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Abstract

In this paper, general solvability statements on linear continuous coefficient differential algebraic
equations with properly stated leading terms are derived by means of decoupling projector func-
tions decomposing the differential algebraic equation into its characteristic components.
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1 Introduction

This paper is a continuation of the approach by [1] to characterize a class of linear differential
algebraic equations (DAEs) of the form

A(Dz)' + Bz =¢q (1.1)

with continuous coefficients A, D, B analytically exactly.

While an index characterization and the proof of invariance under transformation and refactor-
ization were in the center of interest in [1], the present paper aims at revealing the exact inner
mathematical structure and the solvability of DAEs with tractability index p by means of parti-
tioning and decoupling projectors.

In distinction to the various DAE concepts available (cf. [2] for a comprehensive overview) great
store is set by low resp. exact smoothness conditions here. We do not assume the coefficients to
have first and higher derivatives. However, as described in detail in [1], in this context constant
dimensions play an important role for a series of subspaces.

The paper is divided into three further sections. Section 2 provides the necessary tools (matrix
function sequence, index definition) from [1]. They are completed by the new and important re-
alization on the invariance of special subspaces (Theorem 2.3). In Section 3, we reveal by means
of projectors that and in what way each regular DAE can be partitioned into an inherent regular
ODE for the dynamical component and a system of explicit equations defining the other compo-
nents, in which necessary differentiations of already available components have to be carried out, as
expected. Finally, initial value problems (IVPs) can be formulated in such a way that statements
on the uniqueness and solvability will be possible.

Section 4 is devoted to the problem in how far the system of non-dynamical components can be
completely decoupled from the inherent regular ODE. Should this be possible, we will obtain clear
and simple solvability statements (Theorem 4.4) as well as an exact description of the function
spaces for the admissible right-hand sides ¢ in (1.1). This allows for a description of the canonical
subspaces, for instance of the exact geometrical locus of solution for the homogeneous DAE. On
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this background, it will become apparent that, for standard solvability assertions, some necessary
smoothness conditions may also concern the DAE coefficients.

Furthermore, the exact knowledge of the function spaces of the admissible right-hand sides provides
causality conditions for control problems (Theorem 4.8).

Technically expensive proofs have been placed in the appendices A and B.

2 Fundamentals

We consider equations
A®)(D(®)z(t)) + B(t)z(t) = q(t), t€L (2.1)

with continuous matrix coefficients A(t) € L(R",IR™), D(t) € L(R™ IR"), B(t) € L(IR™),
t € Z, T C R an interval, and with properly stated leading term. The right-hand side ¢(t) € R™
depends, at least continuously, on t. We are looking for continuous functions z : Z — IR™ that
have a continuously differentiable product Dz : Z — IR", and which satisfy equation (2.1) for all
tel.

The leading term is said to be stated properly if the matrix functions A and D are well matched
in the sense that the decomposition

kerA(t) ®imD(t) = R", t€ I, (2.2)

is valid and both subspaces are spanned by basis functions that are continuously differentiable
on Z (cf. [3], [4]). In the consequence, there is a uniquely determined projector function
R € CY(Z, L(IR™)) that realizes the decomposition (2.2), that is, we have R(t)?2 = R(t), imR(t) =
imD(t), kerR(t) = kerA(t), for t € Z. Observe that A(t) and D(t) have common constant rank
on Z. Additionally, we use functions D~ € C(Z, L(IR", R™)) satisfying the conditions

D)D(t)~D(t) = D(t), D)~D(t)D(t)~ = D(t)~, D&)D(t)” =R(t), teI,  (2.3)

i.e., pointwise generalized inverses of D. We stress that (2.3) does not define D~ uniquely (e.g.
[5]). However, if we fix an additional projector function Qo € C(Z, L(IR™)) that projects pointwise
onto kerD(t), then the fourth condition

D(t)™D(t) =1-Qo(t), te T, (2.4)

added to (2.3) makes the generalized inverse uniquely determined. We shall take advantage of this
fact. Since the decomposition (2.2) implies that kerA(t)D(t) = kerD(t), we may operate with
Qo(t) being nullspace projectors for the product A(t)D(t).

Next we construct a special sequence of matrix functions and subspaces to be used later on for
index characterization and system decoupling. The argument ¢ is mostly dropped. Then the given
relations are meant pointwise on Z. Starting from the coefficients A, D, B of equation (2.1) we form

Go = AD, No=kerGo, By =B, (2.5)
Q} = Qo imQo=No, Po=I-Qu, (2.6)
and, for ¢ > 0,
Giy1 = Gi+ BiQi, Niy1 = kerGiyi (2.7
Q% = Qi1 mQiy1=Nip1, Pii=1-Qin .
Biy1 = BiPi-GiynD™(DRy-+- Py D7) DPy--- P;. (2.9)



90 Mirz

The expressions (2.6) and (2.8) mean that corresponding projectors Q;(t) € L(JR™) onto N;(t),
t € Z,i > 0, are introduced. When using (2.9) we have to take care of the existence of the involved
derivative.

Definition 2.1 ([1]): Equation (2.1) is called a regular DAE or a regular DAE with tractability
index p if there is a sequence (2.5) - (2.9) such that, for i > 0,

(a) Gi(t) has constant rank r; on I,

(b) No®--- @ N; C kerQiy1,

(c) Qi € C(T,L(R™), DPy---PD~ € CY(Z,L(R")),
and ry_y < T =m.

Clearly, the flexible part of the sequence (2.5) - (2.9) are the projectors. Instead of saying that there
is a sequence (2.5) - (2.9) suitable in the sense of Definition 2.1, we can agree to say that there are
appropriate projectors Qg, @1, ... , Qu-1 for that. Note that r, = m implies Qi =0, Guyi = G,
for ¢ > 0, i.e., the sequence becomes stationary.

