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Abstract

The multidimensional structure of mildly unstable detonations are examined by numerical computations. These
phenomenon have grown in interest since the development of propulsion devices such as pulsed and rotating detonation
engines. Rectangular, diagonal and spinning modes are observed in a near-limit propagation detonation. High-order
numerical integration of the reactive Euler equations have been performed to analyze the averaged structure, the shock
dynamics of a single-cell detonation propagating in a square channel. Computations show a good agreement with the
experimental cellular structure, showing the relevance of the slapping waves in the rectangular modes. The hydrodynamic
thickness as well as the pdf shock dynamics are similar in the 2D and 3D cases, but the mean quantities vary on a
quantitative basis. Moreover, the presence of strong forward jets is attested, which comes from simultaneous triple point
line collisions with the walls.

1. Introduction

The gaseous detonation is a highly energetic phe-
nomenon with fast reaction rates. An abrupt increase
in the thermodynamic state, caused by a compression
shock of the reactive medium leads to the chemical re-
action initiation. Hence, the reactants are converted
into products and expand downstream, self-sustaining
the detonation front. These phenomena are involved in
many application areas, such as propulsion, oil man-
ufacturing, military devices, ballistics and industrial
safety.
Detonations are naturally organized through a

three-dimensional and transient structure. The latter
is mainly formed of incident shocks and Mach stems,
separated by triple point lines propagating onto the
front surface. There are transverse waves at these
junctions, which develop downstream of the detona-
tion front and which propagate back and forth perpen-
dicularly to the propagation direction. The trajecto-
ries of the triple point lines form the cellular structure
of the detonation, of which height is closely related to
the induction zone length. The generated flow down-
stream of the front is highly turbulent and the gen-
erated vortexes interact with the transverse shocks.
Most of numerical studies have limited the investiga-
tion of this complex behavior to two-dimensional con-
figurations. Because of limited diagnostics, the three-
dimensional structure of the detonation and these in-
teractions cannot be experimentally completely re-
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solved in detail. Recently, performing 3D numerical
simulations is becoming much more affordable with
the increase of the computational capabilities. Thus,
to some extent, it can offer a more accurate insight and
a better understanding of the detonation dynamics.
Three dimensional numerical simulations were first
performed by Williams et al. [1]. The computation
were focused towards the detonation propagation in
a square-channel and used a single-step global re-
action modeling. The front structure was observed
to be divided into rectangular areas delimited by
the triple point lines. The comparison with two-
dimensional computations revealed the presence of a
slapping wave and a more intricate vorticity field in
the three-dimensional case. Experimental studies were
carried out by Hanana et al. [2] in order to confirm
these numerical observations. They identified the rect-
angular mode of propagation and discovered the diago-
nal mode. This classification is the result of the triple
point line trajectories onto the front surface. From
the soot plate records, the motion of the triple point
lines was found to be perpendicular to the walls in
the rectangular mode, whereas in the case of diago-
nal mode, these lines move along the diagonal of the
square section. Tsuboi et al. [3] performed numeri-
cal simulations with a detailed kinetic reaction mech-
anism and confirmed the earlier observations. Further-
more, they found out that the rectangular mode can
be separated into two distinct behaviors: on-phase and
out-of-phase. The simulations of Deiterding et al. [4]
showed that the cell size differs between the different
three dimensional modes, even though their geometri-
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cal evolution exhibits many similarities. Eto et al. [5]
also performed simulations for a hydrogen/air mixture
in a rectangular tube using a detailed chemical model.
They focused on the diagonal mode and demonstrated
that the triple point line collisions generate a strong
explosion located in the center and in the corners of
the channel. These explosions generate pockets of un-
burnt gases, which are convected downstream of the
front. Deledicque and Papalexandris [6] studied the
geometrical similarities between the different modes.
In the case of detonations where the cell size of the
size of the channel, initial perturbations play a major
role in the formation of these modes. The rectangular
out-of-phase mode can be generated by a sinusoidal
perturbation on the ZND initial profile. The diagonal
mode was generated by a constant perturbation along
the diagonal direction. Simulations in a narrower duct
showed that this mode is unstable and evolves nat-
urally into a spinning mode [7, 8]. Tsuboi et al. [9]
computed numerous simulations of the spinning mode
in circular and square tubes. Wang et al. [10] stud-
ied the effect of the influence of the duct size on the
detonation modes. They show that as the duct size de-
creases, there is a threshold size below which the rect-
angular and diagonal modes break down and evolve
into a spinning mode. Huang et al. [11] showed that
the transverse wave dynamics and periodic pressure
oscillations of the front are responsible of the transfor-
mations of the detonation structure from the rectan-
gular/diagonal to the spinning mode.
This paper addresses the dynamics of the 3D deto-

