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Abstract

Over the last decade, the numerical simulation of incompressible fluid-
structure interaction has been a very active research field and the subject of
numerous works. This is due, in particular, to the increasing interest of the research
community in the simulation of blood flows in large arteries. In this context, the
fluid equations have to be solved in a moving domain and the incompressibility
constraint makes the coupling sensitive to the added-mass effect. As a result, the
solution procedure has to be designed carefully in order to guarantee efficiency
without compromising numerical stability. In this paper, we review some of the
coupling schemes recently proposed in the literature. Some numerical results that
show the effectiveness of the novel approaches are also presented.

1 Introduction

Computational Fluid-Structure Dynamics (CFSD) is of great importance in practically
all engineering fields, from aeroelasticity to biomechanics (see, e.g., [40, 93, 99, 85,
92, 113, 59, 118, 14, 70, 28, 42, 114, 8, 120, 33]). The work summarized in this
review stems from the numerical simulation of the (mechanical) interaction between
blood flow and the vessel wall in large arteries. Over the last decade, this topic has
been a very active field of research and the subject of numerous works (see, e.g.,
[96, 59, 118, 87, 51, 121, 76, 77, 53]). The underlying motivation is that computer
based simulations of blood flows, in patient-specific geometries, can provide valuable
information to physicians (e.g., in order to enhance diagnosis and therapy planing).
Moreover, such simulations can also be a major ingredient in the design/optimization
of medical devices.

The numerical simulation of the fluid-structure phenomena involved in blood flows
raises many issues. Among them, the displacement of the wall cannot be supposed to
be infinitesimal, geometrical nonlinearities are therefore present in the structure and
the fluid has to be solved in a moving domain. On the other hand, since blood is an
incompressible fluid, the arteries are slender and the vessel and blood densities close,
the coupling has to be tackled carefully in order to avoid numerical instabilities.
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In large (or medium size) arteries, blood is commonly modeled as a homogeneous,
viscous, Newtonian and incompressible fluid (see, e.g., [115, 53]). Although the artery
wall has a viscoelastic behavior (see, e.g., [56]), we limit the presentation to the case
of a non-linear elastic solid. Yet, the coupling strategies discussed below are not
restricted to this structural behavior. As a mathematical model, we consider therefore
the system of partial differential equations involving the Navier-Stokes equation (in a
moving domain), the non-linear elastodynamics equation and the following coupling
conditions on the interface X:

e continuity of displacements (fluid domain and structure):
d=d on I 1)

e continuity of velocity (fluid and structure):

u =u* on PR )
e equilibrium of stresses (structure and fluid):
o’n® = —o'n’ on . 3)

This paper concerns the numerical resolution of this coupled problem.

The time semi-discretizations of this system exploit, in general, the heterogeneous
structure of the coupled problem. That is, the fluid and the solid are time
semi-discretized by different time-marching schemes, tailored by their different
mathematical properties. On the other hand, the time semi-discretization of the
interface coupling conditions (1)—(3) defines the coupling scheme.

One of the most elementary coupling schemes (perhaps the most popular in the
aeroelastic community) is based on the following explicit treatment of (1) and (2):

df,n+1 = d*" on E,

wl"t = 45" on 3, @)

o_s,n+1 f,n+1nf

n®=o on .

This yields the procedure reported in Algorithm 1. This algorithm is known
as conventional serial staggered scheme (see, e.g., [100, 86, 102, 42]). Note that
Algorithm 1 is very appealing in terms of computational cost, since it allows a fully
uncoupled (sequential) solution of the discrete problem.

Explicit coupling (weakly or loosely coupled) schemes are those in which (2) or
(3) are explicitly treated. A spurious numerical power is therefore generated at the
interface (energy is not exactly balanced due to the explicit treatment), which has to be
controlled in order to guarantee stability. Algorithm 1 is an explicit coupling scheme,
since it treats (2) explicitly. Although explicit coupling algorithms are widely and
successfully used in aeroelasticity (see, e.g., [101, 102, 55, 42]), a number of numerical
studies (see, e.g., [91, 85, 105, 96, 59]) have shown that Algorithm 1 is unstable under
certain choices of the physical parameters. Typically, this happens when the fluid is
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Algorithm 1 Explicit coupling (weakly or loosely coupled) scheme.

1. Update the fluid domain configuration (mesh) and velocities via (4)1;
2. Advance in time the fluid with the interface Dirichlet condition (4)-;
3. Advance in time the structure with the interface Neumann condition (4)s;

4. Go to next time-step.

incompressible, the fluid and solid densities are comparable or when the domain has
a slender shape, irrespectively of the choice of the time-step size. Blood flows are a
popular example of such a situation.

Theoretical explanations of this issue have been reported in [25] (see also [54]).
In particular, the following instability condition is established in [25] for a simplified
framework:

pe
pf Xadd

<1, )

where € and A\,qq are pure geometrical quantities. The former is related to the thickness
of the structure, whereas the latter increases with the length of the domain (it is the
largest eigenvalue of the so-called added-mass interface operator). Note that the left
hand-side of (5) is a pure physical quantity, it measures the amount of added-mass
effect in the system. In particular, since (5) is independent of the time-step size,
reducing it does not cure the instabilities (as mentioned above).

Implicit coupling schemes are those that time semi-discretize (1)—(3) implicitly.
The schemes that treat (2) and (3) in an implicit fashion are also known as strongly
coupled. The implicit coupling schemes are therefore strongly coupled. These schemes
have been, for years, the unique way of circumventing the above mentioned numerical
instabilities. Somehow, this explains why the development of efficient methods for
the resolution of the coupled non-linear systems, arising in implicit coupling, has been
(and still is) a very active field of research.

Some of these implicit coupling procedures are described in §3. In particular, we
present the Newton algorithm proposed in [49]. The rest of the paper is devoted to
the problem of avoiding strong coupling, without compromising stability. This issue is
addressed from two different perspectives. In §4, we present the semi-implicit coupling
paradigm proposed in [48]. A different point of view is considered in §5, where we
review the schemes recently proposed in [22, 5], that are based on the weak treatment
of the interface conditions at the (space) discrete level. Some final remarks and lines
of future work are drawn in §6.

The next section contains introductory material. We review there the main
ingredients of the general mathematical model used to describe the interaction of a
viscous incompressible Newtonian fluid and an elastic structure.
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2 Preliminaries

The modeling of fluid-structure interaction systems under large displacements
involves, in a general way, the coupling of two formulations: the solid classically
treated in Lagrangian formulation, and the fluid described by an arbitrary Lagrangian-
Eulerian (ALE) formulation (see, e.g., [40, 98, 90, 85, 45]).

/‘!/ \ !\r‘l A1) : .
Qi » revt ’ Tin (t) r«mr:QS(t)

e

Figure 1: Geometrical fluid-structure configurations.

We consider a mechanical system occupying a moving domain which consists
of a deformable structure Q°(¢) (e.g., the vessel wall) interacting with a fluid under
motion (e.g, the blood) in the complement Qf(¢) of Q°(¢), see Figure 1. We denote
by X(t) the current configuration of the fluid-structure interface, that is, () def
o0t (1) NON3(t). Let QEUQS be a reference configuration of the system (e.g., the initial

configuration). We denote by % 2f 90f N O the reference fluid-solid interface and
00f =Tinyurentyy, 90° = ' UT™ U %, are given partitions of the fluid and solid
boundaries respectively. The fluid external boundaries I''™ and I"°"* are supposed to be
fixed. The corresponding outward normal vectors to the fluid and solid boundaries are
denoted by n and n®, respectively (the same notation is used for their reference and

current configurations).

2.1 Fluid equations

The dynamics of the (moving) control volume Qf(¢) are parametrized in terms of a
smooth injective map A : Of x Rt — R?, the so-called ALE-map, such that

Q1) = A (1),

with the notation A, A(-,t). The corresponding deformation gradient and
Jacobian are denoted by F' def VA; and J 2 Qet F, respectively. Moreover, we shall

use the notation w < ;.4 for the fluid domain velocity, and d' (Z, t) e A(z) -z,
z € O, for the fluid domain displacement.

Remark 1 Thanks to the invertibility of Ay, we can define all the physical quantities
on the reference or on the current configuration, the choice being a matter of
convenience. When the same field is evaluated in both the current and the reference
configurations, we adopt the superscript ~ to indicate that it is defined in Qf x R™ and
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we have the relations
a(£7t) ZQ(At<a>7t) VT € Qf7
def ~, _
a@, 1) LaA @), 1) Ve e O (1),

In the rest of situations (i.e., a field is only used in one of the configurations), the
superscript ~ is not used.

We assume the fluid to be homogeneous, Newtonian and incompressible. Its
behavior is described in terms of its velocity @ : Qf x Rt — R and pressure
p: QF x R — R fields, which are governed by the following Navier-Stokes equations
(written in ALE form):

{ ploula+pf(u—w)  Vu—dive(u,p) =0 in Qf(t), ©

divu=0 in Qf(t),

where p! stands for the fluid density, 0;u| 4 for the ALE time derivative and o (u, p) dof

—pI + 2pe(w) for the fluid Cauchy stress tensor, with u the fluid dynamic viscosity

and e(u) def 1(Vu+ VuT) the strain rate tensor.
System (6) has to be supplemented with boundary conditions, for instance,

in

U =uy on I
%
O'(u,p)n = —PoutT ON rev y

and initial condition u|;—¢ = wuo. Here, Uiy, pout and ug are given boundary and initial
data. The conditions to be enforced on the fluid-structure interface X (t) are discussed
in §2.3.

Remark 2 Note that the importance of the presence of the ALE time-derivative
Oru| 4 in (6) emerges in the context of the numerical discretisation (we recall that

Orula &ef Oyu). Indeed, when computing numerically a solution in a moving domain
we are usually interested in the time variation of quantities collocated at the nodes of
a computational mesh (not at a particular fixed position), and the latter necessarily
follows the evolution of the computational domain.