Condition (b) in Definition 2.1 is discussed in [1] as a necessary one for regularity. The benefit of
this relation are special properties of the projectors and projector products. In particular, it holds
that

Qin=0a J=0,...,i-1, Qi =Q;Py--- P, (210)

(Po--P)2 =Py P, ker(Po---P)=No®-- & Nj,

(DPy---P,D~)* = DP,---P,D~, (2.11)

kerQ; = kerPy--- P_1Q; (2.12)

ker(DPy---P,D”)=DPy--+ P, N; ®--- ® DPyN; & ker A.

The matrix functions G; resulting from (a),(b),(c) are continuous.
The differentiability condition in (c) ensures that all terms in the decomposition of the C? function
R belong to C, too, these are

R=DD™ =DPD~ =DPy---P;,D~ +DPy-+-P,_.yQ;D~ +--- + DPyQ,D". (2.13)

In other words, the subspace imD that has a continuously differentiable base is cansecutively
decomposed into further such subspaces. As we shall realize below, this corresponds to characteristic
parts of the solution.

Although the matrix functions G; clearly depend on the special choice of the projectors within the
scope of Definition 2.1, regularity with index x4 does not so. This is proved in [1], where regularity
with index p is also shown to remain invariant under regular transformations and refactorizations.

Definition 2.2 The sequence (2.5)-(2.9) is said to be admissible up to k € IN (or the projector
functions Qo, ... ,Qk are admissible) if, fori=0,1,... ,k,

(a) rankG;(t) =1, t €I,
(b) ifi> 1, then No®--- & N;_1 C kerQ;,
(c) Qi € C(Z,L(R™)), DPy---P.D~ € C'(Z,L(R")).
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Theorem 2.3 The subspaces imG; and Ng®---® N;, i =0,1,...k, do not at all depend on the
special choice of admissible projector functions Qo,...Qk.

Proof:

Take two admissible sequences G; with Q;,5 = 0,...k, and @j with Qj, j=0,...k, and look for
relations. We have Go = _éol No = Ny, By = By, further D~ = D"DD~ = D~-R=D"DD~ =
PyD~. Derive G1 = Go+ByQo = Go+BoQo = Go_-}-BoQoQo =G, ({+Q0Q:0P0). Since I+90Q0;Po
is a nonsingular factor, it follows that imG; = imG1, N1 = (I + QoQoFPo) N1, No + Ny = No + Ny,
hence, No ® Ny = Ny ® Ny

In case of k = 1 we are done. By careful technical calculations given in Appendix A, we verify
factorizations G; = G;Z; with nonsingular factors

-2
Zi=(I+Qi-1Qi-1Picr + ZQjZijPO oo Pi9) ;.
Jj=0

Again, it follows that imG; = imG;, N; = Z;N;, No® -+ ®N;=No®---®N;, i =2,... ,k. ©

Corollary 2.4 For a regular DAE (2.1) with tractability index u, the subspace
Neanpy =No® -+ ® Ny

has dimension uym —ro — ... — ru_1, and it is invariant of the choice of the admissible projectors

QO:”' aQu-—b

The subscript of Neqn,, indicates that this is a canonical subspace for the index  DAE.

Corollary 2.5 For constant matrices A,D,B that form a regular matriz pencil \Go + By with
Kronecker index i, the subspace Neany coincides with the infinite eigenspace of the pencill.

Proof:

In [6], special so-called canonical projectors Qj,5 = 0,...p — 1, are chosen for constant matrices to
obtain, with Py .-+ P,_1, the spectral projection onto the finite eigenspace along the infinite one.
These canonical projectors are admissible ones too, hence the assertion follows from Theorem 2.3. ¢

3 Decoupling a regular DAE into its characteristic parts

Now we deal with regular DAEs (2.1) that have tractability index u. We try to realize the inherent
structure by means of projections. We do not transform the unknown function, but we decompose
it into characteristic parts. First of all, we multiply (2.1) by G;* (cf. [1]). The resulting equivalent
version of (2.1) is

p=1
P“._l e PoD_(D.'E)' + G;IBP() cee P“_112 + 2 ij
=0 (8.1)

n
+

i

1
Y. Pu-1++-PiD~(DPy--- ;D7) DPy--- Fi1Qiz = G 'q,
1j5=1
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and it shows some structure even now. By means of the decomposition
I=F- P, 1+QP P+ +QuaPi1+Qu (3.2)

we split equation (3.1) into an equivalent system of u + 1 equations corresponding to the terms
involved in (3.2), all of which are projectors. Thereby we make use of the properties

Py Pu1Qi=0,5=0,...,u—1,
Qu-1Q;=0,j=0,...,u-2,
QiPiyr++ Pu1Qi = @i, QiPiyr+++ Pu1Qj = 0,5 #1i.
Since the first factor on the right-hand side of
Qi=(I-(I—-PFy--Pi1)Qi) Py P1Qi

is nonsingular, we obtain the components PyQ1z,... , P+ Py—2Qu—17 from the components Q;z,
i=1,...,u4—1 and vice versa.

Let z € CH(Z, R™) be a solution of (2.1) resp. (3.1). Recall the function space naturally containing
the solutions to be

CH(Z,R™) = {z € C(Z,R™) : Dz € CY(Z, R™)}.
Define the components
u=DPy---Pyaz, vo=Qoz, vi =P+ P1Qiz, i=1,... ,u -1, (3.3)
such that
z=D"utuv+...+vu-1 (3.4)

The components v = DFy-+-P, 1D~ Dz, Dv; = DFy---P,.1Q;D" Dz, i = 1,...,u — 1 are
continuously differentiable since Dz as well as the projectors in front of Dz are so.

Now, premultiplication of (3.1) by Py -« P,_1 (cf. (3.2)) and then by D = DPy leads to an explicit
regular ODE for the component u only (cf. Theorem 3.1 in [1]), namely

v — (DPy-+-Py1D™)'u+DPy--+ P,_1G;'BD u= DPy--+ P,.1Gp'q. (3.5)

No further components v; are involved in this so-called inherent regular ODE.
Further, multiplying (3.1) by Q-1 yields immediately

Qu-1z + Qp—lG;lBPO Bz = Qy—lG,_—;l‘I-
If 4 > 2, we multiply once again by Pp--- P,_2, so that the resulting expressions are
Vp-1 = Ly-19 = Ky-1D7u, (3.6)
with coeflicients
Ly1 = Py Pu2QuaGyt forp>2,
K:u_1 = PB:-- P/_,,_QQI_,_lG;IBPO v P#_l for p > 2,
C,‘_l = Q,,_IG;;I, /C“_l = Qﬂ_lG;lBPo .. -P,_,,_l for p=1.

