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I Results in Mathematics

PERTURBATIONS OF THE HALF-LINEAR
EULER DIFFERENTIAL EQUATION

A. ELBERT and A. SCHNEIDER

Oscillation/nonoscillation properties of the perturbed half-linear Euler differen-
tial equation in the critical case are investigated. Strong connections are found between these
half-linear differential equations and some linear differential equations, whose coefficient is
the perturbation itself. In addition if the solutions of the corresponding linear differential
equation satisfy two integral inequalities, then the asymptotic form of the solutions of the
half-linear differential equation is established. Examples are given for the latter case.

0. Preliminaries and new results.
In [E] — among others — the asymptotic behaviour of the half-linear second order differ-

ential equation

ny
(01) (Z,n*)l + mz"* = O, t > 0
is investigated where « is a constant, n is a fixed real number, n > 0, and u™* = |u|"sgn u.
Clearly, (0.1) is a natural generalization of the second order Euler differential equation,
known in the theory of the linear second order differential equations, to the half-linear
differential equations. It turned out that the differential equation

Inx\! nﬂyo nkx __

with the value

nn

Yo = ——(n n 1)n+l

plays a decisive role because for v < ¢ the solutions of (0.1) are non-oscillatory while for
7 > 7o all solutions are oscillatory which is in complete harmony with the situation known
in the linear case.
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Here we are interested in the asymptotic behaviour of the perturbed half-linear differ-
ential equation

(0.3) (2'™) + t% [ +2(n + 1)6(t)]z™ =0

where the function 6(t) is piecewise continuous on (t9,00) for some to > 0. It can be
assumed that §(¢) # 0 on some interval [t;, 00) for ¢; > to because the properties of (0.2)
are already known. Clearly, equation (0.3) is a perturbed version of (0.2).

In case n = 1 the differential equation (0.3) is the linear second order differential equa-
tion

1

(0.4) z" + y¥e) (1+46(t)z=0

and making use of the substitutions

we obtain the differential equation
(0.5) 2" +6(e®)z = 0.
Consequently, any property (e.g. the oscillation) of the solutions of (0.4) can be translated

into a corresponding property of the solutions of (0.5). Here we recall a result of A. Wintner
[W49] and another result of E. Hille [H48].

Theorem A. The differential equation (0.5) (and consequently (0.4), too) is oscillatory
if

(0.6) / " ey ds = / ” 5(t)% - .

Theorem B. Let §(t) > 0 and

/00 §(e*)ds = /00 6(15)% < oo.

Then (0.5) (consequently (0.4) as well) is oscillatory if

(0.7) liminfs/ 8(e?)do > i,

8§—r00

or nonoscillatory if

(0.8) limsups/ 6(e?)do < i

§—00
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Returning to the half-linear differential equations, (n # 1), we know ([E]) that a solution
of (0.2) is either equal to ct™("*1) with some constant ¢ # 0 or it has the asymptotic
O™ (1) (log ¢)2/("+1)) for ¢t — oo.

Concerning the oscillation of the solutions of the half-linear system

7} = a(t)es + b(t)e} "
Ty = —c(t)z* + d(t)zs

there is a relevant result, namely Theorem 7 in [E82], which can be applied to (0.3). First
we rewrite (0.3) into a half-linear system. Let z; = z(t), zo = z'™*(t), then

1*
$1—z2 )

(n +2(n +1)8(t))z;

ac2 tn+1
therefore we have b(t) = 1, ¢(t) = 74 (n + 2(n + 1)§(t)), a(t) = d(t) = 0, and A*(t) =
exp( fio (na(s) — d(s))ds) = 1. To apply Theorem 7 we need two auxiliary functions, i.e. a

pair (A(t), #(t)). In our case we can choose them as A(t) = t", u(t) = 1 which fulfil all the
requirements posed in [E82]. We have to calculate still the integrand in formula (36)t of

Theorem 7:

X(1) - M Ax ™ 5()

1
=2(n+ 1)707,

A(t)e(t) — (n+ 1o (B()A®)"

hence Theorem 7 mentioned above asserts the following statement.
Theorem C. If the relation [* §(t)4 = oo holds, then (0.3) is oscillatory.

Now we can realize the coincidence of this integral condition with (0.6) in Theorem A.
Exactly this coincidence stimulated our investigations to clear up a deeper connection
of oscillatory behaviour between the half-linear differential equation (0.3) and the linear
differential equation (0.5). We shall work here under two restrictions with different severity
on §(t):

T
(R1) the limit hm 5(t)— exists (as a finite number);
(R2) as in (R1) and / 5(s)§ >0for ¢t >t >t.

¢ s

Our main results are the following.

1 A factor A(t) is missing in this formula in [E82] and once again in the proof on the same page, but
from the foregoing treatment it is easy to detect them. Here the correct formula is displayed.
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Theorem 1. Let n > 1 and suppose that (R2) holds and the linear differential equa-
tion (0.5) is non-oscillatory. Then the half-linear differential equation (0.3) is also non-
oscillatory.

Theorem 2. Let 0 < n < 1 and suppose that (R2) holds and the half-linear differential
equation (0.3) is non-oscillatory. Then the linear differential equation (0.5) is also non—
oscillatory.

We are not able to provide a general “if and only if” type connection for oscillation or
non-oscillation between the differential equations (0.3) and (0.5) if n # 1. This might be
impossible and it is an open problem still. But if we make some restriction on the function
6(t) or on the corresponding linear differential equation (0.5), then we can establish closer
connections. An example is the following.

