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Lipschitz Stability of the Cauchy
and Jensen Equations

Jacek Tabor

Abstract

Let G be an amenable metric semigroup with nonempty center, let E be a reflexive
Banach space, and let f : G — FE be a given function. By Cf : G x G — E we
understand the Cauchy difference of the function f, i.e.:

Cf(e,9):= f(z +y) - f(&) - f(y) forz,y€q.

We prove that if the function C(f) is Lipschitz then there exists an additive function
A : G — E such that f — A is Lipschitz with the same constant. Analogous result for
Jensen equation is also proved.

As a corollary we obtain the stability of the Cauchy and Jensen equations in the
Lipschitz norms.

1 Introduction

On the 5-th ICFEI (cf. [13]) Jézef Tabor posed the following general problem:

Let G be a group, let E be a normed space and let || - ||, || - llaxc be the given norms in
the space of functions from G, G' x G respectively, into E. Does there exist a K € R, such
that for every function f : G — E satisfying

ICSflloxa < e
there exists an additive function A : G — F such that

If — Alle < Ke?
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For the supremum norms this question was positively solved by the celebrated Hyers’s
Theorem (cf. [9]). Jézef Tabor in [13] gave an affirmative answer to the question of stability
in the case when || -|[g, || [loxc denote the integral norms in the spaces L%(G, E), L2(G, E),
respectively, where p € (0,00) and G is a group with an invariant meausure g such that
1(G) = oo (in fact there occured even some kind of superstability). This result was completed
by S. Siudut in [12] who proved the stability in the case yu(G) < co.

The paper contains the positive answer to the Jézef Tabor’s question in the Lipschitz
norms. In Theorem 2.1 and 2.2 we prove some general results concerning the stability of the
Cauchy and Jensen equations in the class of generalized Lipschitz functions.

These results are strictly connected with the papers of N. G. de Bruijn (cf. [4],[5]), M.
Laczkovich (cf. [10]) and many others (for literature see [10]). The definition originally posed
by N. G. de Bruijn reads as follows:

Definition 1.1 Let G be a semigroup, let E be a normed space, and let F be a given set of
functions from G into E. We say that F has the difference property if for every f : G — E
such that Apf € F for every h € G there exists an additive function A : G — E such that
f—A¢eF (where Apf(z) := f(z + k) — f(z)).

In the papers of N. G. de Bruijn cited above one can find that a large class of functions has
the difference property. Surprisingly, P. Erdos proved that under the Continuum Hypothesis
the class of Lebesgue measurable functions from R into R does not have this property (cf.
[10]). However, if we assume that f : R — R is a function such that Cf : R? —» R is
Lebesgue measurable then there exists an additive function A : G — E such that f — A is
Lebesgue measurable ([10], Theorem 5). This leads to another definition:

Definition 1.2 Let G be a semigroup, and let E be a normed space. Let F be a given set
of functions from G into E, and let F be a given set of functions from G x G into E. We
say that the pair (F, j-:) has the double difference property if for every f : G — E such that
Cf € F there exists an additive function A: G — E such that f— A€ F.

In the case the vector space F contains constant functions we can define F to be the set
of all functions f going from G x G into K such that f(-,h) € F for every A € G and obtain
the original definition of de Bruijn. The investigation of pairs is reasonable if we assume that
F is some kind of the ”product” space of the space JF. In this paper in Corollary 2.4 we prove
that if F, F are the spaces of uniformely continuous functions from G, G x G respectively,
into E, then (F, .7'-) has the double difference property.

Now we introduce some definitions and denotations. For semigroups (not necessarily
commutative) we will use the additive notation.

Definition 1.8 Let G be a semigroup, let E be a vector space and let f : G — E. We define
the Cauchy difference of [ by

Cl:GxG3(ay) = [(x+y) - fa) - J(y) € E.