2.2 Solid equations

The dynamics of the structure are parametrized in terms of its displacement d :
0% x RT — R Its evolution is generally governed by the non-linear elastodynamics
equations

{ p°0rd — div (TI(d)) =0 in -

d=0dd in O,

where p® represents the solid density, d the velocity and IT(d) the first Piola-Kirchhoff
stress tensor of the structure. The latter being related to d through an appropriate
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constitutive law (see, e.g., [66, 30, 82]). For instance, for an hyper-elastic material, we

have

SaW S
T(d) = F* - (E°),

where F* “ I 1V d, stands for the gradient of deformation, E* =" 1 ((F®)TF* —I)

for the Green-Lagrange strain tensor and T : R%*¢ — R¥ is a given density of elastic
energy.
The solid equation (7) has to be supplemented also with boundary conditions, for

instance,
d=0 on T9
II(d)n* =0 on I,

and initial conditions d|;—g = d°, Oid|i—o = d . The boundary conditions to be
enforced on . are discussed in the next subsection.

2.3 Interface coupling conditions

In order to ensure a correct energy balance, both the kinematic and the kinetic
continuity need to be enforced across the fluid-structure interface at all times (see, e.g.,
[85] and [45]). The equilibrium of stresses is given (in the reference configuration) by

II(d)n® = —J&(u,p)F""n on 3.
The continuity of the velocity is enforced by setting
u=0d on X. ®)
The fluid domain displacement is taken such that
d=d on X,

that is, the fluid and solid domains remain sticked at all times. This last equality with
(8) yields uw = w on X(t).

Note that, since we have assumed (for simplicity) that the inlet and outlet
boundaries (I'™, T'°"*) remain fixed, we have

d=0 on TImyre, 9)

Therefore equations (2.3) and (9) constrain the value of d’ on the whole boundary
0. Inside Qf, however, the displacement d'(and hence the map \A) is arbitrary: it
can be any reasonable extension of d|s; over Of (subjected to (9)). In the sequel we
will denote this operation by

d" = Ext (d|y).

For instance, the operator Ext can be given in terms of an harmonic extension, by
solving:
~Ad'=0 in Qf
" .
d =0 on I'™ure",
d=d on X.
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In summary, the interface coupling conditions are given by:

w = 6tdf in Qf,
u=0,d on X,
I(d)n* = —J&o(u,p)F"n on X.

d" = Ext (d|y),
(10)

Remark 3 The main ingredients of the ALE (arbitrary Lagrangian-Eulerian)
formalism can be inferred from (10). Indeed, the conditions (10), o impose that the
interface points must follow the same displacement as the fluid, thus the Lagrangian
terminology. In contrast, the motion of the remaining points is not necessarily related
to the fluid kinematics, so the Eulerian terminology.

2.4 Summary of the equations and global energy balance

As mathematical model, we consider therefore the system of partial differential
equations involving the Navier-Stokes equations (6), the non-linear elastodynamics
equations (7) and the interface coupling conditions (10). This yields the following
problem: find the fluid domain displacement d' : Qf x Rt — R, the fluid velocity
U xRt — R?, the fluid pressure p : Qf xRT — R and the structure displacement
d: Q° x RT — R? such that

ploula+ pl(u —w) Vu—dive(u,p) =0 in Qf(t),
divu=0 in Qf(t),
. an
u=1uy on I
o(u,p)n = —pouwn on I
p0yd —div (II(d)) =0 in O,
d=0dd in Q
@R (12)
d=0 on TI9
II(d)n* =0 on IM,
d' =Ext(dy), @w=0ad in Q
u=0d on X, (13)
II(d)n° = —J&(u,p)F 'n on X,

with the initial conditions u|;—g = u", d|;—g = d° and Ord|i—o = do. We refer to
[88] for a recent review on the mathematical analysis of this type of coupled problems.
This review paper is devoted to the numerical resolution of (11)-(13).

The next result (see, e.g., [94] and [46] for a proof) shows that the coupled system
(11)-(13) ensures a correct balance of the mechanical energy.

Lemma 1 Assume that the structure is hyper-elastic (with energy density function W)
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and that the coupled fluid-structure system is isolated, i.e., uw = 0 on '™ UT°U, Let

f S
def P P s
B0 [ Sl [ ik [ w(E@)
Qf (1) Qs s
—_—

Kinetic Elastic
energy potential energy

be the total mechanical energy of the fluid-structure system described by (11)-(13).
Then, the following energy identity holds:

B -£0)- [ [ oy 2L

Viscous work

As expected, dissipation only comes from the fluid viscous effects and the power
exchanged by the fluid and the structure exactly balance at the interface. This balance
is a direct consequence of the interface coupling conditions (13).

3 Implicit coupling

In what follows, 7 > 0 denotes a given time-step size and z" an approximation

. . . £ .
of a given time-dependent field = at time ¢, dof nt, with n € N. Moreover,

def . def
dra™tl = (g7l — gn) /7 denotes the first order backward difference and "tz <

(z™*1 4 2™) /2 the mid-point value approximation.

The time semi-discretizations of (11)-(13) exploit, in general, the heterogeneous
structure of the coupled problem. That is, (11) and (12) are time semi-discretized by
different time-marching schemes, tailored by their different mathematical properties.
To fix the ideas, we consider an implicit scheme for the ALE Navier-Stokes equations

(1),

pfaTun—&-l‘A + pf(un+1 _ wn+1) 5 Vun—i—l

—dive(u"t p"t) =0 in Qb
dive" =0 in Q"L (14)
u" =y (tyye1) on T,
o,(un+17pn+1),n = Pout (t’ﬂ+1) on Fout;

and a mid-point rule for the structural equation (12),

o, d T —divIT™ti =0 i O

d7T=9,d"" in O, 15)
d"™'=0 on I,

1
I 2ns=0 on I™
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with the notation IT" = & 3(I(d™) + TI(d")).

As mentioned in the previous section, explicit coupling schemes may lead
to numerical instabilities. These numerical instabilities have been traditionally
circumvented by considering fully implicit time-discretizations of (11)-(13). For
instance, by combining (14) and (15) with the following implicit treatment of (13):

d" = Ext(d"s), @"T =0pdM QP = (T +dNT (),
anJrl — 87—dn+1 on X.

" ons = —J" G (@ "t Y (F"T) T on X
(16)
This yields the time-marching procedure summarized in Algorithm 2.

Algorithm 2 Implicit coupling scheme.
1. Solve the coupled problem (14), (15) and (16);

2. Go to next time-step.

Note that Algorithm 2 is an implicit coupling (so, strongly coupled) scheme, since
(13) is enforced exactly at each time-step. As a result, the scheme can be proved to
satisfy a discrete counterpart of Lemma 1 and, therefore, is energy stable (under a GCL
condition, see [94, 85, 83] and [46]). The payoff of this enhanced stability is that the
equations (14), (15) and (16) yield a highly nonlinear coupled system at each time-
step. As a matter of fact, in addition to the common nonlinearities of the fluid and
solid equations, implicit coupling induces geometrical nonlinearities within the fluid
equations, due to the dependence of Qf"*1 on dintt

The solution procedures for this coupled non-linear problem (and for coupled
problems, in general) are commonly classified into two distinct categories: monolithic
and partitioned (see, e.g., [43]). An ad hoc single solver whose purpose is to
simultaneously solve (14)-(15) and (16) leads to a monolithic procedure (see, e.g.,
[105, 113,70, 14,72, 51, 15, 11, 77, 58]). A solution method that couples independent
fluid (14) and structure (15) solvers is termed a partitioned procedure (see, e.g.,
[104, 92, 85, 89, 59, 38, 80, 36, 78, 9, 73, 32, 33]).

Remark 4 Needless to say that Algorithm 1 is a partitioned procedure.

Monolithic methods are, by construction, less modular than partitioned approaches
and do not allow the use of legacy software. Partitioned methods, on the contrary,
facilitate the reuse of existing code. Moreover, because of their inherent modularity,
new models and numerical schemes can be introduced while keeping everything else
the same (see, e.g., [117, 39, 6]). All these advantages come, however, with a price:
computational efficiency over a monolithic approach is not necessarily guaranteed (see
[71, 11, 77)).
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3.1 Variational setting

In variational form, the non-linear coupled system (14), (15) and (16) can be
formulated as the following monolithic problem (see, e.g., [46]): for n > 0, find
d"" e Hiwpow (QF), @™ e HY(QF), 2! € L2(QF) and d"T! € HE.(Q4)
with @ |pin = iy (t,41), satisfying (16); 2 and such that

f
P I N u o) 4 pf (un+1 _wn+1) WVt !
T Qf,n+1 Qf.n Qf,n+1

—pf/ (divw"+1)u-vf+ o(u™ prtly . V'vf—i—/ gdivu™t!
Qfnt+1

Qf nt1
205

_l’_ _
2

Qf.n+1

(dn+1 _dr - TC-ln) v +/ Hn+% - Vo

s

Qs

=— / Pout (tns1)v' -n (17)
Fout

for all (3°,v5,q) € Hbw () x HEa(Q) x L2(QF) with 3’|, = v¥]s.

Partitioned methods for the numerical solution of (17) typically stem from
a domain-decomposition reformulation of this problem. Let L' : H %(Z) —
H %i,.upm () be a given continuous linear lift operator and consider the following
splitting of the test functions space

{@,v°) € Hpu(Q) x HEa () 2 B'[x = v°s} = {(@",0) : 3 € Hluu s ()}
B (Lf(v°]5),v%) : ©° € Hpa(2%)}.

