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Abstract

In this paper, generalsolvability statementson linearcontinuous coefficient differential algebraic
equationswith properlystated leading terms are derived by meansofdecoupling projector func­
tions decomposing the differential algebraic equation into its characteristiccomponents.
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1 Introduction

This paper is a continuation of the approach by [1) to characterize a class of linear differential
algebraic equations (DAEs) of the form

A(Dx)' + Ex = q (1.1)

with continuous coefficients A, D, E analytically exactly.
While an index characterization and the proof of invariance under transformation and refactor­
izat ion were in the center of interest in [1) , the present paper aims at revealing the exact inner
mathematical structure and the solvability of DAEs with tractability index J1. by means of parti­
tioning and decoupling projectors.
In distinction to the various DAE concepts available (cf. [2) for a comprehensive overview) great
store is set by low resp. exact smoothness condit ions here. We do not assume the coefficients to
have first and higher derivatives. However, as described in detail in [1), in this context constant
dimensions play an important role for a series of subspaces.
The paper is divided into three further sections. Section 2 provides the necessary tools (matrix
function sequence, index definition) from [1). They are completed by the new and important re­
alization on the invariance of special subspaces (Theorem 2.3). In Section 3, we reveal by means
of projectors that and in what way each regular DAE can be partitioned into an inherent regular
ODE for the dynamical component and a system of explicit equations defining the other compo­
nents, in which necessary differentiations of already available components have to be carried out, as
expected. Finally, initial value problems (IVPs) can be formulated in such a way that statements
Oil the uniqueness and solvability will be possible.
Section 4 is devoted to the problem in how far the system of non-dynamical components can be
completely decoupled from the inherent regular ODE. Should this be possible, we will obtain clear
and simple solvability statements (Theorem 4.4) as well as an exact description of the function
spaces for the admissible right-hand sides q in (1.1). This allows for a description of the canonical
subspaces, for instance of the exact geometrical locus of solution for the homogeneous DAE. On
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this background, it will become apparent that, for standard solvability assertions, some necessary
smoothness conditions may also concern the DAE coefficients.
Furthermore, the exact knowledge of the function spaces of the admissible right-hand sides provides
causality conditions for control problems (Theorem 4.8).
Technically expensive proofs have been placed in the appendices A and B.

2 Fundamentals

We consider equations

A(t)(D(t)x(t))' + B(t)x(t) = q(t), t E I (2.1)

with continuous matrix coefficients A(t) E L(JRn,JRm), D(t) E L(JRm,JRn), B(t) E L(JRm),
t E I, I ~ JR an interval, and with properly stated leading term . The right-hand side q(t) E JRm
depends, at least continuously, on t . We are looking for continuous functions x : I -t JRm that
have a continuously differentiable product Dx : I -t JRn, and which satisfy equation (2.1) for all
t E I .
The leading term is said to be stated properly if the matrix functions A and D are well matched
in the sense that the decomposition

kerA(t) Ell imD(t) = JRn, t E I , (2.2)

is valid and both subspaces are spanned by basis functions that are continuously differentiable
on I (cf. [3] , [4]) . In the consequence, there is a uniquely determined projector function
R E CI(I, L(lRn ) ) that realizes the decomposition (2.2), that is, we have R(t)2 = R(t), imR(t) =
imD(t ), kerR(t) = kerA(t), for t E I. Observe that A(t) and D(t) have common constant rank
on I . Additionally, we use functions D- E C(I,L(JRn,JRm)) satisfying the conditions

D(t)D(t)- D(t) = D(t) , D(t)-D(t)D(t)- = D(t)-, D(t)D(t)- = R(t), t E I , (2.3)

i.e., pointwise generalized inverses of D . We stress that (2.3) does not define D- uniquely (e.g.
[5]). However, if we fix an additional projector function Qo E C(I, L(JRm)) that projects pointwise
onto kerD(t), then the fourth condition

D(t)- D(t) = I - Qo(t), t E I , (2.4)

added to (2.3) makes the generalized inverse uniquely determined. We shall take advantage of this
fact . Since the decomposition (2.2) implies that kerA(t)D(t) = kerD(t), we may operate with
Qo(t) being nullspace projectors for the product A(t)D(t).
Next we construct a special sequence of matrix functions and subspaces to be used later on for
index characterization and system decoupling. The argument t is mostly dropped. Then the given
relations are meant pointwise on I . Starting from the coefficients A, D, B of equation (2.1) we form

and, for i ~ 0,

Gi+l

Q~+l
BHI

Go = AD, No = kerGo, Bo =B,

Q~ = Qo, imQo =No, Po = I - Qo,

G, + BiQi, Ni+l = kerGHI

QHI , imQi+1 = NHI ' PHI = I - QHI

BiPi - GHID-(DPo ' " Pi+lD-)'DPo' " Pi.

(2.5)
(2.6)

(2.7)

(2.8)
(2.9)
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The expressions (2.6) and (2.8) mean that corresponding projectors Qi(t) E L(lRm ) onto Ni(t),
t E I, i ~ 0, are introduced . When using (2.9) we have to take care of the existence of the involved
derivative.

Definition 2.1 ([lJ): Equation (2.1) is called a regular DAE or a regular DAE with tractability
index J.L if there is a sequence (2.5) - (2.9) such that, for i ~ 0,

(a) Gi(t) has constant rank ri on I ,

(b) No ED . .. ED N, S kerQi+l,

(c) o. E C(I,L(lRm ) ) , DPO" ,PiD- E Cl(I,L(lRn ) ) ,

and r/,-l < rl' =m .

Clearly, the flexible part of the sequence (2.5) - (2.9) are the projectors. Instead of saying that there
is a sequence (2.5) - (2.9) suitable in the sense of Definition 2.1, we can agree to say that there are
appropriate projectors Qo, Q1> ' " ,Q/,-1 for that. Note that r/' = m implies Q/,+i =0, G/,+i = G/"
for i ~ 0, i.e., the sequence becomes stationary.