We avoid to write an extra subscript to indicate the coefficients to depend on u. Obviously, relation
(3.6) determines the component v,_; explicitly in terms of ¢ and wu.
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Remark 3.1 For u = 1, the decomposition (3.4) and the equations (3.5), (3.6) represent the well
known decoupling of an index-1 DAE into its dynamic and algebraic parts (cf. [3]):

z =D~ u+ vy,
v — R'u+ DGy'BD~u = DG7q,
vy = QoG BPyD™u+ QoGrlg.
This yields the solution representation
z=(I - Ko)D u+QoGrlq, Ko = QuGi'BP,.

Recall I — Ky to be nonsingular, and (I — Ko)Pp to be the projector function along Ny onto
So = {2z € R™: Bz € imGy}.

For p > 2 we have to consider also the equations that arise by multiplying (3.1) by QoP; -+ Py—1
and by Py--- Pg—1* QkPit1+- Pu—1, k=1,..., 4 — 2 (cf. (3.2)). A careful rearrangement of the
involved terms (cf. Appendix B) leads to the system

p—-1 p=1
vp = Lrqg— KD u+ Z Nij(Dvj) + Z Mgjvj, k=0,...,0—-2 3.7
j=k+1 j=k+2

with continuous coefficients Ly, K, Ni; given below, but for the M;; we refer to Appendix B.

By the system (3.6)-(3.7), for given u, the components v,_1,... ,vp are successively determined
in an explicit manner. While v,_; is given (cf. (3.6) by a simple assessment, the components
v, © < u — 2, depend on certain derivatives of components that are already determined. In
particular, we have

Vp—2 = Ly_2q — /C/_,_QD_U + Ny_gﬂ_l (D’Uﬂ_l)l. (3.8)

The coefficients in (3.7) are

Lo QoPy- Py1GpYy Ly =Py 1 QkPrgr - Pua G k=1, 0 =2,
Noz Qo@1D~, Noj = QoPy -+ Pj—1Q;D™, j =2,... ,u—1,

Neksr = Pooo  Peo1QkQr+1D™, k=1,...,p -2,

Nij Py Pe1QkPritr- - Pj-1Q;D™, j=k+2,--- yu—1, k=1,... ,up =2,

and
Ko = QoPi+-+Py1G;'BPy---Py_1+QoP- P,y oD~ (DPy-+ P, 1D7)'DPFy -+ Pyy
QoxPo+++ Pu-1, (3.9)
K = Py Pe1QePry1+ Pum1Gy ' BPy+- Pyoy
+Py - Pyo1QiPrgr -+ P#_lka_(DPO e Pﬂ_lD—)lDPO Py

= Py Po1QpePr- Py, k=1, ,u—2, (3.10)
with
Qo = QoPr++ Py 1G'Bo(I+ QoPy -+ Pyt WD~ (DFy -+ P,_1 D7)’ D),
Qs = QrPrs1  Pu1G Bl + QxPiyr -+ Pur PkD™(DPy--- Py 1D™)'DPy - -+ Fy),

k=1,...,p—2.
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Let us mention that QxQk = Qk, @2, = Qks,k =0,... , 4 — 2. It turns out that Qy, is a certain
extra projector function onto Nj.

Theorem 3.2 Let (2.1) be a regular DAE with tractability index p.
(i) If z € CH(Z,IR™) solves the DAE (2.1), then

u

DPy--- P, 1z € CM(Z, "), vo = Qoz € C(T, R™),
Py Pi1Qiz € CID(Z)Rm)) i=1...,p—1,

v
form a solution of the system (3.5),(3.6),(3.7), and u=DP,--- P,_1 D" u.

(i) Conversely, if u € C}(Z,R"™), vy € C(Z,R™), v; € CH(Z,R™), i =1,... ,u — 1, satisfy the
system (3.5),(3.6),(3.7), and u(ty) € im(DPy - -+ Py_1)(to) for a tg € Z, then

z=D"u+vy+...+vu1 € Ch(Z, R™)
is a solution of the DAE (2.1).

Proof:
It remains to verify the second part. Take u, vy, ... , v, satisfying (3.5),(3.6),(3.7). From (3.6),(3.7)
we derive immediately

vo = Qovo, vi = Po+-- Po1Qivi, i=1,... ,u— 1.
Due to [1], Theorem 3.1 we know u to satisfy
u=DPFy---P,_1D"u, u= D~ Du.

Next we put £ = D™u+wvo+-+++v,-1 € C(Z,IR™). It follows that Dz = u+Dvy+...+Dv,_; €
CYZ,R"), thus z € Cb(I,IR’"). Derive further that DPy:-- P,z = u, Qoz = vg, Qiz =
Qivi, Py-+-Pi—1Qiz = v;, ¢ = 1,...,p — 1. Since the decoupling procedure for (3.1) via (3.2)
leading to (3.5),(3.6),(3.7) is reversible, z can be checked to satisfy (3.1) in fact. <

The equivalence of the DAE (2.1) to the system (3.5),(3.6),(3.7) sheds some more light on the
structure of the DAE.

When investigating the solvability of the DAE one can take advantage of the decoupled system.
Looking at (3.6), we realize the condition

DLy-19- DK, 1D u€ C(Z,R") (3.11)

as necessary for solvability. Namely, for a given solution z € C}(Z,IR™) the component
DPy -+ Py—2Qu-1% necessarily belongs to C?, i.e., (3.11) is necessarily valid. On the other hand, if
q € C(Z,IR™) is given and we try to solve the DAE via the system (3.5),(3.6),(3.7), we first obtain
u € CY(Z, R™) from (3.5). Assuming additionally DX,_1 D~ to be continuously differentiable, we
know Du,_; to belong to C! for ¢ with DL,_1q € C}(Z, R"). Then, v,_2 in (3.8) is well-defined
and so on.

