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A GLOBAL EXISTENCE RESULT FOR A KELLER-SEGEL TYPE
SYSTEM WITH SUPERCRITICAL INITIAL DATA

DANIELE BARTOLUCCI(T), DANIELE CASTORINA®)

ABSTRACT. We consider a parabolic-elliptic Keller-Segel type system, which is related
to a simplified model of chemotaxis. Concerning the maximal range of existence of
solutions, there are essentially two kinds of results: either global existence in time for
general subcritical (||po||1 < 8) initial data, or blow—up in finite time for suitably chosen
supercritical (||po||1 > 8) initial data with concentration around finitely many points.
As a matter of fact there are no results claiming the existence of global solutions in the
supercritical case. We solve this problem here and prove that, for a particular set of
initial data which share large supercritical masses, the corresponding solution is global
and uniformly bounded.

1. INTRODUCTION AND MAIN RESULT

Let Q C R? be any smooth and bounded domain, we consider the following parabolic-
elliptic Keller-Segel type system

pe =V - (Vp—pV(u+logV)), xeQt>0
—Au = p, xet>0

(1.1) P\ Q)
p(,0) =po(x) >0, [op0=A x€Q
90 _ pOutloeV) _ o 4y =0 T €INL>0
We assume that V satisfies,
(1.2) Vel Q) nch*(Q), a € (0,1] and 0 <a < V(x) <b.

This is a simplified version of a chemotaxis model first introduced in [13]. The analysis
of these kind of problems has attracted a lot of attention in recent years and we refer the
interested reader to the monograph [19] for a complete account about this topic.

We say that (p,u) is a classical solution of P(A,Q) in [0,T] if p > 0,
(1.3) peC(Qx[0,T)NC> (A% (0,T]), ueC> (Qx(0,1]),
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and (p,u) solves (1.1). We say that (p,u) is a global solution of P(X, ) if it is a classical
solution in [0,7] for any 7" > 0.

Concerning the maximal range (in time) of existence of solutions to P(\,2), there are
essentially two kinds of results. The first one yields sufficient conditions to guarantee that
the solution is global and uniformly bounded, that is

(1.4) sup sup p(z,t) < C.
t>0 2cQ

In fact it is well known that if py is smooth and A < 87 then P(A,Q) admits a unique
solution which is global and uniformly bounded, see [20] and also [6], [11]. The second class
of results is about sufficient conditions which guarantee that blow up occurs in finite time,
that is, there exist Ti,ax > 0 such that

(1.5) lim sup p(x,t) = +o0.
t/‘ r:)ax weﬁ

These conditions require the initial density po to satisfy A > 87 and to be ”peaked” around
some point, see [18], [20] and also [12]. Other intermediate situations may occur, such as
for example blow up in infinite time when A = 87, see [20]. So the value A\ = 8 is said to
be the ”critical” threshold and the study of (1.1) is generally divided in the subcritical and
supercritical regime according to whether A < 87 or A > 87 respectively. Of course, there
are many other results which are concerned with the blow up rate and the structure of the
blow up set, see [19] and more recently [20] for further details.

The existence of global solutions in supercritical regimes is a challenging open problem in
the study of general evolutionary equations, which has lately attracted a lot of attention, see
[4, 5, 15]. Actually, in spite of a huge literature regarding the Keller-Segel model, there are
no results at hand claiming the existence of global solutions to (1.1) in the supercritical case
A > 8m. We solve this problem here and prove that (1.1) may admit global and uniformly
bounded solutions in the supercritical case as well. In fact we are able to find a particular
set of initial data which share arbitrarily large supercritical masses A > 87 such that the
corresponding solution is global and uniformly bounded. More exactly we have the following
global existence result for (1.1).

Theorem 1. (a) Let Q be any smooth, bounded and simply connected domain. For any

€ (0,1] let D = § (as given in (1.2)) and cp, = c¢D. Then there exist €. > €,(cp) > 0 such
that if {2x? + y> < B2} C Q C {22 +y* < B2} with c = g—z then, for any e € (0,€,(cp)]
and for any A < A, , there exist initial data po such that P+()\7 Q) admits a unique global
and uniformly bounded solution (px,uy). Here Acep < Acep <Ae and A, ., Ae are strictly
decreasing (as functions of €) in (0, €, (cp)], (0,€] respectively with A, ., ~ %, Ae > 20
ase€— 0.

(b) There exists N > 4m such that if Q is any open, bounded and convex set whose
2 —
isoperimetric ratio, N = N(Q) = %, satisfies N > N, then for any X < \y there exist

initial data py such that P(X\,Q) admits a unique global and uniformly bounded solution



GLOBAL EXISTENCE FOR A SUPERCRITICAL KELLER-SEGEL TYPE SYSTEM 245

(px,un). Here Ay < Ay < Ay and Ay, Ay are strictly increasing in N and Ayp =

2 _
% +0(1), Ay ~ MT?’N +0(1) as N = +o0.

The proof of Theorem 1 is based on the following observation. System (1.1) admits a
natural Lyapunov functional, which is the free energy (2.2) below. Suppose that we were
able to find a strict local free energy minimizer, say po . Then, in a carefully defined dual
topology, those solutions of (1.1) with initial data in a small enough neighbourhood of pg x
should be trapped there for any t > 0.

