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PERTURBATIONS OF THE HALF-LINEAR 

EULER DIFFERENTIAL EQUATION 

A. ELBERT and A. SCHNEIDER 

Oscillation/nonoscillation properties of the perturbed half-linear Euler differen-
tial equation in the critical case are investigated. Strong connections are found between these 
half-linear differential equations and some linear differential equations, whose coefficient is 
the perturbation itself. In addition if the solutions of the corresponding linear differential 
equation satisfy two integral inequalities, then the asymptotic form of the solutions of the 
half-linear differential equation is established. Examples are given for the latter case. 

o. Preliminaries and new results. 
In [El - among others - the asymptotic behaviour of the half-linear second order differ
ential equation 

(0.1) ( 'n*)' + n, n* = 0 x tn+1x , t>O 

is investigated where, is a constant, n is a fixed real number, n > 0, and u n * = iuinsgn u. 
Clearly, (0.1) is a natural generalization of the second order Euler differential equation, 
known in the theory of the linear second order differential equations, to the half-linear 
differential equations. It turned out that the differential equation 

(0.2) 

with the value 
nn 

,0 = (n + l)n+1 

plays a decisive role because for, ::; ,0 the solutions of (0.1) are non-oscillatory while for 
, > ,0 all solutions are oscillatory which is in complete harmony with the situation known 
in the linear case. 
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Here we are interested in the asymptotic behaviour of the perturbed half-linear differ
ential equation 

(0.3) 

where the function 8(t) is piecewise continuous on (to, 00) for some to 2: O. It can be 
assumed that 8(t) 1= 0 on some interval [tl, 00) for tl 2: to because the properties of (0.2) 
are already known. Clearly, equation (0.3) is a perturbed version of (0.2). 

In case n = 1 the differential equation (0.3) is the linear second order differential equa
tion 

(0.4) 
1 

x" + -2 (1 + 48(t))x = 0 
4t 

and making use of the substitutions 

t = eS
, x(t) = -It z(s), 

we obtain the differential equation 

(0.5) Z" + 8(e S )z = O. 

Consequently, any property (e.g. the oscillation) of the solutions of (0.4) can be translated 
into a corresponding property of the solutions of (0.5). Here we recall a result of A. Wintner 
[W49] and another result of E. Hille [H48]. 

Theorem A. The differential equation (0.5) (and consequently (0.4), too) is oscillatory 
if 

(0.6) J oo Joo dt 
8(e')ds = 8(t)T = 00. 

Theorem B. Let 8(t) 2: 0 and 

J oo Joo dt 
8(e')ds = 8(t)T < 00. 

Then (0.5) (consequently (0.4) as well) is oscillatory if 

(0.7) lim inf sjoo 8(eU )dO' > !, 
'->00 , 4 

or non oscillatory if 

(0.8) j oo 1 
limsups 8(eU )dO' < -. 
'->00, 4 
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Returning to the half-linear differential equations, (n # 1), we know ([ED that a solution 
of (0.2) is either equal to ctn/(n+l) with some constant c # 0 or it has the asymptotic 
O(tn/(n+I)(logt)2/(n+I») for t -+ 00. 

Concerning the oscillation of the solutions of the half-linear system 

X~ = a(t)xI + b(t)xi* 

x~ = -c(t)x?* + d(t)X2 

there is a relevant result, namely Theorem 7 in [E82]' which can be applied to (0.3). First 
we rewrite (0.3) into a half-linear system. Let Xl = x(t), X2 = X'M(t), then 

I 1. * 
Xl = Xi , 

x~ = - t:11 (n + 2(n + l)S(t))XI n*, 

therefore we have bet) = 1, c(t) = t:!$, (n + 2(n + l)S(t)), aCt) = d(t) = 0, and >.*(t) = 
exp(jt: (na( s) - d( s)) ds) = 1. To apply Theorem 7 we need two auxiliary functions, i.e. a 
pair (>.(t),J.l(t)). In our case we can choose them as >.(t) = tn, J.l(t) = 1 which fulfil all the 
requirements posed in [E82]. We have to calculate still the integrand in formula (36)t of 
Theorem 7: 

I I (,).o)'(t)ln+1 
1 >. (t) - >.(t)T-(t) Set) 

>.(t)c(t) - (n + l)n+1 (b(t)>.(t)t = 2(n + l)ro-t-' 

hence Theorem 7 mentioned above asserts the following statement. 

Theorem C. If tbe relation r:JO S(t)1f = 00 bolds, tben (0.3) is oscillatory. 

Now we can realize the coincidence of this integral condition with (0.6) in Theorem A. 
Exactly this coincidence stimulated our investigations to clear up a deeper connection 
of oscillatory behaviour between the half-linear differential equation (0.3) and the linear 
differential equation (0.5). We shall work here under two restrictions with different severity 
on Set): 

(R1) the limit lim iT Set) dt exists (as a finite number); 
T ...... oo to t 

(R2) as in (R1) and roo S(s)ds ;::: 0 for t;::: t' > to. 
lt s 

Our main results are the following. 

t A factor ,X,(t) is missing in this formula in [E82] and once again in the proof on the same page, but 
from the foregoing treatment it is easy to detect them. Here the correct formula is displayed. 
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Theorem 1. Let n > 1 and suppose tbat (R2) bolds and tbe linear differential equa
tion (0.5) is non-oscillatory. Tben tbe balf-linear differential equation (0.3) is also non
oscillatory. 

Theorem 2. Let 0 < n < 1 and suppose tbat (R2) bolds and tbe half-linear differential 
equation (0.3) is non-oscillatory. Tben tbe linear differential equation (0.5) is also non
oscillatory. 

We are not able to provide a general "if and only if" type connection for oscillation or 
non-oscillation between the differential equations (0.3) and (0.5) if n -I 1. This might be 
impossible and it is an open problem still. But if we make some restriction on the function 
8(t) or on the corresponding linear. differential equation (0.5), then we can establish closer 
connections. An example is the following. 

