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The D, —classical orthogonal polynomials
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Abstract. This is an expository paper; it aims to give an essentially self-contained overview of
discrete classical polynomials from their characterizations by Hahn’s property and a Rodrigues’
formula which allows us to construct it. The integral representations of corresponding forms are
given.
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Introduction

The present paper has to be taken as a synthetic work in the domain dealing with discrete
orthogonal polynomials satisfying Hahn’s property ( see the statment b) of Prop. 2.1 ) We can
distinguish three periods in the history of discrete orthogonal polynomials.

During the first period were discovered the now well-known orthogonal polynomials: Charlier
[7], Meixner [24],]ater continuous Hahn [3], period during which Hahn has pointed out one charac-
terization of Jacobi polynomials through the orthogonality of the sequence of derivatives [12], see
also [33]. In fact, orthogonality of Charlier polynomials was proved by Meixner who built all the
orthogonal sequences possessing a Sheffer—type generating function; similarly, the orthogonality of
continuous Hahn polynomials was proved in [2,3] by considering generalized hypergeometric series.
In these works, the Hahn’s property, by means of the difference operator, is not apparent. See also
(1] for historic elements.

The second period is dominated by P. Lesky who studies systematically the discrete ( positive
definite )orthogonal polynomials through a variational principle due to Grébner [10], which allows
him to build a Rodrigues’ formula [16] or through a second-order difference equation fulfilled by
these polynomials {17,18]. This last point of view was already pointed out by O.E. Lancaster
[15] and continued by the russian school [25]. Likewise, a finite difference Rodrigues’ formula was
discuted in [32].

At the present time, there are papers whose ambition is to provide a global exposition where
the different characterizations are showed equivalent [9,11,14,28], following the framework given
in [21]. But, none of precedent authors [9,11,14,28] builds the discrete orthogonal polynomials
fulfilling the statements pointed out. Whereas here, we construct the D, — classical orthogonal
polynomials from the (functional) so—called Rodrigues’ formula, by giving the elements of their
second-order recurrence relation. We have not considered finite orthogonal sequences; we are only
interested by regular forms.
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The first section contains material of a preliminary and introductory character. The second
section deals with D, — classical orthogonal polynomials, namely these which fulfil Hahn’s prop-
erty : if {Pn}no is orthogonal then {D,Pni1}s>0 is also orthogonal where (Dw f) (z) =
ﬂz—f—“’w , for any polynomial f . We give a Rodrigues’ formula involving the form itself.
This allows us to determine the D,— classical polynomials (Prop.2.4.). In the third section,
we exhaustively describe the cases which arise; thus, we meet again Charlier, Meixner, Meixner—
Pollaczek, continuous Hahn polynomials and other particular cases [8]. When w = 0, we rediscover
the (D—) classical polynomials: Hermite, Laguerre, Bessel and Jacobi [8,23]. The last section is
devoted to the study of the consequences provided by the equation fulfilled by the D_,,— classical
forms. We give the moments of certain so—called canonical forms and their integral representations
as solutions of this equation.

It must be noted the remarkable fact that the Meixner polynomials become Meixner—Pollaczek
polynomials when essentially w — iw , w being real. In the same way, the Charlier polynomials
are transformed into another sequence in accordance with [19,20]. In the two cases, what really
changes is the representation of the considered form: when w is real, the Charlier and Meixner
forms are represented by a discrete measure whose support lies in R ; when w is pure imag-
inary, the Meixner-Pollaczek and the transformed Charlier form are represented by an absolute
continuous weight—function.

§1. Preliminaries and notations

Let P be the vector space of polynomials with coefficients in € and let P’ be its dual. We
denote by < u, f > the action of u € P’ on f € P . In particular, we denote by (u), :=< u,z™ >
, n > 0 the moments of v . For any form u , any polynomial h , we let Du = v’ and hu , be the
forms defined by duality

<u,fe=—-<uf' > ; <huyf>=<uhf> , feP.

Let { P, }n>0 be a sequence of monic polynomials ,deg P, =n, n > 0 and let {un}n>o be its dual
sequence , u, € P’ defined by < upn, P >:=68pm , n,m>0.
Let us recall some results [22)].

LemMMa 1.1. For any u € P’ and any integerm > 1| the following statements are equivalent
i) <u,Pp_1>#0 , <u,P,>=0 , n>m,
i) 3N e€C,0<v<m—1, Ay_1 #0 such that

m—1
U= Z Aty -
v=0
As a consequence, the dual sequence {uw}nzo of {P,[lll}nzo where P! (x) = (n+1)71 P4 (),
n >0 is given by
(1.1) (uw)' =—-(n+Dupyr , n>0.

Similarly, the dual sequence {&n}n>0 of {ﬁn}nzo with ﬁn(x) =a "Pplaz+b),n>0,a#0is
given by

(1.2) U =a"(hg-107p)un, , 120
where

<T1_pu, f >i=<u,npf >=<u,flx—b> , ueP ,feP,beC
< hott, f >i=< U hof >=<u, flax)> , uwueP ,feP,acC-{0}.
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The form u is called regular if we can associate with it a sequence {P,}n>0 such that
<UPrPp>=r1bpm , n,m>0 ; 1, #0, n>0.

The sequence {P,}n>o is orthogonal with respect to u . Necessarily , u = dug , A # 0. In this

case, we have u, = ( < ug, P2 > )-IPnuo , n > 0. When u is regular, let ® be a polynomial such
that ®u=0.
Then ® =0 [23].

Let us introduce the Hahn’s operator

flz+w) - f(z)

(Dwf)(x):z——w— , feP , w#0.
We have D, = %(T_w — Ip) where Ip is the identity operator in P . The transposed D, of D,, is
‘D, = L(r — Ip) = —D_,, , leaving out a light abuse of notation without consequence. Thus,
we have

<D_yu,f>=—-<u,D,f> , uveP , feP , weC.
When w — 0, we meet again the derivative D . In particular, we have
0, n=0 ’
D_,u), = =
Pt =) 58, L m21l
= vi(n—v)!

LEMmMmA 1.2. The following formulas hold

1.3) (Dufif2) (@) = fi(x)(Dufo) (@) + (r—u o) (@) (Dufi)(z) » fi, 2€P
1.3) (Do f1f2)(x) = fi(2)(Duf2)(z) + fo(z) (Do f1)(2) + w(Duw f1) (2)(Du f2) (2)
) (T—wf1f2)($) = (T—wfl)(x)(7~wf2)($) y Ji, f2€P
) Tolgu) = (Tug)(7uu) , geP,ueP
) D_,(gu) =gD_,u+ (D_wg)(rou) , geP,uc?P
6)’ D_u(gu) = (rug)(D_uu) + (D-wg)u
) TwoD,=D,o7, inPandinP , be C
) hooDy=a"'Dy4-10h, inP , a€ C—{0}
) hoo D, =aD,,0h, inP , ac C-{0}.
The relations (1.3) — (1.4) are evident. Further, we have

< Tw(gu), f > =< u,9(T—wf) >=< u,7—u((rwg)f) > from (1.4)
=< (1,9)(1u), f > , hence (1.5).
<D_y(gu), f>=—<u,9(D,f) >= — < u,Dy(9f) — (7w f)(Dwg) > from (1.3)

=< g(D_yu), f>+< Tw((Dwg)u)wf > .