This information should yield the uniform estimates needed to prove global existence as
well as uniform bounds. So the problem is to find out such minimizers and a good topology
to work with. We seek these kind of minimizers in the class of stationary states (p,u) of
(1.1) which therefore satisfy

~Ap=V-(pV(u+logV)), EEY)

—Au = Q
(1.6) e re

Jap=2A

9 _ pOutlosV) g y=0 xe€dQ

We choose a particular steady state (po x,ux) of the form pg y = )\% (which satisfies
Q o
the Neumann type boundary condition in (1.6) automatically) and so reduce the problem to
the existence for large A of a free energy minimizer in the form of a (possibly weak) solution
uy of the following mean field equation with homogeneous Dirichlet boundary conditions:

Vet
—Auy =A+——— in
(1.7) A Jo Veur
uy =0 on 0N
The existence of free energy minimizers taking the form A\ fv‘e/“e% with A < 87 is well
Q

known [8] where uy is a minimizer of the corresponding variational functional, see (2.5)
below. On the contrary, in case A > 8w solutions of (1.7) on domains with non trivial
topology are well known to exist [9] which are not minimizers of (2.5) in general. The
reason behind this issue is that if A > 87 then both the variational functional (2.5) and the
free energy (2.2) are not bounded from below. Therefore, in particular, any local minimizer
for A > 87 won’t be a global one and would correspond not to a stable state but in fact to a
so called metastable state from the dynamical point of view. Luckily enough, the existence
for large X of solutions of (1.7) on narrow domains which minimize the functional (2.5) has
been recently established in [3] in case V' is constant and then generalized to the case of non
constant V for Liouville systems in [2]. In [2] it has also been shown that these solutions
naturally yield minimizers of the multidimensional analogue of the free energy (2.2) in a
suitable dual Orlicz-type topology. However we face a more subtle problem here since some
properties which are almost obvious in the H} (Q)-topology (see (2.7)) become more delicate
in the Orlicz setting. As a consequence some care is needed to show that local minimizers
of the free energy inherits that property from local minimizers of (2.5) in a suitable large
enough sub cone, see in particular (3.18) in Proposition 2 below. To make the exposition
self contained we will also provide the details of the existence result, see Theorem 2. This
might be also useful since it clarifies the role played by a non constant V' as well as the
minimizing properties of those solutions in the scalar case.
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Once we have found the desired minimizers with the necessary topological informations,
then we can prove that in fact some crucial a priori bounds hold, see (4.2) below. By using
these a priori estimates, then the proof of the global existence result could follow in principle
from an adaptation of well known arguments [6], [11] to the analysis of system (1.1). It turns
out that we do not need to work out this argument since this kind of adaptation has been
recently worked out in [20] via a beautiful shorter proof of uniform boundedness and global
existence of solutions based on (4.2).

Remark 1. Tt is likely that, by using a uniqueness result obtained in [3], one could also
prove that the p) found in Theorem 1 converge as ¢ — +oco to the pair (pg x,uy) solving
(1.7).

This paper is organized as follows. In section 2 we recall some well known facts about
Keller-Segel systems. In section 4 we prove a global existence result for (1.1). In section
3 we obtain the needed free energy minimizers with large masses. Finally, in section 5, we
prove Theorem 1.

2. PRELIMINARIES

We collect here some well known results, see [19]. Some proofs are provided for reader’s
convenience.
The fact that for a given smooth initial value pg, (1.1) is locally well posed in time is well
known (see for example [6], [11]). Also, the fact that p(-,t) > 0 follows for non negative
initial value po by the maximum principle. Actually it holds p(-,¢) > 0 for any ¢ > 0, and
in particular solutions are classical, see for example Theorem 3.1 in [19]. The total mass
conservation for (1.1) can be obtained as follows:

d B B B dp  O(utlogV) B
(2.1) dt/de:v—/QV (Vp pV(u—i—logV))dm—/m (8u =5, do = 0.

Let us then consider the free energy associated to problem (1.1), that is

(2.2) f(p)=/9p(log (5)—1) —%/QPG[P]:/QPOOg (%)—1—5),

where G is the Green function of —A in € with homogeneous Dirichlet boundary condi-
tions, G[p](xz) = (G * p)(x) and p € Py where,

(2.3) Py = {pELl(Q):sz a.e. ,/ p =X\ and plogp<oo}.
Q Q

Clearly, for any ¢ > 0 for which p(z,t) is defined, we have p € Py whenever pg is (say)
smooth, see for example [19]. Thanks to the conservation of mass (2.1) we can deduce an
important property of P(\,Q): the decrease of the free energy F along the flow associated
with the first equation in (1.1). In fact, notice that by (1.1) and integration by parts we

have
/put:—/ uAu = VutVu:/upt.
Q Q Q Q
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From this and the fact that V' is time independent, the homogeneous Neumann conditions
and again integrating by parts, we deduce that:

A= [ (o () 1) s~

oo ()5 e [ [ o8 (o () 5) 0=

= /QV -(Vp—=pV(u+logV)) (log (%) — u) dr =

(2 ) (g () )

- /Q(Vp —pV(u+logV))V (log (5) - u) dx =
—/Qp‘v (1og(€> —u)’z dr < 0.
Hence we get that:

(2.4) Flp( 1)) < F(p(0)) = Flpo(-)) V> 0.