Theorem 3. Suppose that (R2) holds and (0.5) is non-oscillatory. Assume that there
exists a constant § € (0,1) such that for a solution z(s) of (0.5) the functions ((s) =

2'(s)/2(s) and u(s), defined by
- [ ¢,

satisfy the relations

e 9
(0.9) / u(o)do < oo, / C(o)u(o)d 5 u(s) eventually.
8
Then (0.3) is non-oscillatory and it has a solution z(t) with the asymptotics

z(t) = ﬁl—fz"%(logt) [C+0(1))], (C = const.#0),
(0.10) z'(t) n
t =
z(t) n+1

t i 1C(logt) +0({(logt)) ast— oo.

Remark 1. By a Hartman theorem ([Hart52]), the function ((s) in Theorem 3 is an L2-
function in some neighbourhood of infinity while the condition (R2) ensures that ((s) > 0
and lim,—,o; ((s) = 0, hence the integral in the definition of x(s) and the second integral
n (0.9) exist.

Remark 2. The summability of u(s) in (0.9) can not be guaranteed in general. In the
particular case when ((s) is monotonic (which happens e.g. if §(t) > 0), then one can
show that u(s) = O((%(s)), consequently the function u(s) is summable and we have the
stronger result in (0.10):

z(t) = t7 275 (logt) [C + O(((logt))], (C = const. # 0),

t ZI((:)) T n i 1tx -21- 7¢(logt) + O((*(logt)) as t — co.
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In case the linear second order differential equation (0.5) is non-oscillatory, there exists
a principal (or small) solution z(s) (see [HW] or [Hart], p. 355), unique up to a constant
multiple, such that

(0.11) /w;% = o0,

while any other solution z(s), linearly independent of Z(s), has the property

(0.12) /w Z%) <oo, lim —(—‘% =0.

s—oo 2(s

Y

In [EK] the notion of the principal solutions has been extended to all half-linear differ-
ential equations — more general than (0.3) — essentially by an extremal property that
if Z(t) and z(t) denote the principal and any other, linearly independent solutions of the
half-linear differential equation (0.3), then

2(t) _ &)
FOREED)

Our main result is formulated in the next theorem.

(0.13) for sufficiently large ¢.

Theorem 4. Assume (R2) holds and (0.5) is nonoscillatory. Suppose there exists a con-
stant 6 € (0,1) such that for the principal solution %(s) of (0.5) the functions {(s) and
i(s), defined by

() =2/, A= [ " B0y do,

satisfy the relations
/ (o) do < oo, / {(a)i(o)do < gﬁ(s) eventually.

Then (0.3) is non-oscillatory and the principal solution Z(t) of (0.3) has the asymptotics

(0.14) 2(t) = t#lﬁ%(logt) [C+0(1)], (C = const.#0),
0.14 » i e _
t i((tt)) = T r7ollost) +o(((log)) ast— co.

Let z(t) be any non-principal solution of (0.3), then

o dt . .’f(t) _
(015) / W < 00, tl_l»l’{.le 'M =0,

while for the principal solution Z(t)

e dt
(0.16) / T =
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Moreover, if z1(t) and z2(t) are two non-principal solutions of (0.3), then there exists the
limit

t
lim -Tl( ) = C1,27 Cl,2 ¢ {01_OO7+OO}'

t—o00 $2(t)

In connection with the integrals in (0.15) and (0.16) we would like to mention some
pioneering results of J. D. Mirzov [M]. In this paper he defined (probably first) the notion
of the principal solution for half-linear differential equations and he tried to generalize the
Hartman’s integral criterion in (0.11)-(0.12) which separates the principal/nonprincipal
solutions. Actually he proved the relations

/°° dt /°° dt
) O

for the principal solution Z(¢) and a non-principal solution z(¢), resp., where

1—glt% 1 1—zl*s
= mi - 4 (1-2z) * = _— 1-
M orgnzngll { 1—2 tA-a)7 o, m 0213%{1 1—=z +(1-2)

3

Clearly, for the linear differential equations we have n = 1, and we get m, = m* = 2, and

thus the integrals (0.11)-(0.12).
We can apply Theorem 4 to the following differential equations

k

+1 1
0.17 ) U Ly 0 (> ),
(017) ™) tntl 2 Z:logftlog,f,t---log?t * ( )

=1
where k = 1,2,..., log, t =logt, log;,, t = log(log;t), to = 0, ti+1 = exp(t;), i = 0,1,....

Corollary 1. Each nontrivial solution of (0.17) has the asymptotic form

either 7+ (log,t logyt ---lo t#lC’%—OL or
1 2 &k logt

(79 (g, loggt -+ loget) 1 (10g44,t) FT(C + O as = o0

with some C € \ {0}.

A generalization of Theorem B to half-linear differential equations is the following.

Theorem 5. Let (R2) be valid. Then (0.3) is oscillatory if (0.7) is satisfied, or it is
non-oscillatory if (0.8) is satisfied.

An immediate application of this theorem is the following.
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Corollary 2. The solutions of the differential equation

(0.18) (/™) + % (n + A > ™ =0 (t>1)

log® ¢
are oscillatory if and only if either u > 0 fora <2 or g > (n +1)/2 for o = 2.

The proofs of the above theorems and corollaries are based on the Riccati differential
equation technique, generalized to half-linear differential equations. We define this half-
linear version of the Riccati equation in Section 1. In Section 2 we introduce a new
half-linear differential equation whose solutions are amazingly close to the linear ones.
Applying already known results we obtain new criterions for oscillation/nonoscillation of
(0.3). Finally, Section 3 is fully devoted to the proofs of theorems and corollaries announced
above.

