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MONOTONICITY OF BISTABLE TRANSITION FRONTS IN RY

HONGJUN GUO AND FRANCOIS HAMEL

ApsTrRACT. This paper is concerned with the monotonicity of transition fronts for bistable reaction-
diffusion equations. Transition fronts generalize the standard notions of traveling fronts. Known exam-
ples of standard traveling fronts are the planar fronts and the fronts with conical-shaped or pyramidal
level sets which are invariant in a moving frame. Other more general non-standard transition fronts
with more complex level sets were constructed recently. In this paper, we prove the time monotonicity
of all bistable transition fronts with non-zero global mean speed, whatever shape their level sets may
have.

Dedicated to Professor David Kinderlehrer

1. INTRODUCTION

This paper is concerned with the monotonicity of generalized fronts for the semilinear parabolic
equation

(1.1 u = Au+ fu), (t,x) e RxRY,

where u; = % and A denotes the Laplace operator with respect to the space variables x € RY. The
function f is assumed to be of the bistable type, namely the states u = 0 and u = 1 are assumed to
be both stable stationary states (more precise assumptions will be given later). A typical example is
the cubic nonlinearity fy(s) = s(1 — s)(s —0) with0 < 6 < 1.

It is well known that in one dimension, under some assumptions on f, (1.1) admits standard

traveling fronts, that is, solutions of the type
u(t, x) = ¢p(x — cyt)
where the front speed ¢ € R and the front profile ¢ : R — [0, 1] satisfy
¢" +cpd' + f(¢) =0,
{¢(—°°) =1, ¢(+00) =0.

For precise conditions for the existence and non-existence, we refer to Fife and McLeod [6]. It has
also been proved that if a front (cy, ¢) solving (1.2) exists, it is uniquely determined up to shifts for

(1.2)
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¢ and there holds ¢'(¢) < O for & € R. In particular, for such a traveling front u(z, x) = ¢(x — cy1),
observe that the time derivative u,(, x) = —cy¢’(x — ct) has a constant sign for all (r, x) € R x R.

For higher dimensions N > 2, an immediate extension of one-dimensional traveling fronts con-

sists in planar traveling fronts

u(t,x) = ¢(x-e—cyt)

for any given unit vector e of RV, where ¢y and ¢ are as above. The level sets of such traveling
fronts are parallel hyperplanes which are orthogonal to the direction of propagation e. These fronts
are invariant in the moving frame with speed ¢ in the direction e. The existence and uniqueness of
these fronts can be referred to the one-dimensional traveling fronts. Besides, in RN with N > 2, more
general traveling fronts exist, which have non-planar level sets. For instance, conical-shaped axisym-
metric non-planar fronts are known to exist for some f, see [9, 18]. Fronts with non-axisymmetric
shapes, such as pyramidal fronts, are also known to exist, see [26, 28]. For qualitative properties of
these traveling fronts, we refer to [8, 9, 10, 18, 19, 22, 27, 28].

Even if the types of traveling fronts are various, they share some common properties. For all of
them, the solutions u converge to the stable states 0 or 1 far away from their moving or stationary
level sets, uniformly in time. This fact led to the introduction of a more general notion of traveling
fronts, that is, transition fronts, see [2, 3, 7] and see [23] in the one-dimensional setting. In order
to recall the notion of transition fronts, one needs to introduce a few notations. First, for any two
subsets A and B of RN and for x € RV, we set

d(A, B) = inf {ly — zl; (y,2) € A X B}

and d(x, A) = d({x}, A), where | - | is the Euclidean norm in R". Consider now two families Q) )rer
and (Q;),er of open nonempty subsets of RY such that

Q NQS =0,

90T = 0QF =: T,
(1.3) VteR, _ + N

Q UL,UQ" =RY,

sup{d(x,Ty); x € Q} =sup{d(x,T}); x€€Q}=+c0
and

inf{sup {dy,T); yeQf, ly—xI<r}; teR, x€ F,} — +00
(1.4) as r — +oo.
inf{ sup{d(y,T); yeQ , ly—-xl<r}; teR, xe F,} — +00

Notice that the condition (1.3) implies in particular that the interface I'; is not empty for every ¢ € R.