For any v € H}(2) let us consider the variational functional

(2.5) Jr(v) = %/Q|Vv\2 — Alog (/Q Ve“) .

It is well known that critical points uy of Jy are weak solutions of (1.7). As mentioned in
the introduction we will need the following recently derived [2] existence result of strict local
minimizers for Jy with large mass.

Remark 2. If v € H}(Q) then we define

0]l 2 @) = Ivllz20) + V[ L2(0)-

Theorem 2. (a) Let Q be any smooth and simply connected domain. For any ¢ € (0,1]
let D = ¢ (as given in (1.2)) and ¢, = c¢D. Then there exvist €& > €,(cp) > 0 such that

2
if {2a? +y? < B2} C Q C {a? + y* < B2} with c = g—; then, for any e € (0,¢,(cp)]
+

and for any A < Accp, problem (1.7) admits a solution uy. Here AQCD < Aeep < e and
A

€e,cp’

A

Ze,(cp)cp

Ae are strictly decreasing (as functions of €) in (0,¢,(cp)], (0,&] respectively with

=87 = Xe, and Aeep = (84_”55)6, A~ 2 ase— 0.

(b) There exists N > 4w such that if 2 is an open, bounded and convex set (therefore sim-

ple) whose isoperimetric ratio, N = N(Q) = LZ((%?), satisfies N > N, then for any X < Ay
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problem (1.7) admits a solution uy. Here Ay, < Ay < Ay with Ag , =8, Ay, and Ay
strictly increasing in N and Ay p, =~ #ﬂND) +0(1), Ay =~ MT:%N +0(1) as N — +o0.
(¢) The solution uy found in both cases (a) and (b) is a strict local minimizer of Jy and

the first eigenvalue of the linearized problem for (1.7) at uy is strictly positive. In particular,
there exists 6o > 0 such that

(2.6) In(u) > Jx(uy)

for any 0 < [lu—ux| g1 () < do. Moreover, there exists no > 0 such that, for any 0 < n <o,
there exists dy > 0 such that

(2.7) In(u) > Jx(ux) + da
whenever 1 < ||u — ux|[z2() < Mo-

Proof. We shall derive part (a) of the statement and skip the details of the proof of part (b)
which can be handled by the same argument adopted in [3].

In view of the dilation invariance of (1.7) (that is, if uy(z) solves (1.7) in Q, then for any
t > 0 uy(tz) solves (1.7) in (£)~1Q with V(z) replaced by V(tz) which still satisfies (1.2))
for fixed ¢ € (0, 1] and up to a rescaling we can assume without loss of generality that

Qe = {62x2 +9% < c}CQC {62962 +y? < 1} =: Q..
Let us consider the following Liouville-type [16] problem

—Au = “ in
(2.8) u=pVe" in
u=0 on 0N

and let us define

(2.9) Ve y = 2log ( (1+77) )), (x,y) € Q.

1+ "}/2(62SU2 + y2

A straightforward evaluation shows that v, satisfies

—Avey = Ve e’ in Q.
(2.10) { Vey =0 on 09,
where
(2.11) Ver(z,y) = 4 (14 € +~°(1—€) (2> —y?)) .

A= Ty
Since
4* 2 202
Ver(,9) = g4 (1,€) = ——5 (1+ € +7°(€ - 1)), Y(z,y) € Q,
(14+7%)
thanks to (1.2) we easily verify that v, - is a supersolution of (2.8) whenever
(2.12) b < g4 (7, €).-
For fixed € € (0,1), the function h.(t) = g, (V/,¢€) satisfies h(0) = 0 = h, (ifzz), is

. . . . 1+e2 . . . 1+e2 1+€2
strictly increasing in (0, 3_52) and strictly decreasing in <3_62, -
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2 2
Therefore, putting 72 = éjzz and i, = the (7?) = 19+(ere) = (e ;;1) , We see in
particular that for each pu € (0,7, ;] there exists a unique 7.~ € (0,7,] such that 394 (7., €) =

pand v__+ is a supersolution of (2.8). Indeed we have

() = (o ))? = 2D b 2L o

wub+4(1 — €2)
On the other hand let us consider
21o S CE i N , (z,y) € Qe
(2.13) Ve,y,e = s <1+f(e2x2+y2) (:9) 7
0, (z,y) € Q\ Qec.

Again a straightforward computation shows that vc ~ . satisfies

v :
—Aveye = Vo™ e in Qe
Ve, y,c = 0 on 89670,

where

_ A 2 1 2N\ (.2,2 2 .
Vsl = { e (15 @+ 2= @2 ) mo
0 in Q\ Q.

Since
Vorele) € 0-(re0) 1= 0 (144921 = ). W) €
v c(1+72)?
it is not difficult to check that v, - ., again by (1.2), is a subsolution of (2.8) whenever
(2.14) ap > g-—(v,€c).
For fixed € € (0,1), the function fe.(t) = g—(V/,¢€,¢), t € (0,5?] is strictly increasing and
satisfies fe .(t) > h(t). Once again, putting 72 = éfzz and p_ = Lhe(32) = 19-(.,¢) =

(€2+1)2
2a

Ly (vieeo)=np, Yoo <74 and U oo, 18 a subsolution of (2.8). Indeed we have

, we see that for each p € (0,p_ | there exists a unique 7, € (0,%,.) such that

N2 - 2 MGC—2(1+€2)+2\/(1+62)2—QGQMCLC
(’Ye,c) - (’Ye,('(u)) - 4(1 — 62) — ,uac .

