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Division by Flat Ultradifferentiable Functions
and Sectorial Extensions

Vincent Thilliez

Abstract

We consider classes Aps(S) of functions holomorphic in an open plane sector S and
belonging to a strongly non-quasianalytic class on the closure of S. In A (S), we construct
functions which are flat at the vertex of S with a sharp rate of vanishing. This allows us
to obtain a Borel-Ritt type theorem for Aps(S) extending previous results by Schmets and
Valdivia. We also derive a division property for ideals of flat ultradifferentiable functions,
in the spirit of a classical C* result of Tougeron.
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Introduction

Let S be an unbounded, open, plane sector with vertex at the origin. For a given sequence
M = (Mj);>o0 of positive real numbers, we consider the ultraholomorphic class of functions
associated with M in S, that is the class Ap(S) of functions which are holomorphic in S
and whose derivatives at any order j are uniformly bounded by Co?j!M;, where C and o are
positive constants (depending on the function). Of course, working with such classes requires
some growth and regularity assumptions on M. In the present paper, we always use a standard
set of assumptions, described in subsection 1.1, which ensures that a Whitney extension theorem
holds for the corresponding ultradifferentiable class Cps(R™), that is the class of C* functions
in R™ whose partial derivatives at any order j are bounded by Co?j!M;. We shall indeed use
Whitney extensions, as well as Whitney’s spectral theorem, in these classes. .

At the origin, any function in Ap(S) admits an asymptotic formal power series 3.y Aj%
with the estimate |);] < Co?3!M; on the coefficients. The class is said to be non-quasianalytic
if it contains a non-zero function which is flat at the vertex, in other words such that A; = 0 for
any j. The study of quasianalyticity for Ap(S) has a long history, but we shall only refer, for
our purpose, to the classical characterization by Korenblum [12], relating M and the aperture
of S, as recalled in subsection 2.2.

The present paper contains three main results. The first one, theorem 2.3.1, is the key to the
two others. Under the aforementioned set of assumptions on M, it provides a construction of
flat functions belonging to A (S) and admitting certain sharp estimates from above and below.
In a first step, devoted to the particular case of a half-plane, the result is obtained by means of
a suitable outer function, see subsection 2.1. We thank Jacques Chaumat for having suggested
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this approach. In a second step, the general problem is reduced to the case of a half-plane by
checking that the outer function of proposition 2.1.3 behaves well under ramification. Prior to
this, a certain amount of work has to be completed in order to analyze the relationship between
M and the aperture of sectors S for which the construction is possible. We manage this by
means of a growth index y(M) defined and studied in subsection 1.3.

The second main result, theorem 3.2.1, deals with Borel-Ritt type theorems in the ultraholo-
morphic setting. Being given a formal power series ZjeN )\j;—’! with the bounds |);| < Co?j!M;,
the problem consists in finding an element of A (S) asymptotic to that series. Of course, the
size of the sectors S in which such an extension is possible has to be related as precisely as pos-
sible to M. Well-known [14][19] for the Gevrey regularity G***, that is for M; = j!* with a > 0,
the solution was, up to now, far from being complete in a more general setting. A noticeable step
in this direction was made by Schmets and Valdivia in [15], but the results of [15] are subject
to certain limitations discussed in subsection 3.1. They exclude, for instance, the case of classes
which are, roughly speaking, smaller than the Gevrey class G2. By quite different methods, we
obtain in the present work a ultraholomorphic Borel-Ritt theorem which, unlike the previous
ones, is valid for any sequence M satisfying the aforementioned assumptions. The aperture of
sectors in which the extension property holds is also sharp. The proof uses an interpolation
scheme originating in classical complex analysis of several variables (see [4] in the C* case and
[5] in a special Gevrey case). The construction of theorem 2.3.1 plays here a crucial role and, as
in [15], the result comes with linear continuous operators.

The last main result, theorem 4.2.4, deals with the factorization of ﬂat ultradifferentiable
function germs by flat factors. It is known that any C* function germ u in R™ which is flat
at the origin, or more generally on a germ of closed subset X, can be factored as u = ujus,
where both u; and uy are C* and flat on X. In other words, a given flat germ can always be
divided by a well chosen flat germ, and the quotient is still flat. This is a particular case of a
more general result of Tougeron [18] recalled in subsection 4.1. Here, we address this question
in the ultradifferentiable setting and we obtain the corresponding result provided X is a germ
of real-analytic submanifold.

Notation

For any multi-index J = (j1,...,Ja) in N*, we always denote by the corresponding lower case
letter j the length j; + -+ + jn of J. We put D7 = /0] - - - Oxin.

1 Prerequisites and basic tools

1.1 Some conditions on sequences

A sequence M = (M;);>o of real numbers is said to be strongly regular if it satisfies the following
conditions, where A denotes a positive constant:

My =1 and M is non-decreasing, (1)
M is logarithmically convex, (2)
Mk < A“’“M~M,c for any (5, k) € N2, (3)

M,
<A for any £ € N. 4
Z < (J+ DM My Y @)
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For any strongly regular sequence M, we define its sequence of quotients m = (m;);so0 by

M
m; = TJ;—I for any j € N. (5)
i

Condition (2) amounts to saying that m is non-decreasing. Together with (4), it implies

]lir& mj = 00. (6)
With (1), it also implies
M;My, < M, for any (4, k) € N? (7
as well as )
M;/J < m; for any j € N*. (8)

Thus, condition (3) appears as some sort of converse to (7): we refer to it as the moderate
growth condition. It implies also a converse to (8): indeed, using successively (2) and (3), one
has (m;)¥ < mj...mgj_1 = My;/M; < A¥M; for any integer 7 > 1, hence

m; < AQMJ.W for any j € N*. (9)

Finally, (4) is known as the strong non-quasianalyticity condition; its function-theoretical mean-
ing will be recalled in subsection 1.2. With M is also associated the function ks defined on R,
by
hy(t) = ig(f)tij for t > 0 and hy(0) = 0.
iz

The function hy, is continuous, non-decreasing, with values in [0, 1]. More precisely, by virtue of
(1), (2) and (6), it is easy to see that hp(t) =t/ M; for j € [mlj, mjl_l [withj > 1, and hy(t) =1
for ¢t > m%) In particular, hps fully determines M since we then have

M; = supt~hp(t).
£>0

Let s be a real number, with s > 1. Obviously, one has (hu(t))’ < hum(t). An easy but
important consequence of the moderate growth condition (3) is the existence of a constant
p(s) > 1, depending only on s and M, such that

ha(t) < (hu(p(s)t))® for any t € Ry. (10)

Example. A most classical example of strongly regular sequence is given by the Gevrey sequences
M; = j!* with & > 0. In this case, one has exp(—2at="/%) < hy(t) < exp(—5t1/).