Theorem 3. Suppose that (R2) holds and (0.5) is non-oscillatory. Assume that there 
exists a constant () E (0,1) such that for a solution z(s) of (0.5) the functions ((s) = 
z'(s)/z(s) and J.l.(s), defined by 

satisfy the relations 

(0.9) 100 () 

s (( 0' )j.t( 0') dO' :5 2' j.t( s) eventually. 

Then (0.3) is non-oscillatory and it has a solution x(t) with the asymptotics 

x(t) = tn+'znt'(logt) [C + 0(1))], (C = const. -I 0), 
(0.10) x'(t) n 2 

t x(t) = n + 1 + n + 1 ((logt) + o(((logt)) as t -+ 00. 

Remark 1. By a Hartman theorem ([Hart52]), the function ((s) in Theorem 3 is an L2_ 
function in some neighbourhood of infinity while the condition (R2) ensures that (( s) > 0 
and lims-+oo (( s) = 0, hence the integral in the definition of j.t( s) and the second integral 
in (0.9) exist. 

Remark 2. The summability of j.t(s) in (0.9) can not be guaranteed in general. In the 
particular case when ((s) is monotonic (which happens e.g. if 8(t) ?:: 0), then one can 
show that j.t(s) = 0((2(s)), consequently the function j.t(s) is summable and we have the 
stronger result in (0.10): 

x(t) = t n+l z ntl (logt) [C + O( ((logt))], (C = const. -I 0), 

x'(t) n 2 
t -( ) = --1 + --((logt) + 0((2(logt)) as t -+ 00. 

xt n+ n+l 
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In case the linear second order differential equation (0.5) is non-oscillatory, there exists 
a principal (or small) solution z(s) (see [HW] or [Hart], p. 355), unique up to a constant 
multiple, such that 

(0.11) JOO z;/s) = 00, 

while any other solution z( s), linearly independent of z( s), has the property 

(0.12) JOO ds 
Z2(S) < 00, 

1· z(s) - 0 1m - - . 
'_00 z(s) 

In [EK] the notion of the principal solutions has been extended to all half-linear differ
ential equations - more general than (0.3) - essentially by an extremal property that 
if x(t) and x(t) denote the principal and any other, linearly independent solutions of the 
half-linear differential equation (0.3), then 

(0.13) 
x'(t) x'(t) 
-->-
x(t) x(t) 

for sufficiently large t. 

Our main result is formulated in the next theorem. 

Theorem 4. Assume (R2) holds and (0.5) is nonoscillatory. Suppose there exists a con
stant e E (0,1) such that for the principal solution z(s) of (0.5) the functions ((s) and 
p,( s ), defined by 

((s) = i(s)/z(s), 

satisfy the relations 

/.
00- e 

• ((a )p,( a) da :::; '2 p,( s) eventually. 

Then (0.3) is non-oscillatory and the principal solution x(t) of (0.3) has the asymptotics 

n 2 

x(t) = t n +! zn+! (logt) [C + 0(1)], (C = const. =1= 0), 
(0.14) 

t x~((t)) = _n_ + _2_((logt) + o(((logt)) as t -+ 00. 
xt n+l n+l 

Let x(t) be any non-principal solution of (0.3), then 

(0.15) JOO dt 

x2(t) Ix'(t)ln-l < 00, 
1· x(t) 0 1m -
t-oo x(t) - , 

while for the principal solution x(t) 

(0.16) JOO dt 

x2 (t) Ix'(t)ln-l = 00. 
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Moreover, if Xl (t) and X2(t) are two non-principal solutions of (0.3), tben tbere exists tbe 
limit 

CI ,2 ~ {O, -00, +oo}. 

In connection with the integrals in (0.15) and (0.16) we would like to mention some 
pioneering results of J. D. Mirzov [M]. In this paper he defined (probably first) the notion 
of the principal solution for half-linear differential equations and he tried to generalize the 
Hartman's integral criterion in (0.11)-(0.12) which separates the principal/nonprincipal 
solutions. Actually he proved the relations 

JOO dt 
xm. (t) = 00, 

JOO dt 
xm- (t) < 00 

for the principal solution x(t) and a non-principal solution x(t), resp., where 

m*= min +(l-x)* , { 
1- xl+~ } 

0:::;x9 1- X 
{ 
1- x1+!;- 1 } 

m * = max + (1 - x) n . 
0:::;x9 1- x 

Clearly, for the linear differential equations we have n = 1, and we get m* = m * = 2, and 
thus the integrals (0.11)-(0.12). 

We can apply Theorem 4 to the following differential equations 

(0.17) In* '+ /'0 + n + 1 1 n* 0 
( 

k ) x --n-- x-
( ) t n +! 2 ~ logi t log~ t ... log; t -

where k = 1,2, ... , logl t = log t, logi+l t = log(1ogi t), to = 0, ti+l = exp(ti), i = 0, 1, .... 

Corollary 1. Each nontrivial solution of (0.17) bas tbe asymptotic form 

witb some C E \ {O}. 

A generalization of Theorem B to half-linear differential equations is the following. 

Theorem 5. Let (R2) be valid. Tben (0.3) is oscillatory if (0.7) is satisfied, or it is 
non-oscillatory if (0.8) is satisfied. 

An immediate application of this theorem is the following. 
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Corollary 2. The solutions of the differential equation 

(O.IS) (x,n*), + ~ (n + _11_) xn* = 0 (t> 1) 
t n +I log'" t 

are oscillatory if and only if either 11 > 0 for a < 2 or 11 > (n + 1)/2 for a = 2. 

The proofs of the above theorems and corollaries are based on the Riccati differential 
equation technique, generalized to half-linear differential equations. We define this half
linear version of the Riccati equation in Section 1. In Section 2 we introduce a new 
half-linear differential equation whose solutions are amazingly close to the linear ones. 
Applying already known results we obtain new criterions for oscillation/nonoscillation of 
(0.3). Finally, Section 3 is fully devoted to the proofs of theorems and corollaries announced 
above. 

1. Generalized Riccati equations. 
The main tool in proving the asymptotic behaviour of the solutions of (0.3) consists in 
using a Riccati technique developed in [ES4J. 

