Result.Math. 35 (1999) 355-379

0378-6218/99/040355-25 § 1.50+0.20/0

© Birkhiuser Verlag, Basel, 1999 ﬁesults in Mathematics

Superstability of the Cauchy, Jensen and Isometry Equations
Jacek Tabor

Abstract

In the first part of our paper we generalize the results obtained by Jézef Tabor in
[12] concerning the superstability of the Cauchy and Jensen functional equation almost
everywhere.

In the second part we prove a general theorem on the superstablity of the Isometry
equation in inner product spaces. As a corollary we determine when the Isometry
Equation is superstable in the integral norm (this is a partial answer to [14]).

1 Introduction

In 1940 S. M. Ulam posed (cf. [15]) the problem of stability of the Cauchy equation (or in
other words the question of the stability of the additive functions). After a slight reformu-
lation we can state this problem in the following way:

Problem U Assume that G is a group and let | |sup denote the supremum norm in the space
of bounded functions defined on G (G x G respectively) and taking its values in the Banach
space X. Let

Cf(z,y) = f(a+y) - f(z) - f(y) fora,y €C.

Given € > 0, does there exist a 6 > 0 such that if f : G — X satisfies

ICF loup < 6

then an additive function a: G — X ezists with

If = aloup < €7

This problem was positively solved by Hyers in [6]. It was probably the begining of
investigation of the so called "Hyers-Ulam” stability of functional equations. The most
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important results and the large list of references concerning this theory are included in the
survey papers [1], [3].

J6zef Tabor noticed (cf. [13]) there is no reason to restrict ourselves to consider the
stability of functional equations only in the supremum norm. Other norms on function
spaces seem to be equally important and interesting. It occured that in the most commonly
used norms the Cauchy Equation is stable (see [12], [9], [10], [11]).

In the following section we are going to generalize main results obtained by Jézef Tabor
in [12]. We quote Theorem 3.1 from [12].

Theorem T Let (G,X,)\) be a completely measurable group such that A(G) = oco. Let
f: G — R" be such that
Cf e L,(G x G;R™).

Then there exists a unique additive function a : G — R" such that
f(z) =a(z) for A-a.a. z € G

(the ezact formulation of this theorem is more general, however we quote it in the above
simplified form as not to introduce more notations and definitions).

We prove in Theorem 3.1 that instead of the space £,(G;R™) one can take any translation
invariant vector space of functions from G into R™ which does not contain nonzero constants
and obtain similair result. We also deal in Theorem 4.1 with a similair result concerning the
Jensen functional equation.

The stability of the isometry equation was intensively investigated by mathematicians
(for some results and references we refer the reader to [8]). Therefore in Section 3 we partially
determine when the Isometry Equation is superstable (this is one of possible answers to [14]).
Theorem 3.1 plays an essential role in the proof of these results. Under some weak technical
conditions, we show that if the Isometry difference of the function f,

If(z,y):= If(z) - F)I = l= =yl

belongs to the space £,(G x G,R") and ﬂ-lTﬂ ¢ L,(G,R™) then f equals almost everywhere
to some uniquely determined isometry. As a corollary we obtain that if a given function f
satisfies the isometry equation almost everywhere then there exists a unique isometry which
is equal to the function f almost everywhere.

Our results are also closely connected to results of J. Chmielinski and J. Rétz (cf. [2]).
J. Chmielinski and J. Ratz prove, under some technical conditions, that if a given function
satisfies the orthogonality equation almost everywhere, then there exists a unique function
which satisfies the orthogonality equation which equals almost everywhere to the given func-
tion. We show in Corollary 6.2 similair result, however, in a slightly different setting.

2 Definitions

Let G, V be groups. For f: G — V. we define the Cauchy difference of f by

Cflz,y):= flz+y)— fly)— f(z) forz,ye€d.
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If V is uniquely two divisible, we additionally define the Jensen difference of f by
T+y)+jlz—
Tf(ey) = fla) - LEFVEIE D)

If both groups G and V are uniquely 2-divisible then we define the middle Jensen difference
of f by the formula

for z,y € G.

fz) + f(y)
2

We say that a given function f is additive (Jensen) if Cf = 0 (Jf = 0). It is well known
that if G and V are abelian and V uniquely two divisible then every Jensen function is the
sum of an additive function and a constant.

Imf(z,y) = flz+y) - for z,y € G.

Remark 2.1 One can easily notice that if G and V are uniquely 2-divisible abelian groups
then a given function f on G is Jensen iff Jpf = 0. This is why both the Jensen difference
and the middle Jensen difference are called just the Jensen difference. However, as in this
article we deal with the stability of both the Jensen and the middle Jensen difference we had
to specify them separetely.

For a € G we define the translation of by a by the formula
Tuz):=a+z forzed.

We say that £ is translation invariant if fo T, € £ for everya € G, f € L.
Now we will quote the definition of a p.l.i. ideal and conjugate ideals. For more infor-
mation about this subject we refer the reader to [7].

Definition 2.1 Let T be a family of subsets of G. If
¢ G¢1T,
e ABeI= AUBET,
e A€cI, BCA= Bel,
vacG AcT=>a-A€eT.

then we say that I is a proper linearly invariant ideal (p.li. ideal for short).

The elements of a p.l.i. ideal are usually understood as some kind of "small sets”. The
most common example of a p.l.i. ideal is probably the family of all sets with Lebegue measure
zero in R™.

According to the tradition we say that a given condition is satisfied for Z-almost all z € G
(in abbreviated form: for Z-a.a. z € G) if there exists A € 7 such that this condition holds
for z € G\ A.

For z € G, A C G x G we define

Alz]:={y € G| (z,y) € A}.