1.2 Some Carleman classes of functions

Let M be a strongly regular sequence and let Q be an open subset of R™. For any real o > 0,
any complex-valued function f belonging to C*°(£2) and any point z of 2, put

_ |DY f(z)|
Po(f 1) = JS:an oM,
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Lemma 1.2.1. Let f; and fa be C™ functions on Q, let o1 and oy be positive real numbers.
Then fOT any pOint z in Q: we have Poi+o (flf%x) < yZA (fl)x)pt72(f21 .’D)

Proof. For any multi-index L, we have | DL(f, f2)(z)| < o, (f1, 2)Poy (f2, ©)St, with

L ..
SL= Z md‘idé]IM]k'Mk
J+K=L """

by the Leibniz formula. Using the elementary estimate jlk! < (j + k)! and property (7), we get
immediately Sy, < (o1 + 02)%0!M;. The lemma follows. O

Now consider the space Cpr»(€2) of those functions f for which p,(f, z) is uniformly bounded
with respect to z in Q, in other words, for which there exists a constant C; such that

|D? f(z)| < Cyo?;!M; for any J € N* and any z € Q. (11)

This is a Banach space for the norm || f|jo,s defined as the smallest constant C such that (11)
holds. We define the Carleman class Cp(2) as the increasing union of all Banach spaces Cp1,, ()
for o > 0, endowed with its natural (LB)-space topology.

Remark 1.2.2. In view of (11), the sequence M conveys the defect of analyticity of the elements
of Cp (). Depending on authors, M; often rather denotes what appears in (11) as j!M;. For
practical reasons we prefer to separate the analytic part. Anyways, writing M; = jIM;, it
can be checked that the strong regularity of M is equivalent to the classical set of conditions
(M1)-(M2)-(M3) for M, as it appears in [1] or [11], for instance.

Ezample. Taking M; = j!* with o > 0, we obtain Gevrey classes G'**(Q).

Now denote by A(N") the space of families A = (Aj)jen» of complex numbers and consider
the Borel map B : C®(R™) — A(N"), given by (Bf); = D’ f(0) for any f of C*(R"™) and any
multi-index J. Define Ajps,(N") as the space of those elements A of A(N") for which there exists
a constant C) such that

|As] < Cro?5!1M; for any multi-index J € N™. (12)
The Borel map restricts obviously as follows:
B : Cyo(R™) — Apro(N™). (13)

In the same way as for functions, we define the norm |A|, as the smallest possible Cj in (12).
Then Ap»(N") becomes a Banach space and the map (13) is continuous, with norm 1. We also
consider the (LB)-space A (N") obtained as the inductive limit of these spaces. Thus, we have
naturally

B : Cy(R™) — Ap(N™). (14)
This map is surjective, as shown in particular by the following proposition, which summarizes
results of several authors [1][3][6][13], not in full generality, but rather in a form adapted to our
needs. :

Proposition 1.2.3. Let M be a strongly regular sequence.
(i) One can find a constant b > 1, depending only on M and n, such that, for any real o > 0,
there exists a linear continuous operator

Eo- . AM,H(Nn) —_— CMJ,(,(]Rn)
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satisfying BE;A = X for any element A of Apo(N"). The extensions E,\ can be assumed to
have compact support, contained in a prescribed neighborhood of 0.

(ii) For any bounded open subset Q of R™ with Lipschitz boundary, one can find a constant ¢ > 1,
depending on M and §2, such that, for any real o > 0, there exists a linear continuous operator

Fg : CM’,(Q) _— CM,ca(Rn)

satisfying F, f |o = f for any element f of Cp ().

Proof. The proposition can be derived from sufficiently precise Cps versions of the Whitney
extension theorem, see for instance [6], theorem 11 and remark 12. Part (i) corresponds to
K = {0} and part (ii) corresponds to K = Q, since the Lipschitz smoothness of 9 allows us to
identify functions in Cpr(Q2) and Whitney jets of class Cps on €. O

Since the strong regularity of M implies in particular the well-known Denjoy-Carleman con-
dition of non-quasianalyticity
M;
oM, (15)

we know that Cps,(R™) contains non-zero functions f which are flat at the origin, which means
that Bf = 0. Such a function f satisfies, for any multi-index K € N* and any z € R,

ID¥ f(@)] < 11 lIre o (240) k! Michas (2401 ]). (16)

Indeed, DX f can be majorized by applying the Taylor formula at any order j, together with (3)
and the elementary estimate (j+k)! < 29+%41k!. It suffices then to take the infimum with respect
to j to get (16). We see in particular that any flat function f in Cp(R™) satisfies |f(x)| <
| fllr» char(2Ac]z]). Using the optimal cut-off functions of Bruna [3], it is not very difficult to
construct such an f for which this estimate is sharp, in the sense that |f(z)| > A'hp(A'|z|) for
some A’ > 0. We shall not describe this construction, nor the corresponding upper bounds on
the successive derivatives of 1/f, since they are too crude for the practical purposes of sections
3 and 4. From section 2, we shall, in appropriate circumstances, get additional holomorphy
properties, hence a much better handling of 1/f.

1.3 On growth properties of strongly regular sequences

We study here a property of strongly regular sequences which can be viewed as a relationship
between the growth and regularity of such a sequence, and that of suitable Gevrey sequences.

Definition 1.3.1. Let M be a strongly regular sequence, m its sequence of quotients, and let
7 be a positive real number. We say that M satisfies property (P.) if there exist a sequence
m' = (m]);>0 and a constant a > 1 such that (j +1)~"m} increases and a™'m; < mj < am; for
any 7 € N.