For the sake of consistency of the notations in the introduction and in the later applica
tions, we use in this section the independent variable 8 and the functions z( 8), q( 8), .... 
We consider the general half-linear differential equation of the form 

(1.1) z" + q(s)f(z,z') = 0 for s E Ie 

where the function q( 8) is piecewise continuous, the function f(z, u) is defined on n = 
x 0, 0 = \ {O}, with the basic properties 

f(z, u) is continuous on n; 
11 f(O,u) = 0 for u -# 0, zf(z,u) > 0 if zu -# 0; 

111 f(z, u) is a homogeneous function of degree one such that f()..z, )..u) = )..f(z, u) for 
)..Eo,(z,u)En; 

IV f(z, u) is sufficiently smooth in order to ensure the continuous dependence and 
the uniqueness of the solutions subject to any initial condition posed at any point 
80 E I; 

v let F(T) be defined by F(T) = T f(T, 1), then J~oo 1+'7cT) < 00. 

Then there exist two continuous functions H(u) and g(u) on such that 

a) H(O) = 0, H(u) > 0 at u -# 0, 

(1.2) 

JIL, dv 

-00 H(v) < 00, 
100 dv 

IL2 H(v) < 00 
(UI < 0 < U2); 

b) g(O) = 0, limu-doo g( u) = ±oo, g( u) is differentiable on 0, more precisely 

f(l,u)g'(u) = 1 (uEo). 

The connection between Hand 9 is given by 

j g(O') dv -1 
-00 H(v) = -;;- (a < 0) and 100 dv 1 

- - - (a> 0). 
g(O') H(v) - a 
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The inverse function of g(u) is denoted by g-l(u). 
Clearly, in the linear case we have f( z, u) = z, g( u) = u, H (u) = u2 , or in the half-linear 

case (0.3) f(z, u) = zn*luI 1- n, g(u) = ~UM, H(u) = Inul~. 
Now we introduce the generalized Riccati differential equation associated with (1.1) by 

(1.4) u'+H(u)+q(s)=O on I. 

Let z( s) be a solution of (1.1) with z( s) ¥- 0 on some interval J c I and define the function 
u(s) in J by 

(1.3) 
z'(s) 

u(s) = g( z(s) ). 

Then u(s) is a solution of (1.3) in J. 
As it is customary, an interval J C I is called an interval of disconjugacy if there exists 

a solution z(s) of (1.1) such that z(s) ¥- 0 on J. In this case (1.1) is disconjugate on J. 
There is a close connection between the disconjugacy of (1.1) and the existence of a 

solution of (1.4). If u(s) is a solution of (1.4) on J, then by (1.3) 

z(s) = exp (1: g-l(u(O'))dO') , s,So E J 

is a solution of (1.1) with the property z(s) > 0 on J. 
More important is however the observation of A. Wintner [W51] which was generalized 

(see Thm 2.2 in [E84]) to differential equations of the form (1.1) in the following way. 

Lemma 1. Suppose that u( s) is a continuous, piecewise continuously differentiable func
tion on J such that the inequality 

(1.5) u'(s) + H(u(s)) + q(s) :S 0 for s E J 

holds. Then (1.1) is disconjugate on J. 

Now we come to a relation between the solutions of the Riccati differential equation 
(1.4) and an integral equation - called Riccati integral equation - which was not stated 
explicitly in [E84] but can be derived from the results of [E84] as shown in [E87]. This 
relation reads as follows. 

Lemma 2. Let H( u) be convex and assume that the limit 

(R1 ') lim 18 q( 0') dO' exists (as a finite number)' 
8->00 

80 

Then u( s) is a solution of (1.4) on an unbounded interval J = (so, (0) if and only if u( s) 
is a solution of the Riccati integral equation 

(1.6) u(s) = 100 
q(O') dO' + 100 

H(u(O'))dO' in J. 

Remark 9. The transition from the Riccati differential equation (104) to the Riccati integral 
equation (1.6) is an immediate consequence of the following Theorem D, generalizing a 
Hartman theorem [Hart 52] and is given by the formulas (2.1)-(2.2) in [E84]' p. 234: 
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Theorem D. Let H ( u) be convex and (1.1) non-oscillatory. Further let 

fS fa q(u) du ds 
1· . f Jao J ao 1m In .:..=....:....::.c"--,S::---- > - 00. 
S->oo 

Then there exist the limits 

(1. 7) 
fS fa q( u) du ds 

lim Jao J ao = C as a finite number and 
S->oo S 

fS H( c- "0 q(O') dO') ds 
r Jao 2 - 0 

s.:,.moo S - . (1.8) 

Obviously, the constant C is a function of so. 

Now it is clear by Theorem D that the differential equation (1.1) is oscillatory if 

lim /.S q( u) du = 00 
5-+00 S 

which generalizes a result of A. Wintner [W49] to the half-linear differential equation (1.1) 
(see Corollary 2.1 in [E84]). 

If assumption (R1') holds then the integral Joo q( s) ds converges and (1.7) yields 

C = 100 
q(s)ds. 

ao 

Integrating (1.4) over [so,s], we get equation (2.3) of [E84], p. 234 

C -la 
q(u)du = u(s) - /.00 H(u(u))du, 

'0 • 

from which the integral equation (1.6) follows. 
Making use of this representation of the constant C, also (1.8) can be rewritten in the 

simpler form 

(1.9) 

The essence of Lemma 1 on the Riccati differential inequality can be reformulated for 
the Riccati integral inequality as follows. 

Lemma 3. Suppose that H( u) is convex, the function q( s) satisfies (R1') and Jaoo q( u) du 2: 0 
for s 2: Sl 2: So and let v( s) be an absolutely continuous function satisfying the inequality 

v( s) 2: 100 
q(u) du + 1.00 

H( v( u)) du for s 2: Sl 2: so. 
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Then the differential equation (1.1) is non-oscillatory. 

Proof of Lemma 3. Let u( s) be defined by the equality 

u(s) = /.00 q(u)du + /.00 H(v(u))du for s ~ s' ~ So, 

then v(s) ~ u(s) ~ 0 and H(v(s)) ~ H(u(s)). Hence 

u'(s) + q(s) + H(u(s)) ~ 0 for s ~ s' ~ So 

and the assertion follows from Lemma 1. 