But
Tw((Dwg)u) = (1w © Dy)g)(rou) from (1.5)

= (D_ug)(7su) following the definitions. Hence (1.6) .

With 7, = Ip—wD_,, , we obtain (1.6)" . It is easy to prove (1.7)—(1.9) on account of definitions.
Now, consider {P,}n>0 as above in section 1 and let
1
n+1

(1.10) PM(z;0) = ——(DyPas1)(z) , n2>0.

Denoting by {uLl] (w)}n>0 the dual sequence of {P,[LI](.;w)}nZO , we have the result
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LEMMaA 1.3.
(1.11) D_y(ull (@) ==(n+upy1 , n20.

Indeed, from the definition < ull ]( ), ,[,i](.;w) >=0pm , n,m>0 , we have
-<D_, (uw @)), Pnt1 >= (m+1)6n,m , therefore
<D_,(ull)),Pn>=0 , m>n+2, n>0
<D_y(Wl(w), Piy1 >=—(n+1) , n>0.

By virtue of lemma 1.1
n+l

_w (1] Z Anply -

But < D_,(u [1]( N Pu>=dnyu , 0<p<n+land Ap=0, 0<pu<n,
Ann+1 =—(n+1), n>0.Hence (1.11) .

Let ® monic and 7 be two polynomials , deg® =t , degy = p > 1 . We suppose that the
pair (®,v) is admissible, i.e. when p =1t — 1, writing ¢/(z) = apz? + ..., then a, is not a positive
integer.

Definition. A form u is called D_,—semi-classical when it is regular and satisfies the equation

(1.12) D_,(®u) +9u=0

where the pair (®,7) is admissible. The corresponding orthogonal sequence { Py}, >0 is called
D,,—semi-classical.

LEMMA 1.4. Consider the sequence {ﬁn}nzo obtained by shifting P, i.e. 13;1(:3) =a "Bar +b) =
a_"(ha o T..an)(l') ,n >0, a#0. If uy satisfies (1.12) , then %y = (hy-1 0 T—p)ug fulfils the
equation R _

D_ 0-1(Phg) + ¢piig =0

where ®(z) = a'®(az +b) , VP(z)=al"'Y(az +b).

We need the following formulas easy to prove
(1.13) {Q(Tbu) =7y ((T-b9)u)
9(hatt) = ha((hag)u)
Now, with ug = (73 o hg)@o , we have
Yug = PY(1pv) = T ((T—pyp)v) from (1.13) with v = haiig ,
= 75 ((T—6%) (hatho)) = (7o © ha) (ha © T—4%)lio = (7b © ha) (¥(az + b)) from (1.13) .
Further

geP , ue?P.

D_,(®ug) = D (®(ryv) = Dy, (Tb((r_bq))v)) from (1.13)
= 1Dy, ((T-6®) (hatio) ( a((ha o ‘r_b<I>)fL0)) from (1.13)

)=
=a "1y 0 hg)D_y0-1(®(az + b)iko) from (1.9) .
Equation (1.12) becomes

Ty 0 hg (D..wa—l (®(az + b)io) + ay(az + b)ﬂo) =0.

Hence the desired result.
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Regarding general semi-classical sequences, we have the following statement that we give for
the sake of completeness [21,22]:

PropPosITION 1.5. For any monic polynomial ® and any orthogonal sequence {Pp}n>0 , the
following statements are equivalent
a) There exists an integer s > 0 such that

n+t
(1.14) ®(z) P (z;w) Z AnpPo(z) , n2s
v=n-—s
(1.15) Ann—s 70 , n>s+1.

b) There exists a polynomial 1 , deg1 = p > 1 such that

(1.16) D_,,(®uo) + Yupo =0

where the pair (®,%) is admissible.

c) There exist an integer s > 0 and a polynomial ¢ , degy = p > 1 such that
L17)  ®(@)(D-uPn)@) ~ 9(@) (ruPn) @ = Y AmpPonrl) , m2t
(1.18) Amm—t 70 , m>t

where s = max(p — 1,t — 2) , the pair (®,) is admissible and
p—1, m=0
Soyy =
™ s, m2>1.
We may write

T <’U.0,P%>

(119) )\m,,,:—(ll'i'l)m;)\y,m , 0<v<m+s.

Remarks. 1. We have also the following statement [21]: the form ug is D_,, —semi—classical if

and only if the sequence {P,[II](.; w) }n>0 is quasi-orthogonal of order s with respect to ®ug .
2. When {P, }n>0 is orthogonal, it fulfils the standard recurrence relation

Py(x)=1 , Piz)=z—Fo

(1.20) Pria(z) = (2 = Bnt1) Pos1 (%) — a1 Pu(z) , n20.

Likewise, when {P ]}n>0 is orthogonal (s = 0) , it fulfils the recurrence relation

Rla=1, Pl@=2-5

(1.21)
PiL@) = (@~ Bl Pl @) - b PR@) 5 n20.
§2. The D, - classical orthogonal polynomials

When s = 0, the sequence { Py }n>0 is called D,—classical (discrete classical orthogonal poly-
nomials); moreover, we have the more accurate following statements:



6 Abdelkarim and Maroni

ProproOSITION 2.1. For any orthogonal sequence {Ppn}n>0 , the following statements are equiva-
lent

a) The sequence {P,}n>0 is D,-classical.

b) The sequence {P,[L”(.;w)}nzo is orthogonal.

c) There exist two polynomials ® monic , deg® < 2, ¢, degy =1 and a sequence {An}n>0 ,
An £ 0, n >0 such that

Q(z) (Dw ° D—an+1)($) - ¢(w) (D~an+l)(m) + /\nPn+1(m) =0, n>0.
a) => b) . From (1.16) and (1.6)’ , we have

1 1
< ug,®PpPM > = TS P ®ug, Dy Pryiy >= -1 < D_yy(Pm®uo), Pyt >

1
= _n F1 < (Tme)D—w(qyu'O) + (D-—me)@uOy Poy >

1
= T < (Tme)'lﬁuO - (D_me)@uO,Pn+1 >

1
= 7 <0, (TuPm)Y = (D-wPr)®) Pas1 > -

Consequently

< Qug, PP >=0 , 0<m<n—-1,n>1
1

L (w0 - Lo"0)n) <uo, P2y >£0 , n>0

2
<o, (PI1)" >= o5 (0100 - 5

since (®, ) is admissible.
b) = ¢) . From (1.11) and according to assumptions

(2.1) D_, (PT[ll]’u’([Jl]) =—XnPrt1uwo , n20

with o (p[1])2 S
x”=(n+1)% , n>0.