By applying this decomposition to (17) we recover the following equivalent
formulation, involving two coupled subproblems:

F df,n-l—l’an-&-l’erl’ n+1
{ ( P v ) (18)

=0,
S(dn+1, “n-&-l) _ 07

def  gnt1 def

where ~"t! |s is the interface displacement and p"t!
RE (df’”ﬂ, a"t, p™t1) the variationally consistent representation of the fluid stress
at the interface (whose expression is given below). In short, equation (18); ensures the
fluid balance subjected to the interface displacement v+, whereas (18)2 enforces the
solid balance subjected to the interface fluid stress p 1.

The fluid operator

F i Hhuron (1) x HY(Q) x 12(2) x HY (%)
= (Hpwys(Q) x LX(Q) x LA™ U ) x LX(Q))',
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is defined as

f
<]—'(df,ﬁ,ﬁ,'y),(5f,@§,0> déf & (/ u"l)f — / u"” -’Uf>
T Qf (df) Qf.n

+pf/ (u—w(df)) -Vu - v —pf/ (divw(df))u-vf
Qf (d) Qf(df)

+/ o(u,p): Vol +/ gdivo! +/ pout(tn+1)vf -n
Qf(df) Qf(df) Tout

f -~ . .
4—/9f (d' — Ext(y)) -C+/E(u—8T'y) -54—/F (u— Uin(tnt1)) - € (19

for all (3',3,€,¢) € Hiw x(QF) x L2(Qf) x L* ™ U ) x L*(Qf). Here,

def f

we have used the notations @(d") (d' — d"™) /7, 9.~ = (y —~™)/7 and

Qf(d") Y (Ior + dH) ().

The interface fluid residual operator Rf : H'(Q) x H'(Qf) x L2(Qf) —
H ™% (%) is then defined by

(RE(d',4,p),A) & (F(d',@,p,7), (L'A,0,0,0)) (20)
forall A € H? ().

Remark 5 Note that the test function o in (19) vanishes on the boundary T'" U'Y, so
that Dirichlet boundary conditions are strongly imposed. The last two terms of (19) are
not included in practice in the variational formulation. They have been incorporated
in the definition of the fluid operator in order to facilitate the presentation. The same
observation applies to the third last term.

Similarly, the solid operator
S HEa() x H™3 (D) — (Hpa (),

is defined as

(S(d,p),v*) & 2?'0; / (d—d" —7d") v*+ %/ (TL(d) + TL(d")) : Vo°

+ <I~1‘a vS|E>

for all v° € Hpa(Q°).

Finally, problem (18) can be reformulated as an interface problem in terms of the
nonlinear fluid and solid Steklov-Poincaré operators (see [36]). The fluid Steklov-
Poincaré operator S* : H 3 ) - H ~3 (X) (also called Dirichlet-Neumann map) is

defined by

St(y) € R (d' (7). @(v),p(v)) Vv e HE(D), @1)
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where (d'(v), u(y), p(7)) is the solution of the Dirichlet fluid subproblem:

F(d'(7),4(v),p(v).v) = 0. 22)

In other words, S(v) gives the interface fluid stress associated to the displacement ~y
of the interface. Analogously, the nonlinear solid inverse Steklov-Poincaré operator

Ss: H™3(2) — H? (%) (also called Neumann-Dirichlet map) is given by

1
S*(p) =d(p)ls Ve e H (),
where d(p) is the solution of the Neumann solid subproblem:

S(d(p), p) = 0.

From the above definitions, it follows that problem (18) (or, equivalently, (17)) is
1
equivalent to the following interface problem: find v"** € H 2 (X)) such that

SS(Sf(’yn+1)) — ’7n+1- (23)

This equation is the so-called interface Dirichlet-Neumann formulation of (17). The
composition of (24) with the inverse operator (S%)~!, gives rise to the so-called
Steklov-Poincaré equation (see [36]):

(S5 1yt = STyt =0. (24)

Remark 6 For the sake of conciseness, we have limited the presentation to the time
semi-discrete problem (17). Nevertheless, the discussion also applies to the fully
discrete case, for instance, after space discretization of (17) with finite elements.

3.2 Partitioned solution methods

These methods are generally based on the application of a particular nonlinear iterative
method to the interface formulations (23) or (24). In this subsection we discuss some
iterative procedures applied to (23). Some solution methods for the non-linear problem
(24) are introduced in [36]. Alternative partitioned procedures, based on Robin-
Neumann transmission conditions, have been recently introduced in [9, 10].

The formulation (23) reduces problem (18) to the determination of a fixed point
of the Dirichlet-Neumann operator S* o S*. This motivates the use of fixed-point
(e.g., non-linear Richardson) based iterations, as shown in Algorithm 3 (see, e.g.,
[91, 92, 85, 96, 35, 107, 78]), where wy, € (0, 1] is a given relaxation parameter which
is chosen in order to guarantee convergence. At the fully discrete level (i.e., after
discretization in space), an expression for this parameter (which significantly improves
the convergence) is given by the following multi-dimensional Aitken’s formula (see
[92, 35, 78]):

(7k - ’Yk—1) : (7)’k+1 — Y TV — ’)’k—1)
Va1 — Y6+ 75— Ve-1l?

. k> 1. (25)

WE =
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Algorithm 3 Relaxed Dirichlet-Neumann fixed-point iterations.

1. Initialize v
2. For k£ > 0 until convergence of -,

(a) Solve fluid (including domain update):
By = Sf('Vk);

(b) Solve solid:
Vg1 = Ss(ﬂk);
(¢) Relaxation:
Vi1 = Wk Vg1 + (1 — wi) Vg

Algorithm 3 can be considered as the simplest way of solving implicit coupling
in a partitioned fashion: existing fluid and solid solvers (possibly black-box) can be
straightforwardly coupled, without significant modifications of the two solvers. The
method, however, may suffer from a poor convergence behavior, which is dictated
by the amount of added-mass effect in the system. Indeed, increased relaxation is
required when the solid density decreases or the domain length increases, which can
compromise efficiency in real applications. Theoretical explanations of this issue
have been reported in [25] using a simplified model (see also [85, 34, 74, 31]).
The limitations of Algorithm 3 have led to the development of new variants: for
instance, based on the use of transpiration techniques [37], reduced order models
[116], vector extrapolation [79], interface artificial compressibility [104, 73, 33], and
Robin-Neumann coupling [9]. It is worth noticing that these last two variants achieve
convergence without the need of relaxation and have a low sensitivity to the added-
mass effect.

Alternatively, one can apply a Newton based method to (23), for a fast convergence
towards the solution (see, e.g., [59, 60, 32, 49]). This yields Algorithm 4, which
involves the Jacobian D R of the coupled operator

R(y) & 55(5% (7)) — 7. 27)

In practice, the linearized fluid-structure problem (26) is solved using an operator-
free (Krylov) iterative method, as GMRES, which only requires repeated evaluations
of D, R(~y) against given interface displacements A. In other words, the Jacobian
operator D, R(=y) is not explicitly needed.

Approximate evaluations of D, R(-y) (or resolutions of (26)) lead to the so-called
inexact (or quasi-) Newton methods (see, e.g., [59, 78, 32]). For instance, we can use
as an approximation the difference quotient

Dy Ry)A % —(Ry +X) ~ R)), @8)

with € > 0 a given small enough parameter (see, e.g., [19]). Note that this approach
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Algorithm 4 Interface Dirichlet-Neumann Newton’s method.
1. Initialize

2. For k£ > 0 until convergence of v,

(a) Solve fluid (including domain update):
i = Sf(’Yk);

(b) Solve solid:
’7k+1 = SS(Mk);
(c) Evaluate residual:
R(vy) = ’7k+1 — Yk

(d) Solve tangent problem:
Dy R(v;,)0v1 = —R(74); (26)

(e) Update rule:
Vit1 = Yi + 0V

facilitates the use of black-box solvers (as Algorithm 3), since (28) only requires
residual evaluations. Nevertheless, as noticed in [59, Remark 5.1] (see also [78]), such
a strategy may lead to inefficient Newton iterations.

Using the chain rule, we have

Dy R()A = DpS*(S' (7)) Dy S" (7)A = A, (29)

so that the exact evaluation of D., R(y) can be split into the following three sequential
steps:

(i) Solve the linearized fluid subproblem:
¢ = DyS' ()X
(ii) Solve the linearized solid subproblem:
n=DuS*(S'(7))¢; (30)

(iii) Update: DyR(y)A=n— A

Steps (i) and (ii) require the linearized versions of the fluid and solid solvers. Note
that step (ii) is standard in solid solvers. Step (i), on the contrary, is non-standard
and usually not available in most fluid solvers. For this reason, this step is usually
approximated (see, e.g., [59, 60]).
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In the rest of this subsection, we present the procedure proposed in [49] for
the evaluation of D, R(+)\, based on shape-derivative calculus (see [108, 1]). By
derivation of (21) with respect to -y in the direction A, we have

<D75f(7))‘7 6> déf _<Ddff(df(7)7 a(7)aﬁ(’7)7 7) 6af7 (Ef97 07 07 0)>
— (D@ sp F(d (v),8(7), (), 7) (58,65, X), (1'6,0,0,0)), (1)

1 ~f
for all @ € H2(X) and with the notations dd e D.d (y)A, 66 def D~u(y)A and

op def D~p(~)A. While the second derivative in the right hand-side of (31) is standard

(e.g., aclassical Fréchet derivative), the cross-Jacobian D 4 F requires shape-derivative
calculus, since it involves the derivation with respect to d" of Eulerian integrals over
Q(df). This yields the following expression (see [49] for details):

A 1 _
<Ddf]:(df7uap7 ’7)6d 7(’Ua Q>Ea C)> = /( ) pf(dlv (5df)u - v
Q(df

T

+ / p(divid") (u — w(d")) - Vu-v — / P [Vuved (u — w(d))] v
Q(d") Q(d")

- 3/ pfddf.vu.v+/ o(u,p)[Idivid — (Véd")'] : Vv
T Jo(df) Q(dh)

- / p[Vuvid + (vid) " (Vu)'] - Vo
Q(df)
_/ qdiv{u[Idivadf—(Védf)T]}+/ od ¢, (32)
Q(df) Q

for all (B,q,&,¢) € Hrpums(Q) x L2(QF) x LA T U ) x L*(QF). Note that
the above terms (see also (see [38, 15]) are not standard in a fluid research code,
which explains why these terms have been usually neglected, or approximated by finite
differences (see, e.g., [113, 89, 70]).