Finally we remark that under the restrictions of Lemma 3 we also have either q( s) == 0 
eventually or 

o < /.00 q( (7) du < v( s ) 

hence 

(1.10) 

which is a much stronger restriction on the coefficient q( s) than (1.9). We state an even 
more stringent restriction. 

Lemma 4. Suppose that H( u) is convex, the function q( s) satisfies (Rl ') and f800 q (17) du ~ 0 . 
for s ~ s' ~ So and (1 .1) is non-oscillatory. Then the differential equation 

(1.11 ) 

is also non-oscillatory. 

Proof of Lemma 4. The statement is clearly true if q( s) == O. Suppose that this is not the 
case. Then by Lemma 2 there exists a function u( s) on the unbounded interval J such 
that u( s) is a solution of the Riccati integral equation (1.6). It is a simple fact that the 
function ~ ( s) defined by 

~(s) = J.oo H(u(u))du > 0 

is a solution of the Riccati differential inequality of the differential equation (1.11) 

e +HCO +H(/.oo q(u)du) ~ 0 

because by (1.6) 

H(O + H(J.
oo 

q(u)du) S H(~ + J.oo q(u)du) = H(u(s)) 

and H(O) = 0, H( u) is a convex function, ~ > 0, and f800 q( (7) du ~ O. Hence the conditions 
of Lemma 1 are satisfied thus differential equation (1.11) is non-oscillatory. This completes 
the proof of Lemma 4. 

It is clear that the mere convergence of the integral of the function H(J8oo q( (7) du) in 
(1.10) is less stringent than the fact that differential equation (1.11) is non-oscillatory. 
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2. A new half-linear differential equation. 
In Section 0 we transformed the linear equation (0.4) into the simpler linear equation 
(0.5) whose coefficient o(e") is given by the perturbation oCt) of (0.4). The transformation 
applied for this purpose does not change the oscillation properties of the solutions of these 
equations. In this section we establish a similar transformation which transforms the half
linear equation (0.3) into a new half-linear differential equation (2.9) whose coefficient is 
a multiple of o(e"). For the solutions of this new differential equation the notion of the 
Wronskian can be successfully extended and applied, which confirms a closer connection 
between the new half-linear differential equation and the linear equations. 

Consider the half-linear differential equation (0.3). Let the independent variable 3 and 
the function y( 3) be introduced in the differential equation (0.3) by 

(2.1) 3=logt, Y(3)=X(t). 

Then 

y'(3) = !Y(3) = tx'(t), y,n*(3) = tnx,n*(t) 

and (0.3) is transformed into 

(2.2) (y,n*(s))' - ny,n*(s) + (nro +rS(e"))yn*(s) = 0, r = 2 (n:;'l) n. 

Let y( 3) be a solution of (2.2) such that y( 3) "# 0 on J and let the function e( 3) be defined 
by 

y,n*( 3) 
e(3) = --( -) for 3 E J, yn* 3 

then e( 3) satisfies the following differential equation 

(2.3) 

where 

(2.4) !!..±! 
1>(e) = lei n -e+,o. 

Observe that 1>'(e) = n~l e** - 1, i.e. 1>(e) takes on its absolute minimum at eo 
(n/(n + l))n and 1>(eo) = 0 due to the special choice of ,0. Moreover we find 

(2.5) 

Hence we conclude 

(2.6) 1>(e) - n~(e - eo? { ~ if 0 < n < 1, 

if n > 1 

2 
nf' 

provided e eo and e ~ O. 
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Let H n ( u) be defined by 

(2.7) Hn(u) = n<I>(eo + u), 

then the function u( s) = e( s) - eo is a solution of the differential equation 

(2.8) 

By (2.5) the function Hn(u) is convex for u E , Hn(u) > 0 if u i= 0 and satifies the 
relations JUl du 

-00 Hn(u) < 00, 

roo du 
J

U
2 Hn(u) < 00 for any Ul < 0 < U2· 

67 

In Section 1 we have seen that these properties of Hn(u) define uniquely a function gn(u) 
by (1.2), then a function fn(z,u) in such a way that the differential equation (2.8) is the 
Riccati differential equation of the general half-linear differential equation 

(2.9) 

This is the new half-linear differential equation announced in the beginning of this 
section. 

Now it is clear that Theorem C is a consequence of Theorem D. 
Owing to Lemma 2, every solution u( s) of (2.8) for s ~ So is also a solution of the 

Riccati integral equation 

(2.10) 

if (R1) holds. An immediate consequence of (2.10) is the relation lims-+oou(s) = o. On 
the other hand, if the stronger restriction (R2) holds, then u(s) > o. 

For we work often under the condition that the function u(s) in (2.8) or (2.10) tends to 
zero, we need the values of Hn(u) when u is small. By (2.4), (2.5) and (2.7) we have 

(2.11) 
Hn(u) = n2,0 f (n~l) u; = -r1 u2 +! t(u _ V)2 H~'(v)dv = 

i=2 t eo 2 Jo 

1 2 [3 1 = rU + (1 - n) Bu + ... , (lui < eo), 

where 
(n+1)2n 

B = 6n2n+1 ' 
H~'(O) = 6(1 - n)B. 

Also the following inequality will be useful 

1 1 
(2.12) IHn(u)-Hn(v)- r(u2-v2)1 < 6b(c:)lu-vl(u2+uv+v2) for O:S: u,v:S: c:, u i= v 

where b = b(c:) = max{IH~'(s)1 : O:S: s:S: c:}. Clearly, b(O) = IH~'(O)I = 61n -liB. 
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Now we need some knowledge on the behaviour of gn( v) in the neighbourhood of v = 0 
for v > O. By (1.2) we have for Vo > 0, Uo = gn( vo) > 0 

(2.13) /,
00 du 1 2 I 

-H ( ) = - or Hn(uo) = vogn(vo). 
Uo n U Vo 

Now we calculate the integral on the left hand side for Uo > 0 when Uo is small. By (2.11) 

where Gn = t 1 ~n (-!}.~ )n, and consider the difference 

1 r 
h( u) - -- - -----::---

- Hn(u) u2 + Gnu3 + ~G;u4' 

Clearly, the function h( u) is continuous in [0, 00) and 

-00 < 100 
h(u)du < 00, 

hence 

/,
00 du /,00 r 
--= 2 3 1 24 du +O(I). 