358 Tabor

Definition 2.2 Let T be a p.Li. ideal in G. We define p.li. ideal QT) in G x G by the
formula

U)={ACGxG|Alz)eI forZI-a.a. z€ G}
We make an analogon of this definition for function spaces.

Definition 2.3 Let T be a p.li. ideal in G and let £ be a group of functions from G into
V. We define the group of function Qz(L) from G x G into V by the formula

Q(L):={F:GxG—-V|F(z,)e L forI-a.a. z€G}.

Remark 2.2 We would like to mention that Definition 2.3 can be understood as a general-
ization of Definition 2.2. Suppose that we are given a p.l.i. ideal Z in G. We put

Lr:={f:G—>R|f(z)=0 forZ-a.a. z € G}.

Then one can easily check that
Q‘_r(ﬂj;) = EQ(I).

Example 2.1 Let M, N be normed spaces, let Z = (} be a trivial ideal in M and let
L={f:M->N| Illim f(y) =0}
yf—oco

Then
QU(l)={F:MxM| Illim F(z,y)=0 forz e M}.
yj—o0

For the convenience of the reader we quote the definition of a complete measurable group

(see [5]).

Definition 2.4 We say that (G, X, )) is a complete measurable group if
(a) (G,%,)) is a o-finite measure space, A is not identically zero and is complete,
(b) the o-algebra ¥ and the measure A are invariant with respect to left translations,
(c) A x X is the completion of the product measure,

(d) the transformation
S:GxG>(z,y)— (v, +y)

is measurability preserving, i.e. S and S™! are measurable.

By ¥ x ¥ we will denote the family of all measurable sets for the measure (A x X). It is
worth mentioning that under the assumptions (a) - (d) the measure A is invariant under
translations and under symmetry with respect to zero, and that the transformations S and
S~1 preserve the measure A x A (cf. [5], §569). By At (A) we denote the outer measure of the
set A.
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Definition 2.5 We say that V is a metric group if V is a group with a metric d invariant
with respect to translations. For the convenience instead of d(z,0) we will write |z|4.

The following definition (cf. [12]) is a generalization of the space £,(G, R) (the space of
p-integrable real functions on G).

Definition 2.6 Let (G,%,\) be a complete measurable group. For f: G — Ry we define

/; F(@) Maz) = inf{/Gw(z)/\(a:) | f(z) <w(z) forze G, we LG, R)}

(by the infimum of the empty set we understand as usualy +00).
Let p > 0, and let V be a metric abelian group. For f : G — V we put

11 = o[ W),

LHGV)={f:G - V||f(@)lf <oo}.

For a given completely measurable group (G, X, \) we define a p.li. ideal Z) by the
formula

Ty :={A €S| \A) =0}

The reader can now easily notice that by the Fubini Theorem Ty C Q(Z)).

We would like to mention that £} (G, V) for p € (0,00) is a translation invariant group,
and that if A(G') = oo then £ (G, V) does not contain nonzero constants. Moreover, by the
Fubini Theorem we obtain that

E;L(G x G;N) C QIA(,C;'(G;N)).

(the exact proofs one can find in [12])

3 Supertability of the Cauchy equation

From now on we assume that 7 is a p.li. in G.
To prove the main theorem of this section we need first to quote the well-known result
of R. Ger (see [4], and also [7]). For the convenience of the reader we quote this theorem.

Theorem G Let G,V be groups and let f : G — V be such that
Cflz,y) =0 for YT)-a.a. (z,y) € G xG.
Then there exists a unique additive function a: G — V such that

f(z)=a(z) for forZT-a.a. z€QG.

To show the potential of the following Theorem we would like to mention that it is a
generalization of both Theorem G (under the assumption that V is abelian) and Theorem
T (or more exactly Theorem 3.1 from [12]).
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Theorem 3.1 Let G be a group and let V be an abelian group.

Let £ be a translation invariant group of functions from G into V such that £ does not
contain nonzero constants.

Then for every f : G — V such that
CfeQz(L)
there exists a unique additive function a: G — V such that
f(z) =a(z) forT-a.a. z €G.
Proof. Clearly for z,u,v € G
Cflu,v) = flutv)—f(v) = f(u)
= —[flutv+az) - flz) = flu+v)]
+f(v+2) = f(z) = f(v)]

Hf(utv+z) = flo+2) - f(u)
= —Cf(u+v,2)+Cf(v,z) +Cf(u,v+2)

This means that
Cf(u,v) = =Cf(u+v,)(z) +Cf(v, ) () + Cf(u, )Ty(z). (3.1)
As Cf € Qz(L) there exists A € T such that
Cf(z,)eL forzeG\A

Let us fix arbitrary u,v € G\ A such that u+v € G\ A. As L is translation invariant vector
space we obtain that the right hand side of (3.1) as a function of variable z is an element
of £. It means that Cf(u,v) € £ as a function of variable z. However, £ does not contain
nonzero constants, so Cf(u,v) = 0.

Thus we have obtained that

Cf(u,v) =0 for (u,v) € G x G\ D,

where D = (A x G)U (G x A)U U(w A—z).

The reader can easily check that D € Q(L), so by Theorem G there exists a unique
additive function a : G — V such that

f(z) =a(z) for T-a.a. z € G.

O

The assumption that £ does not contain nonzero constants is essential, as without this
assumption £ can be the set of all functions from G into V. The following example shows
that without the assumption that £ is translation invariant Theorem 3.1 fails to hold.

