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Abstract

We are interested in the deterministic computation of the transients for
the Boltzmann-Poisson system describing electron transport in semiconductor
devices. The main difficulty of such computation arises from the very high
dimensions of the model, making it necessary to use relatively coarse meshes
and hence requiring the numerical solver to be stable and to have good resolution
under coarse meshes. In this paper we give a brief survey of the discontinuous
Galerkin (DG) method, which is a finite element method using discontinuous
piecewise polynomials as basis functions and numerical fluxes based on upwinding
for stability, for solving the Boltzmann-Poisson system. In many situations, the
deterministic DG solver can produce accurate solutions with equal or less CPU
time than the traditional DSMC (Direct Simulation Monte Carlo) solvers. In order
to make the presentation more concise and to highlight the main ideas of the
algorithm, we use a simplified model to describe the details of the DG method.
Sample simulation results on the full Boltzmann-Poisson system are also given.

A Introduction

The Boltzmann-Poisson (BP) system, which is a semiclassical description of electron
flow in semiconductors, is an equation in six dimensions (plus time if the device
is not in steady state) for a truly three dimensional device, and four dimensions
for a one-dimensional device. This heavy computational cost explains why the BP
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system is traditionally simulated by the Direct Simulation Monte Carlo (DSMC)
methods [25]. DSMC methods have the advantage that the increase in computational
cost is not significant with the increase of dimensions. However, the simulation
results are often noisy, and it is difficult to compute transient details (time dependent
states), especially if the probability density function (pdf) is desired. In recent years,
deterministic solvers to the BP system were considered in the literature, see for
example [23, 28, 3, 2, 4, 5, 6, 24]. These methods provide accurate results which,
in general, agree well with those obtained from DSMC simulations, sometimes at a
comparable or even less computational time. Deterministic solvers have the distinct
advantage in resolving transient details for the pdf. However, the main difficulty of
the deterministic solvers arises from the very high dimensions of the model, making it
necessary to use relatively coarse meshes and hence requiring the numerical solver to
be stable and to have good resolution under coarse meshes. This can be challenging
because under coarse meshes, for a convection dominated problem, the solution may
contain high gradient (relative to the mesh) regions, which may lead to instability if
care is not taken in the design of the algorithm.

One class of very successful numerical solvers for the deterministic solvers of
the BP system is the weighted essentially non-oscillatory (WENO) finite difference
scheme [4, 6]. The advantage of the WENO scheme is that it is relatively simple to
code and very stable even on coarse meshes for solutions containing sharp gradient
regions. However, the WENO finite difference method requires smooth meshes to
achieve high order accuracy, hence it is not very flexible for adaptive meshes.

On the other hand, the Runge-Kutta discontinuous Galerkin (RKDG) method,
which is a class of finite element methods originally devised to solve hyperbolic
conservation laws [17, 16, 15, 14, 18], is a suitable alternative for solving the BP
system. Using a completely discontinuous polynomial space for both the test and
trial functions in the spatial variables and coupled with explicit and nonlinearly stable
high order Runge-Kutta time discretization, the method has the advantage of flexibility
for arbitrarily unstructured meshes, with a compact stencil, and with the ability to
easily accommodate arbitrary hp-adaptivity. For more details about DG scheme for
convection dominated problems, we refer to the review paper [20]. The DG method
was later generalized to the local DG (LDG) method to solve the convection diffusion
equation [19] and elliptic equations [1]. It is L? stable and locally conservative, which
makes it particularly suitable to treat the Poisson equation.

In recent years, we have initialized a line of research to develop and implement the
RKDG method, coupled with the LDG solution for the Poisson equation, for solving
the full BP system, see [7, 8, 9, 10]. It is demonstrated through extensive numerical
studies that the DG solver produces good resolution on relatively coarse meshes for the
transient and steady state pdf, as well as various orders of moments and I-V curves,
which compare well with DSMC results. Our DG solver has the capability of handling
full energy bands [10] that no other deterministic solver has been able to implement so
far.