nation in a narrow square tube. Based on the previous
experimental work from the literature, the results of
the simulation are compared and discussed. The aver-
age profiles are used to shed light on the main differ-
ences that exist from the 1D, 2D and 3D simulations.
The governing equations are presented in section 2.
The section 3 describes the numerical solver employed
and presents the physical configuration. The section 4
presents the numerical results for the instantaneous
flow field and comparison with the experiments. The
averaged profiles are presented in section 5. Finally,
the paper is concluded with section 6.

2. Governing equations

The 3D reactive Euler equations are used for an ideal
gas:

∂U

∂t
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∂F (U)
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∂H(U)

∂z
= S(U) (1)

where U , F , and G are the conserved variables vec-
tor, the x and y direction convective fluxes and the
chemical source term vector, respectively. They read
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where u, v and w are the velocity components. ρ, p, E
and Y are the density, the pressure, the total energy
and the reaction advancement. The total energy, is
expressed as

E =
P

(γ − 1)ρ
+

1

2
(u2 + v2 + w2) + Y q (2)

where q is the heat release and γ is the specific heat
ratio. The reaction mechanism is a one-step irre-
versible reaction, which turns the reactants into prod-
ucts R → P . The chemical source term is assumed to
follow the standard Arrhenius law,

ω̇ = k(1− Y ) exp (−Ea/RT ) (3)

k, Ea and R are the constant rate coefficient, the ac-
tivation energy and the gas constant, respectively. In
order to the reaction rate to remain finite, a thresh-
old is fixed for a mass fraction at 10−3. To prevent
the reaction to occur upstream of the leading shock, a
pressure threshold was input as well.
The stability of premixed mixture, i.e. the regu-

larity of the cellular structure is closely linked to the
value of the activation energy. In order to control this
parameter, several values of the reduced activation en-
ergy were used. The pre-exponential factor is adjusted
for each value of the reduced activation energy value
Ea/RT0 in order to maintain the half-reaction length
l1/2 constant which also ensures that the cell size λ re-
mains roughly constant [12]. The half-reaction length
l1/2 is defined as the distance between the incident

shock and the point where Y = 1
2 for the ideal ZND

model.

3. Numerical methods

3.1. Numerical solver
The Euler equations are solved using a finite-

difference method. The hydrodynamics is solved by a
dimensional splitting and is coupled to chemistry by an
operator splitting. In order to reduce dissipation and
for a better accuracy, a high-order numerical scheme is
implemented [13-14]. A ninth-order order Monotonic-
ity Preserving interpolation is used to reconstruct the
characteristics variables on the cell boundaries [13]. A
HLLC Riemann solver is used to calculate the time-
averaged fluxes of all conserved quantities at the cell
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interfaces [14]. A third-order explicit TVD Runge-
Kutta method is employed for the temporal resolution.
A parallel computing strategy is implemented using a
message passing interface system (MPI). A recycling
process of the computational domain is used in order
to reduce computational costs [12, 15]. The computa-
tions were performed on 400 processors, with a cost of
about 45 000 CPU scalar hours per case.

3.2. Problem statement
The thermodynamic parameters are chosen to repre-

sent a stoichiometric H2 −O2 mixture at atmospheric
conditions (P0 = 1 atm, T0 = 295 K). The ratio
of specific heat and heat release are γ = 1.333 and
q = 4.867 MJ/kg (i.e. q/rT0 = 23.81), respectively.
The CJ and von Neumann parameters are given in
Table 3.2. These parameters have been calibrated in
order to get the correct detonation velocity [16]. The
other CJ parameters are obtained through classical re-
lations.

DCJ(m/s) PCJ(bar) TCJ PvN(bar) TvN(K)
2845 17.5 3007 34 1707
Table 1
Chapman-Jouguet (CJ) and von Neumann (vN) pa-
rameters

The computational domain is that of a rectangu-
lar channel. Outflow conditions are used for the up-
stream and downstream sections of the channel. The
other boundary conditions are solid walls and slip con-
ditions. The Figure 1 depicts the initial conditions.
The domain is filled with fresh mixture, with some
block areas set to the vN state, which correspond to
an energy deposition.