Notice that since a < b we clearly have B g > Fep: In conclusion, since v .(u) < 7 (1)
implies v, - . < v, for fixed € € (0,1) and for each p € (0,7, ;] we can set

Uy = Venouer Y= Vet (u)

and conclude via well known sub-supersolution results [10] that a solution (in a suitable
weak sense) uc, . of (2.8) exists which satisfies

(2.15) < Uepe <v

JHC

Y(z,y) € Q.

Veyeelp),e e (n)

Then the Brezis-Merle results [7] and standard elliptic regularity follows that u. .. is a

classical solution of (2.8).
Any such a solution u, , . therefore solves (1.7) with A = A ., (1) satisfying
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v ™ _
@16 A=Aep( =p [Verre zpa [ e —pacT (14 (17, 0)),
Q Qe e
and
u v ™
Q11 A=Al = [ Verne <pb [ et = T (14 (6 ().
Q Qe

In case 1 = [i, p, recalling that D = ¢ and ¢, = ¢D, we have

co(1+€)+4(V1—cpe? —1)
8(1 —€2) —cp(l + €2)2

(Vee(@e)? =77 = (1 +€)
and
FE N2 =72 = (1 2 3¢
(IYE (Me)) =Ye _( +e )8(1—62)+(1+€2)27

so that, by (2.16) and (2.17) respectively we have:

_ ac(l1+€*)?n 9 dmep
2.18 Meon = Acop (fiy) 2 A, = 2T, ~ 2T
219 Aoy = Aeen ) 2 Aoy = U LT (197 ) = A0
and
(2.19) Ao <X _ﬁf(l_kﬂ)wﬁr
’ Gep = e 2 € Ve) = 3e

as € — 07. Moreover it is easy to verify that Acop 18 strictly decreasing at least for € €

(0, T&ﬁ] and that there exists €, (cp) < ﬁ such that A, ., > 8 for any € € (0,¢,(cp)].
4

These estimates are uniform in 0 < D < 1 and in ¢ € (0,1]. We also see that A\, — (7)7
as € — 17, is strictly decreasing for € € (0,¢,] and strictly increasing for € € [e,, 1) for
some €, ~ 0.5 and then it is straightforward to check that there exists €, > ¢, (c) such that
Ae > 8 for any € € (0,€.]. Finally, since A, (1) is continuous in p and by using (2.16)
and (2.17)

as p — 0
—

0 < Aeep (1) < ug (1+ (v () 0,

we obtain the existence of a solution for P(A, ) not only for A = A..,, but for any
A € (0,Accp] as well. This fact concludes the proof of the existence result claimed in

(a).

Next we prove that the solutions obtained so far are strict local minimizers of Jy, i.e.
part (c) of the statement. Actually we need a stronger result, that is, the linearized problem

relative to (1.7) has a strictly positive first eigenvalue. Putting
V u
w=w(u)= 76, and < f>,= /w(u)f,
Ve
Q Q

then the linearized problem for (1.7) takes the form

{ —Ap = dw(u)p + Iw(u) <p>,=0 in Q

(2:20) =0 on Of).
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Letting H = H} () and

£(64) = / (V- V) — A / ()b + A / w(u) / wlu)d | (64) € H x H,
Q Q Q Q
then by definition ¢ € H is a weak solution of (2.20) if
Llp0) =0, Ve

We define 7 € R to be an eigenvalue of the operator

Llg] == —Ap = dw(u)(p— <9 >u), @€ H,
if there exists a weak solution ¢y € H \ {0} of the linear problem
(2.21) —Adpp — Aw(u)po + Aw(u) < ¢o >u=Tw(u)Py in €,
that is, if

Llon. ) =7 [wlu)dod, o< H,
Q
Standard arguments show that the eigenvalues form an unbounded (from above) sequence

TISTg S S Tpoo,

with finite dimensional eigenspaces (although the first eigenfunction changes sign and
cannot be assumed to be simple in this situation).
Let us define
[IVOP =A< ¢? >, +X < ¢ >2
_ L(6.9) 4 ¢ “
< P2 >, <P >,

Q(9) , ¢€H.

In particular it is not difficult to prove that the first eigenvalue can be characterized as
follows

m =inf{Q(¢) | ¢ € H\ {0}}.

At this point we argue by contradiction and assume that 71 < 0. Therefore we readily
conclude that

™ = H{Qu(6) [0 € H\ {0} S0 where Qu(g) = 22157
and

Lo(0.) = [ (¥6:-90) =2 [ wlwyou, (6.6) € 1 x H.
Q Q
Clearly 7 is attained by a simple and positive eigenfunction ¢y which satisfies

—Apg — Aw(u)pg = Tow(u)pg in Q
(2.22) { 0o =0 on 0.

Let us recall that we have obtained solutions for (1.7) as solutions of (2.8) in the form
U = Uc e, for some p = p(e) < 7, whose value of A = A(u, ¢, cp) was then estimated as
a function of e. That point of view is well suited for our purpose, that is, we get back to
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=X(Jq Ve“)fl. Hence, let us observe that for a generic value u < 7, (2.22) takes the
form

(2.23) —Apo — 1V Ke popo = 1VEcyepo in Q
. Po=0 on 09,

where
u 70
Kepe=e"me and vy = ,UX <0.

