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Lipschitz Stability of the Cauchy 
and Jensen Equations 

Jacek Tabor 

Abstract 

Let G be an amenable metric semi group with nonempty center, let E be a reflexive 
Banach space, and let f : G --> E be a given function. By Cf : G x G --> E we 
understand the Cauchy difference of the function f, i.e.: 

Cf(x,y):=f(x+y)-f(x)-f(y) forx,yEG. 

We prove that if the function C(f) is Lipschitz then there exists an additive function 
A : G --> E such that f - A is Lipschitz with the same constant. Analogous result for 
Jensen equation is also proved. 

As a corollary we obtain the stability of the Cauchy and .Jensen equations in the 
Lipschitz norms. 

1 Introduction 

On the 5-th IeFEI (d. [13]) J6zef Tabor posed the following general problem: 
Let G be a group, let E be a normed space and let II . Ila, II . Ilaxa be the given norms in 

the space of functions from G, G x G respectively, into E. Does there exist a f( E R+ such 
that for every function I : G -4 E satisfying 

IICIllaxa ~ c 

there exists an additive function A : G -4 E such that 

III - Alia ~ f(c? 
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For the supremum norms this question was positively solved by the celebrated Hyers's 
Theorem (cf. [9]). J6zef Tabor in [13] gave an affirmative answer to the question of stability 
in the case when II·IIG, 11·IIGxG denote the integral norms in the spaces .c~(G, E), .c~(G, E), 
respectively, where p E (0,00) and G is a group with an invariant meausure JL such that 
JL( G) = 00 (in fact there occured even some kind of superstability) . This result was completed 
by S. Siudut in [12] who proved the stability in the case fl( G) < 00. 

The paper contains the positive answer to the J6zef Tabor's question in the Lipschitz 
norms. In Theorem 2.1 and 2.2 we prove some general results concerning the stability of the 
Cauchy and Jensen equations in the class of generalized Lipschitz functions. 

These results are strictly connected with the papers of N. G. de Bruijn (cf. [4],[5]) , M. 
Laczkovich (cf. [10]) and many others (for literature see [10]). The definition originally posed 
by N. G. de Bruijn reads as follows: 

Definition 1.1 Let G be a semigroup, let E be a normed space, and let F be a given set of 
functions from G into E . We say that F has the difference property if for every f : G ---+ E 
such that C!.hf E F for every h E G there exists an additive function A : G ---+ E such that 
f - A E F (where c!'hf(x) := f(x + h) - f(x)). 

In the papers of N. G. de Bruijn cited above one can find that a large class offunctions has 
the difference property. Surprisingly, P. Erdos proved that under the Continuum Hypothesis 
the class of Lebesgue measurable fun ctions from R into R does not have this property (cf. 
[10]) . However, if we assume that f : R ---+ R is a function such that Cf : R2 ---+ R is 
Lebesgue measurable then there exists an additive function A : G ---+ E such that f - A is 
Lebesgue measurable ([10], Theorem 5). This leads to another definition: 

Definition 1.2 Let G be a semigroup, and let E be a normed space. Let F be a given set 
of functions from G into E, and let j be a given set of functions from G x G into E. We 
say that the pair (F, j) has the double difference property if for every f : G ---+ E such that 
C f E j there exists an additive function A : G ---+ E such that f - A E :F. 

In the case the vector space F contains constant functions we can define j to be the set 
of all functions f going from G x G into E such that f(·, h) E F for every h E G and obtain 
the original definition of de Bruijn. The investigation of pairs is reasonable if we assume that 
j is some kind of the "product" space of the space :F. In this paper in Corollary 2.4 we prove 
that if F, j are the spaces of uniformely continuous functions from G, G x G respectively, 
into E, then (F, j) has the double difference property. 

Now we introduce some definitions and denotations. For semi groups (not necessarily 
commutative) we will use the additive notation. 

Definition 1.3 Let G be a semigroup, let E be a vector space and let f : G ---+ E. We define 
the Cauchy difference of f by 

Cf : G x G:1 (x , y) ---+ f(x + y) - f(x) - f(y) E E. 