Uo Hn(u) Uo U + GnU + 'iGnu 

The integral on the right hand side is 

[ 
1 VI + Gnu + ~G~U2l 00 

r - - + Gn log -'--------
u u 

Uo 

Uo 

hence by (2.13) 

(2.14) Vo = g;l( uo) = r (1 + Gnuo l:~ Uo + O( uo)) = ~ (uo - GnU~ log Uo + O( u~)) . 
As consequence we obtain the relations 

(2.15) 
gn(v) = rv + Gn r 2v2logv + O(v2), 

g~(O+) = lim g~(v) = r. 
v--++o 

The limit follows from (2.11), (2.13) and (2.14): 

lim Hn(u) = lim Hn(u) (lim _u_) 2 = ~r2 = r. 
v--+O V 2 u--+O U 2 u--+O g;;:l (u) r 

The following statement shows how close is the differential equation (2.9) to the corre
sponding linear differential equation (0.5). 



Elbert and Schneider 69 

Lemma 5. Let (2.9) be nonoscillatory and let Zl (s) and Z2( s) be two linearly independent 
solutions (i.e. Zl(S)/Z2(S) -# const) such that Zi(S) > ° on [So, 00) (i = 1,2) and let 

Suppose that restriction (R2) holds. Then there exists the limit 

where Wo is a finite number, and the relation 

100 ds 
zr(s) < 00 

is true. In addition if also the relation 

100 ds 
z~(s) < 00 

holds, then there exists the limit 

lim Zl(S) = C1 2 
.-00 Z2 (s ) , 

such that C1,2 -# 0, ±oo. 

In the proof of Lemma 5 the following simple lemma will be of great use. 

Lemma 6. Let t.p(s), 1jJ(s) be continuous functions on [so, 00) such that t.p(s) > 0, 1jJ(s) ~ 0, 
lim._oo t.p( s) = ° and 

0< /.00 t.p(u)1jJ(u)du:::,: t.p(s). 

Let the function 1lJ( u) be positive nonincreasing on (0, uo) such that 

to Jo llJ(u)du < 00. 

Then 

Proof of Lemma 6. Without loss of generality, we may assume that t.p( s) < Uo for s ~ So. 
Then by the mono tonicity property of 1lJ( u) we have 

s ~ so, 
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hence 

J.~ cp( 0")'11 (cp( 0")) 1/>( 0") dO" ::; J.~ if! (100 
cp( T )1/>( T) dT) cp( 0" )1/>( 0") dO" 

r 00 "'(0')1/1(0') dO' {",(so) ("o 
= Jo '0 w(u)du::; Jo if!(u)du::; Jo w(u)du < 00, 

which completes the proof of Lemma 6. 

Proof of Lemma 5. Taking into consideration the connection between (1.3) and (1.4), we 
have that the functions Ui(S) = gn((i(S)) (i = 1,2) are solutions of (2.8) or (2.10). By 
the uniqueness of the initial value problem for differential equation (2.8) it follows that we 
have either UI(S) == U2(S) or UI(S) -; U2(S) on [so, (0). We have the latter case now, more 
precisely UI(S) > U2(S). Relation (2.10) implies that 

Ui(S) > 0, lim Ui(S) = 0 for i E {1,2}, S E [So, (0). 
s--+oo 

Hence by (R2), (2.10) and (2.11), for any 0 < e < (!o < 1 there exists a value s = s(e) > So 
such that 

(2.16) for i E {1,2}, S E [8,(0), 

moreover by (2.14) 

( ) z: (s ) I 1 ( 2 (2 )) 2.17 Zi(S) = g;; (Ui(S)) = f Ui(S) - CnUi (s)log Ui(S) + 0 Ui(S) for S -+ 00. 

Consider the function 

Then by (2.8) and (2.17) 

W' = [u~ - u~] ZIZ2 + [UI - U2] [Z~Z2 + ZIZ~] 
= - [Hn(uI) - Hn(U2)] ZIZ2 + (UI - U2) [g;;l(uI) + g;;I(U2)] ZIZ2 

[ 1 2 2 ] = - Hn(uI) - Hn(U2) - f(UI - u2) ZIZ2 

+ ~ (-Cnui logul - CnU~ logu2 + O(ui) + O(um W 

or by (2.12) 

IW'I bee) 2 2 ICnl ( 21 I 21 I (2) /'"l( 2)) W < -6-(UI + UIU2 + U2) + r UI lOgUI + U2 logu2 + 0 UI + v U2 . 
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We show that the right hand side is an integrable function on [8", (0). Owing to (2.16) this 
is evident for the functions ui, u~ and consequently for UI uz, too. By (2.16) and Lemma 6, 
we have by choosing \lI(u) = Ilogul for 0 < u < 1, !pes) = u;(s), ¢(s) = ui(s)/2f that 

100 
u;(s)llogUj(s)lds < 00 i E {1,2}. 

Consequently, the function log W( s) is of bounded variation, and therefore the limit 

(2.18) lim W (s) = Wo > 0 
8~00 

exists. Let the function w(s) denote the Wronskian of the solutions of ZI(S) and Z2(S): 

Then making use of the definition of W(s) and (2.17), we have by the Lagrange mean 
value theorem 

W(s) = gn((I(S)) - gn((2(S)) = g' ((*), 
w(s) (I(S) - (2(S) n 

hence by (2.15) and (2.18) 

f = lim W(s) = Wo , 
8~00 w( s) lim8~00 w( s) 

i.e. the function w( s) has the limit Wo = Wo /f as s -t 00, which proves the first statement 
of Lemma 5. 