1. Generalized Riccati equations.
The main tool in proving the asymptotic behaviour of the solutions of (0.3) consists in
using a Riccati technique developed in [E84].

For the sake of consistency of the notations in the introduction and in the later applica-
tions, we use in this section the independent variable s and the functions 2(s), ¢(s), ... .
We consider the general half-linear differential equation of the form

(1.1) 2" +q(8)f(z,2')=0 forselC

where the function ¢(s) is piecewise continuous, the function f(z,u) is defined on =
X g, 0 = \ {0}, with the basic properties
i f(z,u) is continuous on £;
i f(0,u) =0for u#0, zf(z,u) > 0if zu #0;
iii f(z,u) is a homogeneous function of degree one such that f(Az, Au) = Af(z,u) for
A€o, (z,u) €
iv f(z,u) is sufficiently smooth in order to ensure the continuous dependence and
the uniqueness of the solutions subject to any initial condition posed at any point
sg € I;
v let F(T) be defined by F(T) = Tf(T,1), then [

aT
—c0 1+F(T) < 0.

Then there exist two continuous functions H(u) and g(u) on such that
a) H(0)=0, H(u) >0 at u #0,
" < 00 T <oo  (u3 <0< up)
— — u .
o HE) " L, HO) 1 .
b) ¢(0) =0, limy— 100 g(u) = o0, g(u) is differentiable on ¢, more precisely

fLwg'(w)=1 (u €0).
The connection between H and g is given by

9 gy -1 *®  dv 1
1.2 ——=— (0<0) and ——=—= (o >0).
(12)  Hm T <0 = >0
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The inverse function of g(u) is denoted by g~1(u).

Clearly, in the linear case we have f(z,u) = z, g(u) = u, H(u) = u
case (0.3) f(z,u) = 2z™*[ul'~", g(u) = Lu™, H(u) = Inu| %

Now we introduce the generalized Riccati differential equation associated with (1.1) by
(1.4) u'+H(u)+q¢(s)=0 onl.

Let z(s) be a solution of (1.1) with z(s) # 0 on some interval J C I and define the function
u(s) in J by

2 or in the half-linear

_ Z(s)
(19 )= o5
Then u(s) is a solution of (1.3) in J.
As it is customary, an interval J C I is called an interval of disconjugacy if there exists
a solution z(s) of (1.1) such that z(s) # 0 on J. In this case (1.1} is disconjugate on J.

There is a close connection between the disconjugacy of (1.1) and the existence of a
solution of (1.4). If u(s) is a solution of (1.4) on J, then by (1.3)

#(s) = exp ( / ’ g-l(u(a))da> s €d

30
is a solution of (1.1) with the property z(s) > 0 on J.
More important is however the observation of A. Wintner [W51] which was generalized
(see Thm 2.2 in [E84]) to differential equations of the form (1.1) in the following way.

Lemma 1. Suppose that u(s) is a continuous, piecewise continuously differentiable func-
tion on J such that the inequality

(1.5) u'(s)+ H(u(s)) +q(s) <0 forseJ
holds. Then (1.1) is disconjugate on J.

Now we come to a relation between the solutions of the Riccati differential equation
(1.4) and an integral equation — called Riccati integral equation — which was not stated
explicitly in [E84] but can be derived from the results of [E84] as shown in [E87]. This
relation reads as follows.

Lemma 2. Let H(u) be convex and assume that the limit
8

(R1) lim [ g¢(o)do exists (as a finite number).

Then u(s) is a solution of (1.4) on an unbounded interval J = (sq,o0) if and only if u(s)
is a solution of the Riccati integral equation

(1.6) u(s) = / ~ go)do + / " H(u(o))do inJ.

Remark 3. The transition from the Riccati differential equation (1.4) to the Riccati integral
equation (1.6) is an immediate consequence of the following Theorem D, generalizing a
Hartman theorem [Hart52] and is given by the formulas (2.1)-(2.2) in [E84], p. 234:



64 Elbert and Schneider

Theorem D. Let H(u) be convex and (1.1) non-oscillatory. Further let

S prs
o)do ds
lgnmfw > —00

—00 S

Then there exist the limits

fj f:o q(0)do ds
T S

(1.7 Sli =C as a finite number and
s ; fsso H(?__w;(_'_’ﬁf)ds .
(18) Staso S e

Obviously, the constant C is a function of sq.

Now it is clear by Theorem D that the differential equation (1.1) is oscillatory if

S
Slim g(o)do = 0

which generalizes a result of A. Wintner [W49) to the half-linear differential equation (1.1)
(see Corollary 2.1 in [E84]).
If assumption (R1’) holds then the integral [ ¢(s)ds converges and (1.7) yields

C =/ g(s)ds.
%0
Integrating (1.4) over [so, s], we get equation (2.3) of [E84], p. 234
C- / g(o)do = u(s) — / H(u(o))do,
So s

from which the integral equation (1.6) follows.
Making use of this representation of the constant C, also (1.8) can be rewritten in the
simpler form

S 1 poo
(1.9) o Jeo B (5 [, a(0)do)ds

Jim 5 =0.

The essence of Lemma 1 on the Riccati differential inequality can be reformulated for
the Riccati integral inequality as follows.

Lemma 3. Suppose that H(u) is convex, the function ¢(s) satisfies (R1’) and fsmq(a) do>0
for s> ' > 3¢ and let v(s) be an absolutely continuous function satisfying the inequality

v(s) > / " (o) do + / " H(o(o))do fors> s > so.
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Then the differential equation (1.1) is non-oscillatory.
Proof of Lemma §. Let u(s) be defined by the equality

u(s) = / g(o)do +/ H(v(o))do for s > s' > s,
then v(s) > u(s) > 0 and H(v(s)) > H(u(s)). Hence
u'(s) +q(s) + H(u(s)) <0 fors>s' > s
and the assertion follows from Lemma 1.