Forn =01in (2.1)

(2.2) D_.wu([)ll = —'yl_lPluo .

In accordance with (1.6)" , we have

Do (P = (ruPE) Do)+ (D_u WYl
therefore, on account of (2.2)
(2.3) —xoPy (7w PMYuo + (D_ PM)ul! = —xPoyiuo , n20.
Making n =1, we get

(2.4) ug] =7 tkDug
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where k®(z) = Pi(z )(TwP[I])(.’B) - 27{1]7{1P2(z) (@ monic) .
So, equations (2.3) — (2.4) and the regularity of ug imply
%(2)(D-wPM)(2) = ¥(@) (1 P) (@) + b xnPra () =0, 120

with (z) = k=1 Pi(z) . Comparing the degrees, we obtain

1
5‘1’"(0)71 —¢'(0)+mk'xn=0 , n>0,

which means that the pair (®,1) is admissible. Finally, we have the desired second-order difference
equation with A, = v1k71(n + 1)xn , n > 0. In fact, we also have proved that b)) = a) .
¢) = a) . From the given equation, we get

<ug,®(Dy 0o D_wPry1) = Y(D-wPas1) >=0 , n>0.

Hence
< Dw(D._w(q)'U.o) ’l/}’u.o) n+1 >= 0, n>0.

Since < D, (D_o(®uo) + huo),1 >=0 , we get
D, (D_w(‘I)ug) + ’l/)’lto) =0.

Hence (1.16) where the pair (®,1) is admissible on account of A, #0, n>0.

Remarks. 1. In the case s = 0 , when the pair (®,7) is not admissible, then the solution
u of (1.12) is not regular. In other words, when the solution w of (1.12) is regular, then the
pair (®, 1)) is necessarily admissible.

2. Necessarily, we have

k®(z) = (1 - 27[1} )z + (271 Yo YBo+B1) — Bo — ([)1] _"")I
(2.4) +Bo(BY + w) — 27y (BoBr ~ m)

COROLLARY 2.2. If {P,}n>0 is D,-classical, the sequence {P,[Lm] }n>o is Dy-classical for any m >
1 and we have

(2.5) Dy (®mul™) + ™ = 0

with @,,(2) = (T_mw®) (@) , Ym(z) = (ZD X ) z).

v=

m—1

(26) a7 = G TT 7@
v=0

where (,, is defined by the condition (ug"]) o=1.

Suppose m = 1 . The form ug satisfies (1.16) . Multiplying both sides by ® and on account
of (1.6)' , we get
Dy ((7—u®)(®uo)) + (¢ — Du®)Puo =0.
Therefore , (2.5) and (2.6) are valid for m = 1. By induction, we easily obtain the general case.

The previous results allow us to characterize the D, —classical sequences through the so-called
(functional) Rodrigues formula. See 32,16,9,14].
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ProposrTiON 2.3. The orthogonal sequence { Py }n>0 is D,,~classical if and only if there exist a
monic polynomial & , deg ® < 2 and a sequence {Ap}nzo, M #0, n > 0 such that

2.7) Pauo = A ({HT_W} ) , n>0

-1
with H=1.

v=0
Necessity. Consider < D_"wug"],Pm >= (-1)" <ugl],ijPm >, n,m>0.For0<m<

n—-1,n>1,
we have D'Py, =0.Form>n,putm=n+u, p>0.Then

n
< u([)"],DZPn+H >= H(u +v)<uy, [n] P[" >=nlbo,u
v=1
following the definitions. Consequently
D'_‘uu([)"] =(-1)"nlup , n>0.

But from the assumption u, = (< ug, P2 >)"1P,ug , n > 0so that, in accordance with (2.6) , we
obtain (2.7) where

< an

(2'8) Ap = (_1) Cn , n=>0.

Sufficiency. Making n = 11in (2.7) , we have
Prug = \M1D_,(Dug) .
Therefore, the form ug is D_,,—classical, since it is regular.
The Rodrigues’ formula can serve for describing the D,-classical sequences which are com-
pletely determined by the knowledge of the sequences {8, }n>0 and {Yn+1}n>0 . It is doubtless the

shortest way for obtaining them. Indeed, on account of (2.7) , the recurrence relation (1.20) is
equivalent to

n+l

n+2Dn+2<[H Tevw ] ) =An+1(z — Bnt1) DI ([H Tevw ]U())
2.9
( ) _ /\n'7n+1wa (ﬁ:[l 7-_,,“,<I>] uo) , n>0.
v=0

PROPOSITION 2.4. The sequences {An}n>0, {Bn}n>0 and {Vn+1}n>0 respectively fulfil the equa-
tions

(2.10) /\n+2{/\1_1+(n+1)<1>"(0)}{)\ Yt (n+z )<I>"(O)}—)\n+1{)\fl+%n‘1>"(0)}=0 , n>0
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(2.11)
(AT 4 02(0) }osr = 5n20@”(0) + A7 (o — i) - i:j {%n(n +1)(2n + Dw(2"(0))
+ (n+1)(2n + D' (0)2"(0) + A7 (w(n® - %) — o2 +1))2"(0)
+2(n+ DATTE(0) - AT3(260 +w)} , n>0
(2.12)

Aot = Antt { (A0 — n®'(0) = 57w (0)) s = (A s + B(0)) }
—/\n+2{%n2(" +1)%2(2"(0))" + %n(n +1)(2n + 1)w® (0)2"(0) + (n + 1)2(0)2"(0)

+n(n+ 1)(<I>’(0))2—§(2n2 — 1)A] Bow®”(0)— (2n + 1)AT Ao’ (0) + AT @(0) +A7 B0 (o +w)}

n>0.

The proof will be carried out in three steps.
First step. The relation (2.9) implies

D_, (An+2D_w ( [ﬁ T_,,wcp} uo) ~Ans1 (2 + (0 Dw = Bayr) [ﬁ T_,,w<1>] u0>

v=0 v=0

(2.13) n
+11 T_ch{(n F D A1 Tonw® + ,\n%H}uo =0 , n>0.
=0

For proving (2.13) , we need the so-called Leibniz’s rule corresponding to operator D, .

LEMMA 2.5. For any g € P and u € P’ , we have
(2.14) D, (Tonwg)u) =) (’;) DYgD"*u , n>0.