~f
On the other hand, dd , 6u and p can be obtained by implicit derivation of (22).
This yields

6d = D Ext(y)A, (33)

and (du, dp) solve the linearized fluid subproblem:
~ ~, Af A~ o~
= (D F(d' (7). u(7).5(7),7)d , (9,7,0,0)) (34)

for all (¥,q) € Hiun () x L?(QF), with the boundary conditions du|y = A/,
ou

Tin = 0
In summary, for each interface displacement X, the sensitivity D-.S¢(~)A can be
evaluated as follows:

~f
(i) Compute the fluid domain displacement sensitivity dd from (33);
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(ii) Compute the fluid sensitivities (du, p) from (34) and (32);
(iii) Evaluate D~S®(y)A from (31) and (32).

Remark 7 Note that each operator-free evaluation (29) (one per GMRES iteration in
(26)) requires the resolution of the linearized fluid subproblem (34) and the linearized
solid sub-problem (30).

We conclude this subsection with a few numerical illustrations from [49], involving
the coupling of the ALE Navier-Stokes equations with the linear elasticity equations.
The reported results correspond to the simulation of a pressure wave propagation in a
compliant straight vessel (see [52, 59]). The following procedures are compared:

e FP-Aitken: Algorithm 3 with Aitken’s dynamic relaxation (25);
e Newton: Algorithm 4 with exact Jacobian evaluation described above;

o Inexact-Newton: Algorithm 4 with the inexact Jacobian evaluation obtained by
neglecting the cross-Jacobian D 4 F (shape terms) in (34) and (32).

Figure 2 (left) reports the number of iterations per time-step, performed by each
procedure. The superior convergence behavior of both Newton algorithms is clearly
visible. Figure 2 (right) shows that both Newton algorithms are about 2 times faster
than the fixed-point algorithm (see [49] for a detailed discussion). Note that the cost of
each Newton iteration is higher than the cost of a fixed-point iteration (see Remark 7).

=

-

a0

£ ul ] Algorithm CPU time
Lol ] FP-Aitken 1.00
"§ -4 | Inexact-Newton 0.56

" Newton 0.52

t VW VYWY UYL
2 0008 [ ams o =t 003

Figure 2: Left: number of non-linear iterations per time-step. Right: dimensionless
elapsed CPU time (7 = 10™* s). From [49].

The impact of the exact Jacobian evaluations in Algorithm 4 can be highlighted by
increasing the time-step size. Figure 3 (left), reports the number of iterations per time-
step obtained with 7 = 103 s. The fixed-point and inexact-Newton algorithms fail to
converge after two time steps (the allowed maximum number of iterations is reached)
whereas the exact Newton method converges and requires a low number of iterations.
Figure 3 (right) shows the evolution of the residual during the iteration process in both
Newton algorithms at the third time step. While the exact Newton only requires 3
iterations to reach the convergence threshold, the inexact-Newton algorithm is unable
to reduce the residual.
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Figure 3: Left: number of non-linear iterations per time-step. Right: Newton residuals
(r = 1073 s). From [49].

Remark 8 Numerical evidence shows that the convergence of the GMRES iterations
involved in (26) is sensitive to the amount of added-mass effect in the system (see
[11]), whereas the number of Newton iterations is practically unaffected. The overall
sensitivity is, however, remarkably lower than that of Algorithm 3 (see [11, §6.1]). Note
that, for linear fluid and solid solvers, Algorithms 3 and 4 can be viewed as, Dirichlet-
Neumann preconditioned, Richardson and GMRES iterations, respectively. Hence, the
superiority of Algorithms 4. At last, let us mention that the added-mass sensitivity of
the GMRES iterations can be reduced by using Robin-Neumann preconditioners, as
proposed in [10].

4 Semi-implicit coupling

A first approach to reduce the computational complexity of implicit coupling consists
in treating the fluid domain geometry explicitly (see, e.g., [96, 110, 97, 111]). This
corresponds to the following explicit-implicit treatment of (13):

df,n—i—l _ EXt(dn‘z)7 ,&\)nJrl _ aTdf,TH-l, Qf,nJrl — (IQt + df’n+1)(Qf), (35)
{ﬁ"+1 =9,d"" on X%

1 (36)

mItans = 7Jn+la_(un+1,pn+1)(Fn+1)7Tn on 2’
which, combined with (14) and (15), yields the time-marching scheme detailed in
Algorithm 5. Although not fully implicit, this scheme is strongly coupled since the
transmission conditions (13)2 and (13)3 are treated implicitly via (36). As a result, the
stability of Algorithm 5 is not compromised by the amount of added-mass effect in the
system (see [110, 97, 111]).

At each time-step, Algorithm 5 involves the resolution of the non-linear system
(14), (15) and (36). This coupled problem enters the abstract framework of the previous
section (by simply removing the unknown d"" 1 in (18)) and, therefore, can be solved
by means of the partitioned procedures discussed therein. Note however that, due to
the explicit treatment of the fluid geometry, the corresponding fluid operator St does
not involve the computation of the displacement d'. Hence, the shape terms, involved
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Algorithm 5 Semi-implicit coupling scheme via explicit geometry treatment.
1. Update the fluid domain configuration (mesh) and velocities via (35);

2. Solve the coupled problem (14), (15) and (36);

3. Go to next time-step.

in the cross-derivative D4 F, are no longer needed for the exact evaluation of D..S £
in the tangent problem (26) of Algorithm 4.

4.1 Projection-based semi-implicit coupling

As mentioned above, Algorithm 5 is still a strongly coupled scheme, in the sense that
(13)2 and (13)3 are exactly enforced at each time-step. In this subsection we present the
alternative semi-implicit coupling scheme proposed in [47, 48]. Though not strongly
coupled, this scheme exhibits very good stability properties. Basically this scheme
relies upon the three following ideas:

o the pressure-structure coupling is treated implicitly in order to avoid instabilities.
This observation is motivated by the analysis reported in [25], which shows that
explicit pressure-structure coupling yields a scheme whose stability is dictated
by the amount of added-mass effect in the system;

e the remaining terms of the fluid equations (dissipation, convection and
geometrical non-linearities) are explicitly coupled to the structure. This
drastically reduces the cost of the coupling without compromising the overall
stability of the scheme;

o this implicit-explicit coupling can be conveniently performed using a Chorin-
Temam projection scheme (see, e.g, [112, 29, 63]) in the fluid. Indeed, at each
time step we propose to couple implicitly the projection sub-step (carried out
in a known fluid domain) with the structure, so accounting for the added-mass
effect in an implicit way, while the ALE-advection-viscous sub-step is explicitly
coupled.

The detailed steps of the semi-implicit coupling scheme proposed in [48] are given
in Algorithm 6. Here, the scheme is presented in its (non-incremental) velocity-
correction version and with a pressure-Darcy formulation of the projection step (see
[63, Section 4.1]).

Remark 9 Alternatively, the projection step (37) can be formulated as the pressure-
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Algorithm 6 Semi-implicit coupling projection scheme ([48]).
1. Implicit step (pressure-structure coupling):

e Fluid projection sub-step:
' +1 +1 f
— (u"t —u") +Vp"tt=0 in QY7
— )+ Vp

dive"' =0 in QF7,

n+1

u"n = wupy(typ1) o m oon I 37

pn+1 = Pout (tn-l-l) on FOUt;

2" n=0,d"""-n on X.

e Solid:
PO, dT —divIT™ti =0 in O,
o.d" =d" i o
d"™'=0 on I (38)
M""2n°=0 on r,
mtaps = —Je(@",p" ™) (F")""n on X.

2. Explicit step (viscous-structure coupling):

e Update fluid domain:

df,n+1 — EXt(dn|E), ’L/IJn+1 _ 8Tdf,n+1

)

Qb = (Igr +d™"H)(Q). &
e Fluid viscous sub-step:
~n+1 n+1
£ U -—u fi~n o ntl _V~n+1
14 47_ 3 + P (U w ) u in Qf,n-‘rl’
—2udive(@" ) =0
"t = win(thyq) on P,
2ue(@ M mf =0 on T,
~n+1
u =9.d""' on .
(40)

3. Go to next time-step.
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Poisson problem:
of
—Ap"tt = T diva" in Qb7
T
Onp" T = —p'Optin(tns1) m on T, 41)
pn-‘rl = Pout (tn+1) on I—‘Out7
f
Op™ =~ (0. d" @) n on XM
T

Moreover, the divergence free velocity unknown u™1 can then be eliminated in (40)
via the relation

4 f n+1 14 f ~n n+1 . f,n

—u =—u —Vp in Q"

T T

Note that step 2 of Algorithm 6 is performed only once per time-step. Step

1 involves the resolution of a coupled problem ((37)-(38) or (41)-(38)) of reduced
computational complexity (compared with step 1 of Algorithm 2 or with step 2 of
Algorithm 5). This coupled problem can be solved, in a partitioned fashion, with
simplified versions of the procedures discussed in §3. As a matter of fact, the main
advantages of Algorithm 6 are its simplicity of implementation (specially compared
to sophisticated Newton-like methods) and its efficiency compared to the solution
procedures presented so far. Obviously, its main limitation is that it assumes the fluid
to be solved with a projection-based scheme.

Remark 10 The ideas presented here can be generalized to other fractional step
schemes in the fluid. For instance, extensions in the framework of algebraic
factorization methods have been reported in [103, 12].