Notice that property (P,) implies easily the estimate
ajj!" < Mj for any j € N (17

with a; = mg/a, since M; = mg---m;_y. The introduction of (P,) is justified by lemma 1.3.2
below. The most important part of the lemma is a rewriting of a result of Petzsche ([13], corollary
1.3), for which we remind the reader about notational differences: what is denoted by M; (resp.
m;, m;) in the present paper corresponds to M (resp. m},;, nj,,) in [13].
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Lemma 1.3.2. Let M be a strongly reqular sequence.
(i) There always exists a real v > 0 such that property (P,) holds,
(it) There exist constants § > 0 and az > 0 such that

M; < a}j!® for any j € N. (18)

Proof. Part (i) is the aforementioned result of {13]. Part (ii) is obtained easily from (9): choose
6 > 0 such that A%~ < 1. Then a trivial induction using (9) and the elementary estimate
(75" < e7!yields M; < M{j%. Finally we get (18) by Stirling’s formula. a
Remark 1.3.3. In terms of Gevrey classes, (17) and (18) amount to the inclusions G**7(f2) C
Cu () C G (Q).

As a first application of lemma 1.3.2, we gain some information on the powers of M.

Lemma 1.3.4. Let M be a strongly regular sequence. Then, for any real s > 0, the sequence
M?* = (M3)j0 is also strongly regular and it satisfies

hars () = (hae(t))® for any t € Ry (19)

Proof. The only fact which is not obvious is that M*® satisfies the strong non-quasianalyticity
condition (4). Using part (i) of lemma 1.3.2, we have

M; L G+D7y_ 1
,—J < a’ —_—— =43 -
; (G +1)Mjy, ; (G +1)(mj)* ; ( m) ) (F + 1)t+sy

s (€+1)7 i 1 2s M; sy
</ (S ) Zgrm <, ¢ UR

it

with Ry = Y.5,(j + 1)"0**". The result then follows from the elementary estimate R, <
(14 (s7)™1)(£ + 1)~*". Notice that the case s > 1 could have been treated without lemma
1.3.2: writing M7 /M3, = (m;)'=°M;/M;y1, it is enough to use (4) and the fact that (m;)'~* is
non-increasing in this case. O

We introduce now a growth index which will play a crucial role throughout the paper.

Definition 1.3.5. Let M be a strongly regular sequence. We define its growth indez y(M) by
y(M) = sup {y € R; (P,) holds}.

By lemma 1.3.2, this definition makes sense and we always have 0 < (M) < oco. It is also

easy to see that
¥(M?®) = sy(M) for any real s > 0. (20)

Ezample. In the case of a Gevrey sequence M; = j!1* with o > 0, one has obviously v(M) = a.
The result is the same for M; = j1*(Log j)*/ with 8 € R (either positive or negative). The case
a =1, 8 = —1 corresponds to the so-called “1* level” occuring in formal solutions of certain
linear difference equations, see [9] (thus, v(M) = 1 in this case).

As shown by the preceding example, property (P.,) is easy to test in concrete situations.
However, the following lemma sheds more light on the significance of y(M). It will be used
several times in the next sections.
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Lemma 1.3.6. Let M be a strongly regular sequence. Then for any real number v with 0 < v <
(M), there exist a constant a > 1 and a strongly reqular sequence M’ such that (j1=7Mj}) >0 is
strongly regular and o™ M; < M} < o’ M; for any j € N.

Proof. Choose & real § with v < § < v(M). By definition of (M), property (P&) holds, hence
one can find a constant a > 1 and a sequence m' = (m});»o such that (j + 1)7°m); increases
and a”lm; g m; < am] for any j € N. Clearly we can also assume m{ > 1. Put Mi=1
and M} = mg- _y for j > 1. By stralghtforwa.rd verifications, M’ is strongly regular and
it satlsﬁes the estlmate aIM; < M; < a’M; for any j € N. Next we show that the sequence
M" given by M} = jI"7Mj is strongly regular It is easy to see that it satisfies conditions (1)
and (2). The moderate growth property (3) for M” is a consequence of the moderate growth
property of M’ and of the elementary estimate jlk! < (5 +k)! < 27+%41k!. Finally, for any integer
£ > 0, we have

M" 3 Z _ Z _7 + 1)6 1
S 0+ MJ"+1 &G+ 1)1 Tm; m; (J+ 1)
(e+ 1)s 1 My _
< £+ 1R,
=T ; G g, Y TR

with R = 3°.5,(j + 1)~(+8=7)_ The strong non-quasianalyticity condition (4) for M”" follows,
since we have Ry < (1+ (6 — )1 (£ +1)7~°. O

2 Sectorial flatness

In this section, we construct holomorphic functions in plane sectors with precise flatness prop-
erties at the vertex. For any real v > 0, put

Sy = {ze T; |Argz] <’Yg}7

where ¥ denotes the Riemann surface of the logarithm and Arg the principal determination of
the argument. We consider first the special case of the right half-plane S} = {z € C; Rz > 0}.

2.1 A construction of outer functions

We begin by stating two auxiliary technical lemmas. The second one is a familiar logarithmic
integral condition: this will be, in fact, the starting point of our construction.

Lemma 2.1.1. Let N be a strongly regular sequence with y(N) > 1. Then there ezist real
constants by and be, with by > 0, such that, for any real u > 0,

1
/ Log hn(su)ds > Log hy(byu) + bs.
0

Proof. Let N' be the sequence associated with N and with 4+ = 1 by lemma 1.3.6, so that
(5171 N});20 is strongly regular and

a™N; < N} < o N; for any j € N. (21)
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Define now
w(t) = sup Log (N’) fort >0, w(0)=0.

>0

Since (j!7'Nj);z0 satisfies the strong non-quasianalyticity condition (4), a result of Komatsu
([11], proposition 4.4, equation 4.14) shows that one can find a constant bs > 0 such that

t
/ ( y) ——=2dt < baw(y) + bs for any y > 0 (22)
1

(in fact, the strong regularity of (5!~ lN]’)Po implies that w is a strong weight function in the
sense of [1]). Besides (22), it is clear by (21) that one has

~tes () <10 ¢ -tox (o (2).

Putting t = 1/s and y = 1/u in (22) then yields easily the result. O

Lemma 2.1.2. Let N be a strongly regular sequence with v(N) > 1. Then we have

e Log h(|t])
/ Wdt > —00

-0

Proof. Pick a real v with 1 < 4 < (N). By definition of y(N), and by property (17) for the
sequence N, we have aj!" < N; for any j € N. Multiplying this inequality by |t| and taking
the infimum with respect to 5, we derive exp(—by|t|=/7) < hn(|t|) for some suitable b4 > 0. The
lemma follows, since 1/ < 1. g

We are now ready to work out the key construction.