In this paper, we give a short survey of the DG solver for the full BP system.
The emphasis is on the algorithm details, explained through a simplified model, and on
sample simulation results to demonstrate the performance of the DG solver. The plan of
the paper is as follows: in Section B, we will introduce the BP system and a simplified
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model. In Section C, the DG scheme for this model will be presented. Section D
includes some discussion and extensions of the algorithm. In Section E, we present
some numerical results to show the performance of the scheme. Conclusions and future
work are given in Section F. We collect some technical details of the implementation
of the scheme in the Appendix.

B The Boltzmann-Poisson system, and a simplified model

The evolution of the electron distribution function f(t,x,k) in semiconductors,
depending on the time t, position x and electron wave vector k, is governed by the
Boltzmann transport equation (BTE) [26]

af 1

a+ﬁvke-vxf—%E-ka:cz(ﬁ, (1)

where £ is the reduced Planck constant, and g denotes the positive elementary charge.
The function (k) is the energy of the considered crystal conduction band measured
from the band minimum; according to the Kane dispersion relation, ¢ is the positive
root of -
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Py @)
2m*

where « is the non-parabolicity factor and m* the effective electron mass. The electric
field E is related to the doping density Np and the electron density n, which equals
the zero-order moment of the electron distribution function f, by the Poisson equation

(14 ae) =

V() VaV] = L n(t: %) = Np(x)], E=-ViV, 3)
0
where ¢q is the dielectric constant of the vacuum, £,.(x) labels the relative dielectric
function depending on the semiconductor and V is the electrostatic potential. For low
electron densities, the collision operator Q(f) is

QNexk) = [ (SO xK) - SEK)fExk]d, @)
]R3

where S(k’,k) is the kernel depending on the scattering mechanisms between
electrons and phonons in the semiconductor.

In order to more clearly describe the details of the DG method, as well as to
highlight the essential algorithm ingredients, we introduce a simplified model transport
equation, which has the same characteristics as the full BP system. Thus, we consider
the system

ou 0 0

a+%mwm~wmmwm=AK@Mmewumm,@

% [a(x) gfﬂ = /Ru(t,:c,v’) dv' — Np(z), n(t,x) = e (6)

Now, the unknown distribution function is u, which depends on time ¢, space
coordinate z € [0,1] and the variable v € R (velocity or energy). The functions a,
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b, o, Np and the kernel K are given, and K > 0. The collision frequency v is defined
by the equation

v(v) = /]RK(UCU) dv’ (7

which guarantees mass conservation.

C The DG solver for the simplified model

We now discuss the DG solver for the model equations (5)-(6). The first step is to
reduce the domain of the variable v to a finite size. This can be justified because we
expect a vanishing behavior of the unknown w for large values of v. For rigorous
justification, one could refer to the discussion in [12]. If [ is the finite interval
used for the computation in the variable v, then we will replace K (v,v’) with
K(v,v") xr(v) x7(v"), where x7 is the characteristic function on I. The new collision
frequency is redefined according Eq. (7). Therefore, this adjustment of the domain will
not affect the mass conservation of the system.

For simplicity of discussion, we will use a simple rectangular grid to introduce the
DG scheme, although the algorithm could be easily adjusted to accommodate general
unstructured grids. For the domain [0, 1] x I, we let

Qir, = {xif%’ $i+%} X |:ka%’ Uk+%}
where,

Ax; A .
Ty = mij:Tx Vg = vki% (i=1,2,3,..N,)and (k = 1,2,3,..N,).
We denote by N, and NV, the number of intervals in the = and v direction, respectively.
The approximation space is defined as

Vie = {vn = (vn)]a,,, € PY(Qu)}, (®)

where P¢(€2;,) is the set of all polynomials of degree at most £ on §2;;. Notice that the
polynomial degree ¢ can actually change from cell to cell (p-adaptivity), although in
this paper it is kept as a constant for simplicity. The DG formulation for the simplified
Boltzmann equation (5) would be: to find u;, € V}f , such that