In the case where G is uniquely 2-divisible abelian semigroup we define the Jensen difference

of by
z+y 1

TG %G 3 () —» [ - (@) + 1) € B.
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Let E be a normed space. By B(a,r) we understand the closed ball with the center at a
and the radius ». Now we are going to introduce the definition of a left invariant mean on
the space of bounded functions from G into E (cf. [2], [3]).

Definition 1.4 Let E be a vector space and let S(E) be a given family of subsets of . We
say that this family is linearly invariant iff

() z€ E,a e R,V €SE)=z+aV € S(E).
() VW e S(E)=V+W e S(E).
As the following proposition shows the class of linearly invariant families is quite large.

Proposition 1.1 We assume that a vector space E and a family of convex subsets S(E) of
E satisfies one of the following conditions:

(;) S(E) is the family of all conver subsets of E,

(ij) E is a normed space and S(E) is the family of all closed balls,

(1) E is a vector lattice and S(E) denotes the family of all intervals,

(jv) E is a semireflezive locally convez topological vector space, and S(E) is the family
of closed convex bounded subsets of E,

Then S(E) is a linearly invariant family.

Proof. Cases (j) to (jjj) are trivial. We prove (jv). Let V,W € S(E). It is enough to
show that then V + W € S(E). Due to Theorem 13.7 from [1] we obtain that because £
is a semireflexive locally convex topological vector space, every closed convex subset of £

is compact in weak topology. Therefore V + W is compact in weak topology, which implies
that V + W is closed. o

Let G be a semigroup and let S(E) be a linearly invariant family. By £(G, S(E)) we
denote the set of all functions from G into E such that imf C V for a certain V € S(E).
One can easily check that due to properties of S(F) it is a vector space. If f — E,a € G
then by ,f we understand the function defined by ,f(z) := f(az).

Definition 1.5 Let G be a semigroup, let E be a vector space, and let S(E) be linearly
invariant family of subsets of E. We say that L(G,S(E)) admits a left invariant mean (LIM
for short) if there ezists a linear operator M : L(G,S(E)) — E such that

() imf CV € S(E) = M[f] €V,
() f € L(G,S(E)),a€ G = Mf] = M[f].

One can easily give analogous definition for right invariant mean and to translate the
results obtained for left invariant mean into analogues for right invariant mean.

Clearly, condition (:) and the fact that every linearly invariant family contains points
implies that if f is a constant function then M[f] =imf.
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Example 1.1 Let G be a finite group, let E be a vector space, and let S(E) be any linearly
invariant family of convex subsets of E. Let f € £(G, S(E)) be arbitrary. We define

MIf = —= 3 1(o)

9€G
One can easily check that M is a LIM on £(G, S(F)).

Let G be a semigroup, let E be a normed space, and let B(E) denote the family of balls
in E. We say that £(G, E) admits LIM if and only if £(G,B(E}) admits LIM. Clearly the
semigroup G is left amenable (cf. [8]) if and only if the space £(G,R) admits LIM. The class
of left amenable semigroups is quite large, for example it contains the class of commutative
semigroups.

Now we will show a few examples of spaces which admit LIM. The following important
theorem was proved by Z. Gajda ([6], Theorem 2.3 and Theorem 2.1).

Theorem G

(i) Let G be a left amenable semigroup, let £ be a semireflerive locally convex topological
vector space, and let S(E) be the family of closed convez bounded subsets of E. Then
L(G,S(E)) admits LIM.

(ii) Let G be a left amenable semigroup, let E be a boundedly complete linear lattice, and
let S(E) denote the family of intervals in E. Then L(G, S(E)) admits LIM.

Let E be a vector space and let S(E) be a given family of subsets of E. We say that
S(E) has the so called binary intersection property if every subfamily of S(E) for which any
two members have non empty intersection, has a non void intersection (cf. [3]).

Remark 1.1 We say that a Banach space E has the Hahn-Banach extension property if we
can extend linear operators going into £ with preservation of the norm. The fact that the
family of balls of E has the binary intersection property 1s equivalent to the fact that E has
the Hahn-Banach extension property (cf. [11]).