4. Results and discussions

4.1. Shock front dynamics
The Figure 2 shows the evolution of the normalized

front velocity as a function of the traveled distance,
for the 1D, 2D and 3D simulations. They oscillate be-
tween 0.7 and 1.7. The average of the computational
speed is 2856 m/s, which is 1% less than DCJ. In the
1D case, the instability manifests itself as a longitudi-
nal pulsation in the direction of the propagation. In-
deed, small variations in the shock front temperature
cause large fluctuations in the reaction rate. The deto-
nation propagation resembles to a series of failures and
re-initiations. Starting a cycle at the initiating phase,
the normalized shock velocity jumps to 1.6. Then the
shock decays rapidly to a value of order of the steady
CJ value and remains at that value for a certain pe-
riod. Then it fails abruptly and drops to a value about
0.7. At the end of this low-velocity phase, the detona-

Fresh mixture

Reactants at vN state

(a)

(b)

Figure 1. Schematic presentation of the initial condi-
tions giving: diagonal (a) and rectangular (b) mode

tion re-accelerates rapidly to an over-driven state for
the next cycle. More information about this behaviour
is given in Lee’s book [17].
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Figure 2. Instantaneous velocity of the shock front
of the detonation, normalized by the CJ velocity DCJ

as a function of the distance, normalized by the half
reaction length l1/2 for the 1D, 2D and 3D cases.
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The 2D and 3D profiles show a different trend. The
detonation wave is composed of Mach stems and inci-
dent shocks linked to the transverse waves by the triple
points. The spike is caused by the passage of the triple
point along the line from which the front position is
recorded, which is near the wall in the 2D case and
near the corner in the 3D case. The front velocity de-
creases as the Mach stem becomes weaker in the cell
and evolves into an incident shock. The low veloc-
ity is reached when the incident shock is much weaker
than the averaged value, which can create a local de-
coupling of the shock with the reaction zone [18]. The
frequency of these oscillations are similar in 2D and 3D
simulations unlike the 1D from which the detonation
pulsates at a much lower frequency.
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Figure 3. Probability density function of the lead-
ing shock velocity times series for the 1D, 2D and 3D
cases. The red dashed line represents a power-law de-
pendence with exponent -3.

The distribution of shock velocities is presented in
Figure 3. In the 1D case, the two peaks corresponds
to the 1.0 and 0.7 DCJ, which correspond to the two
phases described previously. In the multidimensional
case, the distributions are similar but differ signifi-
cantly from the 1D case. Multidimensional effects,
such as e.g. local curvature tend to spread the 1D
main peak. The pdf for the diagonal and the rectan-
gular modes in the 3D case are very similar and fol-
low the power-law dependence with exponent -3 [19].
The maximum of the PDF is around 2 for the normal-
ized detonation velocity of 0.9. Moreover, the shock
spends more time decaying into the cell. The acceler-
ation occurs rapidly with the triple point interactions
and transverse wave collisions. As a result, the shock
velocity stays longer under the CJ conditions.

4.2. Global features
Different features can be exhibited according to the

different modes. Indeed, depending on the initial per-
turbation, a rectangular or a diagonal mode is formed,
which can be easily recognized from the front shape.

The Figure 4 exhibits the detonation front (grey
iso-surface) and the maximum pressure history in the
flow, in the case of a diagonal mode. The imprint of
the triple points provides the cellular structure. From
the first snapshot (top left), one can distinguish the
incident shock in the middle of the front delimited
by triple point lines from the Mach stems which are
formed in the corners. New cells are formed from the
triple line collision on the walls. As the triple point
lines move towards the center of the channel, the inci-
dent shock surface is reduced.

Figure 4. Detonation front structure in the diagonal
mode, shown at different instants. The cell size λ is 2
mm.