In the case where G is uniquely 2-divisible abelian scmigroup we define the Jensen difference 
of f by 

x + y 1 
.Jf: G x G:1 (x,y) ---+ f(-2-) - 2(J(x) + f(y)) E E. 
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Let E be a normed space. By B(a, r) we understand the closed ball with the center at a 
and the radius r. Now we are going to introduce the definition of a left invariant mean on 
the space of bounded functions from G into E (d. [2], [3]). 

Definition 1.4 Let E be a vector space and let S(E) be a given family of subsets of E. We 
say that this family is linearly invariant iff 

M x E E, (X E R, V E S(E) =} x + (XV E S(E). 

(zz) V, WE S(E) =} V + WE S(E). 

As the following proposition shows the class of linearly invariant families is quite large. 

Proposition 1.1 We assume that a vector space E and a family of convex subsets S(E) of 
E satisfies one of the following conditions: 

(j) S(E) is the family of all convex subsets of E, 
(jj) E is a normed space and S(E) is the family of all closed balls, 
(jjj) E is a vector lattice and S( E) denotes the family of all intervals, 
(jv) E is a semireflexive locally convex topological vector space, and S(E) is the family 

of closed convex bounded subsets of E, 

Then S(E) is a linearly invariant family. 

Proof. Cases (j) to (jjj) are trivial. We prove (jv). Let V, W E S(E). It is enough to 
show that then V + W E S(E). Due to Theorem 13.7 from [lJ we obtain that because E 
is a semireflexive locally convex topological vector space, every closed convex subset of E 
is compact in weak topology. Therefore V + W is compact in weak topology, which implies 
that V + W is closed. 0 

Let G be a semigroup and let S(E) be a linearly invariant family. By £(G, S(E)) we 
denote the set of all functions from G into E such that imf C V for a certain V E S(E) . 
One can easily check that due to properties of S(E) it is a vector space. If f -t E, a E G 
then by af we understand the function defined by af( x) := f( ax). 

Definition 1.5 Let G be a semigroup, let E be a vector space, and let S( E) be linearly 
invariant family of subsets of E. We say that £(G, S(E)) admits a left invariant mean (LIM 
for short) if there exists a linear operator M : £(G, S(E)) -t E such that 

(z) imf eVE S(E) =} M[JJ E V, 

(zz) f E £(G, S(E)), a E G =} M[afJ = M[JJ. 

One can easily give analogous definition for right invariant mean and to translate the 
results obtained for left invariant mean into analogues for right invariant mean. 

Clearly, condition (z) and the fact that every linearly invariant family contains points 
implies that if f is a constant function then M[J) = imf. 
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Example 1.1 Let G be a finite group, let E be a vector space, and let S(E) be any linearly 
invariant family of convex subsets of E. Let f E C(G, S(E)) be arbitrary. We define 

1 
M[J] := ~G L f(g). 

car gEG 

One can easily check that M is a LIM on C(G, S(E)). 

Let G be a semigroup, let E be a normed space, and let B(E) denote the family of balls 
in E. We say that C(G,E) admits LIM if and only if C(G,B(E)) admits LIM. Clearly the 
semigroup G is left amenable (d. [8]) if and only if the space C( G, R) admits LIM. The class 
of left amenable semigroups is quite large, for example it contains the class of commutative 
semlgroups. 

Now we will show a few examples of spaces which admit LIM. The following important 
theorem was proved by Z. Gajda ([6], Theorem 2.3 and Theorem 2.1). 

Theorem G 

(i) Let G be a left amenable semigroup, let E be a semireflexive locally convex topological 
vector space, and let S( E) be the family of closed convex bounded subsets of E. Then 
C(G, S(E)) admits LIM. 

(ii) Let G be a left amenable semigroup, let E be a boundedly complete linear lattice, and 
let S( E) denote the family of intervals in E. Then C( G, S( E)) admits LIM. 

Let E be a vector space and let S(E) be a given family of subsets of E. We say that 
S( E) has the so called binary intersection property if every subfamily of S( E) for which any 
two members have non empty intersection, has a non void intersection (d. [3]). 