At this place we do not go into further technical details. We say that the right-hand side ¢ and the
coefficients of the DAE (2.1) are sufficiently smooth if all terms in (3.7) are well-defined.
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Theorem 3.3 Let the DAE (2.1) be regular with tractability indez u, and let the coefficients and
q be sufficiently smooth. Then, for each z° € R™, the IVP

A(Dz) + Bz =q, (ty) — z° € Neanu(to) (3.12)
is uniguely solvable on CL(Z, R™).

Proof:

Take the solution u of the inherent regular ODE (3.5) which satisfies the initial condition u(tp) =
(DPy--+Py1)(to)z°. Then we determine v,_1,...,v1,v via (3.6),(3.7). The combined func-
tion £ = D u 4 vg + ... + vu_1 is a solution of the DAE due to Theorem 3.2. It holds that
(DPy -+ Pu—1)(to)z(to) = u(to), hence (DPy--- Pu_1)(to)(z(to) — z°) = G, i.e., (cf. Corollary 2.4)
z(to) — 20 € Neanu(to)-

Moreover, the homogeneous IVP A(Dz)' + Bz =0, (to) € Neanu(to) has the trivial solution only,
and so the solution of (3.12) is unique. <O

Corollary 3.4 The dynamical degree of freedom of a regular DAE with tractability indez p is
d=m—dim(Neanu(to)) =m0+ ... + 71— (u—1)m.

Remark 3.5 The initial condition in (3.12) can be rewritten as
Cx(ty) = €z°
with any matrix € whose nullspace coincides with Ncanu(fo). A possible choice for that is
¢ = (DPy--- Py1)(to)-
4 Refined matrix function sequences

To the matrix function sequences given in Section 2 we introduce additional accompanying sub-
spaces

Si(t) = {z € R™: B;(t)z € imG;(t)}, t € Z,i > 0. (4.1)

Because of imG;i—1 C imG; we can also use the descriptions

Si(t) {z € R™: By(t)z € imG;(t)}

{z € R™: By(t)Po(t) - - - Pi—12 € imGi(t)}.

The subspaces imG; are independent of the special choice of admissible projector functions (cf.
Theorem 2.3), hence so are the subspaces S;. Due to the construction it holds that So C Sy C
- C 81 € 8S;and

No®:--®N;_; CS;. (4.2)

The first subspace Sy(t) has a special meaning for the DAE (2.1). Namely, it is the geometric locus
containing the solution values z(t) of all solutions of the homogeneous equation A(Dz)' + Bz = 0.
However, Sp(t) is completely filled by those values only in the case of 4 = 1 (cf. Remark 3.1). In
the higher index cases, the subspace Scan(t), which by definition contains all solution values and
is filled by them, represents a d-dimensional proper subspace of So(t) (cf. Corollary 3.4). However,
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at this stage we are not aware of a good description of that subspace. This would be easier if the
coupling coefficients Ky,...,K,-1 (cf. (3.9), (3.10)) disappeared.
Applying [[7], Theorem A.13] we learn the matrix G, to be nonsingular only if the decomposition

Sy1®N,_, = R™ (4.3)

is valid. Therefore, for DAEs being regular with tractability index u, we may always choose ()1
to realize decomposition (4.3), ie., imQu_1 = N,_1, kerQu—1 = Su—1. Because of (cf. (4.2))
No®:--@® N,_3 C 5,1, this choice satisfies condition (b) in Definition (2.1) at the same time.
If the resulting DPy--- P,_1D~ is continuously differentiable, then Qo,...,Q,-1 are admissible
(supposed Qo, ... ,Qu—2 are so).

Lemma 4.1 For a regular DAE (2.1) with tractability indez u, let the last projector function Q-1
in an admissible sequence realize the decomposition (4.8). Then the coupling coefficient K, in
(3.7) disappears.

Proof:

Let Q-1 be an arbitrary projector onto Nj,_1. Then, the expression Qu—1(Gu-1+Bu-1Qu-1)"Bu-1
is well-defined (cf. [7]), and it is a representation of the projector onto N,_; along S,_;. Conse-
quently, for Q,_; it holds that

Qu-1 = Qu-1G; By (4.4)
and further, Q/_‘_lG;lBH_l = Ql_‘_lG;lBPO v P#_z, thus Q”_IG;lBPO oo P”_l = Q#_].P/_‘_l =0,
i.e., /Cp,._], =0. O

Example 4.2 The DAE

10 ) 0 0 0

100
01 @)+ 0 0 -1|z@)=q), teT,
(0 o) <<° ! O)z ) (-—Za(t) -1 o)z

with a € C(Z,IR), has tractability index 4 = 2 by Definition 2.1. Namely, a suitable matrix
function sequence is given by

0

0],

0

100 000 10 0 00
Go=|01 0], Q=({000}, Gi=|01 -1], @1=(0 1
000 001 00 0 1

1 0 0 1 0 0 10
Ge=(0 1 -1}, G;'=[0 0 -1}, DP1D-=<O 0).
0 -1 0 0 -1 -1

o

Here we have m =3, n=2, ro=7r, =2, rp = 3.
Since DP,G5 1BD- = 0, the inherent regular ODE is simply o' = DPGy lq. Compute the
coefficients

0 00 00 0
K1=P@iGs'BPyP = (22 0 0], Li=P@Q:G;'=(0 0 -1
0 00 00 0
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0

and DK D™ = (201

8), as well as the component u = DPyP,z = (%1>

The necessary solvability condition (3.11) reads now in detail

DLyq-DKyD u= (“0(13> - (2?1 g) u € CI(I, .Rz).
It becomes clear that we cannot do with continuous «, but we have to assume that o € C1(Z, R)
for obtaining standard solvability assertions. Letting ¢ = 0, u becomes a constant function, i.e.,
DK1D~u € CYZ, IR?) needs necessarily o € C}(Z, R).
Supposing a € C}(Z, IR) we are able to describe the set of right-hand sides that are appropriate
for solvability as

{¢€ C(Z,R®) : DL1g € CM(Z,R?)} = {g € C(Z,R?): g3 € C}(Z, R)}.