Now there are constants 0 < WI < Wo < Wz < 00 such that the relation 

(2.19) o < WI < w( s) < W2 for s ~ So 

holds. Making use of the lower bound for w( s), we find 

( Z2(S))' = _ w(s) < _~ < 0 
ZI (s ) z?( s ) zi (s ) 

and integrating this inequality over [s, s] for s > s we obtain 

18 d(j Z2(S) 18 d(j Z2(S) 
WI -- < --+Wl --<--

;; zi ( (j) zl (s ) ;; zi( (j) zl (s)' 
s > s, 

which proves that the integral on the left hand side is convergent when s -t 00, as it was 
stated. 

Finally, if we know that also the integral 

100 ds 

z~(s) 
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is convergent, then by Cauchy - Schwarz inequality we find 

Then by (2.19) 

I.e. the function log Z1(('» is also of bounded variation, which guaranties the existence of 
Z2 • 

the limit of the quotient Z1(('» , completing the proof of Lemma 5. 
Z2 • 

Now we are ready to prove our theorems, only we have to recall that the Riccati equation 
of the linear differential equation (p( s )x')' + q( s)x = ° has the form 

, 1 2 () u+p(s)u+qs=O, 

where u( s) = p( s )x' (s) / x( s), and the corresponding Riccati's integral equation is 

(2.20) /. 00 /.00 1 
u(s)=. q(u)du+ s p(u)u2 (u)du 

provided Joo q( s) ds exists. 

3. The proofs. 

Proof of Theorem 1. Since (0.5) is non-oscillatory, the same is true for the differential 
equation 

(3.1) (fz')' + fo( e')z = 0, 

too, and there is a solution z( s) which has no zero on [so, (0) provided So is sufficiently 
large and by (2.20) the function 

( ) _ fz'(s) 
u s - z(s) 

is a solution of the Riccati integral equation 

(3.2) /. 00 /.001 
u(s)= s fo(e")du+ s ru2 (u)du 

hence u( s) > O. By (2.6), (2.7), we have the inequality 

1 
Hn(u) = n<I>(eo + u) < ru2 for u > O. 
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Applying this inequality to u = u( s) in (3.2), we obtain 

consequently by Lemma 3 the half-linear differential equation (2.9) , or equivalently (0.3) 
is non-oscillatory. 

Proof of Theorem 2. Since (0.3) is non-oscillatory, there exists a function u( s) > 0 subject 
to (2.10). Applying again inequality (2.6) to Hn(u) = nq.(eo + u), we get 

1 2 
Hn(u) > rU for u > o. 

Hence we obtain in (2.10) 

u(s) > ro(e")du + - u2 (u)du, 100 1100 
s r s 

which is the Riccati integral inequality applied to (3.1), hence (3.1) - and equivalently 
(0.5) - is non-oscillatory. 

Proof of Theorem 3. As in the proof of Theorem 1, the function uo( s) = rc( s) is a solution 
of (3.2) for s ~ so. Hence uo(s) is a positive function tending to zero as s -+ 00. Then for 
any arbitrary small r > 0 there exists Sl = Sl (r) ~ So such that 

(3.3) o < uo(s) S; r provided s ~ S1. 

We are going to show that also (2.10) has a solution u(s) such that 

(3.4) lu(s) - uo(s)1 < Vp,(s) (s ~ S2), v = b(O) r3 
3(1 - 8) 

with the same function bee) as in (2.12) and S2 ~ S1 sufficiently large (will be specified 
later ). 

Let the set W of the admissible functions w( s) be defined by 

W = {w(s): w(s) E C[S1,(0), 0 S; w(s) S; uo(s) + Vp,(s)}. 

We claim that 

(3.5) 1.00 
Hn(w(IJ"»dlJ" < 00 for all w(s) E W. 

First we observe by (3.2) and (R2) that 
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and hence by (3.3) 

These relations can be rewritten for (( s) = uo( s )/r or applied to p,( s): 

(3.7) 1= . r i-2 
8 ('(a)da«f) ((s) i=2,3, ... , 

Making use of the series expansion of Hn(u) in (2.11) , we obtain by (3.6) 

and the numeric series on the right hand side is convergent provided r < eo, i.e. (3.5) 
holds for w(s) = uo(s). 

Concerning any other function w( s) E W, it is sufficient to prove the relation 

because H n (u) is a strictly increasing function for u > O. By (2.12) we have 

1 1 
Hn(uo + V p,) - Hn(uo) - r(2V p,uo + V 2p,2) < 6"b(e)V p, (3u~ + 3VuoP, + V2 p,2) 

provided uo(s) + Vp,(s) ~ e. By (3.3) and (3.7) we have 

and we can choose 

Hence 

and by virtue of (3.6), (3.7), all the integrals on the right hand side are convergent, hence 
(3.5) holds for all w(s) E W. 
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Let the function 0 = O( r) be defined by 

(3.8) '" V [ 1 1 V 2 1 V 2 3] 0= OCr) = 0 + -r + b(e(r)) -rr + --r + --r . 
2r2 2 2 r 6 r 3 

Now we fix a value of r > 0 for which the relations 

(3.9) e(r) < eo, 0< OCr) < 1, 
b(e(r)) b(O) 

" <2--
1 - O(c(r)) 1 - 0 

hold. Then let S2 = S2 (r) be specified by the inequality 

(3.10) 0 < uo(s) - VIL(S) < uo(s) + VIL(S) < c(r) for S ~ S2 ~ SI. 

75 

(Here the left inequality is ensured for sufficiently large S2 by (3.7) because uo( s) = rc( s) 
and J.L(s) = 0«((8».) 

We shall use an iteration technique. Given uo(s) = re(s), then by (3.2) 

(3.11) 100 1001 
uo(s) = s r8(e CT )da + s ru~(a)da. 

Let the sequence {Ui( s)} ~o be defined successively by 

By induction we are going to show that there exists a convergent sequence {v;}~o such 
that 

(3.13) IUi(S) - uo(s)1 < VilL(S) for s ~ S2, i = 1,2, . . . 

and 

(3.14) bee) 3 V b(O) 3 
Vo = 0 < VI = 6 r < V2 < ... < = 3(I-el . 