The following theorem is due to R. Badora (cf. [2], [3]).

Theorem B Let G be a left amenable semigroup, let E be a locally convex linear topological
space and let S(E) be a linearly invariant subfamily of the family of all bounded closed conver
subsets of E, having the binary intersection property. Then L(G, S(E)) admits LIM.

2 Main Results

Now we are going to prove the main theorems of the paper. We say that d : G x G — S(E)
is translation invariant if

d(z + a,y+a)=d(a+z,a+y)=d(z,y) forz,y,a €G.
The function f : G — E is d-Lipschitz if
f(@) = f(y) € d(z,y) for z,y € G.
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Remark 2.1 Let G be a semigroup with metric d and let £ be a normed space. Let L € Ry,
and let
d(z,y) := Ld(z,y)B(0,1).

Then the function f : G — E is Lipschitz with the constant L if and only if it is d-Lipschitz.
By Z(G) we denote the centre of G.

Theorem 2.1 Let G be a semigroup such that Z(G) # 0, let E be a vector space with a
linearly invariant family of subsets S(F), such that L(G, S(E)) admits LIM. Letd : GXxG —
S(E) be a translation invariant function on G x G, and let f : G — E be arbitrary.

We assume that Cf(-,y) : G — E s d-Lipschitz for every y € G. Then there exists an
additive function A: G — E such that A — f is d-Lipschitz.

Moreover, if im Cf C V for a certain V € S(E) then

im(A-f)CV.

Proof. Let M : L(G,S(E)) — E be a LIM and let a be a fixed element of Z(G). Let
z,y € G. Then

fletz+y)—fla+y) = (Cfla+z,y) —Cf(a,y)) + fla+z)— f(a)
€ dla+z,a) + f(a+z) - f(a).
Therefore f(a + = +y) — f(a+y) € £L(G,S(E)) as a function of y. Thus we may define
A(.’l}) = Mz[f(a +z+ Z) - f(a + Z)],

where the subscript z next to M indicates the fact that M is applied to a function of variable
z. For z,y € G we have

A(z) + A(y) = M:[f(a+z+2)— fla+2)]+ Me[f(a+y+2) — fla+2)]
M[flatz+(y+2)~ flat+(y+2)]+ M[f(a+y+2z) - fla+2)]
M.[f(a+ (z+y) +2) — fla+2)] = A(z +y),

so A is additive. By the fact that ¢ € Z(G) we obtain that f(a+z+2) = f(z +a+2), which
implies that

H

Ale) = f(e) = Mc[f(e+ a+2) = fla+2)] - f(z) = M.[Cf(z,a + 2)]. (1)
Clearly by (1)
(A= 1)) - (A= N)(y) = M:[Cf(z,a+2) = Cf(y,a + 2)]. (2)

Moreover we have
Cf(z,a+2) - Cf(y,a+2) € d(z,y),

which by properties of the mean implies that

M.[Cf(z,a+2) - Cf(y,a+2)] € d(z,y).
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Therefore by (2) A — f is d-Lipschitz.
Now suppose that imCf C V for a certain V € S(F). Then due to (1) and properties of
the mean

A(z) — f(z) = M,[Cf(z,a+ 2)] €V forz €.
[m]
Remark 2.2 There arises a natural question whether the assumption in Theorem 2.1 that

Z(G) is nonempty is essential. Although we think that it is superflous, we were not able to
omit it.

Let G be a semigroup and let E be a normed space such that £(G, E) admits LIM. R.
Ger proved in {7] that if J|Cf(z,y)|| < g(z) for certain g : G — R, then there a exists an
additive A : G — E such that || f(z) — A(z)|| < g(z). The following corollary is an analogue
of the theorem of R. Ger for two variables.