Condition (b) in Definition 2.1 is discussed in [1) as a necessary one for regularity. The benefit of
this relation are special properties of the projectors and projector products. In particular, it holds
that

QiQ;=O, j=O, . . . ,i-I, Qi=QiPO ",Pi-l,

(Po '" Pi)2 = po '" Pi, ker(Po ' " Pi) = No ED •• • ED Ni,
(DPo . . . PiD-)2 = DPo ... P;D- ,

kerQ; = kerPo ' " P;-lQ;

ker(DPo " ,PiD-) =DPo' "Pi-INi ED'" ED DPoNI EDkerA.

(2.10)

(2.11)

(2.12)

The matrix functions G; resulting from (a),(b),(c) are continuous.
The differentiability condition in (c) ensures that all terms in the decomposition of the Cl function
R belong to C 1, too, these are

R = DD- =DPoD- = DPo ' " PiD- + DPo' " Pi-l QiD- + ...+ DPOQID- . (2.13)

III other words, the subspace imD that has a continuously differentiable base is consecutively
decomposed into further such subspaces. As weshall realize below, this corresponds to characteristic
parts of the solution.
Although the matrix functions Gi clearly depend 011 the special choice of the projectors within the
scope of Definition 2.1, regularity withindex J1 does not so. This is proved in [1], where regularity
with index J.L is also shown to remain invariant under regular transformations and refactorizations.

Definition 2.2 The sequence (2.5)-(2.9) is said to be admiss ible up to k E IN (or the projector
functions Qo, . . . , Qk are admissible) if, for i =0,1, . . . , k,

(a) rankGi(t) = ri, t E I,

(b) if i ~ 1, then No ED ·· · ED Ni-l S;; kerQi,

(c) Qi E C(I,L(lRm ) ) , DPO, ,,PiD- E Cl(I,L(lRn )) .
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Theorem 2.3 The subspaces imGj and No Ef) • • • Ef) N j, i =0, 1, ... k, do not at all depend on the
special choice of admissible projector functions Qo, .. · Qk.

Proof:
Take two admissible sequences Gj with Qj,j = 0, .. . k, and Gj with Qj ,j = 0, . . . k, and look for
relations. We have Go = Go, No = No, Bo = Eo, further Ir: = f>- Df>- = trR = tr:DD- =
FoD-. Derive G1 = Go +EoQo = Go +BoQo = Go +BoQoQo =G1(I+QoQoPo). Since 1+ QoQoPo
is a nonsingular factor, it follows that imG1 =imGl, N 1 = (I +QoQoPo)N1, No +N 1 = No + N 1,
hence, No Ef) N 1 = No Ef) N 1.
In case of k = 1 we are done. By careful technical calculations given in Appendix A, we verify
factorizations Gj = GjZi with nonsingular factors

i- 2

Zi = (I +Qj-lQi-1 Pi-1 +L QjZjjPo' " Pi-2)Zj-1'
j=O

Again, it follows that imGi = imGi, N, =ZiNi, No Ef) ••• Ef) N, =No Ef) •• • Ef) Ni, i = 2, .. . ,k. 0

Corollary 2.4 For a regular DAE (2.1) with tractability index IJ, the subspace

N can/' = No Ef) ••• Ef) N/,-l

has dimension IJm - ro - ... - r/,_l, and it is invariant of the choice of the admissible projectors

Qo, ,,· ,Q/,-l'

The subscript of Ncanll indicates that this is a canonical subspace for the index JL DAE.

Corollary 2.5 For constant matrices A, D, B that form a regular matrix pencil AGO + Bo with
Kronecker index IJ, the subspace Ncan/' coincides with the infinite eigenspace of the pencil.

Proof:
In [6] , special so-called canonical projectors Qj,j = 0, .. . IJ-1, are chosen for constant matrices to
obtain, with Po ' . . P/,-l, the spectral projection onto the finite eigenspace along the infinite one.
Thes e canonical projectors are admissible ones too, hence the assertion follows from Theorem 2.3. <>

3 Decoupling a regular DAE into its characteristic parts

Now we dealwith regular DAEs (2.1) that have tractability index J1.. We try to realize the inherent
structure by means of projections. We do not transform the unknown function , but we decompose
it into characteristic parts. First of all, we multiply (2.1) by Gj;l (cf. [1]) . The result ing equivalent
version of (2.1) is

/,-1

P/,-l ... PoD-(Dx)' + Gj;l BPo'" P/,_lX + E QjX
j=O

/'-1 j

+ L: L:P/,-l'" PjD-(DPo··· PjD-yDPo' " Pj-1QiX = Gj;l q,
i=l j=l

(3.1)
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and it shows some structure even now. By means of the decomposition

Marz

(3.2)

(3.6)

we split equation (3.1) into an equivalent system of p. + 1 equations corresponding to the terms
involved in (3.2), all of which are projectors. Thereby we make use of the properties

PO" ,P/J-IQj=O, j=O, .. . , p. - l ,

Q/J-IQj =0, j =0, .. . ,p. - 2,

QiPi+l'" P/J-IQi = Qi, QiPi+l' " P/J-IQj =O,j =1= i.

Since the first factor on the right-hand side of

Qi = (1 - (1 - Po " ,Pi- l )Qi ) ' Po" ,Pi- 1Qi

is nonsingular, we obtain the components POQIX, . .. ,po'" P/J-2Q/J-IX from the components QiX,
'i. = 1, . . . ,p. - 1 and vice versa.
Let x E eMI, IRm) be a solution of (2.1) resp. (3.1). Recall the function space naturally containing
the solutions to be

Define the components

u=DPO , ,,P/J-IX, vo=Qox, Vi=PO",Pi-1QiX, i=I, ... ,p.-l, (3.3)

such that

X=D-U+VO+" ,+V/J-l . (3.4)

The components u = DPO,,,P/J-ID-Dx, DVi = DPO " ,Pi-1QiD-Dx, i 1, ... , p. - 1 are
continuously differentiable since Dx as well as the projectors in front of Dx are so.
Now, premultiplication of (3,1) by po' " P/J-l (cf. (3.2)) and then by D = DPo leads to an explicit
regular ODE for the component u only (cf. Theorem 3.1 in [1]), namely

u' - (DPo' " P/J-ID-)'u + DPo ' " P/J_IG;lBD-1L = DPo' " P/J_IG;lq. (3.5)

No further components Vi are involved in this so-called inherent regular ODE.
Further, multiplying (3.1) by Q/J-l yields immediately

Q/J-IX + Q/J_IG;l BPo'" P/J-IX = Q/J_IG;lq.