From (1.6)’ where ¢ — 7_,,¢ and taking account of D, = D_,, o7, , we get
g

(2.15) D_y,((r—wg)u) = gD_yu + (Dug)u .
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Now, suppose (2.14) for 0 < m < n . Then, taking g — 7_,g and by virtue of (2.15) , we have

Dr_l;':v1 ((T—(n+1)w9) ) zn: <:> b- ((DV ° T‘“g)DE:’Vu)

v=0

n

=% (1) 2o (w0 D20)D72)

o

Z(:) Dn+1 uu+Du+1 Dn v }

; n+1

Z )DV Dn+1 V’”’"’Z (Vﬁ 1) D:)gD"_l:I—V’U.

—gD"+1u+Z{( > ( )}D"gD"“ “u+ (D g)u

Hence (2.14) for n > 0.
As a consequence, following (2.14) we may write

n

Dt ((z + (n+ )w — Bay1) [H (T—vw®) (z)]u()) =(z — Bp41)D"F} ([ﬁ -r_,,wq)} uo>

v=0 v=0

+(n+1)D", ([]'n[T <1>] )

v=0
Therefore , (2.9) becomes

n

D", [ nt2D2 ([ﬁ T ]Ug) Any1D o ((w +(n+ Dw=Bos1) [[ (r-00®) (z)u0>

v=0
n—1
+(n+1 n+1[HT—uw :|u0+/\n7n+1[H7'—uw }Uo] =0, n>0.
v=0 v=0

Hence (2.13) .
Second step. We have the relation
(2.16)

AT PL(2) (1000%) (z) + @(2) (D-0) +H T—vw® { n+ DAng1 (Tonw®) (z) + )‘n'7n+1}= 0,

n>0.
where
n-—1 n
Q. (z) = /\n+2{)\1’1P1(z) H (T_(,,H)w@)(z) + (Dw H T_,,wCD) (ac)}
(2.17) v=0 v=0

n—1

— >\n+1 H (T—(u+1)wQ) (Z) (Z + (n + 1)(4) bt ﬂn+1) , n 2 0.
v=0
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Indeed, we may write

D_. ([ﬁf_,w@] u0> = D_w<[7_w ﬁ T_wcp] @uo)
(H T > w(®up) + D, <J‘_‘LT_W )@uo , from (2.15)
=\'P(z <1i[T-W )u0+Dw<ﬁT_Vw<I>><I>u0 ,

v=0

on account of (2.7) where n = 1. We deduce for (2.13)

D_,(QnPug) + (H Toyw >( n+1))‘n+17—nw‘1’+>\n’)’n+1)uo=0 , n20.

Further, in accordance with (1.6)" and (2.7) , we get
D_, (20 ®uo) = (78 ) D—u(®uo) + Do () Puo = AT Pr (7000 )uo + D—yy () Pug -
The relation (2.16) follows since ug is regular.

Third step. The following condition holds
(2.18)

{ 1P1 +Z D-wOT_,,w )}X
{/\n+2[ (rwP1)( E —w O Tp® x)]_)\n+1(z+n‘d_ﬂn+l)}

+ (7w ®) (a:){/\n+2 [/\1‘1 n Z(D_w 0 Dy 0 7—1s®) (z)] + n)\n+1} FAms1 =0 , n>0
v=0

0]
with Z:o.

v=1
In (2.16) , we have to calculate 7,82, and ®D_,(£2,) . From (2.17) , we get

n—1 n
(rofl) (z) = )\n+2{/\1_1 (1w P1)(2) H (T—v®)(z) + (D_w H 'r_,,wq)) (:v)}
(2.19) v=0 v=0
— Ant1 H T ®)(z)(z + nw — Bns1) -
Now, we have
n n—1 n
(2.20) (D_w II T_W@) @) = [] (-0®) (@) S (D_v 0 m0®)(@) , n20.
v=0 v=0 v=0

We proceed by induction. Forn =1, we get

(D-u®7-®)(2) = 0(2) ((D_wé) (2)+ (D-wo T_w<1>) (m))
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since

@2)  (Dou(ouf)) @ = 9(2) (Duf) (@) + f() (D-ug)(z) , from (13).

We assume (2.20) for 0 < m < n . Therefore, according to (2.21) and (2.20) , we have

(D_wﬁr_w ) = (D I_IOT_,M " n10®) ) (@)
f[o T-1w®)(z) (D © T-w®) () + (T—nw®) (D_w H Tepw )
1:[ T-vw® Til (D_y o T-®) (z) .

On account of (2.20) , the relation (2.19) becomes
(2.22)

(Tf) (z) =

n-1 n

H (-r_,,u,(I)) (=) {)\n+2 ()\ (TwPl)( )+ Z(D_“’ o 'r_,,w@) (x)) — Ant1 (m +nw — ,B,H_l)} ,

v=0 v=0

n>0.

Hence
n

B(2)(z) = (H(T_ch)(z)) An(z) with

v=0

An(z) = At {/\l'lPl (z)+ Z(Dw 0T_yu®) (:c)} —Ant1(z+ (0 + Dw = Bria)

v=0
According to (1.3) , this yields

(D-w(®)) (2) = ®(z) (D_wﬂn)(x) + (1) (2) (D-u®) (z)

(D ﬁ ™) () = f] (7-100®) (&) (D-hn) (2) + (Tuhn) (2)(D-u f[ ™®)(@)
v=0 v=0

v=0
Comparing and in accordance with (2.20) and (2.22) , we deduce

n—1 n

#(2)(D-uf0)(z) = [] (-®) (@) { (Tw®) (@) (D=oAn) @)+ (7uhn) (@) 3 (D071 ®) (x)} .

v=0 v=1
Taking account of

n

(TwAn)(x) = >\n+2{/\1_1(TwP1)(z) + Z(D—w ° T—qu)) (z)} = Ant1 (:L‘ + nw — ﬂn+1)

v=0

(D_uhAn)(z) = ,\,,%{,\;1 +3(D_yoDyo T_ch)(z)} —Ant1 s
v=0
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finally, after simplifying, the relation (2.16) yields (2.18) . Lastly, writing ®(z) = $%”(0)z® +
¥’ (0)z + ®(0) and with

n
1
> (Do 11u®)(z) = & (0)nz + &' (0)n + —2-<I>"(0)um2 , n>0
v=1
n

;)(D_w 0 T-yu®)(z) = (n + 1)(@"(0)z + 3'(0) + %@"(O)w(n “1) , n20

Y (D_woDyoTu®)(z)=(n+1)2"(0) , n>0,

v=0

an easy computation leads to (2.10) — (2.12) .

§3. The canonical cases
The equation (2.10) yields
An+2 ALt +327(0)n

Mt AT+ (0)(n+ AT+ @7(0)(n+ 1)}

, n>0.