Example 3.1 Let G =V = R, let 7T = () and let £ denote the vector space of all linear
functions from G into V. Clearly £ does not contain nonzero constant function.
We define f(z) = 22. Then obviously Cf € Q7(L) although f is not an additive function.
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Remark 3.1 To show that, under the assumption that V is abelian, Theorem G is a trivial
corollary from Theorem 3.1 one has to just take £ defined as in Remark 2.2.

The following Theorem is a generalization of Theorem 3.1 from [12]:

Theorem 3.2 Let (G,%,)) be a complete measurable group such that M(G) = oo, and let
V be a metric abelian group. Let f : G — V be a function such that for all e > 0

AxY*({(2,9) : ICF (@ 9)la > }) < oo.
Then there ezists a unique additive function a : G — N such that
f(z) =a(z) for A-a.a. z €G.
Proof. We define
Li={g: G N|Ve>0: ({2 : lg(e)] > e}) < oo}

Then obviously £ is translation invariant. As A(G) = oo, £ does not contain nonzero
constants. By the Fubini Theorem Cf € Qz,(L). Theorem 3.1 makes the proof complete. O

Corollary 3.1 Let E, F' be normed spaces, let B be a bounded set in E, and let f : E — F
be such that for everyz € E\ B

ﬂleianCf(:t,y) =0.
Then there exists a unique additive function a : E — F such that
f(z)=a(z) forzeE\B
for certain bounded set BCE.

Proof. We put
I:={BC F| B isbounded }.

L:={¢g:E—F: lim g(z)=0}.
jr}—oo
Obviously £ is a translation invariant vector space which does not contain nonzero constants.

Clearly Cf € Q7(£). Theorem 3.1(i) implies that there exists a unique additive function
a:E — F and aset B € T such that

f(z)=a(z) forzeE\B.

O

By A, we denote as usually the Lebesgue measure on R", and by B(a,s) the ball with
the center at ¢ and the radius s.
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Corollary 3.2 Let f : R® — R* be such that Cf is locally integrable in R™ x R". We

assume that for all a,z € R®

lim = [ Cf(z,y) Mly) = 0.

$=00 s" JB(a,5)

Then f is an additive function.

Proof. Let

L={fR"> E|Va€eR": lirnL f(z) An(z)

5—00 " JB(a,s)

We put Z = 0. Then one can easily check that £ is translation invariant vector space which
does not contain nonzero constants, and by definition Cf € Qz(L). Theorem 3.1 completes

the proof.

4 Superstability of the Jensen equation

a

Theorem 4.1 Let G,V be abelian groups. Let L be a translation invariant group of func-
tions from G into V. We additionally assume that L does not contain nonzero constants.

(1) For every f: G — V such that

Jf S QI(,C)
there exists a unique Jensen function j : G — V such that

f(z)=j(z) forTI-a.a. z €G.

(i) Suppose additionaly that G is uniquely 2-divisible. Then for every f : G — V such

that
Imf € Q1(L)

there exists a unique Jensen function j : G — V such that
f(z)=j(z) forI-a.a. z€G.

Proof.
(i) As J f € Qz(L) there exists A € T such that

Jflz,)eL forzeG\A

Let zo € G\ A be arbitrary and let

g(z) := f(z + z0) — f(zo) forz €.
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We have for arbitrary u,v,v € G
Co(u,v) = g(u+v)—g(u)—g(v)
= f(u+v+z0)— f(u+z0) — f(v+20) + (o)

= {f(u+v+z0) = J(f(—z+u+v+z0)+ flz +u+tv+m))}
~{f(u+20) = 3(f(~z +u—v+20) + flz +u+v+a+20))}
—{f(v+20) = 3(f(—z+u+v+a0) + f(z —utv+20))}
+{f(20) = 3(f(—z + v = v+ 20) + f(e — u+ v+ 20))}
= Jflutv+ze,z)—Tf(ut o,z +v)
-TJf(v+zo,z —uw)+ T f(zo,z — u+v).
Notice that in this equality we use the fact that G is abelian. This means that

Co(u,v) = Tf(u+v+zo,)() — T f(u+zo,-) 0 To(2)
—TJ f(v+ zo,-) 0 T_y(z) + T f(20, ") 0 T—ru(2).

Let u,v € G be such that u,v,u+v € G\ (4 —z¢). Then u+ zg,v+ zg,u+v+2z0 € G\ A4,
and obviously z¢ € G\ A. Hence because £ does not contain nonzero constants

(4.2)

Cyg(u,v) =0.
This yields that
9(u+v) = g(u) +9(v)
for u,v € G\ D,,, where
Dy, =[G x (A —20)] U[(A—20) x G]U | (v, A~ zo —u).
ueq@
One can easily check that D,, € Q(Z), so by Theorem G there exist a unique additive
function a : G — V such that
g(z) =a(z) for for Z-a.a. z € G.
Let j(z) := a(z) + f(zo) — a(zo). Then from (4.1) we get that
f(z) =j(z) forZ-a.a. z € G.

Clearly j is a unique Jensen function which satisfies the assertion of the theorem.
(ii) The proof of the part (iii) is the exact repetition of the proof of the part (ii), except
that instead of equality (4.2) we make use of the following one

Cg(u,v) = 2jMf(v + Zo, ) o Tu+1‘o(x) - 2jMf(u + v + Zo, ) °© Txo(x)
—QJMf(xO, ) S Tu+z'o (.’.E) + 2JMf(u + To, ) o T-'L‘o(x)

(for the detailed proof of the above inequality we refer the reader to [12], and therefore we
omit it). 0O

The reader can easily formulate analogons of corollaries from Theorem 3.1 from the
previous Section for the Jensen equation and the middle Jensen equation (instead of Theorem

3.1 one should use Theorem 4.1). Thus Theorem 4.1 is a a generalization of Theorem 4.1
from [12].
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5 Superstability of Isometries

For an inner product vector space H by < z,y > we denote the inner product of 2 and y.
We will need the following lemma.