Lemma 2.1.3. Let N be a strongly regular sequence with y(N) > 1. Then there exist a function
F holomorphic in the right half-plane Sy and constants bs > 0, bg > 0 and b; > 0, depending
only on N, such that

bshy (beRw) < |F(w)] < hn(brjwl|) for any w € Sh. (23)

Proof. We use the classical construction of outer functions in H? spaces, see e.g. [8], theorem
11.6, or 10}, chapter 8. For w € Sy, we put

+o00
Py = (2 [ roghu(e Bt )

—oo w 142

Thanks to lemma 2.1.2 and to the boundedness of hy, it is known that F is a bounded holo-
morphic function in S;. For w € Sy, put now w = u + v (thus, » > 0). Then we have

Pl = (3 [ Losw(e) gt - (24)

Remark that [,_, ., g=ormedt = 5. Since [t — v| < u implies [¢] < 2w, we derive

/.l Log hw(|t) 5ot < 3 Log (2w -
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Since hn(|t]) < 1 for any ¢, we also have

u
Log hn(|t)) m————=dt <0 26
g T it < 20

By (24), (25) and (26), we obtain |F(w)| < \/hxn(2|w]). Using property (10) with M = N, we
get the upper bound in (23), with b7 = 2p(2). The proof of the lower bound goes as follows.
Putting ¢ = us in (24) gives

|F(w)] = exp (% :, Log hN(u131)ﬁds) . (27)
For |s| > 1, one has Log hy(uls|) > Log Anx(u), hence
2 u2
/l&l21 Log hN(u|s|)mds > Log hy(u) /ISIZI mds.
Since Log hAn(u) < 0 and flslzl (E?—%)zfmds < mr, this implies
o Log hN(ulsl)mds > m Log hn(u). (28)

u?

One has also === < 1 and Log hy(uls|) < 0 for any u, v and s. Invoking lemma 2.1.1, we
get therefore

’U.2
Log hn(uls _dSZ/ Log hn(uls|)ds
<t g h (ul [)(us—y)2+u2 <t g hw(uls|) )

> 2(L0g hN(bl’lL) + bg)

From (27), (28) and (29), we derive easily |F(w)| > bs(hy(bgu))? with bs = exp(2by/7) and
bs = min(1,b;). By virtue of property (10) for N, this yields the desired lower bound, with
b(; = bg/p(?) O

2.2 Background on ultraholomorphic functions

For any open subset 2 of C", we use the standard identification between C™ and R?" to consider
the spaces Cp,»(Q2) and Cp(R2) as introduced in subsection 1.2. We put Ay () = H(Q) N
Ca,o (), where H(f2) denotes the space of holomorphic functions in 2. Clearly, Ap,(€2) is a
closed subspace of Cp(€2). In the same way, we put Ay () = H(Q) N Cuy(Q).

Now consider the sectors S, introduced at the beginning of the current section. For v < 2,
one can use the preceding definition with Q = S, since in this case S, is an open subset of
C. It is then easy to see that any element f of Ap(S,) extends continuously, together with
all its derivatives, to the closure of S,. In particular, f has a Taylor series at 0. For v > 2,
in other words for sectors on the Riemann surface I, one can similarly define A (S,) as the
space of holomorphic functions f in S, whose derivatives at any order j are uniformly bounded
by Cyo?jIM; for suitable constants Cy and o. The Taylor series still makes sense, since all the
restrictions of f to subsectors of aperture smaller than 27 have the same expansion at 0. In all
cases, one has thus a Borel map (abusively still denoted by B)

B: AM(S»Y) —_ AM(N)
f = (£9(0))jen
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As for Cpr(R"), an element f of Ap(S,) is said to be flat if Bf = 0, and the class Ap(S,) is
said to be non-quasianalytic if it contains a non-zero function f which is flat at 0. A classical
work of Korenblum provides a necessary and sufficient condition for this property ([12], theorem
3 and remark 1). In our setting, thanks to (8), (9) and Stirling’s formula, Korenblum’s result
can be stated as follows: Ap(S,) is non-quasianalytic if and only if

> (i) < o

j21

Just as the Denjoy-Carleman condition appears as a limit case of (30) (putting v = 0), it
turns out that the strong non-quasianalyticity condition (4) appears as the limit case of another
condition (31), stronger than (30), and related to the growth index y(M) by means of the
following lemma.

Lemma 2.2.1. Let M be a strongly regular sequence and let v be a real number with 0 < v <
y(M). Then there exists a constant by > 0 such that

1 1
—_— <bg(d+1)|{ —— or any £ € N, 31
;((]+1)Mj+l o ) (¢ + 1)Mpyr for any (31)

Proof. Consider the sequence M’ associated with M and 4 by lemma 1.3.6. Since we have
a'lm; < m; < amj for some constant a > 1, it suffices to prove (31) with M replaced by
M'. Put M} = j"="Mj and M}’ = (M]”)ﬁ Since M” is strongly regular, lemma 1.3.4 shows
that M" is also strongly regular. Writing the strong non-quasianalyticity property (4) for the
sequence M"’, we obtain precisely the desired estimate. O

Remark 2.2.2. If we replace v by a natural integer r in (31), we recover the so-called property
(Yr4+1) of Schmets and Valdivia [15].

2.3 A result on sectorially flat functions

Lemma 2.2.1 shows in particular that .A(S,) is non-quasianalytic provided v < (M) (this
is no longer true for v > v(M), as the Gevrey case shows). The construction of lemma 2.1.3
allows us to state a much more precise result, since we can now obtain flat functions with sharp
estimates, as announced above.

Theorem 2.3.1. Let M be a strongly reqular sequence and let v be a real number, with 0 < vy <
¥(M). There ezists a function G belonging to Ap(Sy) such that, for any z € Sy, we have the

estimate
Kihu(Ka|z]) < |G(2)] < ha(kslz]) (32)

where k1, K3 and K3 are positive constants depending only on M and ~.