We observe that, by defining

2
Ly (w)?
K(_) — evg),ygc(“),c — <1+75,c(”)2 )) (x,y) € Qe,c

€5 14,C (e2x2+y?

1 (z,y) € Q\ Qe,

2
v 1+ ()
B (+) =e Fv’Yj(}L) = € s x, & QE
o L+ 98 (u)? (2% + ¢?) ()

we have
K& < Kepe < Ke(j) for any (z,y) € Q.

In particular, since o
KG) < (Uhad(w?)? and 1< KO) < (L+..(w)?)? i 9
and
(2.24) QCTe={(z.y) eR?||z| < (7, [y| <1},
then, by using the fact that
JIVel* de —p [ Ke o da
Q

Q
| Kepg?® dx
Q

vy = inf peH ) <0,

it is not difficult to check that, for some pu <7, = %, thanks to (1.2) the following
inequality holds:

[ Vel do — pb(1 +~F (n))? [ 9*da
Te Te

[ 2 da
Te

(2.25) inf

peH <0

Hence, there exists fi, < 0 such that, putting o = o(u, €) = pb(1 + v (1)?)? + 1y, there
exists a weak solution ¢g € H of

—A(bo - 0-¢0 =0 in Tea
(2.26) { bo=0 on OT..

It is well known that the minimal eigenvalue o,,;, of (2.26) satisfies o = %262 + %2 >
2(1 + €2) and we conclude that

(2.27) 2(1+€%) < o(p, ) = pb(1 + 7 (1)*)* + To-
Next, since €,(cp) < ﬁ, it is not difficult to check that o = o(u, €) satisfies
o(p,e) <1,
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for any € < ¢,(cp), which is of course a contradiction to (2.27). Therefore 7 is strictly
positive as claimed, and this clearly yields (2.6) for some small §y > 0.

Finally we prove (2.7): on the one hand, since |[u — ux|[gp(q) < do, then by Poincaré

inequality with constant p; = p1(Q) we have ||u — ux|r2) < M0 = %. On the other

hand, by a simple Taylor expansion for Jy around the local minimizer uy and by choosing
1o smaller if necessary, we see that

Tau) = Ty(ua) 5 < TS Cun )l — sl — > Fo(u— usl[3a(e)

> Ta(ma) + § < J ()~ uau >

for [Ju — uxl[z2(q) < 1m0. Now, thanks to the fact that the linearized operator £ admits a
positive first eigenvalue 7 we have:
< J(un)u—ur],u—uy >= Llu—ux,u—uy) > 71 < (u—1uy)? >,

Notice that, thanks to (1.2) and (2.15), there exists ¢y > 0 such that w(uy) > ¢y, which
spells that
< (u—up)? >,> exllu— ux|| L2
Thus, we finally find that for any 7, < 1y we have
Iau) = Ja(un) + S50

whenever 71 < [Ju — ux||z2(q) < 70, which proves (2.7) with d; := 2. O

3. THE EXISTENCE OF FREE ENERGY MINIMIZERS WITH LARCGE MASSES.

As mentioned in the introduction we will need some properties in the dual Orlicz topology
that the free energy minimizers inherit from those of the u) found in Theorem 2. In order
to clarify this aspect let

Lo (Q) := { pmeasurable in  : ||p|le < +o00},
be the Orlicz space [1], [14] whose Young functions are

®(t) =tlog(1+1), >0, U(s)=max{ts—d(t)}, 5>0,

ot =suf | [ on |, [ e <1},

The Orlicz space contains the so called Orlicz class of all functions p which are measurable
in @ and satisfy [, ®(|p|) < 4+00. For any u which satisfies [, ¥(|u|) < 400, let us also
introduce the Luxemburg norm,

(3.1) lullg := inf{a >0: / U(a Hul) < 1}.
Q
It is straightforward to check that
(3.2) U(s) <se ! s€[0,400) and U(s) <e ' —(s—1), s>2,

where
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whence in particular the Moser-Trudinger inequality [17] shows that (3.1) is well defined for
any u € H}(Q). It is well known [1], [14] that Le(Q) is a Banach space with respect to the
| - ||lo-norm. In particular the following version of the Holder inequality holds

(33) [ pus llalule,

for any p € Lg(€2) and any w such that (3.1) is well defined. In particular we have
1

(3.4) §t? <O <t t<1, and t<®(t)<t*t>1.

Clearly Py is a convex subset of L (£2). We will need the following result about the continuity
of F with respect to the topology induced by La(€2). Let

P::{peLl(Q):pzo a.e. and /plogp<oo}.
Q

For any density p € P we will let u, be the corresponding potential, that is w,(z) =
Glp)(xz) = (G * p)(x). Clearly u, is the unique distributional solution of:

—Au,=p nQ
(3.5) Yo =p
u, =0 on 0N

Remark 3. By using the Green’s representation formula
(3.6) up(z) = / G(z,w)p(w)dw, YzeQ,
Q

and the Hélder’s inequality (3.3) we see that u, € L>((2). Indeed, for any @ > 5= we have

[ (52) - o (2 ] (552w

1
C 1 1 e C 1 1 C
=2 log dw < =2 / log ——— | —— ) dw < =2,
! |z —w| \ |z — w] ! |z —w| \ |z — w] !

Bi(z Bi(z)

so that
(3.7) sup [|G(z,-)[lw < Co
z€Q

for some constant Cp > 1 depending only by (2. Therefore, in particular pu, € L'(Q) and
then standard truncation arguments show that u, € Hj (). We conclude that u, is also a
weak solution of (3.5).