For uo(s) E W, we have 

Clearly, (2.12) permits the estimate 

(3.15) 
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in case v = O. Hence by (3.11) 

hence by (3.10) U1(S) E W. Now the formulas (3.13), (3.14) are valid for i = 1. Thus the 
next step in the induction proof is to find a value Vi+1 such that Vi < Vi+1 < V and (3.13) 
holds also for i + 1, too. 

Since by (3.13) 
0< Ui(S) < uo(s) + VifL(S) < c for S :.::: S2, 

we get Ui(S) E W, hence by (3.11) and (3.12) we have 

Ui+l(S) - uo(s) = 100 
Hn(Ui(O'))dO' -100 ~u~(O')dO' = 

= ~ 100 [U;(O') - u~(O')l dO' + 100 [Hn(Ui(O')) - ~u;(O')l dO', 

consequently by (3.11), (3.15) and (3.13) with b = b(c) 

Using (0.9) and the estimate of fL(S) from (3.7), we get the following upper bounds 

for S :.::: Sl, consequently 

IUi+1(S) - uo(s)1 < fL(S)Vi [0 + f2~ + tr2f< + try ~~ + ~V2 ~:] + ~r3fL(S) 

= (eVi + ~r3) fL(S) 
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with {j as in (3.8). Now the recurrence relation for {v;} is established: 

(3.16) Vo = 0, 
A 1 3 

Vi+l = 8Vi + "6br for i = 0,1, ... , 

in accordance with (3.14). Clearly, the sequence {v;} in (3.16) is increasing and convergent 
to the limit value tbr3/(1 - iJ). By (3.9) we get for this limit 

hence (3.14) is justified. This completes the proof of the induction step and we obtain 
{Ui(S)}~o C w. 

Returning to the functions uo( s) and Ul (s), the inequality (2.6), applied to Hn( u), yields 
in (3.12) for i = 0: 

Ul(S) uo(s) if n l. 

On the other hand, the function Hn(u) is strictly increasing for U > 0, hence we obtain 
by (3.12) 

Ui+l(S) Ui(S) if n 1 for all i 

and the sequence {Ui(S)}~o is convergent. Denote the limit function by u(s): 

lim Ui(S) = u(s). 
'-+00 

Then by (3.12), u(s) is a solution of (2.10), and (3.13) implies (3.4). Hence we can write 

therefore 

U(s) = r((s) + O(tt(s)), 

e(s) = eo + u(s) = (_n_) n + r((s) + O(tt(s)) > 0 
n+1 

is a solution of (2.3). By definition of e( s) , this is equivalent to 

( Y'(S)) n 

yes) = e(s), 

and we get 

(3.17) 

Let us observe that by (0.9) and (3.7), the two 0 terms are integrable. Using the fact 
that ((s) = z'(s)/z(s), we obtain by integration in (3.17) 

n 2 1.00 

log ly(s)l- -s - -log Iz(s)1 = Co + O(((s)) + O( tt(l» dl», 
n+1 n+1 • 
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or 
y(s)=e n+1S z n tl(S)[C+o(1)], C#O. 

By (2.1) we have x(t) = y(logt) hence the first statement of Theorem 3 holds. The second 
statement of Theorem 3 follows immediately from (3.17) because tx'(t)/x(t) = y'(s)/y(s). 

In case when the function (( s) is monotonic (i.e. nonincreasing), then in (3.7) we have 
the finer estimate p,( s) < (2( s), which implies that the function p,( s) is integrable and 
there holds the estimate 100 fJ-(0") dO" < ((s), 

and in (3.17) we have the more precise result 

and consequently 

This proves the sharper estimates formulated in Remark 2. Now the proof of Theorem 3 
is completed. 

Proof of Theorem 4. Applying Theorem 3 to the solution z(s) of (0.5), we find by the 
iteration procedure carried out in the proof of Theorem 3, particularly by (3.4) that (2.8) 
has a solution u( s) such that 

(3.18) u(s) = f((s) + O(j1(s)). 

We know that (2.8) is the Riccati equation of the half-linear differential equation (2.9). 
Let i( s) be a solution of (2.9) for which 

_ i' (s) 
u(s) = gn( i(s) ), or i'(s) -1(-( )) 

i(s) = gn us. 

(The solution i(s) is unique up to a constant multiple.) Since by (2.10) u(s) > 0, lims-->oo u(s) 
= 0, we find by (2.14) and (3.18) 

(3.19) ~(~j = g;l(f((s) + O(jl(s ))) = ~gj -Cnf(2(s) log ((s) + O( (2(s)) + O(jl(s )). 

Clearly, (( s) is a solution of the Riccati integral equation 

hence by (R2) 



Elbert and Schneider 79 

Applying Lemma 6 to cp(S) = 1/;(S) = ((s) with it(u) = [logu[, we obtain 

/00 (2(0") [log ((0")[ dO" < 00. 

Also the terms O( (2( s)) and O(jl( s)) in (3.19) are summable hence (3.19) implies that the 
function log (z( s) / z( s)) is of bounded variation, consequently lims-.oo z( s) / z( s) exists and 
is positive. Since in the linear case we have by (0.11) foo ds/z2(s) = 00, the same is true 
for the solution z( s) of (2.9): 

100 
z:/s) = 00. 

By Lemma 5 this integral can be divergent only if the function Z' (s) / z( s) is minimal, 
i.e. z( s) is a constant multiple of the principal solution Zh( s) of the half-linear differential 
equation (2.9), i.e. Z(S)/Zh(S) =const. Since by (2.1), (2.8), (2.14) 

the minimal property of z~(S)/Zh(S) is valid also to x'(t)/x(t), hence the principal solution 
Zh(S) belongs to the principal solution x(t) of (0.3). 