Algorithm 6 is based on the following implicit-explicit time discretization of the
coupling conditions (13):

" en® = — @, p" )(F")™n on 3,
" n=0,d""''n on I,

{df,n+1 — EXt(dn|E), ,ajn—l—l — a‘rdf,n+1’ Qf,n—‘rl — (IQf _|_df,n+1)(Qf)’

~n+1
u =9.d"™" on .

Note that (13)3 is not exactly enforced at each time-step and, therefore, Algorithm 6
is not a strongly coupled scheme. Yet, this scheme is also not loosely coupled since
(13)3 is not treated explicitly (namely, the solid displacement and the fluid pressure are
implicitly coupled).

Stability analysis (linear case)

In [48], the stability of Algorithm 6 has been analyzed in the framework of the
following linear model problem, coupling the Stokes equations with a linear elastic
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solid model:

plou — dive(u,p) =0 in QF

divu=0 in OF

)

9

. (42)
u=1uy, on I
o(u,p)n = poun on rev,
pPP0ud —dive(d) =0 in Q°
d=0 on TIY (43)
o(dn*=0 on IM
u=0,d on X,
(44)
o(d)n®*=—o(u,p)n on X.

Though simplified, the linear coupled problem (42)-(44) contains the key features of
more complex fluid-structure problems involving an incompressible fluid, as regards
the stability of the coupling schemes (see, e.g., [25]).

Since the analysis is carried out in the fully discrete case, we need to introduce
some notation for the discretization in space. We define Q% as an internal continuous
Lagrange finite element approximation of L?(Q). Similarly, VfL (resp. Vf«u > With
w C 9N, and V'%;) is an internal continuous Lagrange finite element approximation of
H'(QF) (resp. H.(QF) and Hy..(Q°)). Since the fluid and solid space discretizations
do not necessarily match at the interface X, we introduce an interface matching
operator IT;, : V(X)) — Vi (%), where V() (resp. V(X)) stands for the
trace finite element space associated to V' (resp. V;). The operator II;, can be,
for instance, the standard Lagrange interpolant (nodal-wise matching) or a projection
based operator (see, e.g., [41, 61, 7]).

The fully discretized problem writes as follows: for n > 0,

1. Tmplicit step (pressure-structure coupling): find (u) ™t pi™ djt) € Vi x
Q' x V5 such that
L )
uZH' = Uiy (tpy1), on I

upt!t =10, (0-dj™), on X,
f

P 1 ~n £ 14 . f . 1
— (uptt —ap) vy — [ ppttdive, + [ gudive®
T Jof Of Of

f f f f
= —/ PoutVp, -1 Y(vy,qn) € Vgpin , X Qp,
l"out

% o (dit —2df +dy ) vy + ot (di %)
= —(Ru(wn), Ln(vy)) — (Rp(up ™, p ™), Lu(viyls))  Voi € V(Z{S’)
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2. Explicit step (viscous-structure coupling): find ’EZ—H € Vfl such that
~n41 i
u;lH_ = Uin (thrl)v on ]_—‘m,

aptt = Hh(&d"HH), on X,

f

14 ~n+1 n41 ~f / ~n+1 ~f

— u —u cv, + 2 e(u ce(v .

T /Qf( " ARAUARS e L) 1€ @) Vo), € Vi i

(46)

Here, a®(-,-) stands for a general solid stiffness bilinear form and the fluid stress at
the interface are given in terms of the (variationally consistent) residuals R, and R,
defined as

f
<R#(ﬂn+1),ﬁf> d;f &/ (an+l o un+1) . 5f + 2#/ E(an-i-l) : E(%f),
T Jof Qf

f
<72p(,u/n-‘r17pn—‘,-l)7 'Uf> déf &/ (un+1 _ ,l'zn) X ’Uf _ / pn-‘,-l div ,vf7
T Jof Of

and L, : Vi (Z) — sz stands for the standard discrete lifting operator, satisfying
Lh(bH)‘g = Hh(bH|Z) and Lh(bH) rinyprout = 0 forall by € VSH(Z)

Remark 11 Note that, in (45), we impose uZ"H = Hh(aTdZ"_l) on Y (instead of
(37)s5) which is also optimal in the framework of finite element approximations (see

[62]).

Remark 12 We have considered here a simplified version of the coupling scheme given
by Algorithm 6. The fluid domain being fixed, no ALE terms appear in the equations.
Moreover, we assumed that the solid equations are discretized in time with a (non-
conservative) leap-frog scheme. In spite of that, the main feature of the coupling
scheme is preserved: the diffusion step is explicitly coupled with the structure. Without
these simplifications, the stability analysis does not seem to be straightforward.

Let

f S
n def O n 14 n (12 1 n n
E" = 5||Uh||g,gf Ty 10-d; [lg o + §a5( - dy),

be the discrete energy of the system at time-step n. In what follows, the symbol <
indicates an inequality up to a multiplicative constant independent of the discretization
and physical parameters.

The following result (from [48]) provides the conditional stability of the coupling
scheme (45)-(46).

Theorem 2 Assume that poy; = 0, uin = 0, RH('EZ) = 0 and that the interface
matching operator 11, : V(X)) — V(X)) is L2-stable. Then, under the condition

- h o [0, if =%,
(pf+2’”>5ps, with ad:f{ / (47)

He " “hHe 1, if £,
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there holds,

n—1
B4y e R g S B
m=0

forn > 1.

Some observations are now in order:

The assumption on the L?-stability of the interface matching operator is satisfied
by the standard finite element interpolation operator, for example, whenever
the fluid interface triangulation is a sub-triangulation of the solid interface
triangulation. This includes, in particular, the case of interface matching meshes.
By construction, a mortar based matching operator also fulfills that assumption
(see [17]).

The sufficient condition (47) can be satisfied by reducing the ratios h/H* and
7/(hH®*). The later might be thought as a CFL-like condition. Note that this
is a major advantage compared to the (in)stability condition (5) for the explicit-
coupling scheme.

In the case Q5 = ¥ (thin structure model), i.e., & = 0, condition (47) becomes
independent of the solid mesh size H. In particular, we may set H = h, and
stabilize the scheme by reducing h (and 7).

In the case ¥ %+ Y, ie., « = 1, the stability of the scheme can be ensured
provided that the fluid mesh size h is small enough compared to the structure
mesh size H. Numerical simulations performed in 2D and 3D, with h = H,
showed however that this condition seems to be not necessary, when dealing
with physiological parameters.

Remark 13 We refer to [7] for an a priori error analysis of (45)-(46) which ensures
an overall O(T% +hE 4+ H™ 4 h!) convergence rate in the energy norm. Here, k,m are
respectively the polynomial degrees of the fluid and solid discretizations and | depends
on the choice of the matching operator 11,

COUPLING | ALGORITHM | CPU time
FP-Aitken 24.86
Implicit Inexact-Newton 6.05
Newton 4.77
Semi-Implicit Newton 1

Table 1: Elapsed CPU time (dimensionless): straight cylinder, 50 time steps of length
7 =2 x 10~*s. From [48].

We conclude this section with a few numerical illustrations, involving the coupling
of the ALE Navier-Stokes equations with a non-linear shell model (based on MITC4
shell elements [26]). Table 1 shows a comparison of the elapsed CPU times
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COUPLING | CPU time
Implicit 9.3
Semi-Implicit 1.0

Table 2: Elapsed CPU time (dimensionless): blood flow in a idealized abdominal aortic
aneurysm, 2 cardiac cycles (1000 time-steps of length 7 = 1.68 x 1073 s).

(dimensionless) obtained in the simulation of a pressure wave propagation in a
compliant straight vessel (see [52, 59]). We can notice that the semi-implicit coupling
is 4.7 times faster than the best implicit coupling. This performance rises much more
when considering a more physiological situation. In Table 2 we have reported the
the elapsed CPU times (dimensionless) obtained in the simulation of two cardiac
cycles of blood flow in a idealized abdominal aortic aneurysm (see Figure 4 (left))
under physiological conditions (see [106]). The accuracy of the semi-implicit coupling
scheme is highlighted in Figure 4 (right), in terms of the outflow rate.

Q (cm*3s)
"‘.,_‘____-___
if

Figure 4: Left: idealized abdominal aortic aneurysm. Right: comparison of implicit
and semi-implicit coupling schemes, outflow rate.

5 Nitsche’s based interface treatment

The coupling schemes described in the previous sections treat the interface condition
(13)2 as a (strongly imposed) Dirichlet boundary condition in the fluid, and (13)3 as a
Neumann boundary condition in the solid, respectively. We shall see, in this section,
that an appropriate weak treatment of these interface conditions, based on Nitsche’s
interface method [16, 67], benefits from:

e a specific treatment of the viscous contributions;
o further insights on the instability of explicit coupling (Algorithm 1).

These key features motivated the derivation of a stabilized explicit coupling scheme,
in [22], and of a new semi-implicit coupling scheme, in [5], whose stability properties
are independent of the added-mass effect. These schemes are presented in §5.1 and in
§5.2, respectively.
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5.1 Stabilized explicit coupling

For the sake of simplicity and without loss of generality (see Remark 21 below), in
this subsection we limit the presentation to the case of the linear coupled problem
(42)-(44). We shall also make use of some of the notations introduced in §4.1 for the
discretization in space.

Space semi-discretization: interface Nitsche’s formulation

Originally, Nitsche’s method [95] is a technique for enforcing Dirichlet boundary
conditions in a weak sense (instead of being built into the finite element space).
The method has recently been generalized to other boundary conditions [75]. The
extension of Nitsche’s method to the approximation of elliptic and parabolic problems
with discontinuous piecewise polynomials is known as discontinuous Galerkin (DG)
method (see, e.g., [13, 119, 2, 3]). In [16], Nitsche’s method was proposed for
the approximation of an interface problem arising in the framework of domain
decomposition with non-matching grids. Since then, it has been extended to different
multi-physics problems (see, e.g., [24, 23], and [67] for a review). In the context of
fluid-structure interaction, using implicit coupling, some results are given for vibration
problems (acoustics) in [68] and for transient fluid-structure interaction problems with
moving fluid domains in [69].