If J.l ~ 2, we multiply once again by po' .. P/J-2, so that the resulting expressions are

VJL-l =£JL-lq - JCJL-1D-u,

with coefficients

£/J-l po '" P/J-2Q/J-IG;1 for p.~ 2,

lC/J-l po ' " P/J-2Q/J-IG; l B PO'" P/J-l for J.l ~ 2,

£/J-l Q/J-IGi;!, lC/J-l = Q/J_IG;lBPo' " P/J-l for IJ. = 1.

We avoid to write an extra subscript to indicate the coefficients to depend on u, Obviously, relation
(3,6) determines the component V/J-l explicitly in terms of q and u,
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Remark 3.1 For I-' = 1, the decomposition (3.4) and the equations (3.5), (3.6) represent the well
known decoupling of an index-1 DAE into its dynamic and algebraic parts (cf. [3]) :

x = D-u+vo,

u' - R'u + oc;'BD-u =DGllq,

Vo = -QoGl lBPoD-u + QoGllq.

This yields the solution representation

x = (1 - Ko)D-u + QoG1lq, Ko = QoGl lBPo.

Recall 1 - Ko to be nonsingular, and (1 - Ko)Po to be the projector function along No onto
So = {z E lRm : Bz E imGo}.

For I-' 2: 2 we have to consider also the equations that arise by multiplying (3.1) by QOPI ... Pp.-l
and by Po . . . Pk-l . QkPk+l ... Pp.-l, k = 1, ... , I-' - 2 (cf. (3.2)). A careful rearrangement of the
involved terms (cf. Appendix B) leads to the system

p.-l p.-l

Vk=Ckq-KkD-u+ L Nkj(Dvj)'+ L MkjVj, k=O, . . . ,1-'-2 (3.7)
j=k+l j=k+2

with continuous coefficients Ck, Kk,Nkj given below, but for the Mkj we refer to Appendix B.
By the system (3.6)-(3.7), for given u, the components Vp.-l, '" , Vo are successively determined
in an explicit manner . While Vp.-l is given (cf. (3.6) by a simple assessment, the components
Vi , i :5 I-' - 2, depend on certain derivatives of components that are already determined. In
particular, we have

Co =
NOI

Nkk+I

N kj

Vp.-2 =Cp.-2q - Kp._2D-u + Np.-2p.-l(DVp.-d'·

The coefficients in (3.7) are

QOPl'" Pp._lG;l, Ck =Po' " Pk-lQkPk+l ' " Pp._lG;l, k =1, . . . ,1-'- 2,

QoQlD-, NOj =QoPl ." Pj-lQjD-, j =2, ,, . , I-' - 1,

Po ' " Pk-lQkQk+ID-, k = 1, . . . , 1-' - 2,

Po'" Pk-lQkPk+l'" Pj-lQjD-, j = k + 2" " ,1-' - 1, k = 1, ... ,I-' - 2,

and

(3.8)

Ko QOPI Pp.-l G;lBPo' " Pp.-l + QoPl . . . Pp.-lPoD- (DPo ' " Pp._1D-YDPo '" Pp.-I

Qo.Po Pp.-l> (3.9)

ICk = Po ", Pk- lQkPk+1 " ,P/L- IG; lBPO" ,P/L- l
+Po' " Pk-lQkPk+l '" PI'-lPkD-(DPo '" Pp.-lD-)'DPo··· PI'-l

= po ' " Pk-lQk.Pk · · · Pp.-l, k = 1, .. . ,1-' - 2, (3.10)

with

o«: = QoPl'" Pp._lG;l Bo(1 + QoP1 · • • Pp.-lPoD-(DPo · ·· Pp._lD-)'D),

Qk. = QkPk+I'" PI'_lG;l Bk(1 + QkPk+I ' " PI'-lPkD-(DPo' " PI'-lD-)'DPo '" Pk) ,

k = 1, ... ,1-' - 2.
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Let us mention that QkoQk = Qk, Qt = Qk., k = 0, ... ,/-1- 2. It turns out that Qk. is a certain
extra projector function onto Nk.

Theorem 3.2 Let (2.1) be a regular DAE with tractability index /-I .

(i) If x E Cb(I, lRm ) solves the DAE (2.1), then

u DPo . .. PJj-1X E Cl (I,lRn ) , Vo = Qox E C(I, lRm ) ,

Vi Po'" Pi-1QiX E Cb(I,lRm ), i = 1, ... ,/-1- 1,

form a solution of the system (9.5),(9.6},{9.7), and u = DPo'" PJj_1D-u.

(ii) Conversely, if u E Cl(I, lRn ) , Vo E C(I, lRm ), Vi E Cb(I, lRm ) , i = 1, ... , /-I - 1, satisfy the
system (9.5) ,(9.6),(9.7), and u(to) E im(DPo'" PJj-t}(to) for a to E I, then

x =tr« + Vo +...+ VJj-l E Cb(I,lRm
)

is a solution of the DAE (2.1).

Proof:
It remains to verify the second part. Take u, Vo, ... ,VJj-l satisfying (3.5),(3 .6),(3 .7) . From (3.6),(3.7)
we derive immediately

vc = QoVo, Vi = Po' " Pi"': 1QiVi, i = 1, ... ,/-1- 1.

Due to [1], Theorem 3.1 we know u to satisfy

u = DPo' " PJj_1D-u, u = D- Du.