Then we have

Proposition 1. The functional F is continuous on P with respect to the topology induced
Proof. Fix p € P and let {p,} C P be any sequence such that
(3.8) lon — plle — 0, as n — +o0.

We are going to prove that F(p,) — F(p). We recall that, since ® satisfies the following
As-condition

(3.9) D(2t) < 40(t), V> 1
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then, see [14], a sequence {p,} C L (2) satisfies (3.8) if and only if

(3.10) lim O(|pn — pl) =0.
)

n—-+o0o I

Clearly p,, satisfies (3.10) since P C L (2). By using (3.4) we find

/len—plé / lpn — p| + / lpn — p| <

|P¢L*P\§1 ‘P?L*P‘Zl

1
vk / lon —pI* |+ / lon = pl <
|pn—p|<1 |pn—p|>1

[k (/92(1)(pn —p)>2 +/Q<I>(pn - p)

Therefore p, — p in L'(Q). Next observe that

wn(2) 1= Glpal(2) = [ Glwlpa(w). and u,(2) = GlAl(:) = [ Glewip(w)

satisfy u, — u, in L*°. In fact, letting z, be any point where the maximum of |u, — u,| is
attained, we find

Hun—upHoo = |un(zn)_up(zn)| < /QG(vaw)‘pn(w)_p(w” < |lpn=pllel|G(2n, )llw < Collpn—plls,

where we used (3.3) and (3.7). Therefore, since p, converges in L'(Q) to p, we conclude

that
/pnG[pn} :/Pnunﬁ/pup:/PG[P]aaS n — +09,
Q Q Q Q

by the duality L' (£2), L°°(€2). This fact shows that the functional p — [, pG|p] is continuous.

Since we have shown that [, pG[p] is continuous and that p, — p in L'(£2), then, to
conclude the proof, we just need to show that in fact [, pnlog(pn) — [, plog(p). To this
aim we observe that since p,, satisfies (3.8), and since L ((2) is a Banach space, then ||p,| o
is uniformly bounded. But then, see [14] §3.10.9, since ® satisfies (3.9), then there exists
Cy > 0 depending only by [, plog p such that

/ ®(p,) < Cs, Yn €N,
Q

whence in particular
(3.11) / pnlog(pn) < / pnlog(pn) < / pnlog(l+ pn) < Co, Vn €N,
“ pn>1 pn>1

At this point, for any € > 0 we can choose m. € (0, 1) such that, setting

Qm,l = {pn < m}’ U {,0 < m}’a
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then, for any m < m. it holds

(3.12) [ entoston) ~ [ plos(o)| < [ 2mltog(m)] <=
Qi Qi Q
where we used the fact that mlog(m) — 0 as m — 0. Next let us set Q,, := Q\ Q,, 1 and
decompose
(3.13) [ putoston) - [ plog<p>\ <

/pnlog(pn)— / plog(p) | + /pnlog (Pn) /plog <

m,1 Qi1 Qi Qi

=t [ ploge) = [ et |t [ plose - [ plose)
Qmn{pn>p} QN {pn>p} Qmn{pn<p} Qmn{pn<p}
We will use fact that for any o > 1, we have

/\p (Ilog(pn)xnm> </ (|1og<pn>|mm)€% _
Q o e “
/(“Og;pn)‘)euogépn)\ < / (“Og((yp"”)euogffn” n / <|1og§‘pn)|>e|10g&pn>\ <

Qm m<p,<1 pn=>1
1
log(m 1\~ lo log(m 1 lo
(0% m « « m «
pn=>1 pn>1
1 {91 1 /191
(B0 [ ) < 1 (B0 ),
(0% m « m
pn=>1

showing that, in view of (3.11),
[log(pn)Xa,. e < Cy,

for some constant C, depending only by m, |©2| and Cy. Therefore we can estimate

(3.14) [ elosto = [ orosto)| <
QmN{pn>p} QmN{pn>p}
/ lpn — plllog(pn)| + / pllog(pn) —log(p)| <
Qmﬂ{PnZP} Qmm{PnZP}

10n — olloll 10g(0n) X 1w + / lpn — ol <

QN {pn>p}

e —
min{p,, p}
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1
Clloa=slla+ [ prlon—rl<

QnN{pn>p}

Cullpn — pllo + / o —pl <,
Q

for any n large enough, possibly depending on m and C5, where we used the mean value
theorem. The same argument in a slightly easier form shows that

(3.15) / pnlog(pn) — / plog(p) | <e
QO {pn<p} QN {pn<p}

for any n large enough, possibly depending on m, and we skip the details relative to this
estimate to avoid repetitions. The fact that [, p,log(pn) = [, plog(p) is an immediate
consequence of (3.13), (3.14) and (3.15). O