Now we refine the decoupling by choosing instead of the above @, the projector Q). onto Ni along

S; = {z € R®: 2az + 2, =0}, i.e,
0 00
Qie=1{2a 1 0.
2 1 0

Compute further Ky = 0 (cf. Lemma 4.1), DLy, = DLy and DP.[D~ = ( 1o

—-2a 0
condition for « to belong to C! is put into the smoothness demands for the projector DP.D~ or
for the related subspaces DN, and DSj, respectively.

>. Now the

Example 4.2 demonstrates the possibility of clearer solvability statements by means of a smart
choice of the projectors. For general index-2 DAEs, this is confirmed in (3].

Definition 4.3 For a regular DAE (2.1) with tractability index u, the admissible projector func-
tions Qo, ... , Qu-1 provide

(i) a fine decoupling if K; =0, i=1,...,u—114n (3.6), (3.7), and
(ii) a complete decoupling if Ko = 0 additionally.

A fine decoupling allows the precise description of the set of right-hand sides appropriate for
solvability as

Ccind(Z,R™) = {q€ C(Z,R™): Ly-19 = vu—1, Dvu_1 € CY(Z,R"),
;C,_,-gq + N#_gﬂ_l(Dv"_.ﬂ' = ’U“._z,D'vp,._z € Cl(I, Rn), ey

p—1
Lig+ Zlej(va)' + ZJ__:} Mijvj = vy, Dvy € CYZ,R")}
J:

in particular,
C"2(T, R™) = {q € C(Z, R™) : DPyQ1G5'q € C*(Z, R™)}.
For given z € Ch(Z, R™) the resulting g = A(Dz)' + Bz belongs to C*™%(Z, IR™) and, conversely,
the DAE (2.1) is solvable for each q € C™"4(Z, R™).
As we will realize by the next theorem, a fine decoupling allows for a constructive description of

the canonical subspace Scany(t), which is defined to be the geometric locus of the homogeneous
DAE, i.e., Scanu(t) = {2(t) : £ € Ch(Z, R™), A(Dz)' + Bz = 0}.
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Theorem 4.4 Let the DAE (2.1) be regular with tractability indez p, and let Qq, ... ,Qu_1 provide
a fine decoupling. Define Nean, = (I — Ko)Py -+ Py_y.

(i) Then, for each z° € R™ and q¢ € C™(T, R™) the IVP (3.12) is uniquely solvable on
CcL(z, R™).

(i) The solutions of the DAE A(Dz)' + Bz = 0 satisfy the condition (t) € im Ican,(t), t € I.
For tg € I, xg € imIlcanu(to), there is ezactly one such solution that passes through zq at tg.
The subspaces Scany and imlleen, coincide.

(iii) The decomposition
Scany(t) (53] Ncanu(t) = Rm, tel (45)
is valid, and Icany(t) is the projector that realizes (4.5).

Proof:

The first assertion is now evident as a consequence and more precise version of Theorem 3.3. We
turn to the second assertion. The solutions of the homogeneous components have trivial components
Vlyeo. ,Upy—1 SO that z = (I — ’Co)D‘u = (I - Ko)D~DPFy--- Pu..lD—'U, = (I -~ Ko)Py--- P#_1D—u
is a general solution representation. This implies z(t) € imIcanu(t), t € Z. Now write zo €
im Meanyu(to) as zo = (I — Ko) Py - - - Pu—1)(to)wo. Taking into account that Ko = Qoo (cf. (3.9)),
we have (Pp- --P“_l)(to)mo = (PO“‘Pu—l)(tO)WO- The IVP A(D:c)’ + Bz = 0, z(ty) — zo €
Neanp(to) has exactly one solution, namely z = (I — Ko)Py -+ Py—1D™u with u satisfying the
initial condition u(tg) = (DFy - -+ Pu—1)(to)zo. It follows that

z(t)) = ((I —Ko)Py:++Pu1D"DPFy---Py_1)(to)zo
= (I =Ko)Py-+- Py-1)(to)zo = ((I = Ko)Po -+ Pu-1)(to)wo = Zo.

To verify the third assertion, we observe that Hga,w = Il¢ony due to Py--- P, 1Ko = 0. The factor
I — Ky is nonsingular, which implies

kerIleany, = kerPy -+« Py_1 = Neany-

o

Remark 4.5 The projector function Il¢an, and subspaces Neany and Scany, are characteristics of
the DAE (2.1) itself and do not depend on the special choice of the fine decoupling. This is why we
call them canonical. However, Theorem 4.4 describes them by means of the decoupling projectors.

There is a further benefit of fine decouplings. If there are two of them, Qq, ... , Qu—1 and Qq, ... , Qu-1,
we derive from

(I_}CO)PO"'P;L—I=Hcanp=(I"k-:0)P0"'Pu—l

that DPy -+ Py_1D~ = DPy--- B,_; D~ must be true, i.e., the projector function DPy -+ P,_1 D~
corresponding to the inherent regular ODE (3.5) is invariant of the special choice of the fine de-
coupling. In the cousequence, the inherent ODE (3.5) and its invariant subspace imDPFy -+« P,_;
are unique.
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Corollary 4.6 Let the DAE (2.1) be regular with tractability indez p and let o fine decoupling
ewist. Then there is a unique inherent regular ODE (3.5) being invariant of the special choice of
the fine decoupling.

Finally, the question is left whether fine and complete decouplings do exist. For index 1 DAEs,
each Qg provides a fine decoupling for trivial reasons, and QoGi'lB provides a complete decoupling
(cf. Remark 3.1). For DAEs having tractability index 2, fine as well as complete decouplings
are constructed in [3]. For the case of 4 = 3 projector functions Qg, Q1, Q2 that provide a fine
decoupling are presented in [8]. Unfortunately, the technical expense for the proofs in the index-3
case is rather great. Furthermore, for constant coefficient DAEs of index p, projectors Qo, ... , Qu-1
providing fine and complete decouplings are given in [6].