Corollary 2.1 Let G be a group, let E be a normed space such that L(G, E) admits LIM.
Let f: G — E, g: G — Ry be such functions that

ICf(z,y) —Cf(@ Y| < 9(z —T) forz,Z,y€G.
Then there exists an additive A : G — E such that
[(f(z) — Az)) — (f(Z) - A@))I < g(z = F) forz, T €G.
Proof. We put d(z,y) := g(z — y)B(0,1) and make use of Theorem 2.1 as Z(G) # 0. O

The following corollary is an analogue of Corollary 2.1 for vector lattices.

Corollary 2.2 Let G be an amenable group, let E be a boundedly complete vector lattice.
Let f: G — E, ¢1,92: G — E be such functions that

gl(x - 5) S Cf(xvy) - Cf(‘:i7y) S g2(‘7: - ‘:E) fOT' -'17,-‘573/ € G.
Then there exists an additive A : G — E such that
gi(z — %) < (Az) — f(z)) — (A(E) — f(Z)) € g2z — ) forz,T € G.

Proof. Let d(z,y) := [g1(z — y), 92(z — y)] (where [a, b] denotes the interval with ends a
and b in F). Making use of theorem of Z. Gajda (cited before) and Theorem 2.1 we obtain
the assertion. o

Now we prove an analogue of Theorem 2.1 for the Jensen equation.

Theorem 2.2 Let G be a uniquely 2-divisible abelian semigroup, let E be a vector space
with a linearly invariant family of subsets S(E) such that L(G, S(E)) admits LIM. Let d :
G x G — S(E) be a translation invariant function on G x G, and let f : G — E be arbitrary.
We assume that J f(-,y) : G — E is d-Lipschiiz for every y € G. Then there exists an
additive function A : G — E such that A — [ is 2d-Lipschitz.
Moreover, if imJ f CV for a certain V € S(E) then there ezists a b € E such that

im(A+b— f) C2V.
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Proof. Let M : L(G,S(E)) — E be a LIM and let a € G be fixed. Let z,y € G be
arbitrary. Then

Fersty - f(5Y) = (T f(a+z,y) = Tfa,9) + 3(f(a+2) = f(a))
€ d(a+z,a) + 3(f(a+z) - f(a)).
This means that f(22¥) — f(%42) € L(G, S(E)) as a function of y. Thus the function

at+z+z a+z
0 - 150

A(e) = 2MLLA(
is well defined. Obviously

A(CE) + A(y) = QMZ[f(‘.H'—Z'*:_Z-) f(a+z)] + 2M [f(a+y+z) (
= 2Mz[f(a+x-;-y+ ) f(a+y+z)]+2M [f(m——) (
= 2M,[f(HERE) — f(242)] = A(z +v)

)]

“))

for 2,y € G, so A is additive. We have

(A= =) - (A=)
= 2ML[(f(2522) — f(452) - 3f(2) - (F(2H5E) = F(*52) — 3/ W)))]
= 2M[(f(255) = 3 (2) = 3£ (=) = (S(*552) - 3/(2) = ( N
= 2M.[T f(z,a +2) = T f(y,a + 2)] € 2d(=,y),

which means that A — f is 2d-Lipschitz.
Now suppose that Jf € V for a certain V € S(E). For z € G we have the following

F(#2) = 1f(z) = Tf(z,0) + Lf(a) C TS+ 3S(a),
FEDY—1f(2) = Tf(5,0)+ 5f( o) C IS +1f(a),
FEERY _Lf(sz) = g(et e 1 1f(8) C TS+ 3(3),

1(3) = B() = 1F(55) = 3/} —20(550) = /(30 + 200(55D) - 1(449))
E(V—2V+2V) 3f(a) = f(3) € S(E).
This implies that we can define

1

5f(“+z)]-

be= 2MI(E) ~ 5 (2] = ML) -

Then for z € G
A(z) + b~ f(z) = 2M[f(SH2) — f(42)] + 2M.[f(552) ~ 3 f(a + 2)] - f(2)

= 2M,[f(*4522) - 3(f(2) + fla+ 2))]
= 2M. [T f(z,a+z)] C 2V.
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[m]
The reader can easily state analogues of Corollaries 2.1 and 2.2 for the Jensen equation.
Now we prove corollaries of Theorems 2.1 and 2.2 in the class of uniformely continuous
functions. At first we introduce some definitions.
Suppose that we are given a semigroup G with a metric d, invariant under translations.
By the product metric we understand any invariant metric d on G x G such that

d((z,a),(y,a)) = d((a,z),(a,y)) = d(z,y) for z,y,a € G.