Next we have
Proposition 2. Let uy be a strict local minimum of Jx and assume that (2.6), (2.7) hold.
If

Ux
(3.16) Ve

= )\7
PO, fQ Vel )
then po x € Py and the following property (H)x holds: there exist and g9 > €1 > 0 such that

(3.17) F(p) = F(pon) >0,
for any p € Py such that 0 < ||p — po x|le < €0 and
(3.18) F(p) = Flpox) + du,

for any p € L?(2) NPy such that ||p — polle = €1, where dy is the constant introduced in
(2.7).
Proof. Whenever u, = G[p](z) = (G * p)(x) we set

Vele
3.19 W, = A
(3.19) Tup JoVete
If po » is defined as in (3.16), then po » € Py and for any p € Py we find,
Flp) = Flpr) =

— /Qp (log (%) —1- ;G['DD - /on,)\ <log (p;)/’k) —1- ;G[po,xo =
:/Qp(log (%) - ;G[p]) + Mog (/QVe”*) - é/ﬂlvml2 —Alog/\—/Qer/on,A =
:/Qplog ((5) +/Qplog(a{}”) *%/QPG[P]*/\IOg)\*JA(UA) >

Ou, 1 _
:/Qplog( % ) - §/ﬂpG[p] — Aog A — Jx(uy) =
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= [ puo= [ oGl = g (/ V) — ) =

(3.20) = J)\(up) - J,\(U)\),
where we have used Remark 3, (3.19) and the following facts:

e by definition log (%) = log (%) = uy +log A — log ([, Ve™»);
Q

e by (1.7) and the definition of pg » we have: — [, poaxur+3 [o, PoaGlpox] = —3 [, [Vual*;

e since {0y, pox,p} C Px we have [, 0u, = [ pox = [or =X

e by Jensen’s inequality applied to ¢(t) = tlogt and t = ;> we have: Jo plog (ai ) >

0. ’ ’

We learned of this nice application of the Jensen’s inequality in [21]. In view of (2.6) we
have Jy(u) — Jx(ux) > 0 for any 0 < |lu — ux[|g3(q) < do. Therefore, to prove (3.17), it
only remains to show that there exists g9 = £9(do) > 0 such that 0 < [lu, — uxl|g2 @) < do
whenever 0 < ||p — poxlle < 0. We first prove a stronger property which will be needed in
the proof of (3.18) as well. By using the Green’s representation formula and the Holder’s
inequality (3.3) we see that

(3.21) up — urllL=(a) < Slelg/QG(w,y)lp(y) —pox(¥)|dy < Collp— poxle
x

where (Y is the constant found in (3.7). Next observe that

/Q 1V (tp — 02)? = /Q (V2 — 2(Vp, Tity) + [V [2) = /Q plup —u) + /Q ux(por—p) <

Collo = porlle + lluallwlle = porlle < Clip = poxlle,
where we used (3.2), (3.3), (3.21) and the fact that obviously ||uy || is bounded. We conclude
that there exists C' > 1 such that

(3.22) [wp = unllmg@) < Cllp = polle,

and in particular that it is always possible to fix ¢ := 2‘% > 0sothat 0 < ||up—u,\||Hé(Q) < dp
whenever 0 < ||p — po.alle < 0. Hence (3.17) follows whenever we can prove that if p has
been chosen in this way, and therefore does not coincide with pg x, then the unique u,
determined through (3.5) does not coincide with uy. However this is easily verified since if
this was not the case we would find

0=—A(up, —uxr) =(p—po,) inQ

which is in contradiction with the fact that p does not coincide with pg . At this point
(3.20) shows that

Fp) = Fpa) = Ia(up) = Jx(ur) >0,
whenever 0 < ||p — poxlle < €0 as claimed.

Concerning (3.18) we first observe that, in view of (3.4), we have L?(Q) C L (Q2). The
linear operator T : L%(Q) — HZ(2) which maps p € L?(€2) to the unique weak solution
u, € H}(2) of (3.5) is a continuous bijection, whence there exists C3 > 0 such that

Il < Csllupllmy )y, V¥ pe L*(9),
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and then, since pg ) € L*(Q), for any p € L?(Q) NP we find

(3.23) P = pox
On the other side (3.4) implies

|L2(ﬂ) < Csllu, — UA||H3(Q)-

(3.24) /é(\p—po,xl)é/ 10— pol,
Q Q

and then we have
Lemma 1. For any €1 < €qg there exists 63 > 0 such that
(3.25) 1P = poxllzz(o) = 92,
for any p € L*(Q) NP such that ||p — po.x|le = €1.

Proof. If the claim were false we could find a sequence p,, such that ||p, — porlle = €1
and [|p, — porllr2) < L, as n — +oo. Then (3.24) implies that [, ®(|pn — po.a|) = O,
as n — +oo which in view of (3.10) is the same as (3.8), that is ||pn — porlle — O,
as n — +oo. This is the desired contradiction to ||p, — po.alle = €1 O

At this point, by using (3.22), (3.23) and (3.25) we conclude that for any 1 < g we have

P
o < lup — urll gy < Cen,
for any p € L*(Q) NP such that ||p — porlle = €1. Then, in particular, we can choose

£1 < 22 and a smaller &5 if needed which satisfies 8y 1 := 22 < Ce; to conclude that
2C ’ Cs3

(3.26) do,1 < [lup — uxllm () < do,

for any p € L*(Q) NP such that ||p — po.a

|e = 1. At this point we can prove the following

Claim: There exists 0 < ny < 19 := dp such that
m < Jlup, — uxllz2(0) < 1o,

for any p € L*(Q) NP such that ||p — poxlle = €1

Proof of Claim:
Clearly (3.26) holds and then in particular we see that |u, —ux||12(q) < do. Concerning the
left hand side inequality we argue by contradiction. If the claim were false we could find a
sequence p,, such that, setting u,, = u,,,, then, in view of (3.25), we would find

1
(327) Hun — u,\||Hé(Q) Z (5071 and Hun — ’LI,)\||L2(Q) S ﬁ’ VneN.