Next we put x = tr:« +Vo +...+VJj-l E C(I,lRm
) . It follows that Dx = u +DVl +...+DVJj_l E

C 1 (I, lRn ) , thus x E Cb(I,lRm ) . Derive further that DPo'" PJj-lX = U , Qox = Vo, QiX =
QiVi, Po'" Pi-l QiX = Vi, i = 1, ... , /-I - 1. Since the decoupling procedure for (3.1) via (3.2)
leading to (3.5) ,(3.6),(3.7) is reversible, x can be checked to satisfy (3.1) in fact. 0

The equivalence of the DAE (2.1) to the system (3.5),(3.6) ,(3.7) sheds some more light on the
structure of the DAE.
When investigating the solvability of the DAE one can take advantage of the decoupled syst em.
Looking at (3.6), we realize the condition

(3.11)

us necessary for solvability. Namely, for a given solution x E C1(I,lRm
) the component

DPo' . . PJj-2QJj-lX necessarily belongs to C 1, i.e., (3.11) is necessarily valid. On the other hand, if
q E C(I,lRm ) is given and we try to solve the DAE via the system (3.5),(3.6),(3.7), we first obtain
71 E c1(I, JR.n) from (3.5). Assuming additionally DKJj_1D- to be continuously differentiable, we
know DVJj_l to belong to Cl for q with D£'Jj_lq E Cl(I,lRn ). Then, VJj-2 in (3.8) is well-defined
and so on.
At this place we do not go into further technical details. We say that the right-hand side q and th e
coefficients of the DAE (2.1) are sufficiently smooth if all terms in (3.7) are well-defined.
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Theorem 3.3 Let the DAB (2.1) be regular with tractability index u, and let the coefficients and
q lie sufficiently smooth. Then, for each xOE lRm , the IVP

A(Dx)' + Bx = q, x(to) - xOE Ncan/l(to)

is uniquely solvable on eMI, lRm ).

(3.12)

Proof:
Take the solution u of the inherent regular ODE (3.5) which satisfies the initial condition u(to) =
(DPo'" P/l-d(to)xo. Then we determine v/l-b ... ,Vb Vo via (3.6),(3.7). The combined func­
tion x = tr:« + Vo + ... + V/l-l is a solution of the DAE due to Theorem 3.2. It holds that
(DPo' " P/l-d(to)x(to) = u(to), hence (DPo" ,P/l-l)(tO)(X(to) - xU) = 0, i.e., (cf. Corollary 2.4)
:r;(to) - xOE Ncan/l(to) .
Moreover, the homogeneous IVP A(Dx)' +Bx =0, x(to) E NCan/l(tO) has the trivial solution only,
and so the solution of (3.12) is unique. 0

Corollary 3.4 The dynamical degree of freedom of a regular DAB with tractability index J.t is
d = m - dim(Ncan/l(to)) = 1'0 + ... + 1'/-1-1 - (J.t - l)m.

Remark 3.5 The initial condition in (3.12) can be rewritten as

with any matrix (!: whose nullspace coincides with Ncan/l(to). A possible choice for that is
(!: = (DPo ... P/-I-l)(tO).

4 Refined matrix function sequences

To the matrix function sequences given in Section 2 we introduce additional accompanying sub­
spaces

(4.1)

Because of imGi-l ~ imGi we can also use the descriptions

Si(t) {z E lRm : Bo(t)z E imGi(t)}

{z E lRm : Bo(t)Po(t)··· Pi-IZ E imGi(t)} .

The subspaces imGi are independent of the special choice of admissible projector functions (cf.

Theorem 2.3), hence so are the subspaces S; Due to the construction it holds that 80 ~ 81 ~
. . . ~ Si-l ~ s, and

(4.2)

The first subspace So(t) has a special meaning for the DAE (2.1). Namely, it is the geometric locus
containing the solution values x(t) of all solutions of the homogeneous equation A(Dx)' + Bx = O.
However, So(t) is completely filled by those values only in the case of J.l = 1 (cf. Remark 3.1). In
the higher index cases, the subspace Scan/l(t), which by definition contains all solution values and
is filled by them, represents a d-dimensional proper subspace of So(t) (d. Corollary 3.4). However,
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at this stage we are not aware of a good description of that subspace. This would be easier if the
coupling coefficients lCl, ... , lCp-1 (cf. (3.9), (3.10)) disappeared.
Applying [[7], Theorem A.13] we learn the matrix Gp to be nonsingular only if the decomposition

(4.3)

is valid. Therefore, for DAEs being regular with tractability index p , we may always choose Qp-l
to realize decomposition (4.3), i.e., imQp_l = Np_l, kerQp_l = 81'-1 . Because of (cf. (4.2))
No EB .. . EB N p-2 £; 81'-1, this choice satisfies condition (b) in Definition (2.1) at the same time.
If the resulting DPo '" Pp-1D- is continuously differentiable, then Qo, . .. , Qp- l are admissible
(supposed Qo, ... ,Qp-2 are so).

Lemma 4.1 For a regular DAB {2.1} with tractability index p, let the last projector function Qp-l
in an admissible sequence realize the decomposition {4.3}. Then the coupling coefficient lCp-1 in
(.'1.7) disappears.

Proof:
- - - - 1-

Let Qp-1 be an arbitrary projector onto N p-1. Then, the expression Qp-1(Gp-1+Bp- 1Qp- d - Bp- 1
is well-defined (cf [7]) , and it is a representation of the projector onto N p- 1 along 81'-1. Conse­
quently, for Qp-l it holds that

Q/-I-l = Q/-I-lG;;! B p-l (4.4)

and further, Qp_1G;IB/-I_l = Qp_IG;1 BPo'" Pp- 2, thus Q/-I_IG;IBPo'" P/-I-1 = Qp-1P/-I-l = 0,
i.e., lC/-I-l = O. 0

Example 4.2 The DAE

~ ~)X(t))'+( ~ ~
-2a(t) -1

~1) x(t) =q(t), t ET,

with a E C(I,IR), has tractability index p = 2 by Definition 2.1. Namely, a suitable matrix
function sequence is given by

(
1 0 0) (0Go = 0 1 0 , Qo = 0
000 0

~ ~), G1 = (~ ~ ~1)'
o 1 0 0 0 (

000)
Ql = 0 1 0 ,

010

0) _ (1 0)-1 , DHD = 0 0 .
-1

Here we have m = 3, n = 2, ro = rl = 2, r2 = 3.
Since DP1GilBD- = 0, the inherent regular ODE is simply u'
coefficients
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and DKID- = (2~ ~). as well as the component u = DPoPlx = (~I).
Th e necessary solvability condition (3.11) reads now in detail

D£lq - DKID-u = (-~3) - (2~ ~) u E C
I
(1:, lR

2).
It. becomes clear that we cannot do with continuous a, but we have to assume that a E Cl(I, lR)
for obtaining standard solvability assertions. Letting q = 0, u becomes a constant function, i.e.,
DKID-u E Cl(I, lR2) needs necessarily a E Cl(I; lR).
Supposing a E C l(I, lR) we are able to describe the set of right-hand sides that are appropriate
for solvability as

{q E C(I,lR3) : D£lq E Cl(I,lR2)} = {q E C(I,lR3) : q3 E Cl(I,lR)} .