Lemma 5.1 Let H be a inner product space, and let a,b,c € H be such that

lla — (5.1)
16— el (5.2)
Then
I la — ble.
Proof. 1f | %52] < ¢, then [a — c] < ¢ + 1258 < 2¢, b — ¢] < 2¢, s0
a+b la—cl  lo—cl
< < 2e.
e — | 5t~ < 2
Now suppose that |252| > . Then (5.1), (5.2) imply that
la—cl € (%5 —e 1521 + €] C Ry,
lo—cl € [l —e 15520 + el C Ry
Let K := [(|%2] — €)% (1%2] + €)*]. Thus we obtain that
<a—c,a—c>=lla—c[€ K, <b-cb—c>€ K.
Therefore
<a—ca—c>+<b—cb—c> ;
€K,
2
and consequently
a —c,a—C b—c,b— a— b
<c——*—c +b> - < >+< > <_2Q’T>
€ K- <——- > = K — |9
= [¢? —a—ble,e” + [a — ble].
So +h
le = 51 < Vet 4 la = ble < 2 +/la — b
O

We say that a metric group G is a inner product group if there exists an inner product
space H and an additive isometry iy : G — H. If G is a inner product group with a metric
d to shorten the notation instead of d(x,0) we simply write |z|s. We additionally define
< a,b>q :=<1ig(a),ig(b) > (one can easily notice that < a,b>q4 does not depend on the
inner product space H and isometry ig).
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Corollary 5.1 Let G be an inner product group, let H be an inner product space and let
t: G — H be an isometry. Then i is a Jensen function.

Proof. Let i : G — H be an isometry and let a,b € G be arbitrary. Then
li(a+b) = i(a)| - I(a + b) — bla = 0,
ll:(a) = i(a = B)] — |a — (a — )]sl = 0,
slli(a+b) —ia = )| = l(a+b) — (a — b)]al = 0.
Inserting the last inequality into the first and the second we obtain that
li(a+ &) — i(a)] — 3li(a +b) —i(a = B)]| = 0,
li(a) — i(a — b)] = Fli(a +b) — i(a — b)]| = 0.
We can now make use of Lemma 5.1 and obtin that

. ta+bd)—i(a—b
WA CEUETED
As a, b were arbitrarily fixed this implies that 7 is jensen. O

I=o.

We have mentioned in the previous section that under the assumptions (a) - (d) of
Definition 2.1 the measure A is invariant under translations and under symmetry with respect
to zero, and that the transformations S and S~ preserve the measure (A x Y). Therefore the
measure (A X )) is also preserved by the transformations

I(.’I),y) = (yvx)a I—(way) = (xa_y)'

This means that the space £} (G x G; R) is invariant with respect to the operations S, S~2,
I, I_, which leads us to the following definition:

Definition 5.1 Let J be a p.li. ideal in G x G. We say that J is measurable if J is
tnvariant with respact to operations S, S7', I, I_.

Let P be a group of functions from G x G into H. We say that P is measurable if P is
invariant with respect to operations S, S~1, I, I_.

Theorem 5.1 Let (G, |- |a) be an inner product group and let L be a translation invariant
group of functions from G into R. We assume that there does not exist f € L with

1
L+ |z]a

Let ) be a measurable subgroup of Qz(L). Suppose additionally that Q is invariant with
respect to operation

< f(z) forZI-a.a. z€G. (5.3)

M:GxG>3(z,y) = (2,2y) € G x G.
Then for every function f : G — H such that

Ife
there exists a unique isometryi: G — H such that

f(z)=1i(z) forT-a.a. z€QG.
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Before we proceed with the proof for the convenience of the reader we will sketch its
main idea. Making use of Lemma 5.1 we show that asIf € P, Jf € Q7(K.), for some
translation invariant space K. The fact that - + = ¢ L implies that the space KX does not
contain nonzero constants. Then we make use of Theorem 4.1 and obtain that there exists
a Jensen function ¢ which is equal to f almost everywhere, which enables us to prove that 7
is an isometry.

Proof. As () is measurable and invariant with respect to operation M it is also invariant
with respect to operation ® := S~ o M oI o S oI. One can easily check that ®(z,y) =
(z+y,z—y).

AsTfeQ, also (Zf)o(I-571),(Zf)05,(Zf)o® € . Clearly

(Zf)o(-057h) = |If(2) = fz =y = lyldl, (5.4)
Z )05(1 y) = f(z+y) - F@)] - lyld, (5.5)
1ZHod(zy) = [Ifz+y) = flz—y)l - lyld- (5.6)

Let € := (Zf)o(I_S™")+(Zf)oS+3(Zf)o®. Applying (5.6) to (5.4) and (5.5) and making
use of the triangle inequality we obtain that

Wf(z) = fl@ =l = 3@ +y) = fz =l < e(z,),
f(z +y) = f@) = 31 f(z +y) = flz =l < e(z,9).

Then Lemma 5.1 implies that

1) - LEHIHIC I oo ) 4 ele G )~ 1o~ 9l

However, by (5.6), |f(z +y) — f(z — y)| < 2¢(z,y) + 2|y[a, so
17 £(z,9)] Ilf(w) |
z,y) +1/e(z,y)(2e(z,y) + 2lyla (5.7)

( y) + 4e(z, y)lyla

I

[VANNRVAN

(Step 1) We define

Ke={f:G— H|3v e L: ()] < v(z) + (@)1 + lala)}.

One can check by easy calculations that as £ is translation invariant group K. is also
translation invariant group.