/Qik (up) v de dv — /sz a(v)up (vp)z dx dv — / b(v)n(t, x)up (vp), dz dv

Qi

+Ff - F  +FEf - F; :/ {/K(uv')uh dv' —v(v) uh} vpdzdv  (9)
Qu LJ1

for any test function vy, € V}*. In (9),
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vk+l
F; :/ * a(v) iy v (2,1, v)dv,

%
Y [T .
Fr = b(kar%)U(t,l') Up U, (xﬂkar%)dxv

:Ei+%
Fv_ = / b(vk—%)n(tvx) ’&'h ’U}: (a:,vk_%)dm,

where the upwind numerical fluxes 1y, 4y, are chosen according to the following rules,

e if a(v) > 0 on the interval [v,_1, vy 1], @, = uy,; if a(v) < 0 on the interval
[Vk—1, Vpqn]s W = u;. Since a(v) is a given function that does not depend on
time, we will always be able to choose the grid such that a(v) holds constant
signs in each cell [v;_1, v 1]

o If ff:f b(vpy)n(t, x)de > 0, @, = w,; otherwise, ), = u;. Since the
2

function 7 depends on time, we can not choose a grid such that b(v;, 1 )n(t, )
holds constant sign on each interval [:CF% T +%]. Here we relax the condition
to look at the cell averages for the coefficient for easy implementation.

As for the Poisson equation (6), in the simple one-dimensional setting, one can
use an exact Poisson solver or alternatively use a DG scheme designed for elliptic
equations. Below we will describe the local DG methods [19] for (6) with Dirichlet
boundary conditions. First, the Poisson equation is rewritten into the following form,

o¢
q= 5=
P ox (10)
= (o(x)q) = R(t,)
where R(t,z) = [; un(t, z,v")dv’ — Np(z) is a known function that can be computed
at each time step once uy, is solved from (9). The grid we use is I; = [fi_%, I’H_%} ,
with ¢ = 1,..., N, which is consistent with the mesh for the Boltzmann equation.
The approximation space is

Wi = {vn : (va)

with P!(I;) denoting the set of all polynomials of degree at most ¢ on I;. The LDG
scheme for (10) is given by: to find g, ¢p, € V,f , such that

I; € PZ(IZ)}a

/ qrupdx + / (ﬁh(’l)h)mdx - (Z)h’l)}: (J:H%) + (Z)h’l);{(xiié) =0,
I, I

i

~ [ o@)anon)eda + a@iauri (2143) ~ @i (wiy) = [ Ret.appudo, 1)

hold true for any vy, py, € W}f In the above formulation, the flux is chosen as follows,
(;Aﬁh = ¢, ,0(x)q, = (o(x)gn)™ — [¢n], where [¢},] = qﬁz — ¢, . Atz = L we need
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to flip the flux to ¢), = o, mh = (o(xz)gn)~ — [¢n] to adapt to the Dirichlet
boundary conditions. Solving (11), we can obtain the numerical approximation of
the electric potential ¢, and electric field n, = —qp, on each cell I;. The so-called

minimum dissipation LDG method [13] can also be used here.
To summarize, the DG-LDG algorithm advances from t" to ¢"*! in the following
steps:

Step 1 Compute [, up(t,z,v") dv’ and R(t, z).
Step 2 Solve the electric field 7y, (¢, ) from (11).
Step 3 Solve (9) and get a method of line ODE for wy,.

Step 4 Evolve this ODE by proper time stepping from ¢" to t"*1, if partial time step
is necessary, then repeat Step 1 to 3 as needed.

The algorithm described above carries the essential ideas of those in [9] for the BP
system. We include some of the technical details of the scheme in the Appendix for
the reference of the readers.

D Some considerations

In this section, we will review some aspects of the DG-BP solver developed in the
literature and give an overview of some ongoing and future research directions.