In the rectangular mode (see Figure 5), the triple
point lines are known to be perpendicular to the chan-
nel walls. When the triple point lines hit the walls,
they imprint the slapping waves as well.
Moreover, jets are formed from the simultaneous col-
lision of the orthogonal triple point lines on the wall.
They are less strong and less frequent in the rectangu-
lar mode.
The evidence of the three-dimensional structure of

the detonation front can be seen on the experimental
soot-plates records. Figure 6 shows a comparison be-
tween the experimental soot-foil records from Hanana
et al. [20] and the cellular structure derived from the
numerical simulations, by taking the maximum value
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Figure 5. Rectangular front structure in the diagonal
mode, shown in different positions in the cell. with the
cell size width λ = 1.3 mm.

of the pressure field in each computational cell. Each
picture shows a single detonation cell from one apex
to the other. The first cases (Ra, Rab, Rb) of Figure 6
correspond to rectangular modes. The characteristic
slapping wave is present and its position depends on
the phase between the triple point lines. The mode is
in phase for case (Ra), where the slapping wave im-
pacts the center of the cell. The cases (Rab) and (Rb)
correspond to out-of-phase modes of propagation, re-
spectively.

5. Averaged structure

The averaged profiles are calculated during the sim-
ulation in the leading shock coordinates. The Favre
average of any variable is φ is given by the relation

φ̃ =
˜ρφ
ρ̄ . The detection of the detonation front occurs

via the pressure jump localization. Since the time av-
eraging process takes place in the leading shock frame
of reference, the averaged profiles are shifted during
the computation in order to match with the instanta-
neous ones.
The following results correspond to a diagonal mode

for the mildly unstable detonation Ea/RT = 38.23,
which correspond to kinetic parameters representative
of the 2H2 + O2 [12]. More details on the averaging
procedure can be found in references [12,19,21].
The Figure 7 displays the evolution of the mean

pressure as a function of the distance from the leading
shock for the ZND stationary model, 1D, 2D and 3D
simulations. The variation of the averaged local mach
number M̃ = ũ/(γp̄/ρ̄)1/2 as a function of the distance
from the front shock is displayed in Figure 8. The
mean profiles differ significantly from the ZND profile.
And mean quantities also differ on a quantitative ba-

Figure 6. Comparison of the maximum pressure field
for the cellular structure for Ea/RT = 10 (b) and typ-
ical experimental soot records from Hanana et al. [20]
(a); cases (Ra), (Rab), (Rb) and (D) correspond to
different types: in phase, partially out of phase, fully
out of phase, and diagonal type, respectively
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Figure 7. Normalized pressure profiles for the ZND,
1D, 2D and 3D (rectangular) with Ea/RT = 38.23

sis, as the number of dimensions increases. The mean
pressure profiles are smoother than the instantaneous
profiles. As compared to the ZND stationary profile,
the sonic plane is clearly delayed. This is due to the
presence of the fluctuations, induced by the longitudi-
nal and transverse instabilities, which are responsible
of the cellular structure. The hydrodynamic thickness,
which is the mean distance between the leading shock
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and the sonic plane increases slightly from the 1D case
to the multidimensional cases. For the 1D case, the
pressure and the Mach number relax smoothly to the
sonic plane. In the 3D case, the non-monotonic Mach
number profile is due to the presence of the slapping
waves.
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Figure 8. Mach number profiles for the mildly unsta-
ble case for the ZND, 1D, 2D and 3D (rectangular)
detonation wave

6. Conclusions

Three-dimensional detonation simulations in narrow
channel have been performed with the Euler reactive
model and a high-order numerical scheme. Two differ-
ent initial conditions lead to different detonation rect-
angular and diagonal modes. The detailed analysis of
the structure of these modes have shown good agree-
ment with the available experimental studies. The
simulation correctly resolves the characteristic cellu-
lar structure, showing the importance of the slapping
waves in the rectangular modes. Moreover, the nu-
merical results demonstrate the relevance of multi-
dimensional effects, even in mildly unstable mixtures
such as stoichiometric H2 −O2, even if these effects on
the hydrodynamic thickness is less pronounced. The
hydrodynamic thickness and the pdf of the shock ve-
locity are globally the same in 2D and 3D, but the
mean quantities differ on a quantitative basis. More-
over, the presence of forward jets, of which formation
come from the simultaneous triple point line collision
with the walls can be noticed. They are much stronger
than in the 2D case. Further investigations are neces-
sary to quantify these influences more clearly. Indeed,
the averaged quantities can be dependent on the deto-
nation propagation mode and on the spatial location.
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gazeuses en milieu confiné, Ph.D. thesis, Univer-
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