Recall once more the special form of the coupling coefficients

Ki=PFPo-+ Poo1QpuPr-+ Puyy, k=1,... ,0-2,

given by (3.10). This is a product of projectors and if we achieved Qgs = Qk, k=1,... ,4—2, to
hold, we would have a fine decoupling. This makes us hope that the following supposition is true.

Conjecture 4.7 For a regular DAE (2.1) with tractability index p there are projector functions
Qo, .. ,Qu-1 which, if the corresponding DPy--- P,D~, i =0,... ,u — 1, are continuously differ-
entiable, provide a fine resp. a complete decoupling.

But this will probably be hard to prove, taking into account the immensely expensive proof of
the u = 3 case in [8]. The smoothness conditions for the DPFy- -+ P;D~ may concern parts of the
original coefficients as we have seen in Example 4.2.

In control problems (e.g. [9], [10]), a system to be controlled is said to be causal if the solutions do
not depend on derivatives of the control. Consider the regular DAE with tractability index u

A(Dz)" + Bz = Fucentrol (4.6)

to be the controlled system, and Ucontror to be the control. If the projector functions Qo, ... ,Qu-1
provide a fine decoupling and if F satisfies the condition (I — P; - --P,,_l)Glle =0, ie, F =
GuPy - P,L..IG;IF (observe GpP; - - P,,_lG;;l to be a projector function, too), then one obtains
from (3.6) with ¢ = Fucontroi that v,_; = 0, and further, from (3.7) that vy—2 = 0,... ,v1 =
0, vo = LoFucontrot — KoD~"u= QoPy -+ P/.t—lG;lFucontrol - KoD™u.

The inherent regular ODE reads now

u - (DPRyPy -+ P#_lD')'u +DPFy:-- P”_lG;lBD—U =DPFy--- Pu_lG;lFuwmm, 4.7

Theorem 4.8 Let the DAE ({.6) be regular with tractability indez y and let Qo,... ,Qu-1 provide
a fine decoupling. If

F=G,P,---P,,G;'F (4.8)
is valid, then the DAE (4.6) is causal, and its solutions are given by
z=(I-Ko)D u+QoPr - Py—lGﬂlFuwntml,

where u satisfies the reqular ODE (4.7) and w= DPy--+ P,_1D™u.
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As expected, the causality condition means that the control applies to the inherent regular ODE
and to the purely algebraic component.

Appendix A: Proof of Theorem 2.3

Consider two admissible sequences Go, No, Qq, - - , and Go, Ny, Qo, .. ., for the DAE (2.1).
It holds that Ny = Ny, Gy = Go, By = By, kerPy = kerP,. Compute D~ = PyD~

G1 = Go + BoQo = Go + BoQo + BoQuQoPo = G1 2,
with the nonsingular factor
Zy =1+ QuQoPo.
It results that Ny = zZ7 lNl and thus Ny & N; = Ny @ Ny must be true. It follows that

kerPyP, = kCTP()Pl, kerDPyP,D™ = keTDpoplﬁ_,

G1Q1 =G1(Z1 + I - Z,)Q1 = G1(I — Z1)Q1 = —G1QoQoPoQ1,

and further

By = ByPy-G1Z,D~(DPyP,D)'D

ByPy + ByQoPy — G12, D~ (DByP,D~)DP,P, — G1Z2,D-DPyP,D~(DPyP,D~)'D

By + G1D~(DRyP,.D~)'D + ByQoPy — G1Z,D~(DP,PLD~Y DRy P,
~G1Z1PP,D~(DP,P,D~)' D

By — G1Z1D~(DByP,D~) DRyP; + G1Qo Py + G1(I — Z1 PyP,) D~ (DPyP,D~)'D.

Because of G1(I — Z1PoPy) = Gi(I - ByPy + (I — Z1)RoP1), G1(I = ByP1) = G1(Q1 + QoPy) and
G1Q1 = —G1Q0QoPrQ1 we obtain the expression

By =By - G1Z:D~(DPyP,D~)' DPyP; + G1Qo%10,

where 219 = Py + (-QoPoQ1 + QoPy — QoPoPy)D~(DP,PLD™)'D.
Next we assume the relations

éi = GiZ;, (A.l)

~ -2 ~

Zi = (I+Qin1Qi-1Pi1)I + ) Qi%i-15Qi-1)Zi1
~ i-2J=0 _ (A.2)
= (I+Qi-1Qi-1Pir + E()Qj%-lei—l)Zi—h
J=
No® - ®N;=Ny®-+-® Ny, (A.3)
i-1

B;=B; - G,'Z,'D—(DPO cee E‘D—)'DPO - P+ Gy Z Q;2i;, (A4)

7=0
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to be valid for i = 1,... , k. Then we know that

By---By=Py---PPy-P, Poy-Pi=Py-PFy B,
im(Z; —I) S No®---® Ni—1, Qi = QiPo-+- Py = QiPy--- Pima, QiZi' = Qi
Bi(Qi — Qi) = BiQiQiFi.
The special form of the coefficients 2;; does not matter.
We show that (A.1) - (A.4) also hold true for i = k + 1. Derive

Gi+1 = GiZ+ BiQx = (Gk + BxQx) Zk
_ k-1 -
= (Gk+ BrQi + Gy Eo QUi Qk) Zk
J:

_ k=1 _
= (Gk+ BrQx + Bi(Qk — Qx) + Gk Eo Q% Qr) Zk
]:

- k=1 _
(Gr41 + BrQrQrPr + Gy ZO Q;%k; Qx) Zk
) j=
~ k=1 -
= Grp1(I + QrQrPr + _EO QUi Qk) Zk = Gr41Zk+1
]=

thus (A.1), (A.2) is given for i = k + 1, and hence (A.3) is also true for i = k + 1. It remains to
check (A.4). Compute

Brt1 = ByPi— Gy D™ (DPy--- PrtaD™)'DPy--- Py
_ _ _ - k-1 -
= (Byx— GrZyD~(DPy---PyD~)DPy--+ Py + G 20 QjQ[kj)Pk
J=