As far as (1.4) is concerned, it says that for any M > 0, there is r); > 0 such that for any 7 € R and
x €Iy, there are y* = y¥, € RY such that

(1.5) yEe Q¥ [x—y <ry and dOotT) > M.

that is, y* € B(x, ry) and B(y*, M) c QF, where B(y, r) denotes the open Euclidean ball of center y
and radius r > 0. In other words, not too far from any point x € I';, the sets € contain large balls.
Moreover, the sets I'; are assumed to be made of a finite number of graphs: there is an integer n > 1
such that, for each t € R, there are n open subsets w;, C RN=I(for 1 < i < n), n continuous maps
Wi : wi; — R and n rotations R;; of RY, such that

(1.6) Loc | Ru(tre RN ¥ €wipn xy = i),

I<i<n
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Definition 1. [2, 3] For problem (1.1), a transition front connecting 0 and 1 is a classical solution
u: RxRY — (0,1) for which there exist some sets (Q)rer and (Iy)er satisfying (1.3), (1.4)
and (1.6), and, for every € > 0, there exists M, > 0 such that

{\/t ER, YxeQ, (dxT) =M= (u(t,x)>1-¢g),

(1.7 VteR, VxeQ, (d(x,T)) > M,) = (ut,x) < &).

Furthermore, u is said to have a global mean speed y (> 0) if

dT,,Ty)
|t — s]

— 1y as |[t—s| = +oo.

This definition has been shown in [2, 3, 7] to cover and unify all classical cases. Moreover, it
was proved in [7] that, under some assumptions on f, any almost-planar transition front (in the
sense that, for every r € R, I, is a hyperplane) connecting 0 and 1 is truly planar, and that any
transition front connecting 0 and 1 has a global mean speed y, which is equal to |cf|. Non-standard
transition fronts which are not invariant in any moving frame were also constructed in [7]. For other
properties of bistable transition fronts, we refer to [2, 3, 7]. There is now a large literature devoted to
transition fronts in various homogeneous or heterogeneous settings or for other reaction terms, see
e.g.[11, 12, 13, 14, 15, 16, 17, 20, 21, 24, 25, 29, 30, 31].

Referring to many works devoted to traveling fronts, we can notice that the monotonicity is ac-
tually an important factor for proving further properties of the traveling fronts, but the monotonicity
also has its own interest. The aforementioned standard fronts, such as the planar fronts, the conical-
shaped fronts and the pyramidal fronts, possess some monotonicity properties, especially they are
all monotone in time and in their direction of propagation. Although in dimensions N > 2 the spatial
monotonicity of a given transition front does not make sense in general, since the front may not have
a privileged direction of propagation, it still makes sense to ask whether transition fronts of (1.1) are
monotone in time. The main goal of this paper is actually to give a positive answer to this question
for all transition fronts, whatever shape their level sets may have.

Let us now make more precise the assumptions on the function f. Throughout the paper, we
assume the following conditions:

(F1) f € CY([0,1]) satisfies £(0) = f(1) =0, f(0) < O and f'(1) < 0.

(F2) There existcy # 0 and ¢ € C2(R, [0, 1]) that satisfy (1.2).

Without loss of generality, we can then assume that
cy > 0

even if it means replacing u by 1—u, f(u) by —f(1-u) and ¢y by —c;. For mathematical purposes, the
function f is extended in R as a C'(R) function such that f(s) = f/(0)s > 0 for all s € (—o0,0) and
f(s) = f'(1)(s — 1) < 0 for all s € (0, +c0). From (F1), there exists then a real number o € (0, 1/2)
such that

(1.8) f is decreasing in (—oco, 0] and [1 — 0, +00), f <0in(0,0]and f >0in [l -0, 1).

Notice that, in addition to (F1), condition (F2) is fulfilled in particular if there is 6 € (0, 1) such that

f<0in(0,0), f > 0on (6,1) and fol f(s)ds # 0, see [1, 6]. However, conditions (F1)-(F2) may

also cover other more general nonlinearities f with multiple zeroes in the interval (0, 1), see [6].
We always assume throughout the paper that

u is any transition front connecting 0 and 1
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in the sense of Definition 1, with sets (QF),ez and (I'y)er satisfying (1.3)-(1.6). We point out that u is
any transition front, which may or may not be a standard traveling front with planar, conical-shaped
or pyramidal level sets, or which may be of none of these types (examples of other fronts have been
constructed in [7]).