The space semi-discrete Nitsche’s interface formulation of (42)-(44) proposed in
[22] is given as follows: find (wp, pp, dp, dh) € Vi;L X Qp x [V5]?, with up, = uy
on I'i™ such that

A ((wn,pn), (W, an)) + A% ((dn, dn), (v5,71))
- / o (un,pr)n - (vj, = ) — / (un — Brdy) - o (v}, —qn)n
b b

+ 25 (un— i) - (o], = v3) = - / Poutv}, -1 (48)
b)) Tout

for all (vi,qn,v5,7) € V{"in,h X Qn % [V3]?. Here, v > 0 is a dimensionless
penalty parameter (specified below), and the fluid and solid volume contributions are
given by

def .
Af((uh7ph)7(v27Qh)) épf/ 8tuh'v§z +2ﬂ/ e(up) : 5(’02) */ Dh leU%
Qf Qf Qf
+/ qhdivu;“
Qf

A ((dp. dn), (v5,7h)) Co | ody, - v}, + a®(dp, v}) + p° /f (di, — 0edp) - 74
Qs Q

Remark 14 Note that, in (48), wy, and 0;dy, (and v}i and v} ) do not necessarily match
at the interface (interface DG formulation). The interface integrals involving the fluid
stress o (up, pp )1 are computed face-wise, as broken integrals.
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By taking alternatively (v,q,) = 0 and v§ = r, = 0 in (48), this monolithic
problem can be reformulated (in a partitioned fashion) in terms of two interface
coupled problems:

e Solid subproblem: find (d},, dh) € [V3)? such that
AS((dh7dh)7(v7w"'h / ody, - vy,

T up - U}, — /a(uh,ph)n~vi (49)
) =

for all (v, ry) € [V3]%

e Fluid subproblem: find (up,pp) € Vfl x Qp, with up, = wiy, on I'™, such that

A ((un,pn), (v, qn)) —l/)d(uh,phﬁ%~vi
)

- / Uup - 0’('02, 7Qh)n + ﬂ/ up - 'Ug = 7/ 8tdh : O‘(’U%, 7qh)n
p) h b p)

+ / rdy, - vy, — / Pouth -1 (50)
h E Fout

for all (vy, qn) € pr;n’h X Q.

Time semi-discretization: implicit and explicit coupling

As in §1, we consider a first order backward difference discretization in the fluid and
a mid-point rule for the structure. The fully discrete fluid and solid volume terms at
time-step n are then given by

n i f n n
AL (Y, (o gn)) / Dot -l + 2 / (i) : e(o))
—/ +1divvh—l—/ gn divu)
Qf
s n an+1 s ef s n+1 nt+i o
A (@ dy ), (05, mh) / o-d, a*(d, "2, v})

Jrps/, (dh . Ordy ™) -,
and (49)-(50) can be discretized in time as follows: for n > 0,
o Solid subproblem: find (d"™*,d) ) € [V%]2 such that
A8 ((dn—‘ﬂ d”+1) ( / a d7l+1 Z
= T uj - / (uy,p;)n-v; (51)
b
for all (v3,rp) € [V3]%
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e Fluid subproblem: find (u "H,pzﬂ) € Vf X Qp, with 1/hLl = Uin(tn41) ON
I'® such that

£ f f
AL ). o) = [ ot
. n+1 £ TR ntl of [ g gntl £
u, o (v, —qn)n+ h u, vy, = -dyT o (v, —gn)n
b b 5

LK / o dy vl — / Pout®, -1 (52)
h Z Fout

for all (vi, qs) € pr;n’h X Qp.

If (uf, p) = (up™, pith), the scheme (51)-(52) corresponds to an implicit coupling

scheme. On the contrary, for (u}, p}) = (uj,pj) the coupling scheme is explicit (i.e.,
loosely coupled).

Let E™ denote the total discrete energy of the system at the time level n, defined
by
n def pf p ‘g n 1 s/ g qn

H g Qs ESHth(Q),QS + 3¢ (dy,,dy).

The next result (from [22]) summarizes the energy based stability of the coupling
schemes given by (51)-(52).

E

Theorem 3 Assume that the ﬂuid-structure system is isolated (i.e., ui;y = 0 and
Pout = 0) and let (u ”H,th d"+1 dh ) be given by (51)-(52).

o Implicit coupling: For (u},pi) = (u ”H,pzﬂ) ~ > 16Cty and n > 1, there
holds

n—1

E"+MZTH.€

+2E Z Tlup ™ = 0rdy R 5 < B

o Explicit coupling: For (u},py) = (up,pp), v > 256Ctr and n > 1, there
holds

n—1

TH
En_"ﬂZT”E m+1 ||OQf+ - Humﬂ

m=0

’YHT THT
P a3 S B+ LTl 3 5 + plleud) I3 g,
n—1

h
+ i Z o™ = oI5 s (53)

m=0

As expected implicit coupling is unconditionally stable. As regards explicit
coupling, Theorem 3 shows that the Nitsche interface penalty and the viscous
dissipation control the artificial interface viscous perturbation, generated by the explicit
treatment of the coupling. Unfortunately, the artificial interface pressure contribution
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cannot be directly controlled by the discrete energy of the system E”, since we not
have control on the time pressure fluctuations at the interface. Somehow this illustrates
the already mentioned infamous numerical instability featured by the explicit coupling
scheme, when dealing with incompressible fluids (see §1 and [25, 54]). Yet, the energy
estimate (53) suggests that the scheme can be stabilized by the addition of perturbations
giving enough control on the time pressure fluctuations at the interface.

Remark 15 The consistency term — [ o(u)l,py)n - v, in (52) could also be
evaluated at time level n + 1, as originally proposed in [21]. However, in this case the
artificial interface viscous perturbation can not be controlled by the viscous dissipation
and the Nitsche’s penalty term.

Remark 16 The energy estimate (53) still remains valid if we neglect the viscous
contribution of the (symmetrizing) term — fz(uz”l — 8TdZ+1) o (v, —qn)n in
(52), giving the consistent term fz aqn (uz+1 — aTdZH) -m. As a result, the explicit
coupling scheme (and the mentioned variant) can be formally viewed as a space

discrete counterpart of the following Robin-Robin based explicit treatment of (44):
zJ'(d"Jr%)ns + %&d”“ = %u" —o(u",p")n

o(u T, ptn + %unﬂ = %&d"“ +o(u",p")n

on X. 54

We will come back to this observation in §5.2.

Remark 17 Note that the scaling yu/h of the so-called Robin parameter in (54) is
provided by the Nitsche interface method. This choice differs from the Robin-Robin
scaling proposed in [9], based on simplified models and which aims at accelerating
partitioned iterative solution methods within a fully implicit coupling framework. At
last, it is worth mentioning that (54) also differs from recent Robin-Robin procedures
proposed for time-dependent problems, in the framework of waveform relaxation
methods (see, e.g., [57]).

Stabilized explicit coupling

The spurious oscillations of the fluid pressure at the interface, arising in the energy
estimate (53), can be controlled by the following weakly consistent penalty term:

n def Yoh n n
SErtan) = — [ (T —pi)an. (55)
B Js

with 79 > 0 a (dimensionless) parameter to be chosen sufficiently large (see Theorem
4). Hence, in [22], we propose to add (55) to the fluid subproblem (52). The resulting
stabilized explicit coupling scheme is given in Algorithm 7.

The next theorem (from [22]) provides an energy estimate for the stabilized explicit
coupling scheme (Algorithm 7).
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Algorithm 7 Stabilized explicit coupling ([22]).

1. Solid subproblem: find d”“ dnJrl € [V3]? such that
h

A5 (), (5, mm) / O, d* v,

n n S
=— [ up vy — [ o(uy,pp)n- v,
h ) b

for all (v3,ry) € [V3]%
2. Fluid subproblem: find (u "H,pZH) € Vf X Qp, with u”Jrl = Uip(tpt1) ON
In such that

AL i) o) — [ i o —aum
P

oIy
+2 [ apttol 4 s0p ) = [ ot pn o
b

_ / Ordytt o (v), —an)n + M/ Or i v 7/ Pout -1
- h » Tout

for all (vi, qs) € prm’h X Qp.

3. Go to next time-step.

Theorem 4 Assume that the ﬂuid-stmcture system is isolated (i.e., u;y, = 0 and

Pousr = 0) and let (w)}™ pptt djit! dh ) be given by Algorithm 7. For v >
256C'Ty, Yo > 8 andn > 1, the followmg energy estimate holds

n—1 n—1

Wt YUT
E"+MZTIIE PG 0 + anum*l Ordy I} s + T 1R 5

Yo hT

’70h7'
. lppl2 s S E°+ 25 Huhlloz+u\|€( WIlG

p th”OZ (56)

+

Therefore, Algorithm 7 is energy stable under the (hyperbolic-CFL like) condition
7= 0O(h). (57)
Two observations are now in order.

e According to Theorem 4, the stability of Algorithm 7 is independent of the
added-mass effect: the fluid-solid density ratio p¢/ps and the length of the
domain do not come into play. This observation is confirmed by the numerical
results reported in Figure 5, corresponding to the simulation of the pressure
wave propagation in a two-dimensional straight channel. The numerical solution
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remains stable irrespectively of the amount of added-mass effect. Note that this
is a major advantage compared to standard explicit-coupling schemes, whose
(in)stability is dictated by these quantities, irrespectively of the discretization
parameters (see the discussion in §1 and [25, 54]).

e The proof of Theorem 4 is based, exclusively, on the dissipation due to the
Nitsche coupling and the time pressure penalization term. As a result, the
stability result is independent of the dissipative features of the fluid and solid
time discretization schemes. This is a significant progress with respect to the
stability result stated in Theorem 2, for the semi-implicit coupling scheme
(45)-(46), whose proof depends on the dissipative properties of the solid time
discretization scheme (see Remark 12). On the other hand, as regards the fluid
time-discretization, one could use, for instance, a neutrally stable second order
scheme.