~Gy412Zk41D~(DPy++ Poyy D7) DPy - Puyy
—Gk+1Zk+1D_DPo e Pk.‘.)‘D—(DPo s Pk+1D_)'DP[] P,

_ _ - _ I k—1 -
Byy1 = BypPy+ ByQxPy — Gy ZyD~(DFy - ByD™)'DPFy -+ Py + G, Eo Q;%k; Py
j=

~Gy41Zk41D~(DPy -+ Py41D™)'DPy - - - Py
~Gi41Zk1Py -+ Poy1 D~ (DPy -+ Poy1 D7)DBy - - P,

Brs1 = Biy1 — Beg1 + G412k D™ (DPy -+ Poy1D)DPy -+ Pryy
= Gyu1D™(DPy-++ Py D7)DPy--- Py + ByQi P

_ _ _ . k=1 _ (A.5)
~GrZxD~(DPy:++PeD™)'DPy-++ Px + Gk 3- Q% Pk
j=0
~Gr41Zk41Py -+ Py D= (DPy -+ Poy1 D7) DPy -+ By
We have to show the representation
k
Byl = ZGk+1Qlek+1j (A.6)

=0
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with certain coefficients i41;. The second and fourth terms on the right-hand side of (A.5) fit
already into this form. Moreover, terms beginning with the expressions Gx(Z—I) and Gg41(Zg+1—
I) are also in the right form.

Consider the remaining terms

Bry1 = Gr1 D~ (DPy---Pyy1D™)DPy-- B, — GyD~(DPy--- BD~)'DPFy--- Py
—Gyy1Py- - Poy1 D~ (DPy - -+ PoyyD™)' DBy -+ By
= GruD~(DPy---Poy1D™)DPy--- P, —GyD~(DBy--- P.D~)'DP,--- P,
—Grp1Py - Py D~ (DPy -+ PyyyD™)DPy--- P
—~Gru1 Py Pyy1D~DPy- - Poyy D~ (DPy -+ Poyy D™) DBy - - B,

By = Gry1(I =Py Pey1)D™(DPy--- Py D7) DRy - Py
—GkD_(DP() v PkD_)'DP() <P — Gk+1po o Pk+1D_(DPO v PkD—)IDPQ o Pk.

Because Of_I - Po v Plc+1 = QQPI: . Pk+1 +... .+ QkPk+l__+ Qk+1 and Gk+1Q_k+1 = Gk+1(Zk+1 +
I — Z41)Qk+1 = Gk+1(I = Zk4+1)Qk+1, the first term of By, is already in the right form.
With

Gi+1Po -+ PoyraD~(DPy -+ PuD™)DPy--- Py

= Gyy1Py---BoprD~DEBy--- PyD~(DPy---PyD~)DPy--- By

= Gpu1Py-- Py D~{(DBy--- ByD~)'DEBy--- By - (DFy--- BD-YDPy--- By}
=—Gi41Po- - Pey1D~(DRy--- FD™)'DFy - By

we find the remaining part to be considered as

Biy1 = —GyD~(DBy---BD~)DPy--- P+ Gyp1 By PonD~(DBy--- BD~)'DFy--- P,
= {Gk-HPO (KX Pk+1 - Gk}D_DPO oo PkD_)lDPO <o Py

Since

Gip1Po-+ Pey1—Gx = Gip1—Gr+Grpa(Po-+ P — 1)
BiQk + Gi41(QoPr -+ Pegr + ... + Qk Py + Qi)
Gi41Qk + Gr41(QoPy -+ Peyr + ... + QPrtr + (I — Ziot1) Qiv1)

I

~ N -~ k -
we obtain the vepresentation Byi;1= Z?:o Gr+1Q5 Ueq1j, thus, Bry1 = 3 Gr41Q;Ak41j, and,
=0

finally (A.6). Consequently, (A.1) - (A.4) hold true for i = k + 1 and we are done.
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Appendix B: Deriving relation (3.7)

We start with the version of the DAE (2.1) that is premultiplied by G;l

Py_1---BD~(Dz) +G;'BRy--- Py1z + #il Qiz
pe1 i i=0 (B.1)
+ Eﬁ ]E:OP“—I -«P;,D~(DFy--- P,D7)YDPRy---Pi.1Qiz = G;lq
and multiply by QgPr41+ -+ Pu1 with0 <k < p—2.
Derive
QPs1 -~ PutPuci - PaD~(Dz) = QuPesr -+ Pacr PuD~(Da)’
= Qk(I - Qk+1 — Per1Qrs2 — -+ = Pey1 -+ Pu-2Qu-1) P D~ (Dz)'
= —Qi{Qk+1D"DPy- - PyQy41D~ (D) + Pey1Qk42D™DPy -+ Piy1 Q42D (D)’
+-++ Pyq1+- Pu2Qu-1D"DPy -+ Py—2Qu-1 D~ (Dx)'}
= =QkQk+1D™(DPy -+ - PeQi412)' + QkQr1D~(DPo -+ PiQr41D7) Dz
~QkPe+1Qk+2D™(DPy - - Pey1Qi427)’ + QiPit1Qk+2D ™ (DPy -+ - Piy1 Q42D ™) Da
~QxPey1++ Pu—2Qu-1D~(DPy-++ Py_2Qu1z)’
+QxPrt1 - Pu—2Qu-1D~(DPy -+ Py—2Qu-1D7)' Dz
= ~QkQk+1D~(DPy - - PiQk+18)' — QkPet1Qk+2D ™ (DPo -+ Pi1Qk+22)’
— oo = QkPrt1+ Pu—2Qu-1D~(DPy -+ Py_oQpu-12)
+Qr{Qk+1D~(DPy -+ PcQ4+1D7) + Piy1Qr+2D~ (DPFy - - - Pey1 Q42D ™)'
+...4 P11+ PuaQu 1D~ (DPy -+ Py_2Qu-1D7)'} Dz,

and decompose Dz = D(Py-++Py—1 + Py Pu1Qu-1 + ... + PoQ1)z. Recall once more that
QkPit1+ Pu1Qk = Qky QkPry1- Pu1Q; =0 for j # k.