Proof. Pick two real numbers § and s with vy < § < y(M) and s6 < 1 < sy(M). Consider the
sequence N = M*. We know from lemma 1.3.4 that N is strongly regular, and by (20) we have
¥(N) = sy(M) > 1. It is thus possible to apply lemma 2.1.3. Consider the function F' provided

by the lemma and put
G(z) = F(2*) for z € Ss.
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This makes sense since z — w = 2° maps holomorphically S5 into the subsector Sg5 of Sj.
We shall show that the restriction of G to the subsector S, of Ss has all the desired properties.
We claim first that the estimates (32) hold for z in S5 (hence in S,). The lower estimate
is obtained from (23) by the following arguments: for w € Sy, one has Rw > byolw|, with
bio = cos(sd%) > 0. For z € Ss, one has thus hy(bsR2°) > hy((b11]2])®) with by = (bgbig)/e.
One has also hn((b11]2])%) = (har(b112]))?, as observed in (19). For s < 1, we derive immediately
hn(bsRz°) > har(bi1]z]). For s > 1, we use (10) to obtain the same estimate, where the value
of by; is divided by p(s). In any case, we get the desired lower bound in (32), with x; = bs and
Ko = b1;. The proof of the upper estimate goes along the same lines and we skip the details.
Finally, we have to show that G belongs to A (S,). Choose a real e with 0 < ¢ < min(1,5—-%)%.
Then for any z € S,, the closed disc of center z and radius (sin€)|z| lies in Ss. Since (32) has
been shown to hold on Ss, the Cauchy formula yields easily

. il . .
1GY(2)] < mhﬂl (ka(1 +sine)|2|) for any j € N. (33)

Since hp(t) < #/M; for any j, we derive |G (z)] < b{QjIMj for any 7, with bp = 53(1+(sin6)_1).
This completes the proof. O

The following supplement to theorem 2.3.1 will be useful in section 3.

Lemma 2.3.2. The function G of theorem 2.8.1 satisfies, for any z € Sy and any j € N,

|G (2)| < bl3j!M; har(bral2]) 34

1\& . 1
|(5) (2] < busblat; (e (burl=1) (35)
with positive constants big to byy depending only on M and .

Proof. Going back to (33), and using (10) with s = 2, we obtain easily (34) with by4 = p(2)k3(1+
sine) and by3 = byy(sine)~!. The proof of (35) follows the same pattern: using the lower bound
of G in Ss and the Cauchy formula on the same disc as before, we get

1\ i -1
i <jpTl_J°
KG) (z)l =" sme)l|)? (hae (brs]e))
with big = ka(1 — sine). Using once more (10), we remark that

har(busl2])  han(bus|2]) _ (Bus|2]) M;
(R (bis|2]))® ~ har(brel2l) = has(buel2])

(ha(bisl2])) ™" =

with by7 = bis/p(2). Hence we obtain the result with b5 = 1/x; and by = big(sine) L. O

Remark 2.3.3. Theorem 2.3.1 is much easier for Gevrey classes. Indeed, for M, = {!* with
a > 0, it is possible to check directly that G(z) = exp(—2~'/%) has all the required properties.
The key fact is that, in this Gevrey setting, hp(t) is comparable (up to scaling constants) to
exp(—t~Y/*), which appears directly as the restriction of G to Ry. There is no such explicit
estimate for general sequences M, and the preceding work amounts to constructing a function
which plays a similar role for the corresponding hyy.
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3 Sectorial extensions

3.1 Background on Borel-Ritt type theorems

The well-known Borel-Ritt theorem states that for any element A of A(N) and any sector S,

with 0 < v < 2, one can find a holomorphic function on S, having > ]eN % as asymptotic
expansion at 0. It implies the Borel theorem in its most classwal form, that is tixe surjectivity of
the map B : C*(R) — A(N). Since the Borel theorem admits ultradifferentiable versions, it is
natural to ask whether the Borel-Ritt theorem has ultraholomorphic analogues. In our context,
the problem can be stated as follows:

Problem. Find conditions, relating the strongly regular sequence M and the real number %,
which ensure the surjectivity of B : Apn(Sy) — Ap(N).

In the typical Gevrey case, the answer to this question is well-known as a basic tool in
the asymptotic theory of differential equations: see e.g. [14] or [19] and the references therein.
Precisely, when M; = j!*, the map B : Ap(S,) — Ap(N) is surjective if and only if v < ¢,
that is v < 4(M). The classical proof is based on explicit constructions which are specific to
Gevrey classes, as those mentioned in remark 2.3.3. For more general sequences M, despite
the quite particular results of [2], very few things were known until the recent article [15] of
Schmets and Valdivia. Theorem 5.8 of [15] is more particularly related to our problem; we recall
it briefly for the reader’s convenience. Being given an integer » > 0, denote by D,;; the space
of C* functions f on the real line, supported in [—1,1], for which one can find constants ¢;
and ¢, such that, for any j € N, one has sup,g | f+19)(z)| < e1chj!M; and fF+DI+R(0) = 0
for k= 1,...,r. Then a sufficient condition for the Borel map B : Apm(S,) — Apm(N) to be
surjective for any real number v with 0 < v < r, is that the map R : D,y; — Ap(N) defined
by Rf = (f{T+1)(0)),en be itself surjective. Moreover, the extensions are given by linear
continous operators between Banach spaces Ay, (N) and A 40(Sy) for some suitable constant
d > 1, depending only on M and +. As pointed out in [15], the preceding sufficient condition
implies in particular (31) with v = r. It is thus generally false for r > v(M). Conversely, using
lemmas 1.3.6, 2.2.1 and proposition 1.2.3, it can be shown that the condition holds provided
r < (M), hence it allows extensions in .Ap(S,) in the following situations:

- when y(M) is an integer and v < v(M) — 1,

- when y(M) is not a integer and v < [y(M)] (the brackets denote the integer part).

This result is not optimal. In particular, the case of all sequences M with v(M) < 1 is not
covered. In fact, for such sequences, it is not possible to deduce from [15] whether the map
B : Am(Sy) — Ap(N) is surjective for some y > 0 or not.

However, there are some indications. For Gevrey sequences, we have recalled the character-
ization of surjectivity vy < (M), and one can even find linear continuous extension operators
as mentioned above: this is theorem 5.10 of [15], which is based on a refinement of the classical
methods of Laplace transforms. Thus, the Gevrey case suggests that for any strongly regular
sequence M, one should have corresponding extension operators as soon as v < y(M) (and, of
course, generally not for any larger y). This expectation will be satisfied in what follows.

3.2 The main theorem

Our approach is based on the following fact: for Gevrey sequences, a statement quite similar to
theorem 5.10 of [15] had been obtained previously in [16], with a completely different scheme of
proof and with an extra assumption, namely v < 2. Here, the flat functions of theorem 2.3.1
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will allow us to extend the method of [16] to general strongly regular sequences M. We shall
also overcome the additional limitation on 4.