We prove that K does not contain nonzero constants. For a contradiction, suppose
that there exist a constant function f € K. such that |f(z)| =1 for z € G. Then by the
definition of X, there would exist v € £ such that

If(@) € v(z) +/v(z)(l+ |zls) forzed.

Let vi(z) := min{1,v(z)}. Let = € G be arbitrary. Then one can easily notice that

1 <n(e) + yule)(1 + |e]a). (5.8)
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As the function v; is bounded from above by 1, we obtain that

n(e) ) < V(@)1 + efa)- (5.9)

1 < 2v/n(2)(1 + |=a),

n(z)(1+ lzls) 2 §

This means that 1+|1x < 4v1(z) < 4v(z). We have obtained a contradiction with (5.3)) as
4v € L.
(Step 2) Now we will show that

By (5.8) and (5.9) we get

and consequently that

J f(z,y) € Qz(Kr). (5.10)
We know that ¢ € Qz(L), so there exists A € T such that
gz(-) :==¢e(z,-) €L forzeG\A

Let 2 € G\ A be arbitrarily fixed and let h,(-) := J f(z,-). We will prove that h, € K¢,
which will end this this part of the proof. By (5.7

Iz (v)]

Il

1T f(z,y)l < de(z,y) + /4e(2,y)|yla

49:(y) + \/49=(¥) |yl a-

However, 4g, € £ so by the definition of K, we obtain that h, € K;. As z was arbitrary in
G\ A we obtain that J f € Qz(K;).

Because K is translation invariant and it does not contain nonzero constant functions
so we may use Theorem 4.1 and obtain that there exists a unique Jensen function 7 : G — H
such that

I

f(z)=1(z) forTI-a.a z€G. (5.11)
(Step 3) Now we will prove that there exists A € T such that

li(z) —i(0)] = Jz]a for z € G\ A. (5.12)

By (5.11) we obtain that there exists B € Z such that f(z) = i(z) for z € G\ B. We know
that Zf € Q, which implies that Zf o (S o) € Q, so there exists C € T such that

Ifo(Sol)(z,-)eL forzeG\C. (5.13)
We put A:= BUC. Let 2 € G\ A be arbitrarily fixed. Then fory € G\ ((B—z)U B)

Ifo(Sol)(z,y) = [If(z+y)—fWI-lz+y—yld
li(z + ) —2(y)] = l=]al (5.14)
() = 2(0)] = l=al-

Il
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Suppose for contradiction that |i(z) — i(0)| # |z]a. Let

__ Ifo(Sol)(z,y)
9x(y) 1= li(z) — (0] — |z ]|

Then by (5.13) g, € £ and by (5.14)

1

gz‘(y) =12 1+ "y"d

for Z-a.a. y € G.
We have obtained contradiction with (5.3)).
(Step 4) Now we will prove that 7 is an isometry.
Let z,y € G be arbitrary. Let @ := z — y. and let A be chosen as to satisfy (5.12).
AsZisap.liideal AU(a— A)U(A—a) € Z, so there exists b € G\ (AU(a— A)U(A—a)).
Then from (5.12) and the facts that G is an inner product group, H is an inner product
space and ¢ is Jensen we obtain

li(z) —i@* = li(z —y) —i(0)]* = |i(a) - i(0)|?
= 3(Ji(a+b) = i(0)* + Ji(a — b) — i(0)J?) — [:(b) — (0)|?
= 3(la+ b3+ Ja—bl3) — 16] = lal = |z — yl2,
which means that ¢ is an isometry. O

6 Applications

In the following Section we will show corollaries of Theorem 5.1 concerning the stability of
isometry eqaution and orthogonal equation.

Theorem 6.1 (i) Let G be an inner product group and let f : G — R be such that

im  (lzla+ lyla) - Zf(e,y) = 0.

tzlatlyla—oo

Then [ is an isometry.
(ii) For every inner product group G and every € > 0 there exists an inner product space
H and a function f : G — H such that

sup ([zfa + lyla) - Zf(z,y) <e, (6.1)
z,y€G
but f is not an isometry.
Proof.
(i) We define
£={o:G— HI Jim_lela lg(e)] = 0}

Q:={¢:GxG—-H| lim (Jela+]lyla)-I¢(z,y)] =0},

lzla+lyla—oo
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and put Z := §. One can easily notice that £ and (2 satisfy the assumptions of Theorem 3.1.
Thus we obtain that f is an isometry.

(ii) Without loss of generality we may assume that ¢ < 1. As G is an inner product
group there exists an inner product space Hg and a Jensen isometry j : G — Hg. Let
H := Hg & R be a inner product space with the inner product norm given by the formula

[(z.7)] := y/|z]? + r?2. We define
((2),3) iffela <1,

_ :)
f””‘{ (G(2),0) if Jzls > L.

We show that f satisfies (6.1).

Let z,y € G be arbitrary. As the equation is symmetric with respect to variables z,y we
may assume that |zflz < |y]a

If either [z]s < 1, yJa < 1 or |z]a > 1, |ylls > 1 then (6.1) holds trivially.

Now suppose that |z]; < 1, 1 < |y|s < 3. Then

Uela+lyle) - Zf(,y) = (lola+ lyla) - 117 (z) = 5 ()] = |z =yl

i

< 4-I||('() )= G@): DI =z -yl
= \/||J =3P+ () lie) =5
S 4 (@) - i+ 5 - lile) —il) =e.

The only case left to consider is |z[s < 1, |y]s > 3. Then

lzla+ gl <1+ lyle < 2(lyla = 1) < 2(lyla = J2la) < 2lz - yla.