On the other side we have —A(u,, —u)) = (pn — pa) and then, multiplying by u,, — ux
and integrating by parts, we find

IV (un = ur) 72 () = /Q(pn = pox) (tn = ux) < llon = poxll 2@ llun — urll2 (@) <

1 1
CgH’LLn — U’)‘”Hé(g)ﬁ < CgCHV(Un — U)\)HL2(Q)E7 VneN,
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where we used (3.23) and the Sobolev’s inequality to conclude that |lu, — ux[[g1) <
C|IV(un — ux)| z2(), for some uniform constant C' > 0. Therefore we would have ||V (u,, —
u}\)H%Z(Q) — 0 and then in particular ||u, — uxl[g1 () — 0, as n — 400, which is a contra-
diction to (3.27). O

By using the statement of the Claim, then (3.20) and (2.7) imply that (3.18) holds. O

4. A GLOBAL EXISTENCE RESULT FOR (1.1)

With the aid of property (H), in Proposition 2 a global existence result follows by a
standard Lyapunov stability argument to be applied to a set of suitably chosen initial data.

Proposition 3. Suppose that (H)y in Proposition 2 holds for some X > 0. Then there
exists €x > 0 such that if po in (1.1) is any smooth and non negative density such that
oo — porlle < ex, then 5 < [, po < 2X and the corresponding solution (px(-,t),ux(-t)) is
global and uniformly bounded.

Proof. Since F is continuous, we can choose 0 < €5 < g1 such that
d
F(p) < F(poa) + 517

for any [|p— po,|le < €2. By taking a smaller value of €, we may assume that 3 < Jor <2X
whenever [[p — poalle < e2. At this point let us choose pp in (1.1) to be any smooth and
non negative density such that ||pg — po.xl|le < €2 and let (py,uy) denote the corresponding
unique solution in [0, 7], for some T' > 0. Then, we claim that for any ¢t € [0, 7] it holds

(4.1) Flpo) < Flp(,1)) < Flpoa) +di.

In fact, on one side the right hand inequality is always satisfied since (2.4) implies that

f@hméf@wéﬂmm+%.

On the other side we also have p(-,t) € Py in view of the mass conservation and the fact
that p(z,t) is classical whence it satisfies (1.3) whenever it exists (see [19] Theorem 3.1).
So, if for some t, > 0 we would find that p, := p(x,t,) satisfies F(p.) < F(po,), then, in
view of (H), necessarily ||p. — poxlle > €o. Therefore in particular, by the continuity of
the norm, there existed ¢; < ¢, such that p; := p(x,t1) satisfied ||p1 — po,x||e = €1. But then
(3.18) implies that F(p1) > F(po.n) + d1, since p; being classical surely belongs to L?(2).
This is the desired contradiction and thus we have proved that (4.1) holds. In particular it
is easy to see that (4.1) implies that there exist C' > 0, depending only on A and dj, such
that

(42) Ammmmwwﬁwnéa LWWWWSQ

for any t € [0,7]. At this point we can follow step by step the argument in Theorem 3 in
[20] to conclude that

sup sup px(z,t) < C,
tel0,7) venr
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for some uniform constant C' > 0. Then well known arguments imply that the solution is
global and the desired conclusion follows by choosing ) = €. (]

5. THE PROOF OF THEOREM 1

In this section we prove Theorem 1.

The Proof of Theorem 1
We discuss the proof of part (a). The proof of part (b) can be worked exactly with the same
argument with minor changes.

By Theorem 2 we have a strict local minimizer uy of Jy for any A < A ., where Ae,cD <
Aeep < A and Acep = ﬁ, Ae ™~ %—: as € — 0F. It follows from Proposition 2 that if

po,x is defined as in (3.16), then pg » € Py is a strict local minimizer of . Actually we have

a stronger result since (H), in Proposition 2 holds. Therefore we can apply Proposition 3

to conclude that there exists €y > 0 such that if py in (1.1) is any smooth and non negative

density such that |[po — po.rlle < €a, then % < fQ po < 2\ and the corresponding solution

(px,uy) is global and uniformly bounded. Let 2my = min pg 5. Clearly my > 0 and we define
Q

fr to be any smooth function in © which satisfies | fy| < m, and fQ fn = 0. Then we can
choose 0 < 0 < % depending on ) such that po = po.x+ 0 fx satisfies 0 < ||po — po.rlle < ea.
Clearly fQ po = A and then in particular pg € Py. Therefore, for any A < A ., we have found
initial data po such that the solution (px,uy) of P(X, ) is global and uniformly bounded as
claimed. O
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