area, allows to describe the pressure trend correctly
as evident in Fig. 9, decreasing the computational ef-
fort as well. Figure 10 shows how the distribution of
the axial velocity changes along the duct. In partic-
ular, the velocity moves from a 4th-order curve to a
2nd-order one (Poiseuille-like), and, due to this, it is
not necessary to keep the expansion order NU = 4 for
the entire pipe. It is possible to decrease the expan-
sion order from 4 to 2, without any loss of accuracy,
as evident in Fig. 10 where one-dimensional constant
and node-dependent kinematic models are compared
with OpenFOAM solutions. The primary advantage
of the method here presented is in terms of computa-
tional costs, as shown in Table 2. In this table, the
maximum values of pressure at the inlet and the max-
imum values of velocity at the midspan cross-section
evaluated using different models are enlisted. As in
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Figure 7. Velocity trends of the Poiseuille flow. Com-
parison between constant and node-dependent kine-
matic one-diemnsional models.
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y

Figure 8. Node-dependent kinematics scheme of
fourth-order inlet velocity case. Changing of expan-
sion order for velocity NU and pressure NP node-by-
node.
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Figure 9. Comparison of the pressure path between
uniform and NDK 1D-CUF models. The grey area
denotes the domain where the TE2,0 model has been
used. Fourth-order inlet velocity profile.

Table 2
Maximum value of pressure at inlet y=0m and max-
imum axial velocity at midspan y=3m. Comparison
among different 1D-CUF results and OpenFOAM so-
lutions . Fourth-order inlet velocity profile.

Model p× 105(m2/s2) uy × 105(m/s) DOFs
OpenFOAM

OpenFOAMa 1.70 6.50 10560
OpenFOAMb 1.79 6.53 54400

TE

TE4,3 1.79 6.66 2031
TE4,2 1.79 6.66 2031

LE

5LE9,4 1.75 6.53 2493
5LE16,9 1.82 6.67 5361

NDK

TE4,2 / TE2,0 1.78 6.66 852

Ref. [19], the reference solution was obtained using the
CFD code OpenFOAM [27]. As the Table 2 suggests,
the possibility to reduce the expansion order node-by-
node does not affect the accuracy of the solution and
allows a reduction of DOFs.

A non-simemtric Dirichlet boundary condition has
been considered as second case. A fifth-order distribu-
tion of velocity is enforced at the inlet cross-section,
according to the Eq. 26.⎧⎨
⎩

ux = 0
uy = 10−4

(
1− x2 − z2

)(
1/4 + xz + x3

)
on Γin

D

uz = 0

(26)

The meshes along the y-axis remain unvaried, as well
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Figure 10. Comparison of the velocity distribution be-
tween 1D-CUF models and OpenFOAM results at in-
let and midspan cross-section. Fourth-order inlet ve-
locity profile.

Table 3
Maximum value of pressure at inlet y=0m and max-
imum axial velocity at midspan y=3m. Comparison
among different 1D-CUF results and OpenFOAM so-
lutions. Fifth-order inlet velocity profile.

Model p× 106(m2/s2) uy × 105(m/s) NDOF
OpenFOAM

OpenFOAMa 8.17 2.44 54400
OpenFOAMb 9.08 2.35 435520

TE

TE6,5 9.23 2.50 4095
TE6,4 10.72 2.50 3909
TE5,4 10.80 2.50 3048

LE

9LE16,9 9.19 2.50 9045
20LE16,9 9.36 2.50 19818

NDK

TE6,5 / TE2,0 9.09 2.50 1379

as the other boundary conditions. Since the inlet flow
is no more axisymmetric, as shown in Fig. 11, the one-
dimensional models need high-order expansions to de-
scribe the profiles of both velocity (NU = 6) and pres-
sure (NP = 5), ( [19]). Since the boundary conditions
lead the flow to become Poiseuille-like, it can be conve-
nient to predict the model by using a node-dependent
kinematic approach. The variation of the velocity pro-
file is visible in Fig. 12, in which 1D models, with con-
stant and node-dependent kinematic, are compared to
the OpenFOAM solutions. The goodness of the results
obtained is confirmed also numerically by the Table 3,
in which the values of pressure at the inlet and velocity
at the midspan are compared among different models.
At the end of these analyses, it is possible to make the
following comments:
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(a) Velocity distribution

(b) Pressure distribution

Figure 11. Fifth-order inlet boundary condition, dis-
tributions across the section. Velocity (a) and pressure
(b).
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Figure 12. Comparison of the velocity distribution be-
tween 1D-CUF models and OpenFOAM results at in-
let and midspan cross-section. Fifth-order inlet veloc-
ity profile.
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Figure 13. Scheme of the one-dimensional model with
mixed kinematics LE/TE.

• One-dimensional models are able to predict the
evolution of complex flows in presence of differ-
ent Dirichlet boundary conditions at the inlet.

• The models with node-dependent kinematics al-
low to describe flow parameters without any
loss of accuracy and saving computational effort
when compared to commercial tool solutions.

4.3. Analysis of a flow in a square-section pipe
The validation of one-dimensional models with

node-dependent kinematics has been conducted
through the example of the Poiseuille flow in a circular
cylinder and then has been confirmed by applying the
method to more complex flows. The last numerical
example is related to a second-order flow in a square-
section pipe. In this case, the aim is to demonstrate
the capability of the present method also in the anal-
ysis of non-conventional pipes and to show the capa-
bilities of a model with a mixed LE/TE kinematics, as
shown in the scheme in Fig. 13. The flow considered
keeps the same viscosity of the previous cases as well as
for the boundary conditions on the outlet and lateral
surfaces. At the inlet section, a second-order velocity
profile is enforced. Figure 14 shows the behavior of the
pressure field along the square-section pipe. TE mod-
els have not a good response at the beginning of the
pipe, even using higher-order polynomials. This ap-
proach leads to an accurate descritpion of the velocity
and the pressure fields, even in the proximity of the
inlet cross section where a 4LE9,4 model is used. At
the same time, the use of a TE4,0 models elsewhere
entails a reduction of the computational costs. The
kinematics changing at the 8th node does not affect
the model: the flow, in fact, keeps on his parabolic
nature, as in Fig. 15.
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m/s

Figure 15. Parabolic shape of axial velocity at 8th

where the kinematics changes.

5. Conclusions

In this work, the Carrera Unified Formulation has
been used for the description of incompressible, lam-
inar and viscous flows in pipes. In particular, the
novel node-dependent kinematics technique has been
extended to the analysis of axial flows. According to
the CUF, the flow parameters are expressed as expan-
sion of the generalised unknowns and this is possible
through some interpolation functions, that can be dif-
ferent on each node. Different numerical examples
have been considered to demonstrate the effectiveness
of the present approach. Different 1D models have
been employed to describe Poiseuille and higher-order
flows in circular and square-section pipes. The results
obtained by one-dimensional NDK models have been
compared with the analyitical solution or with finite
volume solutions coming from OpenFOAM freeware
tool. The following considerations can be drawn from
the results:

• Both 1D models, with uniform or node-
dependent kinematics, are able to provide ac-
curate results in comparison with the analytical
solution.

• The NDK models provide results with a high
grade of accuracy and allow a substantial sav-
ing of computational effort, with respect to the
3D solution.

• The NDK appraoch does not introduce any in-
consistency in the kinematic transition area, that
is, the continuity of the velocity and pressure
field is respected.

The outcomes of this research demostrates how the
one-dimensional reduced models can be accurate and
convenient: the efficiency of NDK models should be
considered as the starting point on the modelization
of complex networks as the cardiocirculatory system.
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