Remark 1.1 We say that a Banach space E has the Hahn-Banach extension property if we 
can extend linear operators going into E with preservation of the norm. The fact that the 
family of balls of E has the binary intersection property is equivalent to the fact that E has 
the Hahn-Banach extension property (d. [11]). 

The following theorem is due to R. Badora (d. [2J, [3]). 

Theorem B Let G be a left amenable semigroup, let E be a locally convex linear topological 
space and let S( E) be a linearly invariant subfamily of the family of all bounded closed convex 
subsets of E, having the binary intersection property. Then C( G, S( E)) admits LIM. 

2 Main Results 

Now we are going to prove the main theorems of the paper. We say that d : G x G ~ S(E) 
is translation invariant if 

d(x + a,y + a) = d(a + x,a + y) = d(x,y) for x,y,a E G. 

The function f : G ~ E is d-Lipschitz if 

f(x) - f(y) E d(x,y) for x,y E G. 
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Remark 2.1 Let G be a semi group with metric d and let E be a normed space. Let L E R+, 
and let 

d(x,y):= Ld(x,y)B(O, 1). 

Then the function f : G --t E is Lipschitz with the constant L if and only if it is d-Lipschitz. 

By Z( G) we denote the centre of G. 

Theorem 2.1 Let G be a semigroup such that Z(G) 1:- 0, let E be a vector space with a 
linearly invariant family of subsets S(E), such that £(G, S(E)) admits LIM. Let d : G x G --t 

S(E) be a translation invariant function on G x G, and let f: G --t E be arbitrary. 
We assume that Cf(', y) : G --t E is d-Lipschitz for every y E G. Then there exists an 

additive function A : G --t E such that A - f is d-Lipschitz. 
Moreover, if im Cf C V for a certain V E S(E) then 

im(A - f) C V. 

Proof. Let M : £(G, S(E)) --t E be a LIM and let a be a fixed element of Z(G). Let 
x,y E G. Then 

f(a+x+y)-f(a+y) = (Cf(a+x,y)-Cf(a,y))+f(a+x)-f(a) 

E d(a+x,a)+f(a+x)-f(a). 

Therefore f(a +- x + y) - f(a + y) E £(G, S(E)) as a function of y. Thus we may define 

A(x) := Mz[f(a + x + z) - f(a + z)], 

where the subscript z next to M indicates the fact that M is applied to a function of variable 
z. For X,y E G we have 

A(x) + A(y) = Mz[J(a + x + z) - f(a + z)] + Mz[J(a + y + z) - f(a + z)] 
= Mz[J(a + x + (y + z)) - f(a + (y + z))] + Mzl.f(a + y + z) - f(a + z)] 
= Mz[J(a + (x + y) + z) - f(a + z)] = A(x + y), 

so A is additive. By the fact that a E Z( G) we obtain that f( a + x + z) = f( x + a + z), which 
implies that 

A(x) - f(x) = Mz[J(x + a + z) - f(a + z)]- f(x) = Mz[Cf(x,a + z)]. (1) 

Clearly by (1) 

(A - f)(x) - (A - f)(y) = Mz[Cf(x, a + z) - Cf(y, a + z)]. 

Moreover we have 
Cf(x,a+z) -Cf(y,a+z) E d(x,y), 

which by properties of the mean implies that 

Mz[Cf(x,a + z) - Cf(y,a + z)] E d(x,y). 

(2) 



138 Tabor 

Therefore by (2) A - f is d-Lipschitz. 
Now suppose that imC f c V for a certain V E S( E). Then due to (1) and properties of 

the mean 
A(x) - f(x) = Mz[Cf(x, a + z)] E V for x E G. 

o 

Remark 2.2 There arises a natural question whether the assumption in Theorem 2.1 that 
Z(G) is non empty is essential. Although we think that it is superflous, we were not able to 
omit it. 

Let G be a semigroup and let E be a normed space such that £(G, E) admits LIM. R. 
Ger proved in [7] that if IICf(x,y)11 :S g(x) for certain 9 : G ---> R+ then there a exists an 
additive A: G ---> E such that Ilf(x) - A(x)11 :S g(:r). The following corollary is an analogue 
of the theorem of R. Ger for two variables. 