Finally we remark that under the restrictions of Lemma 3 we also have either ¢(s) =0
eventually or

™
0< / g(a)do < v(s)

hence |

(1.10) / °° H( / ~ d(o) do)ds < / °° H(u(s)) ds < oo

which is a much stronger restriction on the coefficient g(s) than (1.9). We state an even

more stringent restriction.

Lemma 4. Suppose that H(u) is convex, the function g(s) satisfies (R1’) and [ q(0)do >0
for s>s'> s and (1.1) is non-oscillatory. Then the differential equation

(L.11) v+ 8 " 4(0)do) f(u,y') = 0

is also non-oscillatory.

Proof of Lemma 4. The statement is clearly true if ¢(s) = 0. Suppose that this is not the
case. Then by Lemma 2 there exists a function u(s) on the unbounded interval J such
that u(s) is a solution of the Riccati integral equation (1.6). It is a simple fact that the
function £(s) defined by

£(s) = /°° H(u(o))do >0

is a solution of the Riccati differential inequality of the differential equation (1.11)

¢+ HEO+H([ ofo)dn) <0

because by (1.6)
HO+H([ ao)do) < Hle+ [ " (o) do) = H(u(s))

and H(0) = 0, H(u) is a convex function, ¢ > 0, and ;* ¢(c)do > 0. Hence the conditions
of Lemma 1 are satisfied thus differential equation (1.11) is non-oscillatory. This completes
the proof of Lemma 4.

It is clear that the mere convergence of the integral of the function H( f:o ¢(o)do) in
(1.10) is less stringent than the fact that differential equation (1.11) is non-oscillatory.
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2. A new half-linear differential equation.
In Section 0 we transformed the linear equation (0.4) into the simpler linear equation
(0.5) whose coefficient §(e®) is given by the perturbation 6(¢) of (0.4). The transformation
applied for this purpose does not change the oscillation properties of the solutions of these
equations. In this section we establish a similar transformation which transforms the half-
linear equation (0.3) into a new half-linear differential equation (2.9) whose coefficient is
a multiple of §(e®). For the solutions of this new differential equation the notion of the
Wronskian can be successfully extended and applied, which confirms a closer connection
between the new half-linear differential equation and the linear equations.

Consider the half-linear differential equation (0.3). Let the independent variable s and
the function y(s) be introduced in the differential equation (0.3) by

(2.1) s = logt, y(s)==z(t).

Then d
y'(s) = y(s) = ta'(t), y'™(s) = 1"2"™ (1)

and (0.3) is transformed into

(22) W) —ny™ () + (mvo + T8y () =0, T=2 ()"
Let y(s) be a solution of (2.2) such that y(s) # 0 on J and let the function p(s) be defined
by
_ yln*(s)
o(s) = 7(s) for s € J,

then o(s) satisfies the following differential equation

(2.3) ¢ +n®(e) + Té(e") = 0,
where

n4l
(24) (o) = lol™ —o+0-

Observe that ®'(p) = "—ntlg%* ~ 1, ie. ®(p) takes on its absolute minimum at g =
(n/(n+1))" and ®(go) = 0 due to the special choice of 9. Moreover we find

n+1 1—-n n+1 n 2
(o) = —5—lo| = 20, @"(go)=(n—n+'12‘=ﬁ*
(2.5) L
@"’(g) = —0p +=2)*

Hence we conclude

0 fo<n<l,

0 s provided o go and ¢ > 0.

26) %)~ e {
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Let H,(u) be defined by

27) Ho(w) = nd(oo + ),

then the function u(s) = p(s) — go is a solution of the differential equation

(2.8) u' 4+ Hy(u) +T68(e®) = 0.

By (2.5) the function Hy,(u) is convex for u € , Hp(u) > 0 if u # 0 and satifies the
relations

“1 du *®  du
—— < 00, ——— < oo for any u; < 0 < us.
—00 Hn(u)

Hn(u)
In Section 1 we have seen that these properties of H,(u) define uniquely a function g.(u)
by (1.2), then a function f,(z,u) in such a way that the differential equation (2.8) is the
Riccati differential equation of the general half-linear differential equation

U2

(2.9) 2+ Té8(e’)fu(z,2') = 0.

This is the new half-linear differential equation announced in the beginning of this
section.

Now it is clear that Theorem C is a consequence of Theorem D.

Owing to Lemma 2, every solution u(s) of (2.8) for s > s is also a solution of the
Riccati integral equation

(2.10) u(s) = / " ré(e7) do + / " Hy(u(e)) do.

if (R1) holds. An immediate consequence of (2.10) is the relation lims—o u(s) = 0. On
the other hand, if the stronger restriction (R2) holds, then u(s) > 0.

For we work often under the condition that the function u(s) in (2.8) or (2.10) tends to
zero, we need the values of H,(u) when u is small. By (2.4), (2.5) and (2.7) we have

O /ntlN i u
Hn(u)=n2702( " )u —lu2+l/ (u—v)2HY' (v)dv =
i=2

(2.11) iJe T T2
= %u2+(1 -n)[B®+...], (Ju| < o),
where
B= (2:2—”12?"-, H!"(0) =6(1 —n)B.