D.1 Mass conservation and positivity of the numerical solution

It is well known that the transport Boltzmann equation associated with the BP system
conserves mass, and the initial value problem propagates positivity. In particular, it is
essential that the numerical schemes preserve these physical properties of the system.
In general, high order than one DG solvers as the one introduced in the previous
section will not enjoy positivity. However it was shown in [12] that the semi-discrete
DG scheme is positivity-preserving and stable for piecewise constants by arguments
following an adaptation of the Crandall-Tartar lemma [22] to low order DG schemes,
which states that any mass preserving, contracting linear first order operator is stable
and monotone preserving. In addition, in [12] the authors also proposed a fully discrete
positivity-preserving DG scheme for Vlasov-Boltzmann transport equation. They used
a maximum-principle-satisfying limiter for conservation laws [32] and achieved a high
order accurate DG solver that ensures the positivity of the numerical solution. A
comparison study of the standard RKDG scheme against the positivity-preserving DG
scheme has also been performed for the linear Boltzmann equation in [12].

Similarly for the DG-BP solver, clearly the following two properties will also hold,
where the second one is a simple proof of positivity for the fully discrete scheme on
piecewise constant basis functions.

Property 1 (Semi-discrete mass conservation) Under zero or periodic boundary
conditions in the x space, we have that

d 1
— dvdz = 0.
dt/o/Iuhvac 0
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Proof. Plug in (9) with v;, = 1, and sum over all ¢, k, the conservation will follow.

Property 2 (Positivity for the first order scheme) Define A = maxa(v), B =
maxb(v)n(t,z) and V. = maxwv(v). For first order DG scheme with piecewise
constant approximation and forward Euler time discretization, if the CFL condition

MA+ MB+ AV <1,

is satisfied, where \y = minétAm» and Ny = ﬁ, then the DG scheme is monotone

and will preserve the positivity of the numerical solution.

Proof. Plug in (9) with v, = 1, we have

/ (up)e dQ+ Ff — F, + EF — F :/

where

{/K(v,v’)uh dv' —v(v)up | dQ, (12)
I

ik
Vi1

Ff :/ * a(v) apdv,
v

a(v) apdv,

F; :/ e b(v_ 1 )n(t, @) Unda.

We assume up, = uj;, on );;, at t”, then

At
n+1 n — —
uidt = Uik_m{F;_Fw + Ff - F; —&-/Qm/IK(U,U’)uh dv’'dQ
'ukJr%
*Al’i/ v(v)dvuly }.
v 1

2

As suggested by the definition for the numerical fluxes, if a(v) > 0 on the
interval [v,_1, 054 1], @n = u;,, which implies Ff = (f::ff a(v)dv) ul, and

Fy = (f,**% a(v)dv)up_, . Otherwise, F;f = (f,""% a(v)dv)u}_, , and F, =
k—% ’ ’Uk_§ ’
(ka’“_*; a(v)dv) ug,.
Similarly, if [} b(opp)n(tx)de >0, @, = w,, Ff =
T3
(f”:f b(veq 1 )n(t, ) dz) ufy and F7 = (f":f b(vey 1 )n(t, ) dz) ufy_y; other-
wise, Fif = ([, 3 b(ogy 1)n(t, @) da) uy, and By = ([, 3 b(ogy 1 )n(t, @) de) ul.

2 2
By taking derivative of all its variables, it is not difficult to verify that this is a

monotone scheme if -
MA+ B+ AtV < 1.

Hence it will preserve the positivity of the numerical solution.
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D.2 Incorporation of full energy band models

The BP system introduced in Section B uses analytical band structures, which means
the energy band function (k) has been given explicitly. The analytical band makes
use of the explicit dependence of the carrier energy on the quasimomentum, which
significantly simplifies all expressions as well as implementation of these techniques.
However, the physical details of the band structure are partly or totally ignored, which
is unphysical when hot carriers in high-field phenomena are considered.