The main result of the paper is to establish the time monotonicity of the transition front u, under
these conditions (F1)-(F2).

Theorem 1. Under assumptions (F1)-(F2) and c; > 0, any transition front u connecting 0 and 1 is
such that u,(t, x) > 0 for all (t,x) € R x RV,

Remark 1. When ¢y < 0, it follows immediately from Theorem 1 that any transition front u con-
necting 0 and 1 satisfies #, < 0 in R x RV. When ¢y = 0in (F2) with f < 0in (0,60) and f > 0 in
(6, 1) for some 6 € (0, 1), then time-increasing fronts, time-decreasing fronts and stationary fronts
are known to exist [1, 4, 6], as well as non-monotone fronts [5]. In other words, the condition (F2),
i.e. ¢y # 0, is optimal in order to get the time-monotonicity of all transition fronts connecting 0
and 1.

Outline of the paper. In the next section, we prove some auxiliary lemmas on estimates of some
particular radially symmetric functions. Section 3 is devoted to the proof of Theorem 1.

2. SOME PRELIMINARY LEMMAS

We first introduce auxiliary notations for some radially symmetric functions and we show some
of their dynamical properties. We recall that f is assumed to satisfy (F1)-(F2). For any R > 0 and
B € R, let vg 3 denote the solution of the Cauchy problem

(VR,[i)t = AVR,B + f(VR!ﬁ), t>0, xe RN,
B if x| <R,
0 if |x[ > R.

2.1)
VRﬁ(O, x) = {

Lemma 1. Forany T > 0,6 > O and B € [1 — o, 1), where o > 0 is given in (1.8), there exists
R = R(T,6) > 0 such that

Vorp(t,x) > =6 forall0 <t < T and|x| <R.
Proof. LetT, ¢ and 8 be fixed as in the statement. Let gg : R — (0, 1) denote the solution of

{9;3(0 = flop(1))
0p(0) = B.
Since B € [1 -0, 1) and f(s) > O for s € [1 — 7, 1), gg(?) is increasing in ¢ and gg(¢) > B for all £ > 0.
From the maximum principle and (F1), one infers that, for any R > 0,
1 > 05(t) = vapp(t, x) 20
for all # > 0 and x € R". Then, the following differential inequality holds
(08 = varp)r — Mop — varp) = fl0p) — f(varp) < L(0g — Varp)s

where L = max[o 1 |f’|. It follows from the maximum principle that
Lt

0 < (1) — varp(t, x) < e

f e dy forallt > 0and x € RV,
[yI=2R
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For 0 <t < T and |x| £ R, one has

0 ) el i d LT k2 d
<o t—sz,(t,x)S—f e+ zs—f e +dz.
B B (4m)N/2 \z\z% (4m)N12 Iz\z%

Thus, there exists R = R(T, d) > 0 large enough such that
0 < 05(1) — varp(t,x) <6
forall 0 < ¢ < T and |x| < R. Then, it follows that
Vorg(t,x) 2 0p(t) —6 2 —¢ forall0 <7< T and x| < R.

Notice also that the inequality v g(0, x) > -0 for |x| < R is satisfied immediately at time t = 0. O

Remark 2. Notice from the proof that the radius R(7, §) can be chosen independently of 8 € [1 —
o, 1).

The proof of Lemma 1 only used the profile of the function f on the interval [1 — o, 1]. The
conclusion was concerned with the behavior of the solution v,z g locally in time. Let us now recall a
brief version of [7, Lemma 4.1] (see also [1, Theorem 6.2]), which deals with the large-time behavior
of the solutions vg g and for which we recall that ¢y > 0.

Lemma 2. [7] Fix any 8 € [1 — o, 1), where o > 0 is given in (1.8). There are some real numbers
R > 0and T > 0 such that

Vrp(t,x) 2 B forallt > T and |x| < R.

Let us roughly explain the above lemmas, since they are helpful to the understanding of the fol-
lowing proofs. On the one hand, Lemma 1 says that in a bounded time interval [0, T'], the function
Vorp can not decrease too much in a ball B(0,R) by setting R large enough. On the other hand,
Lemma 2 says that vgg stays larger than 8 in a ball B(0, R) at large time. For our transition front u,
Lemma 1 says that the region where u is close to 1 can not reduce too much as time runs. Further-
more, we recall from [7] that

dd,T's)

2.2) P

—cp>0 as|t—s| — +oo,

whence d(I',,I'y) — +o0 as |t — s| — +oo. Finally, it can eventually only happen that the state 1
invades in some sense the state 0. These properties will be some essential steps in the proof of the
monotonicity of u with respect to #. We show the explicit proofs in the following section.