Also the following inequality will be useful
1 1
(2.12) |Hp(u)—Hp(v)— —f(u2—v2)| < gb(e)|u—v|(u2+uv+v2) for 0 <u,v<e, us#v

where b = b(¢) = max{|H,'(s)| : 0 < s <e}. Clearly, b(0) = |H.'(0)| = 6|n — 1|B.
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Now we need some knowledge on the behaviour of g,(v) in the neighbourhood of v = 0
for v > 0. By (1.2) we have for vy > 0, ug = gn(ve) >0
* du 1

(213) H (U) = ;g or Hn(uo) = ’U%g;”(’vo)‘

Now we calculate the integral on the left hand side for ug > 0 when ug is small. By (2.11)

Hn(u) = % [u2+Cnu3+"‘]

where Cp, = 31=2(2t1)"  and consider the difference

1 r
H,(u) T w2+ Chud + 1C2ut’

h(u) =
Clearly, the function h(u) is continuous in [0, 00) and
e}
—00 < / h(u)du < oo,
0

hence

*® du had T
- du+ O(1).
wo Hn(w) /u u? + Cpud + 1C2u4 u+O(1)

The integral on the right hand side is

0

u

1+ Cou+ 2022] I'(1+4 Cruol o)
r[_lw,,logV 2 J _ D0+ Cusilogii + Ofwo)
u Ug
ug

hence by (2.13)

-1 Uo 1 2 2
. = = = = (up — Cpull O(ud)).
(2.14) w0 = g7 (uo) T(1+ Cnuologuo + O(ug)) T (o g log uo + O(uo))

As consequence we obtain the relations
gn(v) = Tv + C,T%0? logv + O(v?),
(2.15) Fiedy v gy
9n(07) = lim gn(v)=T.

The limit follows from (2.11), (2.13) and (2.14):

lim H"§“> ~ Jim 22(W) (lim U ))2 =

v—0 v u—0 u2 u—0 grjl(

r?2=r.

The following statement shows how close is the differential equation (2.9) to the corre-
sponding linear differential equation (0.5).
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Lemma 5. Let (2.9) be nonoscillatory and let z1(s) and 23(s) be two linearly independent
solutions (i.e. z1(s)/z2(s) # const) such that zi(s) > 0 on [sg,00) (1 = 1,2) and let

Cu(s) = 21()/z1(s) > (a(s) = 23(s)/ 22 ().
Suppose that restriction (R2) holds. Then there exists the limit
lim [21(s)22(s) — 21(s)2(s)] = w0 > 0
where wy is & finite number, and the relation
® ds
| ag<e

is true. In addition if also the relation

/°° ds <
20 %

holds, then there exists the limit

lim 21(3) = Cl,z

S$— 00 22(3)

such that C1 3 # 0, £oo.
In the proof of Lemma 5 the following simple lemma will be of great use.

Lemma 6. Let ¢(s), ¢(s) be continuous functions on [sg, 00) such that ¢(s) > 0, 1(s) > 0,
im0 (s) =0 and

0< [ plop(o)de < p(s)
Let the function ¥(u) be positive nonincreasing on (0,ug) such that

/ U(u)du < 0.
0

Then -
/ (o) ¥ (p(o))Y(o)do < 0.

Proof of Lemma 6. Without loss of generality, we may assume that (s) < ug for s > sq.
Then by the monotonicity property of ¥(u) we have

W) <8 [ eop)de), sz,
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hence

[ ereenserdn < [T o [T otmpnanstoro)is

2 pl) (o) do o(20) o
= / U(u)du < / U(u)du < / U(u)du < oo,
0 0 0

which completes the proof of Lemma 6.

Proof of Lemma 5. Taking into consideration the connection between (1.3) and (1.4), we
have that the functions ui(s) = ga(Ci(s)) (z = 1,2) are solutions of (2.8) or (2.10). By
the uniqueness of the initial value problem for differential equation (2.8) it follows that we
have either u;(s) = ua(s) or u1(s) # uz(s) on [sp,00). We have the latter case now, more
precisely u1(s) > u(s). Relation (2.10) implies that

ui(s) >0, a{r&ui(s) =0 fori€ {1,2}, s € [sg, ).

Hence by (R2), (2.10) and (2.11), for any 0 < € < go < 1 there exists a value 5 = 3(e) > s
such that

(2.16) %/ ul(s)ds < ui(s) <e fori € {1,2}, s €[5, 00),
S
moreover by (2.14)

(2.17) % = g7 (ui(s)) = % (ui(s) — Crul(s)log ui(s) + O(ul(s))) for s — oo.

Consider the function
W(s) = [ui(s) — ua(s)] 21(s)2z2(s) > 0.
Then by (2.8) and (2.17)

W' = [uy — up) 2122 + [ug — up] [z} 22 + 2123
= —[Hp(w1) — Hn(uz)] 2122 + (u1 — u2) [g77 " (u1) + 9771(“2)] 2123

1
=~ |Hn(u1) = Hn(ug) — f(u? —u3)| z122

+ = (=Crullogu; — Cpujlogus + O(ul) + O(ud)) W

H| =

or by (2.12)

W' b
—| < ﬁ)~(u% +uyug +ul) +

] < o (llog ui + u3llog ud + O(ud) + O(u)).

|Cnl
T
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We show that the right hand side is an integrable function on (3, 00). Owing to (2.16) this
is evident for the functions u?, u# and consequently for u1uy, too. By (2.16) and Lemma 6,
we have by choosing ¥(u) = [logu| for 0 < u < 1, (s) = u;(s), ¥(s) = ui(s)/2I" that