Theorem 3.2.1. Let M be a strongly reqular sequence and let v be a real number with 0 < v <
v(M). One can then find a constant d > 1, depending only on M and -y, such that, for any real
o > 0, there exists a linear continuous operator

T»,,g : AM,U(N) h— AMydg(S’Y)
satisfying BT, ;A = X for any element A of Ap(N).

Proof. We distinguish two cases in the proof.
first case: v < 2

In this case, S, is a subsector of the complex plane C instead of the Riemann surface . Putting
z = x4+ iy for z € C, we identify C and R? in the standard way and we denote by 8 the Cauchy-
Riemann operator %(% + i(%). Let D and D’ be two open discs centered at 0, with D c D'.
For a given o > 0, let x be a function belonging to Cp(C), supported in D’ and identically
equal to 1 in D (for instance, a cut-off function of Bruna type [1][3][6]). The proof can now be
cut into several steps.

(i) Construction of ultradifferentiable extensions in C with formal holomorphy at 0. With any
given element A of Ay, (N), we associate X = (A§;)jx)en2 obtained by the natural complexifi-

cation - ( )2
y T+ 1y
> M = (36)
(j,k)eN2 JR: 2eN ’

which amounts to putting )\fk = {*)\;;x. Remark that the map A — XC acts as a linear
continuous operator Ay o(N) — Ap»(N?), with norm 1. Then we put gy = E,AC, where E,
is the extension map A, (N2) — Cas4,(C) given by proposition 1.2.3, and chosen in such a
way that the extensions are supported in D. By (36), it is clear that dg, is flat at 0. Therefore,
proceeding as for (16), we get, for any K € N? and any z € C,

| DX (895) (2)] < ean(0)| Mo (cao) ! Mihag (cac|2]), (37)

where v;(c) denotes the operator norm of E,, c3 = 442M; and ¢4 = 4A4%b.

(i) Division of a flat ultradifferentiable function by a flat ultraholomorphic function. For any
real 7 > 0 and any z € S,, put now ¥.(z) = G(7z), where G is the function of theorem 2.3.1
and lemma 2.3.2. Using (35), (37) and lemma 1.2.1, we get, for any bi-index L € N? and any
point z of S, the estimate

ha(eqolz])

D (5-0) (2| < bucan(o)o (F2ELY (37 1 ciortanse

Now we put
7 =p(2)cgbiio and P =1h,. (38)

Thanks to (10), the preceding estimate then yields

< 1(0)| Mo (cs0)8 O1M, ha(csolz]) (39)

D* (%59,\) (2)




182 Thilliez

for some suitable positive constants v5(c) and cs.

(iii) Solution of a 8-problem. From (39), we see in particular that —};59,\ belongs to Cp,cs0(S,)
and that its norm in this space is majorized by vo(c)|A|,. We apply part (ii) of proposition
1.2.3, with @ = S, N D". Put vy, = ch,,(%ég,\). Then vy belongs t0 Ciy,ces0(C) and we have
lvallcese < vs(0)|A|s where v3(0) is the product of 15(0) and of the operator norm of F,,,. Since
vy, coincides with %5_(;,\ on S, N D" and —11;5g,\ vanishes on S,\D, we have actually

XUy = ;2—55],\ in all of S,. (40)

Moreover, lemma 1.2.1 shows that xvx belongs to Cprer(C) with g = ccs + 1, and that
lIxvallc,cer < va(o)|Als for some suitable v4(c). Consider now the convolution uy = K * (xvy),
where K denotes the Cauchy kernel X(¢) = —(n¢)~!. Since xv, is compactly supported in D,
the function uy solves duy = vy in C. Moreover, for any L € N? it is routine to check that

sup,ec [ DPua(2)| < msupeep |DF(xva)(¢)], hence

sup | DXuy (2)| < mu4(0) |0 (cs0) 01 M. (41)
2€C

(iv) Addition of a flat correction to obtain a holomorphic extension. Using (34), (38), (41) and
lemma 1.2.1, we derive that tuy belongs t0 Cps.e,0(Sy) with cr = p(2)csbiabs + cs, and that we
have ||zpu,\||5:“c.,cr 5_7r1/4(a)|_)\|a. Put fy = gx — Yus. Then fy is well-defined and holomorphic
in S, since 8fy = Ogx — YOuy = Ogr — ¥xvy = 0 in S,, thanks to (40). A quick look at the
previous constructions also shows that the functions gy, vy, uy, and subsequently f, all depend
linearly on A. Our estimates on gy and Yuy show moreover that the map A —— f is continuous
from Apro(N) to A0 (Sy) where cg = max(b, ¢7) depends only on +y and on the sequence M.
Finally, since 1, and consequently tuy, are flat at the origin, we have f(0) = (87 f,/027)(0) =
(07g,/027)(0) = ), for any integer j > 0. Thus, it suffices to put Ty ,A = f) and d = cg to get
the desired conclusion in this case.

second case: v > 2

We use the naive idea of reducing this case to the first one by means of a suitable ramification.
The less obvious part consists in showing that the required estimates are preserved by this
process. Pick an integer ¢ such that v/¢q < 2 (hence ¢ > 2). We shall use the estimate

Mj < (qu)l/q < Aij for any ] € N, (42)

which is immediate by (3) and (7). Now, with any sequence X in Ap,(N), we associate the
sequence A* given by

M
)\;j=/\j% and A1, =0 foranyje€Nandanyk=1,...,q-1

By (42), it is easy to see that A* belongs to App/e,1/6(N) and that its norm in this space is
majorized by |\|,. Recall also that we have v/q < v(M)/q = v(MY?) by (20). We can therefore
extend A\* by applying the first case of the proof with M replaced by M'/? and - replaced by
v/q. We obtain thus a function Ay in App/a e01/4(Sy/q) depending linearly and continuously on
A € Apo(N) and verifying :
Bhy = \*. (43)
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Of course, the constant ¢y depends only on M and «. For z € S, we put now fy(z) = hy(21/9).
Obviously, the function f is holomorphic in S, and bounded by the supremum norm of hj.
In order to estimate its derivatives, we shall follow the general pattern of [17]. Consider the
differential operator Y = g~'w!~%;Z on C\ {0}, so that

f(e) w?) = (Yhy)(w) for any w € S/, and any integer £ > 1. 44
v/q

Proceeding by induction on £ as in the proof of proposition 2.5 of [17] (but in a much simpler
situation), we obtain