The equation resulting from (B.1) is
—QkQrs1D~(DPy -+ PeQi417) — ... — QkPey1 - Puc2Qu-1D~(DPy -+ Py—2Qu-12)’
+Qi{Qk+1D~(DPy -+ PeQy41D7) + ...+ Prg1 -+ Pu—2Qu-1D~(DPo -+ - Pu—2Qu-1D7)'} %
X {DPO- . -P/_;_l.’L‘-I-DPo' . -Pﬂ_gQ#_1x+. ot DPOQ1$}+QkPk+1- . °P”_1G;1.BP0' . ~P#_1:21+Qk.’11
p=1 1
+ 5 S QiPit1+-Puc1Pyey - P;D~(DPy--- P;D7YDPy -+ Pic1Qi = QkPrs1 -+~ Pu-1Gy .
i=1 j=1

Next, if k > 0, we multiply once more by Py -« Py_;.
Using the denotation vj; = Py---Pj—1Qjz, j = 1,...,p— 1, vp = Qoz, u = DPy--- Py 1z, We
rearrange things to

p-1 p—-1
v = Lrq+ KD u+ Z Nkj(D’Uj), + Z M;jvj, (B.2)

j=k+1 j=1
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with coefficients (cf. Section 3)

Ly = Py Poo1QrPryr - - Pum1G,
Nikgr = Po-+  Poo1QrQi41D ™, Nij = Po -+ Pu_1QikPrq1 - Pjm1Q;D ™, j =k +2,... ,p— 1,
Kk = =Py Pe1QrPry1 - Pu1G'BPy -+ Py

=Py Pe1Qi{Qk+1D~(DPy - - PeQi41D7)' + Piy1Qr+2D~ (DPy - - Pyy1Qi42D™)'
oot Poy1 Py3QurD=(DPy-+- Py—y@u1D")}DPy-- Py

= =Py Pe1QiPrt1 - Pum1G'BPRy -+ Py
+Po - Po-1Qik{Qk+1 + Pey1Qk2 + . ..

+Piy1° Pu—2Qu-1}D~(DPy -+ P,-1 D7) DPFy++ Py

= =Py Pe1QkPet1+- Pu1G'BPy -+ - Py

—Py-  Peo1QkPeyr -+ Puy PkD~(DPy -+ P,_1D”)'DPy - Py,
Mij = —PFo+ Pe1Qe{Qk41D™(DPy - PeQr41D7)" + Pey1Qr+2D™ (DPy -+ Pyy1Qi42D7)
+..o+ Popr o Pu-2Qu-1 D7 (DPo -+ Pu-aQu-1 D7)} DFy - Pj-1Q;
=% Py--- Por@Poss - FucaPuma -+ AD™(DRy--- AD™YDPo - Fia Qs
(B.3)

if k > 0, and corresponding expressions (starting with QoP; -+ P,—1) for k = 0.
Taking a closer look at the coefficient My; we show that My; =0 for j = 1,... ,k + 1. Namely,
for 1 < j < k it holds that

Mgj = =Py Po1QxPiy1+ -+ Pyt PeD~(DPFy--- Pj1Q;D™)'DPy - -+ P;_1Q;
i
- [E Py Py 1QkPyiyr+++ Pu1 PkD~(DPy--- BD™)DPy - -+ Pj_1Q;
=1
= —Po--PeiQPirs -+ PuctPiD~(DFy+- Py1Q;D")DPy - Py_1Q;
—Py-+- PoeiQePry1 -+ Puor PD~(DPy -+ B;DYDPy - Py_1@Q;
= =Py F1QkFPrt1 - Pu1 kD~ (DPy--- P;D™)'DPy - -- Pj_1Q; = 0.

Furthermore, compute

M1 = =Py Poe1Qk{Qr+1 D~ (DPy -+ - PyQi41D~) + Pry1Qk+2D~(DPy - Pyy1Qr42D ™)'
tooot Pegro PugQu1D7(DPy -+ PuegQu-1D7)'}DPy - PuQp41

k+1
- ‘ZI PoPy1QkPit1* Py—1Pyr -+ PD~(DPy-+- BD™)DPy -+ PyQr41

=—Fo - Ps1QkQr+1 D™ (DFy -+ Pi41Qk41 D7) DPy - - PeQi1
+Po - Poe1Qi{Qk+1D™ ++ -+ Py - Pu2Qu-1D"}HDPo - -PxQi41D~) DPy- - - Pe Qg1
k
- 1_21 Py Pe1Qk Pyt Pum1 PkD™(DPFy--- BD™)DPy - - - PuQp41

=Py Pe1QPri1* Pyey D™ (DPy -+ Pey1D)DPy - - PeQp1,
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that is,

Meiks1

Il
|
F

* Pee1QrPiy1++ Pu—1 PcD™(DPy -+ PeQi41D~)DPy -+« PyQp41
Py Peo1QkPiyr -+ Py kD™ (DPy+ -+ Py Pyy1 D7) DPy - - PyQpq1
= —Py+ Pe-1QkPiy1- - Puer D™ (DPy -+ P.D™)'DPy -+ PiQp41
+Py -+ Pe-1QkD™(DPy -+ - PyQr+1D7)'DPy -+ - PeQi1
= —Po- Pe1Qk{Pet1  Pu1 =)D~ (DPy -+ PeD™)DPFy - - - PxQi1
—Py++ Pe—1QxD™(DPy -+ PyPyt1D™) DPFy - - - PeQp41,
Migs1r = —Po+  Pe1QpPryr - Pyt kD™ (DPy - - PoD™)DPy - -+ PeQp 1
+Py- -+ Px1QePo - PyPey1 D™ (DFy -+ - PuQr+1D™)' D.

In the last formula, both expressions on the right-hand side vanish, i.e., Mgg4+1 = 0.
Hence, formula (B.2) simplifies to formula (3.7), since My, ... Mgg41 disappear.
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