Now we refine the decoupling by choosing instead of the above Ql the projector Qlc onto N l along
51 = {z E lR3 : 2azl + Z2 =O}, i.e.,

a; = (2~ ~ ~).
2a 1 0

Compute further Klc = 0 (cf. Lemma 4.1), oc.; = D£1 and DPlcD- = (-~a ~) . Now the

condition for a to belong to C l is put into the smoothness demands for the projector DPlcD- or
for the related subspaces DNI and D51, respectively.

Example 4.2 demonstrates the possibility of clearer solvability statements by means of a smart
choice of the projectors. For general index-2 DAEs, this is confirmed in [3] .

Definition 4.3 For a regular DAE (2.1) with tractability ind ex u, the admiss ible projector func­

tions Qo, . . . ,QJJ-I provide

(i) a fine decoupling if K; = 0, i = 1, .. . , J1. - 1 in (3.6) , (3.7) , and

(ii) a complete decoupling if Ko = 0 additionally.

A fine decoupling allows the precise description of the set of right-h and sides appropriate for
solvability as

cindJJ(I,lRm) = {q E C(I,lRm) : £JJ-lq = VJJ-l, DVJJ-l E Cl(I,lRn),

£JJ-2q +NJJ-2JJ-l(DvJJ-'tY= VJJ-2, DVJJ-2 E Cl(I, lRn), .. . ,
1'-1

£lq+ L: Nlj(DVjY +L:j::-i MljVj = VI, DVl E C1(I,lRn
)}

j=2

ill particular,

cind2(I,lRm) = {q E C(I;lRm): DPOQIG21q E C1(I,lRn)}.

For given x E CMI, lRm) the resulting q =A(Dx)' +Ex belongs to CindJJ(I, lRm} and, conversely,
the DAE (2.1) is solvable for each q E CindJJ(I,lRm).

As we will realize by the next theorem, a fine decoupling allows for a constructive description of
the canonical subspace 5canJJ(t) , which is defined to be the geometric locus of the homogeneous
DAE, l.e., 5canJJ(t) = {x(t) : x E CMI, lRm), A(Dx)' + Ex = O}.
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Theorem 4.4 Let the DAE (2.1) be regular with tractability index j1., and let Qo, . . . ,Q/-,- 1 provide
(J, fine decoupling. Define IIcanp = (1 - K:o)Po'" Pp- 1'

(i) Then, for each xO E lRm and q E Cindp(I, lRm ) the IVP (3.12) is uniquely solvable on
C1(I,IRm ) .

(ii) The solutions of the DAE A(Dx)' + Ex = 0 satisfy the condition x(t) E im IIcanp(t), t E I .
For to E I, Xo E imllcanp(to), there is exactly one such solution that passes through Xo at to.
The subspaces ScanI' and imllcanp coincide.

(iii) The decomposition

(4.5)

is valid, and IIcanp(t) is the projector that realizes (4.5).

Proof:
The first assertion is now evident as a consequence and more precise version of Theorem 3.3. We
turn to the second assertion. The solutions of the homogeneous components have trivial components
'01 , .. . ,'01'-1 so that z = (I - K:o)D-u = (I - K:o)D- DPo'" Pp_1D-u = (I - K:o)Po'" Pp_1D-u
is a general solution representation. This implies x(t) E im IIcanp(t) , t E I . Now write Xo E
im IIcanl' (to) as Xo = ((1 - K:o)Po'" Pp-d(to)wo . Taking into account that K:o = QoK:o (cf. (3.9)) ,
we have (Po '" PI'-d(to)xo = (Po' " PI'-I) (to)wo· The IVP A(Dx)' + Ex = 0, x(to) - Xo E
N""nl'(to) has exactly one solution, namely x = (1 - K:o)Po '" Pp_1D-u with 1,1 satisfying the
initial condition u(to) = (DPo'" Pp-d(to)xo. It follows that

x(to) «1 - K:o)Po . . . Pp- 1D-DPo'" PI'-I)(tO)XO

= «(I - K:o)Po ' " Pp-d(to)xo = ((I - K:o)Po'" Pp-d(to)wo = Xo·

To verify the third assertion, we observe that II~np = IIcanp due to Po' " PI'- IK:O= O. The factor
1 - K:o is nonsingular, which implies

kerIIcanl' = kerPo' " Pp- 1 = Ncanw

o

Remark 4.5 The projector function IIcanp and subspaces Ncanp and ScanI' are characteristics of
the DAE (2.1) itself and do not depend on the special choice of the fine decoupling. This is why we
Gall them canonical. However, Theorem 4.4 describes them by means of the decoupling projectors.

There is a further benefit of fine decouplings. If there are two ofthem, Qo,.. . ,Qp-1 and Qo,... ,Qp-1'
we derive from

that DPo'" Pp-1D- = DPo'" Pp- 1jj - must be true, i.e., the projector function DPo'" PI'-1D­
corresponding to the inherent regular ODE (3.5) is invariant of the special choice of the fine de­
coupling. In the consequence, the inherent ODE (3.5) and its invariant subspace imDPo' " PI'-1
are unique.
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Corollary 4.6 Let the DAE (2.1) be regular with tractability index J.l and let a fine decoupling
exist. Then there is a unique inherent regular ODE (3.5) being invariant of the special choice of
the fine decoupling.

Finally, the question is left whether fine and complete decouplings do exist . For index 1 DAEs,
each Qo provides a fine decoupling for trivial reasons, and QoG11B provides a complete decoupling
(cf. Remark 3.1). For DAEs having tractability index 2, fine as well as complete decouplings
are constructed in [3J. For the case of J.l = 3 projector functions Qo, Q1> Q2 that provide a fine
decoupling are presented in [8] . Unfortunately, the technical expense for the proofs in the index-3
case is rather great . Furthermore, for constant coefficientDAEs of index J.l, projectors Qo, ... ,Q/-,-l

providing fine and complete decouplings are given in [6].
Recall once more the special form of the coupling coefficients

Jek = Po'" Pk-lQk.Pk··· P/-,-l, k = 1, ... ,/~ - 2,

given by (3.10). This is a product of projectors and if we achieved Qk. = Qk, k = 1, ... ,J.l - 2, to
hold, we would have a fine decoupling. This makes us hope that the following supposition is true.