¢ )
3k . aJYz,k —1\¢ - . —j—
= ZYe,k(w)% with l — (w)| < (4q 1) aar) k(é-f—J — k)! [w]*—i-9¢ (45)

for any integers 7, k, £ with 1 < k < £ and § > 0. Now we introduce the polynomial

-1

qj
73,\,e(w) = Z /\j%—'—. (46)
= 7

From (43) and from the definition of \*, we see that

gl-1

'P,\ o(w Z h(P)

p=0

The Taylor formula, for A between 0 and any point w in S.4 yields therefore

8lc (at leqe-—k
< q )
(s =P S o OO
ql)! _
< (o loleno ) e,

where vs(o) denotes the operator norm of the map A — hy from Apo(N) to Aps/a o01/0(Sy/q)-
Using (42) and the elementary estimate (gf)! < 2%(qf — k)!k!, we derive

ak
o
with ¢10 = (2¢9)7A. Together with (45) and the obvious fact (¢ — k)!k! < £, this yields finally

(ha = Pag)(w )l < v5(0)| Ao (cr00) k! My [w] ¥,

I(Yz(h,\ = Pre) ()| < v5(0)| Ao (c110)01M,  for any w € S, 47)

with ¢11 = 8cio/q. Now recall from (46) that Py e(w) can be written as Q(w?) where Q is a
polynomial of degree at most £ — 1, hence

(YoPse) (w) = Q¥(w?) = 0. (48)

Gathering (44), (47) and (48), we see that f» belongs to A ¢e(Sy) with d = ¢11, and that it
depends linearly and continuously on A. At last, we know from (43) that the Taylor series of hy
at 0is ) ieN /\J“’, , which means that the expansion of fy is given by Z]eN . Therefore we
have Bfy = A and the proof is complete. ]
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3.3 Comments on the strong regularity assumption

The problem of sectorial extensions could be put under weaker assumptions on M, say (1) and
(2). But as in the C™ case, it is easy to see that the desired surjectivity property implies also the
surjectivity of B : Cp(R) — Ap(N). Therefore, Petzsche’s results [13] show that assumption
(4) is necessary. The additional moderate growth assumption (3) seems more related to technical
reasons. Consider, for example, M; = ', In this case, for which (1), (2) and (4) hold, but
not (3), it is easy to check that theorem 5.6 of [15] applies: for any real v > 0, there exists
a continuous extension map T, from the (LB)-space Ay (N) to the (LB)-space Ap(Sy). The
arbitrary aperture agrees with the fact that (P,) holds here for any ~.

In this particular example, disregarding continuity properties, one can also obtain an exten-
sion procedure working simultaneously for every . Indeed, being given a sequence A in Ay (N),
section 2 of [20] provides a function holomorphic in a whole “punctured disc” D = {z € &; |2| <
4} on the Riemann surface &, and whose restriction to every bounded sector S, N D belongs to
Ap(S,N D) and satisfies Bf = A. We do not know whether a similar statement holds for more
general sequences M satisfying (1), (2) and (4), but not (3).

3.4 The case of Beurling classes

Instead of a Carleman class Ay (S,), it is also possible to consider a Beurling class, that is the
Fréchet space Aj;(S,) obtained as the projective limit of spaces Ap,s(Sy). In the same way, one
defines a Fréchet space Aj;(N) as the projective limit of spaces Az, (N) and we have an induced
Borel map B : Aj(S,) — Ay (N). Theorem 3.2.1 then has the following corollary.

Corollary 3.4.1. For any strongly regular sequence M and any real number v with 0 < v <
¥(M), the Borel map B : A3;(Sy) — A3;(N) is surjective.

Proof. The result is an easy consequence of theorem 3.2.1 and of the following argument, inspired
by [6]: for any element X of A;;(N), one can find a strongly regular sequence N, with v < y(N),
such that the sequence A belongs to Ax(N) and the Carleman class Ay(S,) is contained in the
Beurling class Aj;(Sy). The construction of N is a slight variation on lemma 16 and proposition
17 of [6]; we will not describe the details here. O

It should be emphasized that Schmets and Valdivia have also considered in [15] the case of
Beurling classes, quite in the same spirit as for Carleman classes. A nice feature of theorem 4.5
of [15] is that it provides linear continuous extension maps.

4 Division by flat functions

4.1 Setting of the problem

Denote by C*(R™, 0) the ring of C* function germs at the origin of R". For any open neighbor-
hood 2 of the origin, denote by mq the canonical mapping which, to each element of C*(f2), asso-
ciates its germ in C*°(R™,0). With any ideal Z of C*°(R™, 0), we associate the ideal Z(Q) = 75 (Z)
in C*°(2). We shall say that T is closed if, for any neighborhood € of 0 and any function f
belonging to the closure of Z(£2) in the Fréchet space C*(RQ), we have mq(f) € Z.

Now let X be a germ of closed subset at the origin of R*. With the usual confusion between
germs and their representatives, an element of C*°(R"™,0) is said to be flat on X if it vanishes,
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together with all its derivatives, on X. We denote by m$ the ideal of all such germs. A classical
result of Tougeron ([18], proposition V.2.3), when stated from a local viewpoint, asserts that for
any closed ideal Z of C*(R™, 0), the ideal of elements of Z which are flat on X is generated over

T by m%, which can be written
INmE =m¥Z. (49)

In particular, one has m§ = m¥Pm$. It should be emphasized that these properties are
delicate even when X = {0}. Interesting in themselves, they also have a number of applications
in differential analysis. This motivates their study in the setting of ultradifferentiable classes.

4.2 The ultradifferentiable case

Let M be a strongly regular sequence. We consider the ring Cp(R™,0) of all those germs f
of C*(R™,0) which have a representative in Cp(Qy) for some open neighborhood € of 0. For
any open neighborhood € of 0 and any ideal Zys of Cpr(R™,0), we consider the ideal Ty () =
70 (Zar) N Cy(R) in Car(Q). As in the C* case, we then say that Zy is closed if for any open
neighborhood 2 of 0 and any function f belonging to the closure of Z3/(Q2) in the (LB)-space
Cum(S2), we have mq(f) € Iy Finally, we denote by m$ s the ideal of germs of Cpr(R™,0) which
are flat on the germ of closed subset X.