Remark 18 The discrete continuity equation in step 2 of Algorithm 7 is given by

hT . n n mn
gl / Orppan + / g divu ! = / (W't — 0.d ) ngy. (58)
T s Qf by

The right hand-side being a consistent term, we can interpret the stabilization
term (55) as a weakly-consistent interface artificial compressibility. The proposed
approach has therefore clear connexions with the already mentioned interface artificial
compressibility methods [104, 73, 33] for solving implicit coupling in a partitioned
Sfashion. In these iterative procedures, the compressibility term vanishes at convergence
and the artificial compressibility parameter is chosen so as to optimize efficiency and
not for consistency or stability purposes.

Remark 19 From Remarks 16 and 18, we can conclude that the main ingredients in
the stability of Algorithm 7 are:

e the Robin-Robin based explicit treatment of the interface coupling conditions
(54);

e the interface artificial compressibility perturbation of the continuity equation
(58).

Remark 20 In the framework of a simplified structural behavior, given in terms of
a (d — 1)-dimensional model (e.g., plates, membranes, shells or inertial-algebraic
models), alternative explicit coupling schemes have recently been reported in [65,
64, 44] (see also [97, §4.1.1]). Since in this case > = S, the coupling condition
(44) can be embedded into the fluid equations (as a Robin boundary condition) and,
hence, treated implicitly through a specific (inertial/elastic) time-splitting of the solid
equation. A generalization of these schemes to the case of thick structures can be found
in [50].

In [22], a formal error estimate for the stabilized explicit coupling scheme is

obtained from the energy estimate provided by Theorem 4. Let 6} def up — mpu(ty),
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ourdiow (Tmdis|

id-pOINt wertical displacemant (cm)

fire (s} fime (=)

Figure 5: Stabilized explicit coupling (Algorithm 7). Left: interface mid-point y-
displacement for different values of the fluid-solid density ratio p¢/ps. Right: out-flow
rate for different values of the vessel length L. From [22].

(a) £ =0.0025s

(b) t =0.01s

Figure 6: Stabilized explicit coupling without correction: snapshots of the pressure and
solid deformation (exaggerated) at two time instants. From [22].

yp et Py — mhp(tn), & of d — m,d(t,) and &, et d;, — mpd(t,) be the discrete

errors, where 7, denotes a suitable interpolation operator. We can derive the following
error estimate

E"SE i+, (59)
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Algorithm 8 Stabilized explicit coupling with K > 0 corrections ([22]).

def def
1. Setw) ™" = up and pp 0 = pr;
2. Correction loop: for k = 0,..., K solve

(a) Solid subproblem: find (dZH’kH, dzﬂ’kﬂ) € [V7})? such that

. n -n+1,k+1 . n s
A:((dh+1,k+17dh ), (vzmh)) + % /Z 5Tdh+1,k+1 -y,

Y n+1,k s n+1l,k  n+1k s
= u, v, — | o(u, Dh )n - v,
by by

for all (v5,, ) € [V3]%

(b) Fluid subproblem: find (w) """ prthAtly e Vi x @, with
T = 4 (£ 11) on T, such that

1,k+1 1,k+1 1,k+1
Af'((u;zH_ * 7pZ+ * )7(U§th)) —/’LLZ+ * 'U(vfw_Qh)n
5
Y 1k+1 Yoh 1k+1 Lk
+7/“2+ T @ = e
b TH Js
1k 1k 1,k+1
= / o'(uZJr ' 7pZ+ ’ )nv% —/8sz+ okt -a’(vg,—qh)n
s s
Y 1,k
+ 7”/28sz+ AL b —/F tpout(tnﬂ)vfl ‘n

for all (vl qn) € Vi x Qn;

def 1 def 1LE+1 def
3. Set wptt = o tURHL pudl o LR gt gt bR ang

+1 +1 K+h1 Pk
N def - n+1,
dh = dh 5

4. Go to next time-step.

where
det [ pf 2 Ay 1 S +1y12
n n n m
e (2||0h||0,9f + L8R e + St &) + 1 > TIe® I g
m=0

n—1 1

YHT  on ’YOhT n YHT m m 2

+ 00 5 + T s + S 67 - 067 R s )
m=0

The terms on the right hand side of (59) consists of £%, which measures the error in the
initial data, 1, which consists of the terms related to the consistency of the fluid and
solid discretizations, and 72, which contains the explicit coupling consistency error and
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the weak-consistency introduced by the time penalty stabilization operator S. For the
latter term we have

1T 1T H 1
T2:O<(’Yﬂ)2m+'}/ﬂ2h+ 0 (hT)2>

For fixed h, the convergence order in time is imposed by the weak-consistency of the
time penalty stabilization, which scales as O(72 ). The other two terms scale as O()
but with a constant depends on 1/h. Therefore, when refining both in 7 and in h, the
stability condition (57) (i.e., 7 = O(h)) is not enough to ensure convergence. We must
take 7 = O(h?) in order to keep ro = O(h). Such a choice is optimal in the energy
norm if piecewise affine approximations are used in space.

In practice, the method suffers from a deterioration of the accuracy, due to the
weak consistency of the time penalty stabilization term, which rates as O(T%) in
a fixed mesh. As proposed in [22], accuracy can be improved by performing one
correction iteration (see, e.g., [109]). The stabilized explicit coupling scheme with
K > 0 corrections iterations is given in Algorithm 8. Note that, for K = 0 (i.e.,
without corrections) Algorithm 8 reduces to the original stabilized explicit coupling
scheme (Algorithm 7). Conversely, for K — oo (i.e., iterating until convergence) we
recover the implicit coupling scheme (51)-(52), (u},pi) = (up ™, pp™h).

One of the main features of Algorithm 8 is that, after ' > 0 corrections, estimate
(59) is expected to hold with (see, e.g., [81])

,TK+1 K+1 K41
r20<hK;1+hK+l+(hT)2) (60)

Therefore, one correction iteration (i.e., ' = 1) is enough to retrieve first order time
accuracy in a fixed mesh, since (60) yields 7o = O(72/h + 72/h? + h7). Note that, in
this case, overall ro = O(h) accuracy can be ensured under the (weakened) condition

7 =0O(h?).

ans

Al

Pt Rl S O TE T en (W

Figure 7: Interface mid-point y-displacement: stabilized explicit coupling (with and
without correction) and implicit coupling (strongly enforced kinematic condition).
From [22].
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Remark 21 Algorithm 8 can be extended to the non-linear case (i.e., to problem (11)-
(13)) without major difficulty. Roughly, the idea consists in replacing steps 2 and 3 of
Algorithm 1 by the non-linear counterparts of the fluid and solid correction steps in
Algorithm 8. We refer to [22, §5.5] for the details.

We conclude this subsection with a few numerical illustrations (from [22]) in the
framework of the already mentioned straight vessel benchmark. Some snapshots of
the fluid pressure and solid deformation (half a section) obtained with the non-linear
version of Algorithm 8 are reported in Figure 6. The impact of the correction iterations
is highlighted in Figure 7, where we compare the results with those obtained with
a fully implicit coupling scheme (Algorithm 2). Figure 7 (left) shows that, without
correction, the stabilized explicit scheme is unable to accurately represent the solution
provided by the implicit coupling scheme. Figure 7 (right) shows that one correction
iteration is sufficient to recover all the local features of the implicit coupling solution
(i.e., we recover first order time accuracy).

5.2 Robin-based semi-implicit coupling

The theoretical and numerical results summarized in §4 show that the projection semi-
implicit coupling scheme drastically improves the stability properties of conventional
explicit coupling and the efficiency of implicit coupling. In spite of that, the scheme
has two flaws. From a theoretical point of view, a non-convervative solid time
discretization (i.e., with numerical dissipation) is required in the derivation of the
energy stability estimate provided by Theorem 2 (see Remark 12). Secondly, though
much less sensitive to the added-mass effect than explicit coupling, numerical evidence
shows that the stability can be sensitive to changes in fluid-solid density ratio and other
physical parameters (see the results reported in Figure 8 with the linear model (42)-
(44)). As a matter of fact, the stability condition (47) provided by Theorem 2 depends

semi-implicit
0.04 |~ implicit

vertical displacement

0 0.002 0.004 0.006 0.008 0.01
time

Figure 8: Comparison of the implicit and semi-implicit coupling: interface mid-point
vertical displacement (pf = 1, p* = 1.2 x 1072, i = 10). From [5].

on the solid and fluid densities. In this subsection we present an alternative semi-
implicit coupling, proposed in [5], that circumvents these two shortcomings. The key
idea consists in treating the explicit part of the coupling in a full weak sense, by using
a specific Robin-Robin coupling derived from Remark 16 (see also Remark 19).
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Let us consider the original semi-implicit coupling scheme (45)-(46) applied to
linear coupled problem (42)-(44). As we have already seen, this coupling scheme is
based on the following implicit-explicit time discretization of (44):

uttn=98.d"" n
1 _ on X, (61)
odt2)n® = —o@", p")n
" =0,d"" on . (62)

Note that, in (46), the kinematic interface conditions (61); and (62) are both strongly
imposed (i.e., built in the finite element space). Instead, we now propose to treat the
explicit part of the coupling (i.e., the viscous-structure coupling) weakly, by using the
following explicit Robin-Robin treatment, derived from (54):

u"l . n=0.d""" - n

on X,
d(d"Jf%)nS + %&d"“ = %TL" —o@",p"n
2ue(@"Hn + %ﬁ"” 7:8 d" 4+ 2ue(@)n on X.