Full band models [21], on the other hand, can guarantee accurate physical pictures
of the energy-band function. They are widely used in DSMC simulators, but only
recently the Boltzmann transport equation was considered [31, 29], where approximate
solutions were found by means of spherical harmonics expansion of the distribution
function f. Since only a few terms of the expansion are usually employed, high
order accuracy is not always achieved [27]. Recently in [10], the authors developed
a DG code, which is the first deterministic code that can compute the full band model
directly. The energy band is treated as a numerical input that can be obtained either by
experimental data or the empirical pseudopotential method. The Dirac delta functions
in the scattering kernels can be computed directly, based on the weak formulations of
the PDE. The results in [10] for 1D devices have demonstrated the importance of using
full band model when accurate description of hydromoments under large applied bias
is desired. In a forthcoming manuscript [11], we will present a full implementation
of the scheme with numerical bands as well as a thorough study of stability and error
analysis.

In future work, we will extend the solver to include multi-carrier transport in
devices such as P-N junctions. When modeling the P-N junctions, the carrier flows
of both electrons and holes should be considered. The pdf of electrons and holes will
satisfy the following BTEs coupled with Poisson equation for the field,

%J;i + %vk g+ Vufi F %E Vifi = Qi(f) + Ri(fe, fn), i = e, h1,h2, h3,
[e-(x) VxV] = 4 [ne(t,x) —np(t,x) — Np(x) + Na(x)], E=-ViV.

€0

In the above equation, the subscript e denotes electrons and h1, h2, h3 denote holes.
One electron conduction band and three hole valence bands (heavy, light and split-off
bands) need to be considered in order to have an accurate physical description. The
Q; terms are the collision terms which have been introduced in Section 2 for electrons.
For holes, those terms should include inter-band scattering as well. R;(f., f) is the
recombination term. In this model, we need to solve for each carrier a Boltzmann
transport equation and they are all coupled together through the Poisson equation for
the electric field. It will be of particular interest to explore adaptive DG methods for
solving this type of systems in order to reduce computational cost.

E Numerical results for semiconductor devices

In this section, we will demonstrate the performance of DG schemes through the
calculation for a 2D double gate MOSFET device. The schematic plot of the double
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gate MOSFET device is given in Figure 1. The top and bottom shadowed region
denotes the oxide-silicon region, whereas the rest is the silicon region.

A

y 50nm 50nm
top gate
M A sl X
& Al
RN
= =

bottom gate
150nm

Figure 1: Schematic representation of a 2D double gate MOSFET device

Since the problem is symmetric about the x-axis, we will only need to compute
for y > 0. At the source and drain contacts, we implement the same boundary
condition as proposed in [6] to realize neutral charges. At the top and bottom of the
computational domain (the silicon region), we impose the classical elastic specular
boundary reflection. The electric potential ¥ = 0 at source, ¥ = 1 at drain and ¥ =
0.5 at gate. For the rest of boundaries, we impose homogeneous Neumann boundary
condition. The relative dielectric constant in the oxide-silicon region is €, = 3.9,
in the silicon region is €, = 11.7. The doping profile has been specified as follows:
Np(z,y) = 5x107em =2 if x < 50nm orz > 100nm, Np(z,y) = 2x10%cm =3 in
the channel 50nm < x < 100nm. All numerical results are obtained with a piecewise
linear approximation space and second order TVD Runge-Kutta time stepping. We use
a very coarse mesh, 24 x 12 grid in space, 24 points in w, 8 points in x and 6 points
in ¢ in our calculation. In Figures 2 and 3, we show the results of the macroscopic
quantities for the top part of the device when it is already at equilibrium.
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Figure 2: Macroscopic quantities of double gate MOSFET device at ¢ = 0.8ps. Top
left: density in cm ~3; top right: energy in eV'; bottom left: x-component of velocity in
cm/s; bottom right: y-component of velocity in ¢m/s. Solution reached steady state.
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Figure 3: Macroscopic quantities of double gate MOSFET device at ¢ = 0.8ps. Top
left: x-component of electric field in £V /cm; top right: y-component of electric field
in kV/em; bottom: electric potential in V. Solution has reached steady state.
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F Concluding remarks and future work

In this paper, we present a brief survey of the current state-of-the-art of DG solvers for
BP systems in semiconductor device simulations. We demonstrate the main ideas of the
algorithm through a simplified model. We include some discussions of the properties
and extensions of the schemes and show numerical results for the full BP system.