Example 2.1 Let G be a semigroup with an invariant metric d. Let d denote one of the
following metrics:

d((z1,22), (y1,¥2)) = d(z1,91) + d(z3,92),
‘7((371»332)7(3/1,1/2)) := max{d(z1,1),d(z2,92)},
d((@1,22), (y1,92)) = \/d(21,31)* + d(z2,32)".

i

Then d is the product metric of the metric d.

Let G be a group with a metric d and let f : G — E. We say that w: R, — R is the
module of continuity of f if for every § € R4

d(z,y) <& = [|f(2) - F{y)ll < w(6).

As an application of Theorem 2.1 we obtain:

Corollary 2.3 Let G be a semigroup with an invariant metric d and such that Z(G) # 0,
and let E be a normed space such that L(G, E) admits LIM. Let f : G — E be arbitrary.
We assume that w: Ry — Ry is the module of continuity of the functionCf : G xG — E
with the product metric on G x G. Then there exists an additive function A : G — E such
that w is the module of continuity of the function f — A.

Moreover, if Cf € L(G, E) then

I1f = Allswp < NI fllsup-
Proof. We put d(z,y) := w(d(z,y))B(0,1) and make use of Theorem 2.1. o

As a corollary from Corollary 2.3 we obtain the following result:

Corollary 2.4 Let G be a semigroup with an invariant metric d and such that Z(G) # 0,
and let E be a normed space such that L(G, E) admits LIM. By F we denote the space of
uniformely continuous functions from G into E, and by F the space of uniformly continuous
functions from G x G into E with the product metric on G x G. Then the pair (F, fN') has
the double difference property.

As a trivial corollary from Theorem 2.1 we obtain the following
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Corollary 2.5 Let G be a uniquely 2-divisible abelian semigroup with an invariant metric
d and let E be a normed space such that L(G, E) admits LIM. Let f : G — E be arbitrary.
We assume that w : Ry — Ry is the module of continuity of the function Jf : G xG - E
with the product metric on G x G. Then there ezists an additive function A: G — E such
that 2w is the module of continuity of the function f — A.

Moreover, if Jf € L(G,E) then there ezists b € E such that

”f -A- b”SllP S 2“l7fnsup

3 Stability of the Cauchy and Jensen Equations in
Lipschitz Norms

Now we are going to show some corollaries concerning the stability of the Cauchy and Jensen
equations in the Lipschitz norms. At first we introduce the following definition.

Definition 3.1 Let G be a semigroup with a metric d, and let E be a normed space. We
say that f : G — E is Lipschitz if there exists an L € R such that

If(2) = fwll < Ld(z,y) for z,y € G.

The smallest constant possesing this property we denote by lip(f). By Lip(G, E) we mean
the space of all bounded Lipschitz functions with the norm

”f“Lip = ||fHSllp + hp(f) fOT‘ f € Lip(G» E)

In the case when G is a semigroup with zero, we additionally define Lip®(G, E) as the space
of all Lipschitz functions with the norm

£ llspo == IFO)l +1lip(f) for f € Lip®(G, E).

Theorem 3.1 Let G be a semigroup with an invariant metric d and let E be a normed space
such that L(G, E) admits LIM. We assume that we are given a product metric on G x G.