Two cases arise.
A. "0)=0 , A=2F , n>0.
=2

-1 _
B. P(0)=2 , Ap=or tnol

- , n>0.
T +2n-1

Before quoting the different canonical situations, let us proceed to the general transformation

(3.1) P.(z)=A""P,(Az+B) , n>0
A ﬂn -B ~ Yn+1
(32) IBTL = A ) Tn+1 = A2 ) n Z 0.

Then the form &g = (h4-1 o 7_ g)uo fulfils
(3.3) D_y (A7'®(Az + B)i) + A' 'k~ (Az + B — fBo)iio =0 .
where k is given by (2.4)’ . Any so-called canonical situation will be denoted by Bn , Ynt1 , o -

A]_. @(X) =1
From (2.11) and (2.12) , we get

ﬂn=/30+wn 3 7n+1=_)‘1(n+1) y nZO

We may choose 8y = 0 and A\; = —1/2 which is equivalent to the choice A% = —2\;, B = and
afterwards w — Aw . Then

(="
n

1
= = — = >
(3.4) { Bn=wn , “Yni1 2(n +1) , A n>0

D_,(up) +2zug=0.
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When w = 0, we rediscover the Hermite form.
Another choice is A =w , B = 3y — wa where we have put —A;/A? = a ; then we obtain the
following canonical case

(35) {Bn=a+n y 'A)’n+1=a(n+1) , n=0

D_i(dp) +a Y (z—a)ip=0 , a#0.

It is the definition of the Charlier polynomials [8].
Between { P, }n>0 associated with ug and {P,},>0 associated with dg , we have the relation

(3.6) ﬁn(z)=(2a)"/2Pn(’”\/¥) , n>0

since w = (2a)~1/2 .

When w — iw , we choose A = w , B = fy — wb and we put \iw™2 =a , then

Bp=b+in , App=-a(n+1) , n>0
(3.7) ) . A
D_i(dg) —a " (z—d)iip =0.

where it is possible to choose b .

Az ®(x)=x
From (2.11), (2.12) and (2.4)’ , we have

Bo=(w=2M)n+B , 1= n+) (A -win—0F) , n>20 ; k=-X.
Two cases arise.
Az;. A1 =w # 0. Consequently

Bo=0Fo—wn , 41=-fow(n+l) , n>0 , Bo#0.
The form ug satisfies the following equation
D_,(xug) —w ™z — Bo)uo =0 .

With A = —w , B = 0 and putting fy = —aw , we meet again the Charlier polynomials.
Besides (3.5) , the form 1 also satisfies

(38) D, (.’l?ﬁo) + (:1,‘ — a)ﬁo =0.

A.22. Al - W 7é 0. Then [6,24}

Brn=Fo+ (w-2\)n ’Yn+1=)\1()\1—w)(n+1)<n+w[_30)\1) y n2>0.

We choose Aj(A; —w) =1 with fo/(w — A1) := a+ 1. Therefore

(3.9)

Bo=-Aa+) =M +A)n , mu=@+Dn+at+l) , n>0
D_y(zuo) = ATz + AT @+ 1)uo =0
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where w=/\1—)\f1.
When A; = —1 then w = 0 : we rediscover the Laguerre polynomials.Putting A; := —e™% |, we
have w = 2sinhy , then

(3.9) {5n=e“°(a+1)+2ncosh<p y Y=+ Dn+a+1) , n>0

D_.(zuo) +€?(z — (@ +1)e?)ug =0.

We obtain the following canonical case by taking A =w , B = (a + 1)w and putting
c:=e 2, p#0

A c l1+¢ .
ﬁn=1T(a+1)+1—_“n = T
(3.10) € ¢ ¢

D_1((z + o+ 1)) — ((1 —c Dz +(a+ 1))@0 =0.

n+Dn+a+l) , n=20

When c € R — {0,1} , we rediscover the so-called Meixner polynomials of the first kind
(¢ € R — {0}) . In the case @ + 1 > 0, the form i is positive definite. It is regular for
ceC-{0,1}, a+1#-n,n>0.

It is easy to see that 4 = Gg(c) fulfils the relation

(3.11) (h—1 0 Tat1)io(c) = do(c™') .
Whence the Meixner form dg{c) also satisfies
(3.12) Di(zdo) + {(1 — )z —c(a+ 1)} =0.
When w — iw , we put w := 2sin¢g, 0 < ¢ < 7, then A; = €*® (for p — i, ¢ = 7 — ) and
Bn=—e"®(a+1)—2ncos¢ , Yy1i=m+Dmn+a+1) , n>0.

We choose A = w , B =2iasin¢ with 2a := 1 4+ « . Consequently

s . _l(n+1)(n+2a)
(3.13) Bn=—(n+a)cotg |, ’yn+1—4———~sin2¢ , n=>0

D_i((z + ai)tig) — 2¢"**(zsing + acos p)io = 0 .

We rediscover the so-called Meixner—Pollaczek polynomials. They are not essentially different from
the Meixner polynomials of the first kind {27,29].

B,. &(x)=x?
From (2.11), (2.12) and (2.4)' , we obtain

1 ala—- 1)1 (n+1)(n+2a-1)(w(n+a)? - 2aT)2

ﬁn = jow— sy Intl = 2 y N 2 0
2 n+ta-1)(n+a) (2n + 2a - 1)(2n + 20)%(2n + 20 + 1)

where A\’ =2a , and 7 is an arbitrary parameter.

Two cases arise.

Bi1i. 7#0. Then choosing ar = 1, which is equivalent to the choice A = ar , B = 0 and
afterwards w — Aw , we get
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(3.14)
1 1-a (n+1)(n+2a—1)(2(n+a)?—1)°

w
= - = — 2
b= 3t G¥a—Dinta) ' ™ T T @nt2a-Dmtal@nt2atl)

, n=>0

D_, (zzuo) — 2(a:1: +1-— %azw)uo =0.

When w = 0, we rediscover the Bessel form. The form wug is regular if and only if o # - % ,
w # (—T;fa—)-g , > 0.

Bi2. w # 0. We obtain a specific canonical case by taking A =iw, B = %aw and putting
2a1 2

w

(3.15)

F _ 1 (a—1)p? . _1lm+n+2a-1)(n+a-pi(n+a+p)? >0
"T e ta—Dnta) | T L @2n+2a-D(n+a)2@n+2atl) e

Di((x - %m)%o) + (=2az +ip)io =0.

When 4 =0, a > 0, the form 4y is symmetric and positive definite. In general, it is regular if
andonly ifa# -3, a—pu#-n, a+pu#-n,neN.
The following sequence {ﬁn}nzg with P,(z) = B, (x —i(5+ /1,)) , n > 0is given through

5 _ . f1 1 (e-Dp?
ﬂn_l{§a+ﬂ+§(n+a——1)(n+a)} » n20

(n+)(n+2a-)(n+a+p)i(n+a—u)?
2n+2a-1)(n+a)?(2n+2a+1)

D; ((fv —ila+ #))2120) + (~20z + i(a + p)?)do = 0.