(o]
/ ui(s)|logui(s)|ds < oo i€ {L,2}.
Consequently, the function log W(s) is of bounded variation, and therefore the limit
(2.18) lim W(s)=W; >0
8§00
exists. Let the function w(s) denote the Wronskian of the solutions of z1(s) and z,(s):

w(s) = 21(s)z2(s) — 21(s8)22(s) = [C1(s) = Ca(s)]21(5)22(s) > 0.
Then making use of the definition of W(s) and (2.17), we have by the Lagrange mean

value theorem

W(s) _ gn(a(5)) = gn(Ga(s))
wis) T G() - Gls)

hence by (2.15) and (2.18)

= QL(C*), CZ(S) < C* < Cl(s)a

BT W(s) _ Wo
I'= 31-13.10 w(s)  limsoseo w(s)’

i.e. the function w(s) has the limit wy = Wy /T as s — oo, which proves the first statement
of Lemma 5.
Now there are constants 0 < w; < wy < wy < oo such that the relation

(2.19) 0 < wy <w(s) < wsg for s > s¢

holds. Making use of the lower bound for w(s), we find

<zz(s))'___w(s) W g
a(s)) — #H(s) T A(s)
and integrating this inequality over [§, s] for s > § we obtain
* do z2(s) * do 22(3) .
—< _—< , >3,
“famciote) qw<ae

which proves that the integral on the left hand side is convergent when s — oo, as it was
stated.
Finally, if we know that also the integral
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is convergent, then by Cauchy - Schwarz inequality we find

[ somm <=

Then by (2.19)

wq w(s) d z1(s) wo

z1(8)z2(s) < z1(8)22(s) ~ ds log 22(8) < z1(8)z2(s)’

i.e. the function log 28 is also of bounded variation, which guaranties the existence of

the limit of the quotient z1(s) completing the proof of Lemma 5.

z2(s)?
Now we are ready to prove our theorems, only we have to recall that the Riccati equation
of the linear differential equation (p(s)z')" + ¢(s)z = 0 has the form

1

oy FAI=0

u' +
where u(s) = p(s)z'(s)/z(s), and the corresponding Riccati’s integral equation is
[e ] [ee] 1
2.20 us:/ qada-i—/ ——u%(o)do
(220 ©=[ i+ [~ L

provided [ ¢(s)ds exists.

3. The proofs.

Proof of Theorem 1. Since (0.5) is non-oscillatory, the same is true for the differential
equation

(3.1) (T2") +Té(e)z = 0,

too, and there is a solution z(s) which has no zero on [s¢,00) provided s¢ is sufficiently
large and by (2.20) the function
I'2'(s)

2(s)

u(s) =

is a solution of the Riccati integral equation
oo [e ] 1
(3.2) u(s) = / Té(e”)do +/ fuz(a) do
S s

hence u(s) > 0. By (2.6), (2.7), we have the inequality

Lo

Hy(u) =n®(go +u) < oY for u > 0.



Elbert and Schneider 73

Applying this inequality to u = u(s) in (3.2), we obtain

mg>£mmwmw+lfm@@wm

consequently by Lemma 3 the half-linear differential equation (2.9), or equivalently (0.3)
is non-oscillatory.

Proof of Theorem 2. Since (0.3) is non-oscillatory, there exists a function u(s) > 0 subject
to (2.10). Applying again inequality (2.6) to Hn(u) = n®(go + u), we get

H,(u) > %uz for u > 0.

Hence we obtain in (2.10)
o0 1 oC
u(s) > / Té(e”)do + -f/ u?(o)do,
S s

which is the Riccati integral inequality applied to (3.1), hence (3.1) — and equivalently
(0.5) — is non-oscillatory.

Proof of Theorem 3. As in the proof of Theorem 1, the function uo(s) = I'{(s) is a solution
of (3.2) for s > so. Hence ug(s) is a positive function tending to zero as s — oo. Then for
any arbitrary small r > 0 there exists s; = s1(r) > so such that

(3.3) 0<up(s)<r provided s > s;.
We are going to show that also (2.10) has a solution u(s) such that

5(0)

A

(3:4) [u(s) —uo(s)| <Vuls) (s2s2), V=

with the same function b(¢) as in (2.12) and s > sy sufficiently large (will be specified
13'“;3 the set W of the admissible functions w(s) be defined by
W = {w(s): w(s) € Cs1,00), 0 < w(s) < uo(s) + Viu(s)}
We claim that
(3.5) /00 Hy(w(o))do < 0o for all w(s) € W.

First we observe by (3.2) and (R2) that

/°° ul(o)do < Tuo(s),
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and hence by (3.3)
(3.6) / uh(o)do < ri? / uz(0)do <Tri~2ug(s) fori=2,3,..., s> s;.

These relations can be rewritten for ((s) = uq(s)/I" or applied to u(s):

r2

(3.7) /:o Cio)do < (-;-)H () i=28,, Mo <L) < o

Making use of the series expansion of Hy(u) in (2.11), we obtain by (3.6)

/sooHn(uo(a))da g/s 143(0)do +1n %gl(wl) /sw%;)da
Suo(s)[ +n %Zl<n+l) Tri- 2]

and the numeric series on the right hand side is convergent provided r < g, i.e. (3.5)
holds for w(s) = ug(s).