Corollary 2.1 Let G be a group, let E be a normed space such that £(G, E) admits LIM. 
Let f : G ---> E, 9 : G ---> R+ be such functions that 

IICf(x, y) - Cf(x, y)11 :S g(x - x) for x, x, y E G. 

Then there exists an additive A : G ----> E such that 

1I(f(x) - A(x)) - (f(x) - A(x))11 :S g(x - x) for :c,.T. E G. 

Proof. We put d(x,y):= g(x - y)B(O, 1) and make use of Theorem 2.1 as Z(G) i 0. 0 

The following corollary is an analogue of Corollary 2.1 for vector lattices. 

Corollary 2.2 Let G be an amenable group, let E be a boundcdly complete vector lattice. 
Let f : G ---> E, gl, g2 : G ---> E be such functions that 

gl(X - x):S Cf(x,y) - Cf(x,y):S gz(x - x) for :r,x,y E G. 

Then there exists an additive A : G ---> E such that 

gl(X - x):S (A(x) - f(x)) - (A(x) - f(x)) :S g2(X - x) for x,x E G. 

Proof. Let d(x,y) := [gl(X - y),g2(X - y)] (where [a,b] denotes the interval with ends a 
and b in E). Making use of theorem of Z. Gajda (cited before) and Theorem 2.1 we obtain 
the assertion. 0 

Now we prove an analogue of Theorem 2.1 for the Jensen equation. 

Theorem 2.2 Let G be a uniquely 2-divisible abelian semigroup, let E be a vector space 
with a linearly invariant family of subsets S( E) such that £( G, S( E)) admits LIM. Let d : 
G x G ---> S(E) be a translation invariant function on G x G, and let f : G ---> E be arbitrary. 

We assume that .Jf(·,y) : G ---> E is d-Lipschitz for every y E G. Then there exists an 
additive function A : G ---> E such that A - f is 2d-Lipschitz. 

Moreover, if im.J f C V for a certain V E S(E) then there exists abE E such that 

im(A+b-f)c2V. 
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Proof. Let M : £(G,S(E)) ---> E be a LIM and let a E G be fixed. Let x,y E G be 
arbitrary. Then 

J(a+~+y) - J(~) = (J J(a + x, y) - J J(a, V)) + ~(J(a + x) - J(a)) 

E d(a + x,a) + ~(J(a + x) - J(a)) . 

This means that J( a+~+y) - J( ~) E £( G, S(E)) as a function of y. Thus the function 

is well defined. Obviously 

A(x) + A(y) = 2Mz[J(a+~+z) - J(7)] + 2Mz[J(a+~+z) - J(7)] 

= 2Mz[J("+xt y+Z ) - J(a+~+z)] + 2Mz[J("+~+Z) - J(7)] 

= 2Mz[J(a+(xty)+Z) - J(7)] = A(x + y) 

for x, y E G, so A is additive. We have 

(A - J)(x) - (A - J)(y) 

= 2Mz[(J(a+~+z) - J(atz) - V(x)) - (J(a+~+z) - J(7) - ~J(y)))] 

= 2Mz[(J(a+~+z) - V(z) - V(x)) - (J(a+~+z) - V(z) - ~J(x)))] 

= 2Mz[J J(x, a + z) - J J(y, a + z)] E 2d(x, V), 

which means that A - J is 2d-Lipschitz. 

so 

Now suppose that J J E V for a certain V E S(E). For z E G we have the following 

J(7) - ~J(z) = J J(z, a) + ~J(a) c J J + iJ(a), 

J(9) - V(~) = J J(~,a) + V(a) c J J + V(a), 

J(9) - iJ(atz) = J J(atz, %) + V(%) c J J + V(%), 

J(~) - iJ(z) = {J(7) - iJ(z)} - 2{J(9) - V(1)} + 2{J(9) - iJ(7)} 

E (V - 2V + 2V) + iJ(a) - J(%) E S(E). 

This implies that we can define 

z 1 a+z 1 
b:= 2Mz[J( -) - - J(z)] = 2Mz[J(-) - - J(a + z)]. 