(3.16) , n>0

- 1
'Yn+1—4

B, ®(x)=(x+1)(x-c),ce C-{-1}
Following (2.11) , (2.12) and (2.4)’ , and after some calculations, we obtain

(3.17) oo
w 1 9P —2)7
o =97 30—t G 9 (@t 9
_ (n+)(n+9-1) fwn(n +9)— (14 c)n+9(Bo — )Hwn(n +9) + (1 + c)n + 9(Bo + 1)}
Tnt1 = 2n+0-1)(2n+9)2(2n+9 +1)

n>0

where 9 = A7! and 7 is another arbitrary parameter.

Bz1. w=0. Wemay choosec=1and putting 39(1+6) =a+1, $9(1—Bo)=B+1, we
meet again the Jacobi case.

B2z, w#0. Itis possible to put

wnl4+(@w+l+cn+9B+1)={wn+B+1)+1+c}(n+a+1)
wn?+ (Ww—(1+))n+9Bo—c)={wn+a+1)-(1+c)}(n+B+1).
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Then, we may write
(3.18) .
1 1 15 o l+e—g(a—fw
e i Ul et Gl ) s marapprayy 1 ey g
,n+)n+a+B+1l)(nta+l-2)n+8+1+ 2 (n+a+1)(n+6+1)
2n+a+B+1)2n+a+8+2)?22n+a+5+3)

Tntl = —W

n>0.

The choice A = iw , B = 9w — $(1 — ¢) with a + 1 — 1£¢ := § + 1 leads to the canonical case
(3.19)

1

s _lia2_ g f-3leth)

bo= i — B g e  B@nrat B+

m+D)n+a+B+1)(n+6+)n+a+B+1-6)n+a+l)(n+f+1) 720,
Cn+a+B8+1)2n+a+8+222n+a+5+3)

D;i(®(z)io) + P(z)ip =0,

'A7’n+1 =

with
b(x) = {z+ %(26—3a—ﬁ—2)}{x— %(26—a+ﬁ+2)}

(3.20) A . 4
$(@)=—(a+B+2a+ila-H)(6-5(a+H)) .

When - =0 or 6= %(a + B) , the sequence {13,,}"20 is symmetric. We get successively
1. a-8=0

(n+){n+20+1)(n+é+1)(n+2a+1-95) n>0
(2n+2a+1)(2n+2a+3) ’ =

N 1
(3.21) Tnt1 = 1

The form 4ig is positive definite when —1 < § < 2a+1 or when & € R and §+6=20 , a+1>0.
A notable particular case is when o = 0. Then P, (z) is related to Pasternak polynomial

PO (2):=3Fp(-n,n+ 1,11+ 6 +2); 1,6 + 1;1), [8,pp.192 — 193;26] through
Gg)(z) = 2"13n(%) where

(" T(A+6+n) I(1/2) )
Gﬁf)(”"(ﬁ) " a9 F(n+1/2)F’(L§)(m)'

When 6 = 0, we have Touchard polynomials [30,34,4]. These polynomials are particular cases
too of continuous Hahn polynomials. See below.

1

(3.22) . _ln+h)mr+atf+l)ntot+)(n+B+1)
. 'Yn+1_4 (2n+a+ﬁ+1)(2n+a+ﬂ+3) )

n>0.

The form 1 is positive definite when o +1>0, §+1>0.
Finally, when a and 3 are real and é + 6 = a + (3, there exist a, b such that

e+a=a+1 , b+b=F+1 , a+b=6+1 , @G+b=a+B+1-6.
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This yields R(a+b) = §(a+8+2) , R(a—b) = 3(a-B) , iS(a—b) =é—3(a+p) . Therefore,
we respectively get for (3.19) and (3.20)
(3.23)

4 o R(a—b)(1—R(a+1b))S(a—1b)

" "2n+a+a+b+b—2)(2n+a+a+b+b)

. _(m+ln+at+ta+b+b—1D(n+a+b)(n+a+b)(n+a+a)(n+b+b)
(2n+a+a+b+b—1)2n+a+a+b+b)2(2n+a+a+b+b+1)

B(z) = {x ~38(a=b)- ma} {x +38(a—b) - iéRb}

P(z) = ~2R(a + b)z — R(a — b)S(a - b) .

(3.24)

The form g is positive definite when Ra > 0, Rb > 0 . We meet again the continuous Hahn form

flo , when we make the following tranformation g = (ho1o7_p)ig where B=—1S(a+b).
Then

2 1 5 2 N

ﬁnz _§$(a+b)_ﬁn 3 ’7n+1 =Tn4+1 , T 20
(3.25) '

D_; ((x +ia)(s + B)fo ) 2(§R(a +b)z + (ab) )i = 0.

§4. Integral representations and moments
4.1 Consider the following sequence

n—1

¢0($) =1, ¢n($) = H(x - I/w) , n>1.
v=0
It satisfies
(4'1) (Dw¢n+1)(x) = (n + 1)¢n(x) , n>0
(42) ¢n+41(2) = 2¢n(z) —nwon(z) , n20.

The relation (4.1) shows that it is a D,,—Appell sequence. Its dual sequence {wn(w)}n>o fulfils

(43) D_, (wn(w)) =—-(n+lDwy(w) , n=0
’ wo(w) =6 .
Therefore
(_1)11 n
(4.9) wp(w) = = Ds , n>20.
Note that for any u € P’ , we have
~1)"
(4.5) u= Z < U,y > %D_"Lﬁ .

n>0



Abdelkarim and Maroni 19

But, it is easy to see that

n 1 - n v
(4.6) D=~ (Z<V>(—1) 5w) , n>0.
v
We infer

n
(4.7) <D"6,z™ >= wm”"z (n) D™ , n,m>0,

v=0

which implies the identity

(4.8) i(;‘)(—n"um:o , n>m+1.
v=0

On account of (4.5) and (4.7) , we get

(4.9) <u,z™ >=i<u,d)n>wm_"i—(~_—lﬂum , m>0.
= gt vi(n —v)! -

Remark. On the other hand, by induction we obtain

n

(4.10) Z ¢ny , n>0

where

(4.11) aptl=af+(n+1-v)ol, , 0<v<n , n>0
. ao:l y n:60,n , 01_1:0 , n>0.