This implies that

(lals + Iyla) - Tf(z,y) < %x—ﬂwM(w)%—((Lmﬂ—h—yM
= 2z~ yla- @ =3P + G - o -yl
- Nw—ﬂw(Ih—mu+ﬁ)~Ww—M0
< 20e—yla- (lz -yl + 55 (2 — o — yl)
< 2o -yl g <e

Lemma 6.1 Let X be a set, let f: X — X, and let A C X. Then
X\ fUX\A) = f(A).

Proof. Obviously f~'(X \ A) = f~4(X)\ f~1(4) = X \ f7Y(A), so X \ f1(X\ A)
fH(A). o
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Theorem 6.2 Let G be an inner product group, let H be an inner product space. We assume
that-J C QUT) is a measurable p.li. ideal and that J is invariant with respect to M™!, that
is

M(J)eJ forJed, (6.2)

where M is the operation defined in Theorem 5.1,
Let f: G — H be such that

If(z) = f)l =]z —yla for T-a.a. (z,y) € G x G.

Then there exists a unique isometry ¢ : G — H such that
fz)=1i(z) forZ-a.a. z€G.
Proof. Let
L= {fG—>H|f(w)=0 for 7-a.a. z € G},
Q:={F:GxG—H|F(z,y)=0 for J-a.a. (z,y) € G.

As G is a measurable group, () is measurable. To show that the assumptions of Theorem
5.1 are satisfied we have to prove that ) is invariant with respect to operation M.

So let F' € ) be arbitrary. Then by the definition of Q there exists Ar € J such that
Fle\a, = 0. This implies that F o M|p-1(c\ay) = 0. Hence to prove that Fo M € Q it is
enough to show that G\ M~'(G'\ Ap) € J. However, this holds as by Lemma 6.1 and by
(6.2) we get

G\M™(G\Ar) =M (Ap) € J.
]

For A C G weput 1A :={z € G : 22 € A}. To proceed further we will need the
following lemma. By £ x ¥ we denote the o-field of all measurable subsets of G x G with
respect to the measure (A x J).

Lemma 6.2 Let (G,X, ) be a complete measurable group such that there exists r € R with
1Aex, M(3A) <rA(A) for A€ L.

Then
MY A)eT xZ, AxNMTA) <r(xN(A) for AT x 3.

Proof.
(Step 1) At first we will prove that

AxNT(MT(A)) Sr(xX)(A) for A€ E x I (6.3)

Let A € ¥ x . By the definition of the product measure (A x ), for every n € N there exist
sequences {Ank }reN, { Brk }ren C 2 such that

A C U Ank X Bnk,
keN
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3 A Am)A(Ba) < Ax N(A) + L.

keEN
Hence for every n € N

(A x V(M Ag) < (0 x VMU Auk X Bu))

keN
< Z()\ X /\)+(M_1(Ank X Bnk)) = Z(/\ X /\)+(Ank X (%Bnk))
kEN keN
< S AAn) A (Bu) € 3 MAue) - rA(Bak) < r(AX N(A) + 1),

As n € N is arbitrary we obtain (6.3).
(Step 2) Now we will show that

M1 A)eEXxE forAecExX.

Let
A:={A€eEZxT|M ' A) e xXZ}.
Clearly for A,B€ X, M™'(Ax B) = Ax (:B) € A. Let {A,}nen C A be arbitrary. Then
M7 A) = | M4,
neN neN

which implies that {J,cn Ar € A. Now suppose that A € A. By Lemma 6.1 we obtain that
FTHIGxG)\A) = (G x@)\ fH(A),s0 (Gx G\ Ae A By (6.3) we also get that if
AxXN(A) =0 then Ax )T (M~1(A))=0,s0 A € A.

To recapitulate: we have shown that A contains products of measurable sets from X,
that A contains sets with measure zero, that the countable sum of elements of A belong
to A and that A is closed under the operation A — G x G \ A. However, this means that
A=Y x X. O

As a trivial corollary of Theorem 6.2 and Lemma 6.2 we obtain the following result.

Corollary 6.1 Let (G,X,)) be a complete measurable inner product group and let H be an
inner product space. We additionally assume that there exists r € R such that

JAEX, M(A)<rMA) for A€ X
Then for every f : G — H be satisfying
1£(@) = f@) =lz—yls for (A x N-a.a. (2,y) € G x G.
there exists a unique isometry i : G — H such that

flz)=1i(z) for A-a.a. z €G.

The following corollary is similair to the results obtained by J. Chmielidiski and J. Rétz
in [2]. What is interesting is that although the method of proof in [2] are completely different
an analogoue of condition (6.4) was also needed. Therefore it seems natural to ask whether
this codition is really essential.
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Corollary 6.2 Let (G,X, ) be a complete measurable inner product group, let H be a inner
product space. We additionally assume that

1A€ B, M (3A) <rA(A) for A€ T
Let f : G — H be such that
<f(z), fly) >=<a,y>4 for (z,y) € G x G\ D.
Suppose that (A x \)(D) =0 and that
A{z € G| (z,z) € D}) = 0. (6.4)
Then there ezists a unique orthogonal function i : G — H such that
f@)=i(z) for A-a.a. z €G.

Proof. Let A:={z € G| (z,2) € D}, and let D := DUA X GUG x A. Then
AXN(D) < AxN(D) + AxN(A4 x G) + AxN(G x A) = 0, and therefore AxN)(D) = 0. Let
(z,y) € G x G\ D be arbitrary. Then

<f(x), f(z)>=<z,2>4, <f(y), f(y)>=<y,p>a,

<f(x)af(y)>=<$7m>da

and therefore

1f(z) = fw)I?