3. MONOTONICITY: PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1 on the monotonicity in time of all transition
fronts. We recall that f satisfies (F1)-(F2) with ¢, > 0 and u is an arbitrary transition front connecting
0 and 1 in the sense of Definition 1, with sets (€"),er and (I';);er satisfying (1.3)-(1.6). One can easily
check that equation (1.1) and the function f satisfy all assumptions of [3, Theorem 1.11]. That means
that, in order to get the time monotonicity and the conclusion of Theorem 1, it is sufficient to show
that the transition front u is an invasion (of the state 0 by the state 1), in the sense that

(3.1) Qf cQf forall s <t and d(I',,[5) = 40 as |f — 5] — +oo.

Notice that, for the transition front u, the sets (F).er and (I';),er satisfying (1.3)-(1.7) are not
uniquely determined, since bounded shifts of them still satisfy the same properties. It is therefore
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enough to show that, for our given transition front u, some families (Q]);er and (I';),cr satisfy con-
ditions (1.3)-(1.7), together with the invasion property (3.1), even if it means redefining the sets

(in)tER and (I')ser.
In the following lemmas, we prove some properties of the sets (QF);cg of the transition front u.
The first key property shows that the interfaces (I';),eg cannot move infinitely fast.

Lemma 3. Forany T > 0, there holds

(3.2) sup{d(x,T;;); t€R, 0<7<T, x €T} < +co.

Proof. 1f the conclusion is not true, then, owing to (1.3), two cases may occur, that is, either
sup{d(x,T;r); teR, 0<7<T, xel[,NQ_} = +oo,

or
sup{d(x,T,—r); teR, 0<7<T, xel, NQ,_.} = 4.

We only consider the first case, the second one can be handled similarly. Fix € € (0, o) (remember
that o > 0 is given in (1.8)),set 3 =1—-e € [l — o, 1) and let R = R(T, o — €) > 0 be sufficiently
large such that the conclusion of Lemma 1 holds with 7 > 0 and 6 = 0 — & > 0. Then, as the first
case above is here considered, there are 7y € R, 79 € [0, 7] and a point

(3.3) xp €l N Q,:_TO
such that
(3'4) d(-xo’rt()*TQ) = rM€+2R + MS + 2R7

where M, > 0 is given in (1.7) and ry,.2r > 0 is given in the property (1.5) with M = M, + 2R.
From (1.5), there exists yo € RY such that

Yo € Q, [yo—xol < rm+2r and d(yo,I') > M, + 2R,

which implies that

B(yo0,2R) ¢ Q, and d(B(yo,2R),I,) = M.
Thus,
3.5) u(ty,y) <e <o <1—-o forally € B(yy, 2R).
From (3.3), (3.4) and |yp — xo| < rp,+2r, One also has

B(y0,2R) c Q; . and d(B(yo,2R),T)—7,) = M,.
Thus,
u(ty — 70,y) = 1 — & for all y € B(yo, 2R).

Let vog ¢ be as defined in (2.1) with2Rand 8 =1 —e € [1 — 0, 1). Since
u(to = 70.y) = var.1-s(0,y — yo) forally e R",
it follows from the comparison principle that
u(to, y) = var1-&(to,y — yo) forally e RY.
Furthermore, from Lemma 1 and the choice of R, we have
u(ty,y) = vor1-e(t0,y —yo) 2l —e—(0c—¢)=1-0 forall [y—yo| <R.

This contradicts (3.5). The proof of Lemma 3 is thereby complete. O
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Remark 3. Similarly to Lemma 3, one can show that, for any 7' > 0, there holds
sup {d(x,Ty17); t€R, 0<7<T, x €} < +co.

This property, which is a priori not equivalent to (3.2), will actually not be used in the sequel. But
it is still stated since, together with Lemma 3, it implies that, for any 7 > 0, the Hausdorff distance
between I, and Iy is bounded uniformly with respectto € R and s € R such that |[r — 5| < T.