When v — n ~ v, we have

O‘Ti (V+1)nu1 an , 0<sv<n , n2>0.

n—v
n—1-v
It follows forn>v : off_,_; = Z v+ 1)"_"‘1"“0[;*“ , orif n—-n+v+1
u=0
n
a2+”+1 — Z(V + l)n_”aﬁ+" , n>0.
pu=0

Equivalently, the generating function A,, Z al*™z"  fulfils the following relation
n>0

Am1(2z) = An(z)(1 ~ (m +1)2) ! ,|2] < (m 4+ 1)1 . Therefore

m

(4.12) Am(z)=H1_1M , |z{<% . m>0.

u=0
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Taking account of (4.7) and (4.10) , we get

n
(4.13) o™ = l' <"> (-1)™™ , n,m>0.
Ly v
So that
m m  (_1ym—v
(4.14) Hl L {Z_____(| D) 'um+"}z" , m>0.
it el e vi(m - v)!
Also see [5] .

>:= (u)¢ , n > 0, from equation (1.16) where ®(z) = $8"(0)z? +

4.2 Putting < u, ¢,
=¥’ (0)z + ¥(0) , we have < D_,(Dup) + Yup,dn >=0, n > 0 namely, on
)

9'(0)x + 2(0) , ¥(x)
account of (4.1) and (4.2

(WO -5+ D2"©) } w0
(4.15) + {0+ (n +1) (' (0) - 2'(0) - l(2n +1)(n+ D" (0) }(w0)hss

—(n+ 1){@(0) + nwd®’ (0) + én w?®"(0 )}(uo)z =0 , n>0

(4.16) %' (0)(uo)? +(0) =

The usual moments are obtained from (4.9) .
When w € R, say w =1, equalities (4.5) and (4.6) show that ug is represented by a discrete
measure with supp C [0, +oo] :

(4.17) w=y 5 (Z (—nllg'" < Ug, Bty >> 5,

v>0  “m>0

if the following conditions are satisfied

1 m
(4.18) s(v) = Z (= m) < Ug, Pm4y >| < +oo forany v>0.
m>0 :
13
(4.19) Z % < +o0o forany n>0.
v2>0 ’

When w — iw , w € R, we are looking for a weight function U such that
+o0
(4.20) <ug, f>= U(z) f(z)dz

-0

where we suppose that U is regular as far as it is necessary. From (4.16) and (4.17) , we get

/m{ 20))(2) + 9@V ()} f(z)dz =0 , feP
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with the additional condition

+oo+iw +oo
(4.21) / Uz — iw)®(z — iw) f(z)dz =/ Uz —w)®(z —w)flz)de , feP.

—oo+iw —oo

Therefore
(4.22) D_iy(®U) +9U = Xg

where A € C and g is a representation of the null form.
When A = 0, equation (4.22) becomes

Pz — w)U(z — iw) = (<I>(z) + iwd)(x)) U(z),

so that, if w = —1, we have
o 2(z) —i(z)
4.2 = T\ e
(4.23) Ue+) = =g 550@) |, ceR
and fw =1, withz — z 41, we have
d
(4.24) Ulz+i) = (=) U) , z€R.

®(z +1) +iy(z +1)
4.3 Now we are able to calculate the moments and to give the integral representations for
any canonical form satisfying (4.15) — (4.16) .

A;. For the Charlier polynomials, from (3.5) we have ®(z) = 1 and ¥(z) = a~!(z —a) . Then
the system (4.15) — (4.16) where w =1 becomes

0™ (@0)h42 — (80)541 + (0 +1) (a7 (@) — (@)2) =0 , n20
a Nag)?—1=0.
Consequently

(4.25) (@)t =a™ , n>0.

(4.26) ﬁ0=eﬂ§:%ww

In the case (3.7) , we have ®(z) =1, ¥(z) = —a~!(z — b) and w = 1 . Then from (4.24) , we get

Uz) = T+ aa—_i:(x %)) A(z) with A(zx+1) = A(z).

Taking account of

(4.27) T()(1 - 2) = —
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we have i
Uz) = a1r sin(ﬂ'(—a +i(z — b)))I‘(—a +i(z — b)) A(z) .
Choosing
K
A(:U) = 2 )
sin (7r(—a +i(z — b)))

we infer, again with (4.27)

K

U(z) = ﬁa_izfz(—a +i(z b)) T(1+a—i(z—b)).

Putting a + ib = —1/2 , we finally obtain

2

1‘(1+m) , zER , a#0.

1
L(5 +iz) 5

K —iz
(4.28) Ulz) = ol 5

But by virtue of the Mellin-Barnes representation of the second solution ¥ (e, v; z) of the Kummer’s
equation [31], we have

+o00 +oo ,—t

2

1= U(z)dz = —Ka1/2/ £ at , therefore
. i o a+tt

-1
+oo —t
K:ga“1/2</ e+tdt> , larga| <.
o a

For the case (3.7) with b=1i(a — %) , we finally obtain

1 et 7', T(k+iz)
4.2 =— dt “(ztie) 22 * 7 .
(4.29) U(z) 5 (/(; o ) a2 o zeR , |arga|<m

For a < 0 , slight modifications are necessary.
As. For the Meixner polynomials of the first kind, from (3.10) we have ®(z) =z +a+1 ,
Y(@)=—((1-c Nz +a+1) and w=1. Then (4.15) becomes
(™ = 1)(@0)74z = (@ + 1+ n+1)(G0)5 41
+(n+D{ (7 = V(@) ~ (@ +1+m)(@)5} =0 , n20

with (¢! = 1)(G0)? — (a+1) =0.
Therefore

(4.30) (ao);*;=<lfc) F(;’(Zi;") , n>0,ceC—{0,1},a+1eC—(-N).

Suppose ¢ € R — {0,1} . First 0 < |¢| < 1. The condition (4.18) is fulfilled for ~1 < ¢ < Q or
0<c<1/2 and
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But the condition (4.19) is satisfied for |c| < 1 . It is a matter of easy calculation to prove that the
form

. a+1+l/
(a1 i -7 SIS,

is available for0 < ¢ <1, a+1#-n,n>0.
When |c| > 1, from (4.31) we have

~ 1 a+1 a + 1+ l/ v
uo(c ) Z C! T 1 l/! 6,, .
Therefore by virtue of (3.11)
. - Fa+14v)c™
(432) ia(0) = 0= e 3 Sy ALt R LA

with the additional condition o +1 €R — (—-IN) .
Regarding (3.13) , we have ®(z) =z +ai, ¥(z) = —2¢ *(zsing + acos¢) andw = 1. On
account of (4.24) , we get

Uz) = 62‘”%/{@) with Az +1) = A=) .

From (4.27) and choosing

e—‘rrm

= )

we obtain
K (24-m) : :
U(z)z—ﬂ—e IMNa—w)'(a+iz) , z€R , Ra#-n,n>0.