Il

<fle), f(&)> + <f(y), fy)> -2 < f(2), fly)>

<T,T>at <y, y>a—2 <z,y>q4 = |z - y[3

I

Thus we have proved that

1f(2) = F@) = le —yla for (z,y) € G x G\ D.

As (Ax))(D) = 0 by the previous corollary we obtain that there exists a unique isometry
t: G — H such that f(z) =i(z) for A -a.a. z € G.

We will show that ¢ is an orthogonal function. Clearly i is Jensen, and therefore i — ¢(0)
is an additive isometry so it is orthogonal. From the assertions of the Corollary we know
that

<i(z),i(y)>=<z,y>q¢ for AxN(z,y) € G X G.
However, as ¢ —1(0) is orthogonal function, <i(z)—1(0),7(y) —:(0)>=<=z,y>,4 for z,y € G,
which implies that

<i(x),i(y)>=<i(z) —(0),i(y) —i(0)> for AxN(z,y) € G x G,
and consequently that

<i(2),1(0)> 4+ <i(0),i(z) >=<i(z) +i(y),i1(0)>=0 for A xN(z,y) € G x G.
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As i is Jensen, i(z) + i(y) = i(z + y) + #(0), so
<i(z+y)+i(0),i(0)>=0 for A\xN(z,y) € G x G.
This implies that also
<i(—z —y)+14(0),i(0)>=0 for AxXN(z,y) € G xG.
Adding up these two inequalities we obtain that
<i(e+y) +i(—z —y) +2i(0),i(0) > =< 2i(0) + 2i(0),5(0) > =0 for Ax N(z,y) € G x G

so |2(0)] =/ <:(0),4(0) > = 0, which implies that ¢ is additive. O

Now we determine when the isometry equation is superstable in the integral norm.

Theorem 6.3 Let (G,X,\) be a complete measurable group with \(G) = oo, and let p €
(0, 00).
We assume that there exists r € Ry such that
JAeX, M(3RA) <rAA) for Al
(1) Suppose that
1

—_— +
el * 5 (O F)

Let f : G — H be such that
Ife L} (GxG;R)

Then there exists a unique isometry i : G — H such that
f(z)=1(z) for M-a.a. z € G.
(i) Suppose that

— et G,R).
5], € & O R)

We assume additionally that
MA)=0=A(24)=0 forAecX. (6.5)
Then there exists a Hilbert space H and a function f: G — H such that
Ife L (GxG,R),
but there is no isometry i : G — H with f(z) = i(z) for A-a.a. z € G.

Proof.
(1) As G is a measurable group L}(G x G;R) is measurable. The use Theorem 3.1 we
have to prove that £} (G x G;R) is invariant with respect to operation M.
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Solet f € LF(G xG;R) be arbitrary. Then there exist disjoint subsets {K,},en € Zx X
and {k,}.en C Ry such that

(=)

IN
Ms

ki xr(z):=¥(z) forzeGxQG,

Il
o

and -
; U(z)PA(z) = > (ki) - Ax N (K).
1=0
To show that fo M € L}(G x G;R) it is clearly enough to show that ¥o M € L} (G x G;R),
but -
\I/ (¢} M = Z lc,- . XM—l(Ki),

1=0

so making use of Lemma 6.2 and the fact that M ~!(K;) are disjoint we obtain that

/+ TAxN& = &[+ ik “Xm-1K,)PA(2)
& = &Z /\X)\ (&','))
& < &Z P r(Ax N ((Ki)) < oo

=0

(i1) Let Hg be a Hilbert space such that there exists a Jensen isometry j : G — Hg.
Let H := H 4 R be a Hilbert space with the inner product norm given by the formula

I(z.r)| := \/lz|& +r2 The fact that —— € L3(G,R) implies that for every r € R,
A+(B(0,r)) < o0, where B(0,r) denotes the ball with the center at zero and radius r.
Let k € N be fixed such that A + (B(0,k) \ {0}) > 0 (if for every k € N we would have
B(0,k)\ {0})) = 0 then A*(G) < hrnk_*o‘O M(B(0,k)\ {0}) + AT ({0}) = AT({0}) < o0,
a contradiction).
We define o]
fle) = { (j(2),0) if |efa = k.
(Step 1) Suppose, for contradiction, that there exists an isometry ¢ : G — H such that
f(z) =1(z) for \-a.a. z€G. (6.6)
Then there exists A C G, A\(A) = 0 such that
flz)=1(z) forze G\ A
Let B= |J 2"A and let « € G\ (B U {0}) be arbitrarily chosen. Then there exists [ € N
nEN
such that |lz|s = I|z|l¢ > k and therefore
i(2) = (i(z) = i(0)) +i(0) = T +4(0)
flz l—i(O[ + 2(0) — 7 la:!,(l) -4(0) + 1(0)
= O-UOM) 4 (OO0 4 () (6.7)
= (j(2),0) = (§(0),0) + LEP= +(0)
= (j(2),0) + (1 = 1)(i(0) = (j(0),0)).
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Replacing in the above inequality { by { + 1 we obtain that

7 )(0) = ((0,0) = ) = (52),0) + (1 = T)((0) — (7(0),0)).

s0 2(0) = (7(0),0). Thus (6.7) means that

(j(2),0) + (1-

i(e) = (j(2),0) # (j(2),1) = f(z) for z € B(0,k)\ (BU{0}).
However by (6.50 A(B) = 0, so AL (B(0,k) \ (BU{0})) = A, (B(0,k) \ {0}) > 0 by the way

we have chosen k. We have obtained a contradiction with (6.6).
(Step 2) Now we will prove that

Ife (G xG,R), (6.8)
that is that .
Lo 1@ = £ = I = gl (A x N)(,) < oo,

Let
Ay = {(2,y) € G x G||ela < k, lyla > &},

Ar:=A{(z,y) € G x G| |z]a > k, |yla < k}.