2 2 2 2 

Then for x E G 

A(x) + b - J(x) = 2Mz[J(a+~+z) - J(7)] + 2Mz[J(7) - V(a + z)]- J(x) 

= 2Mz[J("+~+Z) - i(J(x) + J(a + z))] 
= 2Mz[J J(x, a + z)] C 2V. 
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o 
The reader can easily state analogues of Corollaries 2.1 and 2.2 for the Jensen equation. 

Now we prove corollaries of Theorems 2.1 and 2.2 in the class of uniformely continuous 
functions. At first we introduce some definitions. 

Suppose that we are given a semi group G with a metric d, invariant under translations. 
By the product metric we understand any invariant metric don G x G such that 

d((x,a),(y,a)) = d((a,x),(a,y)) = d(x,y) for x,y,a E G. 

Example 2.1 Let G be a semigroup with an invariant metric d. Let d denote one of the 
following metrics: 

d((Xl,X2),(yI,Y2)) .- d(Xl,yJ)+d(X2,Y2), 

d((Xl, X2)' (Yb Y2)) .- max{d(xhYl)' d(X2,Y2)}, 

d((Xl,X2), (YI,Y2)) .- jd(Xl,Yl)2 + d(X2,Y2)2. 

Then d is the product metric of the metric d. 

Let G be a group with a metric d and let f : G --t E. We say that w : R+ --t R+ is the 
module of continuity of f if for every IS E R+ 

d(x,y)::; 8 => /If(x) - f(y)/I ::; w(8). 

As an application of Theorem 2.1 we obtain: 

Corollary 2.3 Let G be a semigroup with an invariant metric d and such that Z( G) -# 0, 
and let E be a normed space such that C(G, E) admits LIM. Let f : G --t E be arbitrary. 
We assume that w : R+ --t R+ is the module of continuity of the function C f : G x G --t E 
with the product metric on G x G. Then there exists an additive function A : G --t E such 
that w is the module of continuity of the function f - A. 

Moreover, if Cf E C(G, E) then 

Ilf - A/lsup ::; IIC fllsup. 

Proof. We put d(x,y):= w(d(x,y))B(O, 1) and make use of Theorem 2.l. 

As a corollary from Corollary 2.3 we obtain the following result: 

o 

Corollary 2.4 Let G be a semigroup with an invariant metric d and such that Z( G) -# 0, 
and let E be a normed space such that C(G, E) admits LIM. By F we denote the space of 
uniformely continuous functions from G into E, and by F the space of uniformly continuous 
functions from G x G into E with the product metric on G x G. Then the pair (F, F) has 
the double difference property. 

As a trivial corollary from Theorem 2.1 we obtain the following 
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Corollary 2.5 Let G be a uniquely 2-divisible abelian semigroup with an invariant metric 
d and let E be a normed space such that £(G, E) admits LIM. Let I : G --t E be arbitrary. 
We assume that w : R+ --t R+ is the module of continuity of the function .11 : G x G --t E 
with the product metric on G x G. Then there exists an additive function A : G --t E such 
that 2w is the module of continuity of the function f - A. 

Moreover, if .1 f E £( G, E) then there exists bEE such that 

III - A - bll sup ::::: 211.1 Ilisup. 

3 Stability of the Cauchy and Jensen Equations in 
Lipschitz Norms 

Now we are going to show some corollaries concerning the stability of the Cauchy and Jensen 
equations in the Lipschitz norms. At first we introduce the following definition. 

Definition 3.1 Let G be a semigroup with a metric d, and let E be a normed space. We 
say that I : G --t E is Lipschitz if there exists an L E R such that 

Ilf(x) - I(y)11 ::::: Ld(x,y) for X,y E G. 

The smallest constant possesing this property we denote by lip(J) . By Lip( G, E) we mean 
the space of all bounded Lipschitz functions with the norm 

IIIIILip := IIIllsup + lip(f) for f E Lip( G, E). 

In the case when G is a semigroup with zero, we additionally define LipO(G, E) as the space 
of all Lipschitz functions with the norm 

IlfllLipo := 111(0)11 + lip(f) for IE Lipo(G, E). 

Theorem 3.1 Let G be a semigroup with an invariant metric d and let E be a normed space 
such that £( G, E) admits LIM. We assume that we are given a product metric on G x G. 