Concerning any other function w(s) € W, it is sufficient to prove the relation

/00 H,(ug(o) + Vu(o))do <
because Hy(u) is a strictly increasing function for u > 0. By (2.12) we have
Hp(uo+ V) — Hy(wo) — %(2Vuuo + Vi) < %b(e)V,u (3ud + 8Vuou + V2u?)
provided ug(s) + Vu(s) <e. By (3.3) and (3.7) we have

uo(s) + V(s )<r+V—I—‘5 for s > sy

and we can choose )
e=e(r)=r+ V%

Hence
/H (uo(0)+ V(o)) do— / H,( uo(a))da<2—/ ug(o do+—/ /L(U

+b(6—5)v (3 / w(o)ui(o)do + 3V / ug(0)u*(0) do + V? / us(a)da)

and by virtue of (3.6), (3.7), all the integrals on the right hand side are convergent, hence
(3.5) holds for all w(s) € W.
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Let the function § = 6(r) be defined by

- 4 1.1V, 1V,
(38) 6=0(r) =6+ 5 +be(r) | 5Tr+ 577 teET

Now we fix a value of r > 0 for which the relations

j b(e(r)) 5(0)
(3.9) e(r) < oo, 6 <0(r) <1, T B(e(r) < 21 3

hold. Then let s3 = s2(r) be specified by the inequality
(3.10) 0 < ug(s) —Vu(s) <up(s) +Vu(s) <e(r) fors>sg > sy.
(Here the left inequality is ensured for sufficiently large s2 by (3.7) because uo(s) = I'((s)

and p(s) = o(¢(s)).)
We shall use an iteration technique. Given ug(s) = I'{(s), then by (3.2)

(3.11) uo(s) = / Té(e”)do +/ %—u%(a) do.
Let the sequence {u;(s)}32, be defined successively by
(3.12) ui+1(s) = / Té(e’)do +/ H,(ui(c))doe for:=0,1,....

By induction we are going to show that there exists a convergent sequence {v;}%, such
that

(3.13) [ui(s) — uo(s)] < wiu(s) fors> sy, 1=1,2,...
and

b(e
(3.14) v0=0<v1=%I‘3<v2<---<V=%F3.

For uo(s) € W, we have

ui(s) = / T6(c%) do + / Ha(uo(0)) do.
Clearly, (2.12) permits the estimate

(3.15) [Hn(u) — fu?| < b(6—g)u3 forO<u<e
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in case v = 0. Hence by (3.11)

lu1(s) — uo(s)| < (6)/ ui(o)do = I‘3/ (o) do = e )1"3,u(s) for s > ss,

hence by (3.10) u1(s) € W. Now the formulas (3.13), (3.14) are valid for ¢ = 1. Thus the
next step in the induction proof is to find a value v;y1 such that v; < vi41 < V and (3.13)
holds also for 7 + 1, too.
Since by (3.13)
0 < ui(s) < uo(s) +viu(s) <e for s > sz,

we get ui(s) € W, hence by (3.11) and (3.12) we have
sinls)=ua(s) = [ Hatuslo)do — [ pudlo)do =
4 [ ) (o)) do+ [ [Huuo)) — )] do
consequently by (3.11), (3.15) and (3.13) with b = b(e)
uera(e)-o()] < & [ " [uile) + (o) vse) o + ¢ | " (o) do <
< "f s°° [2uo(0) + vip(0)] p(o) do + g / ~ [uo(o) + vip(0))’ do =
= 2 / " (o )ulo)do + 2 / " 20 do + 91“3 / ~ (o) do+
T2y, / (o)u(o) do + I‘v / ¢(0)u(e) do + bv / ” () do.
Using (0.9) and the estimate of u(s) from (3.7), we get the following upper bounds
/3 W(o)do < & / ((o)u(o)do < T2 u(s) < 3 (o),
| Cemeis < [ 0ydo = fut),
| onio)an < / o) (5¢)” do = (L) uts),
[ wein < (5) [ @ = () ue

for s > s1, consequently

L)

|uit1(s) — uo(s)] < p(s)vi [9 + %% +iriz 4+ bPV;—z + %sz—z] + 203%(s)
= (év,- + %I‘3) u(s)
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with 6 as in (3.8). Now the recurrence relation for {v;} is established:
A 1 .
(3.16) vo =0, vipy = 0v; + —ébl"3 fori=0,1,...,

in accordance with (3.14). Clearly, the sequence {v;} in (3.16) is increasing and convergent
to the limit value $6I'* /(1 — ). By (3.9) we get for this limit

1 b(e(r) 5 150) 5
61-(5@@))P <31-¢ =V

hence (3.14) is justified. This completes the proof of the induction step and we obtain
{ui(s)}2, CW.
Returning to the functions uo(s) and u;(s), the inequality (2.6), applied to H,(u), yields
in (3.12) for ¢ = 0:
u1(s) wo(s) ifn 1.

On the other hand, the function Hy,(u) is strictly increasing for u > 0, hence we obtain
by (3.12)
ui+1(s) ui(s) ifn 1 foralli

and the sequence {ui(s)}$2, is convergent. Denote the limit function by u(s):
llirgo ui(s) = u(s).
Then by (3.12), u(s) is a solution of (2.10), and (3.13) implies (3.4). Hence we can write
u(s) =T((s) + O(u(s)),
therefore

9) = 20+ u(s) = () 1)+ 0(uts) > 0

is a solution of (2.3). By definition of g(s), this is equivalent to
y'(s) ) "
S = @\3s),
(y(S) )

@17 ) 0+ 0(C6) + 00,

and we get

Let us observe that by (0.9) and (3.7), the two O terms are integrable. Using the fact
that ((s) = 2'(s)/2(s), we obtain by integration in (3.17)

n 2

log |y(s)| — e e

g (5 = Co + O(5(5)) +O( " u(o)do),
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or
y(s) = e7F 'z () [C + o1)], € #0.
By (2.1) we have z(¢) = y(logt) hence the first statement of Theorem 3 holds. The second
statement of Theorem 3 follows immediately from (3.17) because tz'(t)/z(t) = y'(s)/y(s).
In case when the function ((s) is monotonic (i.e. nonincreasing), then in (3.7) we have
the finer estimate u(s) < (*(s), which implies that the function u(s) is integrable and
there holds the estimate

[ uordo < s,

s

and in (3.17) we have the more precise result

Z((ss)) - I O+ 0,

and consequently
n 2
y(s) = en+i®z 71 (s) [C + 0(¢(s)], C#o.
This proves the sharper estimates formulated in Remark 2. Now the proof of Theorem 3
is completed.