Clearly T f|(axa\(4;u4,) = 0, s0 to prove (6.8) it is enough to prove that Zf- x4, € LF(G x
G;R) and that Zf - x4, € L} (G x G;R). However, the function Zf is symetric with respect
to variables ¢ and y, so [¥, o Zf - x4, (A x N(z, y) = Jg e If xa,(\x N(z,y), which implies
that to prove (6.8) it is enough to prove that

If -xa, € LF(G x G;R). (6.9)

As A1 (B(0,4k)) < oo there exists a measurable set B, C G such that B(0,4k) C B; and
A(Bs) < co. Let By := }B,. Then clearly A(B;) < co and B(0, k) C B;. Therefore to prove
(6.9) we have to prove that

If-XBixc € LG x G;R).

As the set By x G is measurable in G' x G it is equivalent to show that

/;XGIf(x,y)P (A x A)(z,y) < oo.
Let

)= [ Ti@uP ANy,

b(p) = /th(a\a,) If(a,y) O xN(z,y).
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Clearly .
[ Tfp (0 x M@y < alp) + (),

B] xG
However, as By x By has finite measure and Z f is locally bounded, we obtain that a(p) < oco.
Now we will show that b(p) < co which will end the proof. By the definition of f

[ Tiewroxie)

Bl X (G\B4)

= [ Wyl - eyl O Y(ay)

1X(G\By)
1
T — 4+ — =z - PAAX N (z,
J A ?ud T R DCERIENY
+
= —  \xN(z,y).
Jveinsn T3t V@)

Obviously if (z,y) € By x (G\ Gy), then |z|q < k, |yla > 4k, so

20z = yla 2 lyl + (vl = 2l<l) = ly) + 1.

Hence

/+ SN W AxN(z,y) < /+ ——1—; A xN(z,y).

Bix(G\By) (2|7 — ylla)? Bix(6\B4) (1 + |yla)

Making use of the Fubini Theorem we now obtain that

¥ ————1 AX A y) < ¥ +—————1 A A
Jovionen T+ iy & )(I’y)_/a\m{ o, T+ WlaP (””)} ®)-

+ 1
= )‘(Bl) ' v/G\431 1+ lly”d/\(y)

However we have chosen B; in such a way that A(B;) < oo and by the assumptions

J& T \y) < 00,50 If € LF(G x G;R). o

Corollary 6.3 Let G be an inner product group. We assume that (G, A) is either (R™, A,,)
or (Z™,6,), where é, denotes the counting measure on R". Let p € (0,00) be arbitrary.
(i) We assume that p < n. Let H be an inner product space. Let f : G — H be such that

Ife LG xG;R).
Then there exists a unique isometry i : G — H such that
f(z2)=1i(z) for A-a.a. z€QG.

(ii) If p > n then there exists an inner product space H and a function f: G — H such
that there is no isometry 1 : G — H with

flz) =1i(z) for A-a.a. z€G.
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Proof. By Theorem 6.3 it is enough to determine whether the following condition holds

1

e LL(G,R)iff p> n.
T+ < AHOR

(i) Assume that (G,)) = (R", A,). Making use of the change of variables one can easily
notice that

1 1 n—1
./;{ﬂ G—W)\n(x) = V(S"_I(O’l))/m (1 + r)pT‘ d?",

where V(S,-1(0,1)) denotes the (n — 1) dimensional Lebesgue measure of the unit sphere
Sn-1(0,1) C R". Clearly

1 1
/ r"ldr < oo iff / r"dr < co.
Ry (1 +7)P (1oo) (1 4 1)P

1 ) 1 1
n— dr < n—ld < il n—ld
/(1,00) (2r)”r "= /(1,00) 1+ r)PT "= Ry e 0

which implies that

1
/ r"ldr < oo iff l1""_1d7‘.
(1,00) (L+7)? (1,00) TP

However, [(; )r"?7'dr < oo iff n — p—1 < —1 that is iff p > n.
(ii) We assume that (G, ) = (Z",6,). If a,b € R then by [a,b]z we denote [a, b]N Z. For
ke Nlet Sp:=[-k K3\ [-k+1, k~1] Clearly #K,, = (2k +1)" — (2k — 1)". Let
m = min{z]|z € [-1,1]"\ (-1,1)"},
M max{[z] |z € [-1,1]"\ (-1,1)"}.

The reader can easily notice that because Sx/k C [-1,1]"\ (=1,1)",
min{|z| |z € S,} > km,

max{|z| |z € Sk} < kM.

Then
= aTE S DS L%%i‘muzn)
_ Z#Sk m
s 2#5‘ 1+ 1+ mk)y

& 2k 1) — (2k— 1)
- kg{; (14 km)r

=: M(p).
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Analogously
2k+1)" = (2k-1)"
=: m(p).
P R e @)
One can easily check that M(p) < co iff p > n and that m(p) < oo iff p > n. As
1
mp) < Y < M(p
'S 2wy < MO
we obtain that zez%" (1—+i—5|—)7 < 0 iff p > n. ]

The previous corollary shows that the isometry equation is stable in integral norm iff
p < n. However there arises a natural question if for p > n this equation is stable in integral
norm. This leads to the following problem.

Problem 6.1 Let H be a Hilbert space. Suppose that p > n. Given € > 0, does there exist
a 6 > 0 such that if f: R™ — H satisfies

IZfl; <6
then there exists an isometry 7 : R* — H with

If =l <e?
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