Note that, in contrast to (54), the pressure-structure coupling remains implicit and
the kinematic interface condition (61); is strongly enforced (as in the original semi-
implicit coupling scheme).

The proposed Robin based semi-implicit coupling scheme, applied to the linear
coupled problem (42)-(44), reads therefore as follows (compare with (45)-(46)): for
n >0,

e Implicit step (pressure-solid coupling): find (uw) ™, pp ™, df™ dnﬂ) e Vi x

Q! x [V%]? such that
) )
;LH_ = Uin (tn-‘rl) on Fln
ZH h(&d}?l) on X
£
L (upt —ap) - - / Pt divol, + / gn divau)tt
T Jot f Qf

= 7/ pout(tn—i-l)vg 'n V(’Uga%) € V;UF‘“,h X an
Tout

P ad’;+1.v§,+a8(dg+5 )+p/ (d"+2 o) vy
Qs

/(‘3dnJrl bH:7 Euz UH—2N/Z e(uy)n - vy

- <R (L), Loy ls))  Y(vy,rH) € V3T

(63)
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o Explicit step (viscous-solid coupling): find ﬁZ’H € V; such that

~n+1 i
Uy, :uin(tn—H) on I,

f
E @t -ty v [ e@ e+ 2 [ @t g
T Jof Qf h >

= %/ d-diytt ~52+2u/ e(@Hn - o), Vo, e Vi,
= = ‘
(64)

Note that in (63) we have considered a conservative time discretization for the
structure.

standard semHmplicit
now semi-implicit
Implich

¥
T

]
T

werical dspacement
]
T

Figure 9: Comparison of the implicit, semi-implicit and Robin based semi-implicit
coupling schemes: interface mid-point vertical displacement (o' = 1, p* = 1.2x 1072,
w = 10). From [5].

Let us define the energy of the discrete coupled system, at time level n, as:
pf ~n2 Py o 2 L
E" = gl o + gt + 5a°(dE, di).
2 2 2
The following result (from [5]) states the energy based stability of the Robin-based
semi-implicit coupling scheme (63)-(64).

Theorem 5 Let (ﬂZJrl , pZ'H, dZ'H, dZ—H) be given by (63)-(64) and assume that the
system is isolated (i.e., pouy = 0 and uy,, = 0). For v > 4Cty and n > 1, there holds

n—1 n—1
~ ~ T |\~
B 3 e e Y T 0ndi s+ T
m=0 m=0
~ YHUT |~
S B perlle @) o + 5 IR 5 (69

Therefore, the semi-implicit coupling scheme (63)-(64) is energy stable under the
condition T = O(h).
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Algorithm 9 Robin based semi-implicit coupling algorithm ([5]).
1. Explicit step: update fluid domain (mesh)

{ i =B (dl), @ =0 w0
f,n41
Qf,n-‘rl — (IQf +dhn+ )(Qf)
2. Implicit step (pressure-structure coupling):
e Fluid projection sub-step: find (u**, prt!) € V, x Q! such that
uptt = win (1) on I
aytt =10, (0.dyT) on X
£
p? - (UZ+1 — uy) cof — /Qf anH divo! + /an qn divu) !
~f
= _/1“ tpout(thd)'Uz n V(v qn) € Vg]ul“i",h x QZ,

(66)
o Solid: find (&%, d}y ) € [V]2 such that
AL (drlzlJrlvdTIfI_H;viI’rH) + = / 6_,_d7;1+1 vy
h nn+l
= al vl — zu/ e(@n - v 67)
h yn+1 »n+1
s [ e n e e (Vi
nn+l
.. . . =~n+l f
3. Explicit step (viscous-structure coupling): find u;, € V', such that
ﬁz+1 = uin(tn+1) on Fin,
Tt (~n+1 ~f w ~n-+1 . ~f M n+1 ~f
A (o) + o /E+ o= L O (e

+ou / e(@)n o, Vol € Vi,
Snt1

4. Go to next time step.
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Since the stability condition of Theorem 5 does not depend on the fluid-solid
density ratio neither on the geometry of the domain, the semi-implicit coupling scheme
(63)-(64) remains stable irrespectively of the added-mass effect. Moreover, thanks
to the natural interface dissipation of the Robin-Robin coupling, a diffusive time
marching in the structure is no longer needed to ensure stability. These observations
are confirmed by the numerical results reported in Figure 9. The numerical instabilities
shown in Figure 8, for the original semi-implicit coupling, are not present in the
solution provided by the Robin based semi-implicit coupling scheme, which accurately
predicts the results of the implicit coupling scheme.

Remark 22 Theorem 5 follows by a combination of the arguments involved in
the proofs of Theorems 2 and 3. Let us notice that, here, we do not need to
stabilize pressure fluctuations, that is, to introduce the weakly consistent artificial
compressibility at the interface (55). Indeed, due to the implicit treatment (63) of the
pressure-solid coupling, no artificial interface pressure perturbations appears in the
energy estimate (69).

Remark 23 Theorem 5 can be extended to the case in which, instead of the
pressure-Darcy formulation (63)1, we consider the pressure-Poisson formulation of
the projection step (see Remark 9). We refer to [5, §4.3] for the details.

The non-linear counterpart of the semi-implicit coupling scheme (63)-(64)
(namely, the Robin based counterpart of Algorithm 6) is detailed in Algorithm 9.
Here, Ext,, stands for a discrete version of the lifting operator Ext, the solid mass
and stiffness contribution are given by

. 1 . 1
A?— (d?Fla deLIJr ;'Uilv TH) o r’ 6TdTI;+ ’ 'USH
Qs
1 n-+1 n s S X ”+% n-+1
T3 (IL(dy™) + I(dy)) = Vvy +p (dy * = 0:dy™) - rm,
Qs Qs
while, for the fluid
Tt +1 ~fy def Pf +1 ~f Pf +1 ~f
~n ~ ~n ~ ~
AL (uy ,vh):7/_ u, v, —— [ wyT v,
Qf.n+1 T Jofn
f
- % (divay)ay ™ ol — pf / (divew? ),
Qf,n+1 Qf n+1

b [ et vt s [ e@ ) e
Qf,nt1 Qfnt1

We conclude this subsection with an illustration of the numerical results obtained
(in [5]) with Algorithm 9 (pressure-Poisson version) and the physiological test case
considered in §4. Figure 10 presents some snapshots of the wall deformation and the
fluid velocity fields at two time instants. Figure 11 shows that, even in this complex
case, both the original and the Robin based semi-implicit coupling schemes provide a
prediction that compares well to the reference implicit solution.



Coupling schemes for incompressible fluid-structure interaction 97

Figure 10: Robin based semi-implicit coupling: snapshots of the solid deformation and
fluid velocity field at two different time instants. From [5].

Figure 11: Comparison of the implicit, standard semi-implicit and Robin based semi-
implicit coupling schemes: maximal displacement of the structure. From [5].

6 Conclusion

The work summarized in this review was devoted to the approximation and numerical
resolution of the mechanical interaction between a viscous incompressible fluid and
an elastic structure, with a strong added-mass effect. In this framework, standard
explicit (or loosely coupled) schemes are known to be unstable, irrespectively of the
discretization parameters. In the context of implicit coupling, we have seen that the
exact evaluation of the cross-derivative of the Jacobian (shape terms) leads to robust
Newton iterations. Yet, these procedures remain computationally expensive in real
applications.

We have seen that implicit coupling can be avoided, without compromising
stability, via the semi-implicit and the explicit coupling schemes described in §4 and
85, respectively. In particular, the explicit Robin-Robin treatment derived from the
Nitsche treatment of the coupling yields added-mass effect free schemes. The price to
pay is a perturbation of the truncation error, which enforces constraints on the rate of
the discretization parameters (e.g., parabolic-CFL). Let us emphasize, that for standard
loosely coupled schemes, these constraints do not cure the instabilities!

Many aspects of the studies presented in this review are open to further
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investigations (some of them are in progress). In the context of the numerical analysis
of the schemes, the focus could be put on the convergence analysis in the linear case,
for instance, in the spirit of [84, 7]. Further investigations could also address the
generalization of the stability analysis to the non-linear case (see, e.g., [83] for implicit
coupling). Alternative explicit coupling schemes, motivated by the explicit Robin-
Robin coupling (54), can be devised [20]:

(1) stabilized explicit coupling with a residual based treatment of the fluid stresses
at the interface (instead of face-wise, as in the interface Nitsche’s method);

(ii) unstabilized explicit Robin-Robin coupling without the consistency term
[ (up ™t = 0,d7 ) - ngy;

(iii) explicit Robin-Robin coupling with (pressure-Poisson) projection scheme.

The variants (i) and (iii) can be proved to be energy stable. In particular, it is worth
noticing that the combination of the Robin-Robin splitting with the pressure-Poisson
treatment of the projection step, in (iii), leads to a natural stabilization of the time
pressure fluctuations. Numerical evidence suggests that also (ii) is energy stable,
but the analysis does not seem to be straightforward. The incremental displacement
and displacement-velocity correction schemes recently introduced in [44, 50] will also
be the topic of forthcoming investigations. An interesting feature of these loosely
coupled procedures is that they can be interpreted as optimally consistent kinematic
perturbations of an underlying implicit coupling scheme.

Regarding the applications, we plan to incorporate some of the proposed
procedures in the context of the simulation of the fluid-structure interaction phenomena
in the heart (see [118]), using the reduced valves models recently proposed in [4].
At last, in the context of inverse problems in blood flows (e.g., wall parameters
estimation), some promising results [18], on the estimation of the mechanical
properties of the vessel wall, have already been obtained by adapting the filtering
techniques recently developed in [27].
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