Conjecture 4.7 For a regular DAE (2.1) with tractability index J.l there are projector functions
Qo, . . . ,Q/-,-l which, if the corresponding DPo'" PiD-, i = 0, ... ,J.l - I, are continuously differ­
eni iable, provide a fine resp. a complete decoupling.

But this will probably be hard to prove, taking into account the immensely expensive proof of
the J.l = 3 case in [8]. The smoothness conditions for the DPo '" PiD- may concern parts of the
original coefficients as we have seen in Example 4.2.

In control problems (e.g. [9J, [10]), a system to be controlled is said to be causal if the solutions do
not depend on derivatives of the control. Consider the regular DAE with tractability index J.l

A(Dx)' + Bx = FUrontrol (4.6)

to be the controlled system, and Ucontrol to be the control. If the projector functions Qo, .. . ,Q/-,-l

provide a fine decoupling and if F satisfies the condition (I - PI ... P/-,-dGj; 1F = 0, i.e., F =
G1,P1 ••• P/-,_lGj;lF (observe G/-,P1 ... P/-,_IGj;l to be a projector function, too), then one obtains
from (3.6) with q = FUcontrol that V/-,-l = 0, and further, from (3.7) that V/-,-2 = 0, ... ,VI =
0, VO = LoFUcontrol - JeoD-u = QoPl ... P/-,-lGj;l FUcontrol - JeoD-u.
The inherent regular ODE reads now

Theorem 4.8 Let the DAE {4.6} be regular with tractability index J.l and let Qo, .. . ,Q/1o-1 provide
a fine decoupling. If

(4.8)

is valid, then the DAE (4.6) is causal, and its solutions are given by

x = (I - Jeo)D-u + QOP1 .•• P/-,-lGj;lFUcontrol>

where U satisfies the regular ODE (4.7) and U = DPo'" P/-,_lD-u.
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As expected, the causality condition means that the control applies to the inherent regular ODE
and to the purely algebraic component.

Appendix A: Proof of Theorem 2.3

Consider two admissible sequences Go, No, Qo, . . . , and Go, No, Qo,... , for the DAE (2.1) .
It holds that No = No, Go = Go,Bo= Bo, kerPo = kerPo. Compute D- = PoD-

Gl = Go + BoQo = Go + BoQo + BoQoQoPo = G1Zl

with the nonsingular factor

It results that Nl = ZllN, and thus No EEl Nl = No EEl N 1 must be true. It follows that

kerPoPl = kerPoPl, kerDPoP1D- = kerDPoP1D-,

and further

B l BoPo - G1Z1D-(DPoP1D-YD

BoPo+ BoQoPo - G1Z1D-(DPoP1D-YDPoP1 - G1Z1D-DPOP1D-(DPoP1D-YD

B 1+ G1D-(DPoHD-YD + BoQoPo - G1Z1D-(DPoP1D-YDPoPl

-G1Z1POP1fr(DPoP1D-YD

B 1 - G1Z1jj-(DFoF1jj-YDPoP1 + G1QOPO+ Gl(I - ZlFoFdD-(DPoP1D-YD.

Because of G1(I - ZlPOP1) = Gl(1 - POPl + (I - ZdPoPd , Gl(1 - PoPd = G1(Q1 + QoPd and
G1Ql = -G1QOQOPOQl we obtain the expression

B 1= B 1 - G1Z1D-(DPoP1D-)'DPoP1 + G1Q0241O ,

where 2410 =Po+ (-QOPOQl + QOP1- QoPoPdD-(DPoP1D-YD.
Next. we assume the relations

i-2
z, = (I + Qi-lQi-1Pi-d(1 + L: Qj24i-ljQi-dZi-l

j=O
i-2

(I + Qi-1Qi-1Pi-l + L: Qj 24i-ljQi-dZi-l,
j=O

No EEl .. · EEl Ni = No EB· .. EEl Ni,

i-1

Bi = s, - GiZiD-(DPo'" PiD-)'DPo' " Pi + Gi L Qj 24ij,
j=o

(A.l)

(A.2)

(A.3)

(AA)
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to be valid for i = 1, ... , k, Then we know that

Fo···Fi = Fo···FiPO ",Pi , PO",Pi =PO",PiFO · · ·Fi,
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'im (Zi - I) ~ No Ell ... Ell Ni-ll Qi = QiFO'" Fi-I = QiPO'" Pi-I, QiZi-1 = Qi,
Bi(Qi - Qi) = BiQiQiPi.
The special form of the coefficients !21;j does not matter.
We show that (A.1) - (AA) also hold true for i = k + 1. Derive

Gk+l = GkZk + BkQk = (Gk + BkQk)Zk
k-I

(Gk + BkQk + c, 2:: Qj2lkjQk)Zk
j=O

k-I
= (Gk + BkQk + Bk(Qk - Qk) +a, 2.: Qj2lkjQk)Zk

j=O
k-I

(Gk+1 +BkQkQkPk + Gk 2:: Qj2lkjQk)Zk
j=O

k-I
= Gk+l(I + QkQkPk+ 2.: Qj2lkjQk)Zk = Gk+lZk+1

j=O

t.hus (A.l), (A.2) is given for i = k + 1, and hence (A.3) is also true for i = k + 1. It remains to
check (AA) . Compute

k-I
(Bk - GkZkfr(DFo '" FkD-yDPo" .r, +c, 2.: Qj2lkj)Fk

j=O

-Gk+IZk+lD-(DFo'" Pk+lD-YDPo' " Pk+1

-Gk+lZk+lD-DFo'" h+lD-(DPo ' " Pk+lD-yDFo'" Fk>

k-I
Bk+1 BkPk + BkQkFk - GkZkD-(DFo'" FkD-yDPo'" Pk + c, 2:: Qj2lkjFk

j=O

-Gk+IZk+ID-(DFo'" Fk+ljj-yDPo'" Pk+1

-Gk+lZk+lFO'" Fk+lD-(DPo' " Pk+lD-)DFo'" h ,

~k+1 .- Bk+1 - Bk+1 + Gk+lZk+ID-(DFo'" Fk+lD-)DPo ' " Pk+1

Gk+ID-(DPo' " Pk+lD-)DPo ' " Pk+BkQkFk
k-I (A.5)