(i) We additionally assume that Z(G) # 0. Let f : G — E be a function such that
Cf € Lip(G x G, F). Then there ezists an additive function A : G — E such that

I/ = AllLip < lICfliLip-

(ii) We assume that G is a semigroup with zero. Let f : G — E be a function such that
Cf € Lip%(G x G, E). Then there exists an additive function A : G — E such that

Ilf - A“LipO < ||Cf||Lip0-

Proof. (i) Because C f is Lipschitz, it is uniformly continuous with the module of continuity
w(z) := lip(Cf)z. By Corollary 2.3 we obtain that there exists an additive function such
that w is the module of continuity of the function f— A and that || f — Allsup < I|ICS]lsup- The
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fact that w(z) = lip(Cf)z is the module of continuity of f — A yields that f — A is Lipschitz
with constant lip(f — A) < lip(Cf). Then
If = AllLip = IS = Allsup + lin(f = A) = [|ICflsup + lip(f — A)
< €S llsep +1ip(CS) = |ICS || Lip-

(i) As Cf is Lipschitz, it is uniformly continuous, and its module of continuity is w(z) :=
lip(Cf)z. By Corollary 2.3 we obtain that there exists an additive function such that w is
the module of continuity of the function f— A. This implies that lip(f — A) < lip(Cf). Hence

If = AllLigo = WSO +1ip(f — A) = [IC£(0,0)]| + lip(f — A)
ICF(0,0)|l +lip(CS) = IICSlly;p0-

IN

0

Theorem 3.2 Let G be a uniquely 2-divisible abelian semigroup with an invariant metric d
and let E be a normed space such that L{(G, E) admits LIM. We assume that we are given
a product metric on G x G.

(i) Let f : G — E be a function such that Jf € Lip(G x G, E). Then there ezists a
Jensen function J : G — E such that

If = Jllzip < 217 fllLip-

(ii) We additionally asume that G is a semigroup with zero. Let [ : G — E be a function
such that J f € Lip®(G x G, E). Then there ezists a Jensen function J : G — E such that

IS = JllLipo < 217 fllgipo-

Proof. (1) The proof is analogous to that of Theorem 3.1(i) (instead of Corollary 2.3 we
make use of Corollary 2.5).

(ii) One can make the analogous reasoning as in Theorem 3.1(ii) but making use of
Corollary 2.5 instead of Corollary 2.3 and stating J(z) := f(0) + A(z) (where A is the
additive function constructed in Corollary 2.5). o

The following examples (the second given by J. Chudziak) show that the estimations of
f—Aand f — J in Theorems 3.1 and 3.2, repectively, are sharp.

Example 3.1 Let G := R, with the standard metric, and by the product metricon G x G
we take the sum metric (the first metric defined in Example 2.1). Let

f(z) := arctan(z) forz € G.

One can check (by using derivative) that lip(f) = 1, lip(Cf) = 1, lip(J f) = 1.

Let J : G — R be a Jensen function such that ||f — J|lsup < co0. Then J is constant
which means that lip(f — J) = lip(f). Moreover, ||f — J||lsp > 5. After some tedious but
easy calculations one can check that ||Cfl|lsup = 5, || fllsup = 5. This implies that for every

Jensen J: G — R
Ilf = JllLip >1, Il f = JllLip >
”Cf”Lip ”Jf”Llp
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Example 3.2 Let GG := R, with the discrete metric, and by the product metric on G x
we also take discrete metric. Let

1 for x>0,

()= { 0 forz=0.

One can easily check that lip(f) = 1, lip(Cf) = 1, lip(J f) = 3.
Let J : G — R be a Jensen function such that lip(f — J) < co. Then

sup |(f = J)(z) = (f = ) ()| = lip(f — J) < oo.

z,y€G

Hence J is a bounded Jensen function, which implies that J is constant, and consequently
that lip(f — J) = lip(f). Therefore ||f — Jlly ;50 = [/(0) = J(0)] + lip(f — J) = lip(f) = 1.
This implies that for every Jensen J: G — R

W - J”Lipo > 1 - J”Lipo
ICfllipe — " NI lipo

¢
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