Deterministic solvers have recently gained growing attention in the field of
semiconductor device modeling because of the guaranteed accuracy and noise-free
simulation results they provide. However, the relative cost of this type of methods is
still large especially when the dimension of the device is high. From the stand point of
algorithm design and development, it will be interesting to explore ways to utilize fully
the freedom of the DG framework such as Ap-adaptivity. The DG schemes also provide
an excellent platform for potential areas such as the hybridization of different level of
models. For practical purposes, we will develop kinetic models and solvers to simulate
nano-scale devices such as bipolar transistors, heterostructure bipolar transistors and
solar cells in the future. Parallel implementation will also be an important component
of our future research.
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G Appendix

In this appendix, we will include some of the implementation details of the proposed
DG algorithm for the full BP system.

For a silicon device, the collision operator (4) takes into account acoustic
deformation potential and optical intervalley scattering [30, 33]. For low electron
densities, it reads

Q(f)(t,x,k) = /]R3 [S(K',k)f(t,x, k) — S(k,K)f(t,x, k)] dk’ (13)
with the scattering kernel
Sk,k) = (ng+1)Kdek)—ek)+ hwp)
+ny K(e(k') —e(k) — hwy) + Ko d(e(k') —e(k))  (14)

and K and K being constant for silicon. The symbol § indicates the usual Dirac
distribution and w), is the constant phonon frequency. Moreover,

o -1
ng = {exp (hﬂ%) — 1]

is the occupation number of phonons, kp the Boltzmann constant and 77, the constant
lattice temperature. In Table 1, we list the physical constants for a typical silicon
device.

m* =0.32m, T, =300 K hw, = 0.063 eV
D.K)? o
_ (DiK) DK =114eVA~! | p=2330kgm™>
812w,
k:BTL —92 —_ —1
KO:WU%Q:CI :d:9€v U0:9040mb
e, =117 a=05eV

Table 1. Values of the physical parameters

For the numerical treatment of the Boltzmann-Poisson system (1), (3), it is convenient
to introduce suitable dimensionless quantities and variables. Typical values for length,
time and voltage are £, = 107 %m, ¢, = 107'2 s and V., = 1 Volt, respectively. Thus,
we define the dimensionless variables

X t v E
Z7 t_E7 \11_7*7 (EQHE?,MEZ)_E

(xﬂ y? Z) =
with B, = 0.1V, ¢, and

O S
ox’ a N

E, = —c,
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In correspondence to [28] and [5], we perform a coordinate transformation for k
according to

V2m*kgT
k= Y (T agcw) (1 T— p2cos o, /T— iPsing) - (15)
where the new independent variables are the dimensionless energy w = kLT’ the
Bl

cosine of the polar angle i and the azimuth angle ¢ with o = kpTpa. The main
advantage of the generalized spherical coordinates (15) is the easy treatment of the
Dirac distribution in the kernel (14) of the collision term. In fact, this procedure enables
us to transform the integral operator (4) with the not regular kernel S into an integral-
difference operator, as shown in the following.