-GkZkD-(DPo'" PkD-YDPo'" Pk + Gk 2:: Qj2lkjPk
j=O

-Gk+lZk+lPO' " Pk+lD-(DPo'" Pk+lD-yDFo'" Fk

We have to show the representation

k

~k+l = L Gk+lQj2lk+lj
j=O

(A.6)
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with certain coefficients 2lk+Ij ' The second and fourth terms on the right-hand side of (A.5) fit
already into this form. Moreover, terms beginning with the expressions Gk(Zk-1) and Gk+I(Zk+I­
1) are also in the right form.
Consider the remaining terms

!Bk+l := Gk+ID-(DPo '" Pk+lD-)DPo'" Pk - Gkjj-(DPo'" pkjj-yDPo'" Pk

-Gk+IPO" .Pk+Ijj - (DPO·· · Pk+ID-YDPo' " Pk

= Gk+lD-(DPo'" Pk+ID-YDPo '" Pk - Gkjj-(DPo'" Pkjj-YDPO " , Pk

-Gk+IPO'" Pk+Ijj-(DPo' " Pk+lD-YDPo" ,Pk

-Gk+lPO'" Pk+I jj - DPo'" Pk+lD-(DPo'" Pk+ID-YDPo' " Pk,

~k+1 = Gk+I(1 - Po " ' Pk+d D- (DPo' "Pk+ID-YDPo" ,Pk

-Gkjj-(DPo'" PklrYDPo'" Pk - Gk+IPO " . Pk+ID- (DPo· · · PkD-YDPo' " Pk.

Because of 1 - Po'" Pk+l= QOPI · •· Pk+1 +...+ QkPk+l+ Qk+l and Gk+lQk+1 =Gk+I(Zk+1 +
1 - Zk+l)Qk+1 = Gk+I(1 - Zk+dQk+lt the first term of ~k+l is already in the right form.
With

Gk+IPO'" Pk+lD-(DPo'" PkD-YDPo'" Pk

= Gk+IPO ' " Pk+Ijj-DPo' " Pkjj-(DPO " ,PkD- YDPo'" Pk

= Gk+IPO' " Pk+ID- {(DPo'" pkjj-yDPo'" Pk - (DPo'" hjj-yDPo'" Pd

= -Gk+lPO' " Pk+ID-(DPo' " PkD-YDPo '" Pk

we find the remaining part to be considered as

""Q3k+1 .- - Gkjj- (DPo' " PklrYDPo ' " Pk + Gk+lPO'" Pk+Ijj-(DPo' " Pkjj-YDPO'" Pk

{Gk+IPO ... Pk+1 - Gk}jj- DPo'" pkjj-yDPo' " Pk·

Since

Gk+1PO' " Pk+1 - Gk Gk+l - Gk + Gk+l(Po'" Pk+1 - 1)

= BkQk +Gk+l(QOPI · · · Pk+1 + + QkPk+l+ Qk+l)

Gk+lQk+ Gk+l(QOPI· · · Pk+1+ + Qkh+l + (1 - Zk+dQk+d

"" k "" - k -we obtain the representation 23t.+l= L,j=oGk+lQj ~+lj , thus, Q3k+l = L, Gk+IQj2lk+lj, and,
j=O

finally (A.6). Consequently, (A.I) - (A.4) hold true for i = k + 1 and we are done.
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Appendix B: Deriving relation (3.7)

We start with the version of the DAE (2.1) that is premultiplied by G;l

1'-1
P!'-l .. . PoD-(Dx)' + G;l BPo ' " P!'-lX + E QiX

;=0
1'-1 i

+ E E P!'-l ",PjD-(DPo ",PjD-)'DPo " ,Pi_lQiX =G;lq
i=O j=O

and multiply by QkPk+l ... P!'-I with 0 ~ k ~ /-1- 2.
Derive

QkPk+l ' " P!'-lPI'-l' " PoD-(Dx)' =QkPk+l'" P!'_lPkD-(Dx)'

=QIi(I - Qk+l - Pk+lQk+2 - . .. - Pk+l " ' P!'- 2Q!'- d PkD - (D x )'

=-QdQk+lD-DPo'" PkQk+lD-(Dx)' +Pk+lQk+2D-DPo'" Pk+lQk+2D':"(Dx)'

+...+ Pk+1... P!'-2Q!'-lD- DPo ' " ~.-2Q!,_lD-(Dx)'}

=-QkQk+lD- (DPo '" PkQk+lX)' +QkQk+lD-(DPo'" PkQk+lD-)'Dx

- QkPk+lQk+2D - (D Po ' " Pk+lQk+2X)' + QkPk+lQk+2D-(DPo ' " Pk+lQk+2D-)'Dx
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(B.l)

-QkPk+l . .. P!'-2Q!'-lD-(DPo'" P!'-2Q!'-lX)'

+QkPk+l ... P!'-2Q!'-lD- (DPo '" P!'-2Q!'-lD-)'Dx

= -QkQk+lD-(DPo'" PkQk+l X)' - QkPk+lQk +2D -(D Po'" Pk+lQk+ 2X)'

- .. . - QkPk +l . . . P!'-2Q!'-lD-(D Po'" P!'-2Q!'-lX)'

+QdQk+ID-(DPo' " PkQk+l D-) + Pk+lQk+2D-(DPo ' " Pk+lQk+2 D-)'

+ ...+ Pk+l ... PI'-2QI' _lD-(DPo' " PI'_2QI'_ lD-)'}Dx,

and decompose Dx = D(Po '" P!'-l + Po' " P!'-l Q!'-l + ... + PoQdx. Recall once more that
QkPk+l . . . P!'-l Qk = Qk , QkPk+l ' " P!'-l Qj = 0 for j :/= k.
The equation resulting from (B.l) is