But taking account of

+o00
/ I(a —iz)[(a + iz)t*¥de = 20t*(1 + £)72°T(2a) , |argt|<m , Ra>0,

-0

the following condition

+o0 K +oo
1= / U(z)dz = ?/ e¢=m20(q — iz)[(a + iz)dz

gives
22a~—1 . 24
K = m sin ¢ .
Therefore
26
(4.33) Ulz) = (Lw)— @é-mop(q —iz)l(a+iz) , z€R , Ra>0.

2nT'(2a)
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When a > 0, the form g is positive definite and we have the so—called Meixner—Pollaczek
polynomials [24,27].

B. Here $"(0) = 2. Whenw # 0 , the equation (4.15) becomes

(430 s+t + 06 == {0+ T2 @z, | m20
where

(435)  &ni= ((0) - n)(uo)lsy — w (n2 + 20, %(29) w)? , n>0.

Therefore ~
~ o(0
P(0) + 20) 0.
w

B;. For (3.16) , we have ®(z) = (x—i(a+ p,))2 , ¥(z) =20z +i(e+p)? and w = —i.
) _

Since & = 0 on account of (4.16) , from (4.34) we get &, =0, n> 0. Thus

(20 +n)(io)oyy —iln+a+u) (G)h =0 , n20,

whence

>0.
(2a+mn) ’ n20

Tla+p+ n))2 ['(2a)
r

Here, the condition (4.18) is not fulfilled for all sufficiently large values of v . Consequently, the
form @y does not possess a representation through a discrete measure with supp CR .
Regarding (3.15) , from (4.23) we have

fj( )_F(%a+u—ix)['(%a—-p—-iz)
= T2 (1= la—iz)

Alz) , z€eR
with A(z + ) = A(z) . By virtue of (4.27) and with the choice

K
S Gav )
we finally obtain
(4.37)
ﬁ(w):%l’Q(%a + ix)F(%a +u— ia:)l"(%a -—p- zx) , t€R , S‘E%a , R <%a + /.L>¢—[N.
The usual normalization condition gives

_r [(2a) i}
K~2(F(a+,u.)r'(a—p,))2 , Ra>0 , Rlaexp) >0,

taking account of the formula [2]

. T(a +iz)['(b + iz)[(c — iz)['(d — iz)dz = 27 Tatbtcid)

Ra, Rb, Rc, Rd>0.

/+oo T(a+ c)I(a+ d)T(b+ )b+ d)
(4.38)
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Thus
U(z) = % @ +,1;§§‘C(¥l - u))2F2 <%a + ix)I‘ (%a +u— za:) r (%a — - zz) ,

1
:cElR,%a>0,§R(§a:i:,u>>0.

(4.39)

When g =0 and o >0, the form is symmetric and positive definite. Then

1
B,. Among the cases quoted, there is not for which the second side of (4.34) is zero. On the
other hand, for the form iy = 7_ptp where g is defined by (3.20) and B = —(26+a—0+2)i/4,

we have ®(z) = (z—i(a+1))(z—i(6+1)) and P()=—(a+B8+2z+i(a+1)(6+1).
Therefore 3(0) + i®(0) = 0 .From (4.34) , (4.35) and (4.16) , we easily infer

1 T'(2a) 4

(4.40) Uz) = 57 i)

, z€R.

_p_ al(@+14n)T(6+1+n) T(a+B+2)
(4.41) (@) =" 5T TG+ Tarfizen

n>0.

Thus the condition (4.18) is not satisfied; this means that the D, — classical forms analogous to
Jacobi forms are not represented through a discrete measure.
Now, for the case given by (3.19) — (3.20) , taking account of (4.23) , we obtain

() =

1 —28)—i Lig - -1
I’(i(a+3ﬂ+2 26) — iz)T(§(a — B+ 2 + 26) m)A(x)  zeR
1

T(i(a-pB+2-26)—iz)T(5(26 — 3a— B +2) —iz)
with A(z + i) = A(z) . By virtue of (4.27) and with the choice

K
- sin(Z(2+ 26 — a + B) + irz) sin(5(2 - 26 + 3a + ) + irz)

A(z)

we get, putting a; = 1(2(1+68) = (a—B)) , a2 = ;(2(1+8)+a—F), by = 121-6)+3a+4),
b =1(2(1-6)+a+38):

(4.42) ﬁ(a:) = %F(al +ix)T(ag — iz)L'(by + iz)['(ba — ix) ,

where on account of (4.38)

KT Tla+p4+2)
2T+ T+ ) T(1+ 8T (1+a+8-6)

RA+6)>0, RA1+a)>0, RAL+8) >0, R1+a+6-~6>0.

The following symmetric and positive definite particular cases are interesting:
1. Corresponding to (3.21) when a =4 :

l,., a=f€R and 6€R , -1<6<2a+1
(4.43)

U

2 2

1 I'2a+2) F(%(1_§+2a)+iz) , T €R.

@) =2 T(1+6)T2(1 + &)1+ 2a — 8)

D(5(1+6) +io)
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When o = 0, we have

cos(n6) + cosh(2rz)

But the form associated with {G’(f)}rpo is g = hatp . Therefore

~ . 1~zy\  sin(n6) 1
Ulz) = §U (5) 26 cos(n6) + cosh(nz) ’

in accordance with [8,p.193, (8.8)] . Also see [5,30].
lp. a=8ceR , 6§+6=2a , a+1>0

(4.44) O(z) = %F“‘(TFS% Ko +iz) 0@ +iz)? , zeR

with o = 3(1+46) .
2. Corresponding to (3.22) when §=1(a+f8) , a+1>0, f+1>0
(4.45)

~ 1 2

2

Dla+f+2) F(%(1+ﬂ)+ix) , T€R

1 .
AT+ Sat ATa+A | 30 T

2

which refers to (4.43) .

For the continuous Hahn form g , we have &l’(x) = (z+ia)(z+ib) ,12(1) = —-2(R(a + b)z + S(ab))
and w=1i.From (4.24) , we get

I'(@— ix)['(b — ix)
l-a—-1iz)['(1—-b-iz)

0@ = Aw)
with A(z+1i) = A(z) . Taking account of (4.27) and of sin(r(a+iz))sin(r(b+iz))A(z) = K , we
obtain

(4.46) O(c) = ;Ii P(a+iz)T(b+iz)? , Ra,Rb>0 , z€R

where -
. I'a+b+a+b)

 2T(a+3a)T(a+b)*T(b+b)
We meet again the well-known representation of the continuous Hahn form.

Remark. In any case (4.29) , (4.33) , (4.39) , (4.42) and (4.46) , the condition (4.21) is fulfilled
by virtue of the standard asymptotic formula

ID(a + iz)| = V2re™151/2|2|*~ 2 (1 4+ r(a, z))

where r(a,z) — 0, as || — +oo , uniformly for bounded |a| .
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