From [3, Theorem 1.2] and Lemma 3, we can get the following lemma immediately.

Lemma 4. For any C > O, the transition front u satisfies
0 < inf{u(t,x); d(x,T;) <C, (¢, x) € Rx RN}
< supfu(t,x); d(x,T,) < C, (t,x) e RxRN} < 1.

The second key property of the sets (Q ). is their 7-monotonicity for large 7 > 0.

Lemma 5. There exists 7o > 0 such that, for any t € R and T > 1,
Qf cQf

1+7°
Proof. First of all, property (1.7) and Lemma 4 yield the existence of &£ > 0 such that
(3.6) u(t,x) <1—¢ forallt e Rand x € Q; UT.

Without loss of generality, one can assume that € < o, with o € (0, 1/2) given in (1.8). Let then
R > 0and T > 0 be some real numbers such that Lemma 2 holds true withg =1 -¢ € [1 — 0, 1).
Since d(I';,I'y) — +oo0 as |t — s| = +oo by (2.2), there exists 7o > 0 large enough such that 7y > T
and

(3.7) d(Tyer.T)) > ry g + My + R (> 0) forallz € Rand 7 > 7,

where M, > 0 and ry, g > 0 are given in (1.7) and (1.5) respectively.
In this paragraph, we fix any real number 7 such that T > 7. We claim that I, ¢ Q.

t € R. Assume not. Then, remembering (1.3) and (3.7), there is (¢, Xo) € R x RY such that

for all

(3.8) xo € I, and xo € Q ..
Then there is yo € RY such that
(3.9) Yo € QZ), |y0 — x| £ M. +R and d@o,rto) > M, + R,

which implies that B(yo, R) € Q; and d(B(yo,R),T)) > M. Therefore, u(ty,y) > 1 — & for any
y € B(yop, R). Thus,
u(to,y) = ve1-¢(0,y = yo) forally e RY,
where vg 1_ is defined in (2.1) with 8 = 1 — . From the comparison principle, one gets that
uty +1,y) = vgi_o(t,y — o) forallz > 0andye R,
From Lemma 2 and the choice of R > 0 and T > 0, it follows that
(3.10) u(to +1,50) 2 v 1-(t,0)>1—g forallz > T.
Meanwhile, from (3.7), (3.8) and (3.9), one has
Yo € Q, ., and d(yo,T'yy+r) > Mo+ R > M,.

1To+T
This implies that u(ty + 7,y9) < €. Since € < o < 1/2 < 1 — ¢, this contradicts (3.10) with

t=1>19>T. So, we conclude that
(3.11) I,cQf forallteRandTt> 1.

+T
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Finally, assume by contradiction that the conclusion of Lemma 5 does not hold with 7y > 0 given
above. Then, there are #; € R, 71 > 79 and x| € Q] such that x; ¢ Q] Since x1 € [y4r, U Qo
andI;, ¢ Q}, by (3.11), one infers that

4T
d(xy, Fz,) = d(rtlJr‘r] s rn ).

1h+T1°

Hence, by (3.7),
dx,I'y)>ryr+ Mg +R> M. +R.
Since x; € Q;“], this also implies that
B(x1,R) c Q and d(B(x,R),T,) > M,.
Therefore, u(t;,x) > 1 — g for all x € B(x;,R) and u(t;, x) > vg1--(0,x — x;) for all x € RYM. From
the comparison principle, one gets that
u(ty +1,x) 2 vg-¢(t,x —x;) forallt>0and x € RV,
From Lemma 2 and the choice of R and T, it follows from 7; > 79 > T > O that
u(ty +11,x1) 2 vR1-6(11,0) 2 1 —&.

Since x1 € I’ 47, U € ., the above inequality contradicts (3.6). The proof of Lemma 5 is thereby
complete. O

Now we are going to redefine the sets (€),eg and (I'/)er so that the transition front u is an
invasion in the sense of (3.1). To do so, let 79 > 0 be as in Lemma 5 and set

{ Q;TW = Qg forany k € Zand 0 <t < 7o,

(3.12) —
T, := BQ” =0Q,; foranyreR.