-QkQk+lD-(DPo' " PkQk+l X)' - . . . - QkPk+l . .. P!'-2QI'-lD-(DPo'" ~.-2Q!,-lXY

+QdQk+lD-(DPo'" PkQk+l D-)' + + Pk+l '" P!'-2Q!'-lD-(DPo'" P!'-2Q!'-lD-)'} x

X{DPo' . ,P!'-1X+DPo" ,P!'- 2Q!'-1X+ + DPOQIX}+QkPk+1' . ,P!'-1 G;lBPo' . ,P!'- 1X+ QkX
1'-1 i

+ E 2: QkPk+l ... P!'-lP!'-l ... PjD-(DPo'" PjD-)'DPo . . . Pi-I Q;x = QkPk+l . . . P!'-l G;lq.
i= l j=l

Next, if k > 0, we multiply once more by Po'" Pk-l'
Using the denotation Vj = Po'" Pj-lQjX, j = 1, ... ,/-I - 1, Vo = Qox, u = DPo'" P!'-IX , we
rearrange things to

1'-1 1'-1

Vk = .l:.kq + JCkD-u + L Nkj(DVj)' + L MkjVj,
i=k+1 i =1

(B.2)
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with coefficients (cf. Section 3)
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c, Po" ,Pk- l QkPk+l ' " PI'_lG; l ,

Nkk+l Po'" Pk-lQkQk+ID-, Nkj =Po '" Pk-lQkPk+l'" Pj-lQjD-,j = k + 2, .. . , jJ - 1,

ICk -po'" Pk-lQkPk+I ' " pl'_lG;lBPo" ,PI'-l

-po'" Pk-IQk{Qk+ID-(DPo'" PkQk+ID-y +Pk+IQk+2D-(DPo'" Pk+lQk+2D-y

+ ...+ Pk+l ... PI'-2QI'- lD-(DPo'" PI'-2QI'- lD-)'}D Po'" PI'-l

-po '" Pk- l QkPk+I ... PI'-l G;lBPo'" PI'-l

+Po'" Pk-1Qk{Qk+I + Pk+IQk+2+ ...
+Pk+I'" PI'-2QI'-dD-(DPo'" PI'-lD-YDPo'" PI'-l

= -po'" Pk-lQkPk+I'" PI'_lG;lBPO'" PI'-l

-po'" Pk-lQkPk+I'" PI'-IPkD-(DPo'" PI'-lD-YDPo'" PI'-l,

Mkj = -po'" Pk-lQk{Qk+ID-(DPo'" PkQk+ID-Y + Pk+IQk+2D-(D Po'" Pk+IQk+2D-Y

+...+ Pk+l' " PI'-2QI'-lD -(DPo'" PI'-2QI'-lD-)'}DPo'" Pj-1Qj
i

- 2:Po '" Pk-1QkPk+I " ,PI'- l PI'- l " ,PID-(DPo'" PID-YDPo'" Pj-1Qj,
1=1

(B.3)

if k > 0, and corresponding expressions (starting with QoPl . . . PI'-d for k = O.
Taking a closer look at the coefficient Mkj we show that Mkj = 0 for j = 1, . . . ,k + 1. Namely,
for 1 ~ j ~ k it holds that

Mkj = -po'" Pk-1QkPk+l " ,PI'- lPkD - (DPo'" Pj-lQjD-YDPo' " Pj-IQj
i

- 2:Po'" Pk-lQkPk+I'" PI'-lPkD-(DPo" . l1D-)DPo . . . Pj-lQj
1=1

-po' .. Pk-lQkPk+I ", PI'- l PkD - (DPo" ,Pj - l Qj D - )DPo" ,Pj-lQj

-po'" Pk-lQkPk+I ... PI'-IPkD-(DPo' " PjD-.yDPo'" Pj-lQj

= -po'" Pk-lQkPk+I'" PI'-lPkD-(DPo" ,PjD-YDPo '" Pj-lQj = o.
Furthermore, compute

Mkk+I = -po'" Pk-lQk{Qk+ID-(DPo ' " PkQk+lD-Y + Pk+IQk+2D-(DPo' " Pk+lQk+2D-Y

+... +PHI'" P/l-2Q/l-ID-(DPo' " P/l-2Q/l-ID-nDPo' " PkQk+l
k+I

- 2: POPk-lQkPk+I'" PI'-lPI'-l" . l1D-(DPo ... l1D-YD Po ... PkQk+1
1=1

= -po'" Pk-lQkQk+ID-(DPo " ,Pk+l Qk+lD - YDPo' " PkQk+l

+Po' . ,Pk- 1QdQk+ID- +...+Pk+I' . ,PI'- 2QI'- l D - }( DPo' . ,PkQk+I D - YDPo' . ,PkQk+1
k

- 2:Po'" Pk-1QkPk+1" ,PI'"-l PkD-(DPo" . l1D-)D Po ... PkQk+I
1=1

-po'" Pk-1QkPk+I ... PI'-lD-(DPo'" Pk+lD-)DPo '" PkQk+I,



Marz

that is,

Mkk+l = -PO ' " Pk-1QkPk+l . . . P/l-1PkD-(DPo'" PkQk+1D-yDPo ' " PkQk+l

-PO" , Pk- 1QkPk+l ' " P/l-1PkD-(DPo" ,PkPk+1D-)'DPo" , PkQk+l

= -PO'" Pk-1QkPk+l'" P/l-1D-(DPo " , PkD - y DPo' " PkQk+l

+PO'" Pk-1QkD-(DPo '" PkQk+1D-yDPo'" PkQk+l

-PO' " Pk-1Qk{Pk+l .. . P/-l-1 - I)D-(DPo '" PkD-yDPo '" PkQk+l

- PO' " Pk-1QkD-(DPo'" PkPk+lD-YDPo'" PkQk+l,

Mkk+l = -PO'" Pk-lQkPk+l' " P/l-1PkD-(DPo ' " PkD-YDPo' " PkQk+l

+PO'" Pk-1QkPO' " PkPk+lD-(DPo'" PkQk+1D-YD.

In the last formula, both expressions on the right-hand side vanish, i.e., Mkk+l = O.
Hence, formula (B.2) simplifies to formula (3.7), since Mkll'" Mkk+l disappear.
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