Lemma 4.2.1. Let M be a strongly reqular sequence and let V' be a vector subspace of R™. Then,
for any real T > 0, there exists a real non-negative function v, which belongs to msSy,(R™), has
no zero in R*\ V' and satisfies, for any multi-index J and any point z in R*\ 'V,

l D’ (Ui) (x)‘ < dy (dar)i§1M; (R (dar dist(z, V) ™" (50)

with positive constants dy, do, d3 depending only on M and X.

Proof. Using the natural identification of R™ as a totally real subset of C", we define, for any real
e >0, theset V; = {¢ € C*; || < edist(¢,V)}. Note that V. contains R™\ V. After a suitable
linear change of coordinates, we can assume V = WNR" with W = {( € C"; (1 = --- = {, = 0}
and k = codim V. For ¢ € C*, put £ = R(. Then

dist(¢,V)? =& + - + & + ¢~ (51)

Consider Q(¢) = ¢?+---+ (2 For 1 < j <k, one has |¢;] < |¢;] < dist(¢, V) by (51). Assuming
now that ¢ belongs to V;, one has also |{; — §;| < edist(¢,V) and we obtain [Q({) — Q(¢)] <
2ke dist(¢, V')2. Using (51) again, one gets Q(&) > (1 — €2) dist(¢, V)2 All this yields

RQC) > (1 — €% — 2ke) dist(¢, V)2 (52)

Now let v be a real number with 0 < v < y(M). Pick § with 0 < § < min(1,2y) and choose
€ > 0 small enough to have 1 — 2 — 2ke > cos(6 %). Denote by \/ the natural determination of
the square root in C\] — 00,0]. Since cos(d%) > 0 and dist(¢, V) > [¢|* > |Q(C)], the estimate
(52) shows that the function ® given by ®(¢) = +/Q({) is well-defined and holomorphic in V;
and that it satisfies ®(V;) C Ss/s, hence

®(V.) C S, (53)



186 Thilliez

One has also clearly, for some suitable constant dy > 1,
ditdist(¢, V) < |2(C)] < dydist(¢, V) for any ¢ € V. (54)

For ¢ € V, we consider H({) = G(r®(()), where G denotes the function of theorem 2.3.1. We
shall see that the function v, defined by

vr(z) = H(z) forz e R*"\V, wv.(z)=0forzeV (55)

has all the required properties. For any z in R™\ V, consider the closed polydisc P, = {¢ €
Cr G — ;] < ﬁdist(m, V) forj = 1,...,n}. Then P, is contained in V.. One can assume
€ < 1, so that 1dist(z, V) < dist(¢,V) < 2dist(z, V) for any ¢ € P,. Since H is holomorphic
in V., it restricts to a C* function in R™\ V' and its derivatives at the point = can be estimated
by the Cauchy formula on P,. The scheme of proof is then essentially the same as in lemma
2.3.2: taking into account the upper bounds in (32) and (54), we get the estimate |D’ H(z)| <
d §! dist(z, V)T hy (der dist(z, V)) for any multi-index J, with ds = 2y/ne~! and ds = 2k3dy.
Using (10), we derive

|DYH(z)| < (d77) 5! M;hy (dsT dist(z, V)) for any J € N*, (56)

with dy = dsdep(2)e™! and dg = dep(2). In particular, we see that all the derivatives D' H(x)
tend to 0 as x approaches V in R™\ V. By Hestenes lemma, the function v, defined in (55) is
therefore C* in R™, and by (56) it belongs to m{’,,(R™) as announced. The derivation of (50)
goes along the same lines: using the lower bounds in (32) and (54), the Cauchy formula on P,
yields the desired estimate (50) by virtue of (10). [

We can now state the key result of this section.

Proposition 4.2.2. Let X be a germ of real-analytic submanifold at the origin in R™. Then for
any strongly regular sequence M and any finite family uy,...,u, of germs belonging to m3 ,,,
one can find an element v of m py whose germ of zero set is precisely X and such that u; belongs
tovmRy fori=1,...,p.

Proof. After a suitable real-analytic change of coordinates in a neighborhood 2 of 0, one can
assume that X = Q NV, where V is a vector subspace of R*. The proof consists in showing,
from lemma 4.2.1 and from the flatness of the u;, that it is possible to choose v as the germ of v,
for some suitable 7. We shall not describe all the details, since the arguments essentially mimic
step (ii) of the proof of theorem 3.2.1. First, the flatness of the w; yields, for any multi-index
KeNanyzinQandanyi=1,...,p,

|DXu;(z)] < dodfok! Mihar(dy dist(z, X)) (57)

for some suitable positive constants dg, dio, dq1 (the proof is the same as for (16), except that the
Taylor formula is used between = and a point £ in X satisfying dist(z, X) = |z — £|). Without
loss of generality, one can assume that {2 and V intersect transversally, so that any point z of
) verifies dist(z, X) < dyy dist(z, V') for some positive constant di, depending only on §2 and V.
Hence (50) yields

|07 (=) @) < daldar) 0 (o (e dis(a, )™ (58)

for any multi-index J in N™ and any z in §2, with dj3 = d3d1‘21. Now it is enough to choose
7 > p(2)dndy: putting v(z) = v.(z) for any z in €, the desired result then follows from (10),
(57), (58) and lemma 1.2.1. O
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Remark 4.2.3. Contrarily to what happens in the C™ setting ([18], lemma V.2.4), it is easy to
see that proposition 4.2.2 is no longer true if us, . . ., u, is replaced by a countable family (u;)i>1,
even in the simplest case X = {0}.

We obtain finally a result in the spirit of property (49).

Theorem 4.2.4. Let X be a germ of real-analytic submanifold at the origin in R™. Then, for
any strongly reqular sequence M and any closed ideal Ty of Cpr(R™,0), one has

In particular, m® yr = mE pymP -

Proof. It suffices to copy the proof of (49) in [18], using proposition 4.2.2 (only the case p =1
is required) instead of lemma V.2.4 of [18], and the Cps version of Whitney’s spectral theorem
due to Chaumat-Chollet [7] instead of the usual C*® one. O

Problem. We do not know whether the previous results are true for more general classes of closed
subsets X. In particular, does the identity m§ ), = m ;ym% s still hold when X is a singular
real-analytic variety ?
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