Proposition 1. The solution u is a transition front with the families (Qi)teR and (F Dier, and then it
is an invasion in the sense of (3.1) with (Q+)teR and (F,),eR

Proof. Observe first that, owing to the definitions of the sets Qi and ft, one has d(ﬁ,f ) — +o0 as
|t — 5] = +o0, since d(I;,I'y) — +o0 as s |t — 5] = +oo. Hence, from Lemma 5, we immediately get
that u is an invasion with the families (Qi)leR and (Ft),eR, that is, these sets satisfy (3.1).

It is obvious that, owing to their definition, the sets (QﬂteR and (F,),eR satisfy the properties (1.3),

(1.4) and (1.6). Therefore, we only need to show that u satisfies (1.7) with (Q;);er and (I';)ser, at
least for all £ > 0 small enough.
First of all, we claim that there is gy € (0, 1/2) such that

Yee(0,8), V(¢ x) e RxRN, Vs el0,1],
(3.13) wt,x)=21-¢g) = (u+s,x) > ¢),
(u(t,x) < &) = (ut+s,x)<1-¢g).
We only show the first property (the second one can be proved similarly). If it does not hold, there
exists a sequence (¢, X, Sp)ner il R X RN x [0, 7¢] such that u(t,, x,) — 1 and u(t, + s,, x,) — 0 as
n — +oo. From standard parabolic estimates, the functions
uy(t, x) == u(t + t,, x + x,,)

converge in C}lem (R xRM), up to extraction of a subsequence to a solution 0 < u.(t,x) < 1 of (1.1)

such that ©,,(0,0) = 1 and ¢ (5w, 0) = 0 for some s, € [0,79]. The strong maximum principle
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implies that o, = 1 in (—o0,0] x RY and then in R x RY by uniqueness of the solutions of the
associated Cauchy problem. This is impossible, since tq (5w, 0) = 0. Thus, there is & € (0,1/2)
satisfying (3.13).

Now, set

(3.14) D :=sup{d(x,T4r,); k€Z, 0<1t <70, X € Tkryre}s

which is a well-defined real number by Lemma 3. In the sequel, fix any real number ¢ such that
0 < &< gy(< 1/2) and define

(3.15) M.:=M,+D>0,

where M, > 0 is given in (1.7) for the families (€;),eg and (I';),eg. Since any # € R can be written as
t = kto + s for some k € Z and 0 < 5 < 7, it follows from (1.7) that we only need to show that

(3.16) VkeZ YO<t<ty, Vx € Q.. d(x,Tirsr)>M, = (x € Q. , and d(x, Tr,sr) > M,)

kto+t° ‘kTo+t

and

(B.17) VkeZ Y0<i<to, Vx€Qr . d(x,Tizysr) =My = (x € Q. and d(x, Tiry41) = M)

kTo+1° kTo+t

We only prove (3.16), the property (3.17) being proved similarly thanks to the second property
in (3.13). To show (3.16), we first claim that, for any given k € Z and 0 < ¢ < 7, there holds

(3.18) Tiryis € {x € RY; d(x,Tiryss) < D).

Indeed, otherwise, there is a point xy € I'tr,+, such that d(xO,FkTO+t) > D. Since fkrw = Iy, by
definition, this yields d(xo, I'tr,) > D, which contradicts the definition of D in (3.14).
Then, we claim that, for any given k € Z and 0 < t < 7, there holds

(3.19) {x € Qi dx, Ty > My} € Q

+ .
kto+t° kto+t*

Indeed, let x € ?ZZTO ,, be such that d(x, fkTO+t) > M,. In other words, x € Q;To and

d(x,Try) = M = M, + D.
Hence, d(x,T'kr,) > M, and
(3.20) utktg,x) > 1-¢
by definition of M. Furthermore, d(x, I'y7,) > 1\75 = M. + D and (3.14) imply that
d(x, Tirgst) = M.

Therefore, either x € Q;TO o and u(kto+t,x) < g, orx € Q,:’TU o (and u(kty+1, x) > 1 —¢). The former

case is impossible due to (3.13) and (3.20). Thus, x € QZTOH and (3.19) is proved.

Finally, from (3.12), (3.15), (3.18), (3.19), we easily get (3.16). As already emphasized, the proof
of Proposition 1 is thereby complete. O

Proof of Theorem 1. From [3, Theorem 1.11] and the fact that, by Proposition 1, the transition front
u is an invasion in the sense of (3.1), with the sets (€ );eg and (I';),er, we immediately get the desired
monotonicity property u, > 0 in R x RY, O
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