(i) We additionally assume that Z(G) i= 0. Let f : G --t E be a function such that 
C I E Lip( G x G, E). Then there exists an additive function A : G --t E such that 

III - AIILip ::::: IICIIiLip' 

(ii) We assume that G is a semigroup with zero. Let f : G --t E be a function such that 
C f E LipO( G x G, E). Then there exists an additive function A : G --t E such that 

Proof. (i) Because CI is Lipschitz, it is uniformly continuous with the module of continuity 
w(x) := lip(Cf)x. By Corollary 2.3 we obtain that there exists an additive function such 

that w is the module of continuity of the function I - A and that III - Allsup::::: IICIllsup. The 
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fact that w(x) = lip(Cf)x is the module of continuity of f - A yields that f - A is Lipschitz 
with constant lip(f - A) :::; lip(Cf). Then 

IIf - AIILip Ilf - Allsup + lip(f - A) = IICfllsup + lip(f - A) 

< IICfllsup + lip(Cf) = IICfIlLip. 

(ii) As Cf is Lipschitz, it is uniformly continuous, and its module of continuity is w(x) := 
lip(Cf)x. By Corollary 2.3 we obtain that there exists an additive function such that w is 
the module of continuity of the function f - A. This implies that lip(f - A) :::; lip( C f). Hence 

Ilf - AllLipo Ilf(O)11 + lip(f - A) = IICf(O,O)11 + lip(f - A) 

< IICf(O,O)11 + lip(Cf) = IICflILipo. 

o 

Theorem 3.2 Let G be a uniquely 2-divisible abelian semigroup with an invariant metric d 
and let E be a normed space such that C(G, E) admits LIM. We assume that we are given 
a product metric on G x G. 

(i) Let f : G -+ E be a function such that .J f E Lip( G x G, E). Then there exists a 
Jensen function J : G -+ E such that 

Ilf - JIILip :::; 211.1 filLip. 

(ii) We additionally asume that G is a semigroup with zero. Let f : G -+ E be a function 
such that.1f E LipO(G x G,E). Then there exists a Jensen function J: G -+ E such that 

Proof. (i) The proof is analogous to that of Theorem 3.1(i) (instead of Corollary 2.3 we 
make use of Corollary 2.5). 

(ii) One can make the analogous reasoning as in Theorem 3.1(ii) but making use of 
Corollary 2.5 instead of Corollary 2.3 and stating J(x) := f(O) + A(x) (where A is the 
additive function constructed in Corollary 2.5). 0 

The following examples (the second given by J. Chudziak) show that the estimations of 
f - A and f - J in Theorems 3.1 and 3.2, repectively, are sharp. 

Example 3.1 Let G := R+ with the standard metric, and by the product metric on G x G 
we take the sum metric (the first metric defined in Example 2.l). Let 

f(x):= arctan(x) for x E G. 

One can check (by using derivative) that lip(f) = 1, lip(Cf) = 1, lip(.1 f) = t. 
Let J : G -+ R be a Jensen function such that Ilf - Jllsup < 00. Then J is constant 

which means that lip(f - J) = lip(f). Moreover, Ilf - Jllsup 2:: ~. After some tedious but 
easy calculations one can check that IICfllsup = ~, lI.1fllsup =;j-. This implies that for every 
Jensen J : G -+ R 

Ilf - JIILip > 1 
IICfllLip - , 

IIf - JIlLip > 2. 
11.1 filLip -
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Example 3.2 Let G := R+ with the discrete metric, and by the product metric on G x G 
we also take discrete metric. Let 

f(x) := {I for x > 0, 
o for:r = O. 

One can easily check that lip(J) = 1, lip(Cf) = 1, lip(J f) = i· 
Let J : G --+ R be a Jensen function such that lip(J - J) < 00. Then 

sup I(J - J)(x) - (J - J)(y)1 = lip(J - J) < 00. 
x,yEG 

Hence J is a bounded Jensen function, which implies that J is constant, and consequently 
that lip(J - J) = lip(J). Therefore IIf - JilLipo = If(O) - J(O)I + lip(J - J) 2': lip(.f) = l. 

This implies that for every .Jensen J : G --+ R 
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