Consider a non-principal solution x(t) > 0 of (0.3) which is connected with a non
principal solution z(s) of (2.9). By Lemma 5 there hold the relations 

Z'(S) z~(s) /00 ds 100 ds ., _ _, _ 
(3.21) -( ) >~( )' ~( ) <00, -2( ) =00, hm [z (S)Zh(S)-Z(S)Zh(S)]=W>O. Z S Zh S Z S zh S 8-'00 
Particularly we have z' (s )Zh (s) - z( S )z;' (s) > WI > 0 for S ~ So hence 

or 

(3.22) 

( z(s) )' WI . Z(S) z(so) _ 100 ds 
-(-) > -y--() and hm ~( ) ~ =--( ) + WI -2( ) = 00, Zh S Zh S 8-'00 Zh S zh So So Zh S 

lim Zh(S) = O. 
8-'00 Z( s) 

By (2.14) and (3.20) we have for x(t) = y(s), x(t) = y(s) (s = logt): 

y' (s) = _n_ [1 + .!. (n + 1) n r z' (s) + O( (Z' (s ) ) 2 log z' (s ) )] 
y( S ) n + 1 n n z( S ) z( S ) z( S ) 

= ~1 + ~1 z'((s)) + O((2(S) log ((s)) 
n+ n+ zs 

hence by Lemma 6 

(3.23) 
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and similarly for y( s): 

y'(s) n 2 z~(s) ,,",((-2()1 (-()) -- = -- + ---- + v s og s 
y(s) n+l n+1zh(s) , 
. y( s) _ 

hm 2 = Yo =1= o. 
3--t-OO n -en+!szh'+!(s) 

Thus we have by (3.22) 

- - n'h' *' -n~! - - --:h lim x(t) = lim y(s) = lim en ! zhn (s) Zh 2 (S) = Yo lim (Zh(S)) n = 0, 

y(s) 

t .... oo x(t) s .... oo y(s) s .... oo y(s) zn+! (s) Yo s .... oo z(s) 
e n'h' z *' (s) 

which proves the limit relation in (0.15). 
On the other hand, the substitution t = e' and (3.21), (3.23) yield for a non-principal 

solution x(t): 

J oo dt Joo tn-ldt Joo __ e_n_sd_s---,,........,.. 
x2(t) Ix'(t)ln-l - xn+l(t) It~ln-l - n+l(s) I y'(s) In 1 

ZIti Y y(s) 

and similar calculation shows for a principal solution x(t) that 

Joo dt 
x 2(t) Ix'(t)ln-l = 00. 

Finally, if Xl (t) and X2 (t) are two non-principal solutions, then let Zl (s) and Z2 (s) be the 
corresponding solutions of (2.9). By Lemma 5 the function Zl(S)/Z2(S) is convergent when 
s -+ 00, consequently by (3.23) the same is true for the quotient Xl(t)/X2(t) = Yl(S)/Y2(S), 
too, which completes the proof of Theorem 4. 

Proof of Corollary 1. Consider first the linear differential equation (0.5) for k ~ 1: 

1 k-l 1 
ZII(S) + 42"[1 + ~ 2 2 2 ]z(s) = 0, 

S i=l logl S log2s ... logi s 

which has two solutions: a principal solution 

z( s) = (slog 1 s . .. IOgk_l S )1/2 
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and another - non-principal - solution 

z( s) = (slogl s . .. logk_1 S )1/2 logk s. 

Hence 

((s) = ~ (~+ _1_ + ... + 1 ) s > tk, 
2 s slogls sloglS ... logk_1s 

_ JOO -3 1 JOO (1 1 ) 3 /1-( s) = ( ((T) d(T = - - + I + . . .. d(T 
• 8. (T (T og1 (T 

_ ~ (jOO d(T + 3 JOO d(T + ) = ~ ~ + 0 _1_ 
- 8 • (T3 • (T3 log (T . . . 16 s2 ( s2 log)' 

J OO _ JOO (1 1 1) ( 1 1) • jl( (T)(( (T) d(T =. 16 (T2 + O( (T2 log (T) 2(T + O( (T log (T d(T 

1 1 1 
= 64 s2 + O( s2 log s)' 

i.e. the conditions of Theorem 3 and Remark 2 are satisfied for any ~ < (} < 1. Hence 
Theorem 4 can be applied to (0.17) and the two asymptotics in (0.14) imply Corollary 1. 

Proof of Theorem 5. 
a) Suppose (0.7) is satisfied. Then there exists a constant e> 1 and So such that 

(3.24) s 1.00 
8(eU )d(T ~ ~2 for s ~ so. 

By Theorem B, the linear differential equation (0.5) is oscillatory. Due to Theorem 2, it 
would be sufficient to provide a proof only for n > 1, but we give a general proof, which 
goes indirect way. 

Suppose in contrary that the half-linear differential equation (0.3) is non-oscillatory. 
Then the Riccati integral equation (2.10) has a solution u(s) > 0 for sufficiently large s's, 
say s ~ Sl ~ So, and by (3.24) it follows 

where lim.-+oo u( s) = 0, and H n( u) = ~2 + O( u3). Clearly, there exists a value 8 > 0 such 
that Hn( u) > u2/ (re) for lui::; 8. Consequently, there exists a value S2 ~ S1 such that 
lu(s)1 ::; 8 for s ~ S2, i.e. u(s) satisfies the integral inequality 

re2 /.00 u2 ((T) 
u(s) > -+ --

- 4s . • re 
or equivalently 
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Hence the function u( s) /e is a solution of the Riccati integral inequality associated to the 
linear differential equation 

(3.25) ( ')' re rz + -2z = O. 
4s 

Then the linear version of Lemma 3 yields that (3.25) must be non-oscillatory. But for 
any e > 1, (3.25) is oscillatory, and this contradiction proves the first part of Theorem 5. 
b) Suppose (0.8) is satisfied. Then for all 19 < 1, sufficiently near to 1, there exists So = soC 19) 
such that for s ~ So 

(3.26) 100 19 
s s 8( eIT

) da ~ 4· 

On the other hand, by Corollary 1 the differential equation 

is nonoscillatory, i.e. the Riccati integral equation (2.10) 

r 100 v(s) = - + Hn(v(a))da 
4s s 

has a solution. By inequality (3.26) we have 

r 100 /.00 v(s) ~ (j s 8(eIT )da+ s Hn(v(a))da. 

Since Hn(19v) < 19H(v) for 0 < 19 < 1, we get the integral inequality 

which is a Riccati integral inequality of (2.9), hence (2.9) and also (0.3) is non-oscillatory thus 
the proof of Theorem 5 is completed. 
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