We are interested in studying two-dimensional problems in real space; this requires
the full three-dimensional k-space. Therefore, it is useful to consider the new unknown
function ® related to the electron distribution function via

(I)(t,a:,y7w,,u, SD) = S(U})f(t,x, k)|t:t*t,x:€*(m,y,z) i k:7\/2m*ﬁkBTL /71”(1_"_0‘}(“)) o

where

s(w) = Vw(l + agw)(1l+ 2agw), (16)

is proportional to the Jacobian of the change of variables (15) and, apart from a
dimensional constant factor, to the density of states. This allows us to write the free
streaming operator of the dimensionless Boltzmann equation in a conservative form,
which is appropriate for applying standard numerical schemes used for hyperbolic
partial differential equations. Due to the symmetry of the problem and of the collision
operator, we have

Q(t, 2, y, w, 1, 21 — ) = (t, z,y,w, 1, @) . a7

Straightforward but cumbersome calculations end in the following transport equation
for ®:

o® 0 0 0 0 0
P LR afy(gz‘b) + 5o (93®) + @(94‘1’) + %(95‘1’) =C(®). (18)

The functions ¢; (¢ = 1,2,..,5) in the advection terms depend on the independent
variables w, p, © as well as on time and position via the electric field. They are given
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by
B wy/w(l 4+ agw)
gnl) = e 14 2agw
V1= p2y/w(l + agw) cos p
92() = Cx 9
1+ 2akw
w(l + agw)
g3(1) = _2ckm |:/J'Ez(t7m7y)+ l—uzcosapEy(Lx,y)],
V1= p? 5
94() = _Ck—|: 1_:u Em(t,%y)—ucos<pEy(t,x,y)} )
w(l + agw)
sin ¢
)= ¢ E,(t, x,
95() NI N y(t2,y)
with
te [2kpT tiqF,
Cp = — B7L and ck:qi.
l, m* 2m*kgTr,

The right hand side of (18) is the integral-difference operator
™ 1
Ct,. 0 ) = stw) {eo [a [ il @t )
0 -1

T 1
+/ dso’/ dy’ [C+<I>(t,x7y,w+%u',w’)+C—<1>(t,fv,y7w%u’,w')]}
0 —1

—27[cos(w) 4+ cys(w — ) + c_s(w + V)| @ (¢, z,y, w, 4, @) ,

where

_ 2m* t,

(co,Cp,c) = T\/Zm* ksTr (Ko, (ng +1)K,ngK), ~

are dimensionless parameters. We remark that the § distributions in the kernel .S have
been eliminated which leads to the shifted arguments of ®. The parameter y represents
the jump constant corresponding to the quantum of energy hw,. We have also taken
into account (17) in the integration with respect to ¢'.

In terms of the new variables the electron density becomes

3
V2m*kgT
n(tet, b, buy) = / fltat, b, Loy, k) dk = (”ﬂf’“) plt ),
]RS

_ hwp
T kgTy

where N .
p(t,z,y) :/ dw/ d,u/ do O(t,x,y, w, 1, p) . (19)
0 -1 0

Further hydrodynamical variables are the dimensionless z-component of the velocity

—+00 1 T
/ dUJ/ d,U/ d@gl(w)q)(tﬂxay7w7/~1'a(p)
0 —1 0
0

(t,2,1) ’
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and the dimensionless energy

+oo 1 T

/ dw/ du/dgow@(t,x,y,w,u,go)
0 —1 0
p(

t,x,t)

Using the new dimensionless variables, Poisson equation becomes

o[ ow\ 0 [ 0w
ka <€ax> +2 (say) — ¢ [plt, 1) — N (2, )] (20)
with
* -3 * 3 2
No(@,y) = (V%”‘ﬁkBTL) Np(Luz, buy) and ¢, = (m”ﬁkBTL) i*q.
0

To solve the dimensionless Boltzmann-Poisson system, we need the initial conditions
for @ and boundary conditions both for ® and ¥. These depend on the geometry of the
device and on the problem. In the (w, y, )-space, no boundary condition is necessary.
In fact,

e atw =0, g3 = 0. At w = wmax, P is assumed machine zero;
o at u = =+1, g4 =0;
e atp =0,7m,95 =0,

so at those boundaries, the numerical flux always vanishes, hence no ghost point is
necessary for the DG method.
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