Proof of Theorem 4. Applying Theorem 3 to the solution z(s) of (0.5), we find by the
iteration procedure carried out in the proof of Theorem 3, particularly by (3.4) that (2.8)
has a solution @(s) such that

(3.18) ii(s) = TC(s) + O(i(s)).

We know that (2.8) is the Riccati equation of the half-linear differential equation (2.9).
Let Z(s) be a solution of (2.9) for which

a(s) = gn(gi(s)), or é—@ = g (a(s)).

£(s) (s)

(The solution #(s) is unique up to a constant multiple.) Since by (2.10) ii(s) > 0, lim,— o (s)
= 0, we find by (2.14) and (3.18)

(319) £ = 07 (00(6) + O(Re)) = T = CuIT (o) log (s) + OE*(5) + Oa(s).

!
z
Clearly, {(s) is a solution of the Riccati integral equation

(s) =/ 52(0)d0+/ 8(e”) do,

hence by (R2) -
| s <)
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Applying Lemma 6 to ¢(s) = (s) = {(s) with ¥(u) = |logu|, we obtain

/0o (*(0) [log {(0)] do < oo.

Also the terms O({?*(s)) and O((s)) in (3.19) are summable hence (3.19) implies that the
function log (2(s)/z(s)) is of bounded variation, consequently lim,—, o #(s)/Z(s) exists and
is positive. Since in the linear case we have by (0.11) [ ds/72(s) = oo, the same is true

for the solution Z(s) of (2.9):
/°° ds o
()

By Lemma 5 this integral can be divergent only if the function #'(s)/Z(s) is minimal,
i.e. Z#(s) is a constant multiple of the principal solution Zj(s) of the half-linear differential
equation (2.9), i.e. Z(s)/Zx(s) =const. Since by (2.1), (2.8), (2.14)

the minimal property of 2}, (s)/Z.(s) is valid also to z'(t)/z(t), hence the principal solution
Zn(s) belongs to the principal solution Z(t) of (0.3).

Consider a non-principal solution z(t) > 0 of (0.3) which is connected with a non-
principal solution z(s) of (2.9). By Lemma 5 there hold the relations

2(s)  Zh(s) - [% ds ooi—oo im [2'(s)zn(s)—2(s)z},(s)]=w
621 33>20 [ aee [ agme I ene-mn o=

Particularly we have 2'(s)zj(s) — z(s)2}(s) > w; > 0 for s > s hence

(z(s))'> D nd lim 2L 5 #50) +u71/:o_i=°°

zn(s)) ~ Z(s) s=o0 Zn(s) ~ Zn(s0)

or

(3.22) im 2208 o,

By (2.14) and (3.20) we have for z(t) = y(s), Z(t) = §(s) (s = logt):

V() __n [ (1N 126 | o (26N, 26
o= () o ro(53) 1gz<s>)J
=+ 2 20O o (e)tog(s))

n+l n+1z(s)

hence by Lemma 6

(3.23) lim ——& =1y #0,

1=00 o T, 7F ()
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and similarly for §(s):

7'(s) n 2 z(s) 2

P s 2B oo (),

lim y(S)z - !70 7é 0.

s— e"+182;+1(3)

Thus we have by (3.22)
5(s) 2 2
Cwl) L gls) L T () gy (Fa(s)\ T
lim —= = lim = lim 5 == lim =0,
B TR G) TR e L) e \2()
T W (s)

which proves the limit relation in (0.15).
On the other hand, the substitution ¢ = e°® and (3.21), (3.23) yield for a non-principal
solution z(t):

/°° dt /°° tr1dt /°° e"sds
n— = z! - = , n—1
z2(t) |z () |n—1 Zn (1) lt‘,((Tt))I" 1 Y"1 (s) %

b e"*ds

n—1
2

((y" + "(1))8#‘83"_‘”(3)) " (Po + ga( ,(3)))) N

et ds *® ds
_/ 22(s)(yo + o))" (Fr)" ™ + o(1)] _0(/ 22(s) ) <o

and similar calculation shows for a principal solution Z(t) that

/°° dt _
POROFT

Finally, if z; (t) and z2(t) are two non-principal solutions, then let z;(s) and z2(s) be the
corresponding solutions of (2.9). By Lemma 5 the function z;(s)/z(s) is convergent when
s — 00, consequently by (3.23) the same is true for the quotient z1(t)/z2(t) = y1(s)/y2(s),
too, which completes the proof of Theorem 4.

Proof of Corollary 1. Consider first the linear differential equation (0.5) for k£ > 1:

k-1

" 1 1
+ 1+ s)=0,
2(s) 452 [ ; log?slog2s...logls Ja(s)

which has two solutions: a principal solution

Z(s) = (slog; s...logg_y s)1/?
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and another — non-principal — solution
2(s) = (slogy s...log_, s)/? logy s.

Hence

) =5 (St ot b s>t
8=3 .slog1 s slog,s...logy_; s ko

i) = [ Eo)d —/ L S RS
N 749 = o ologyo
do *®  do 11 1
_§</3 03+3/3 cr3logcf+“'>_R§+O(szlogs)’

e - */711 1 1 1
_ _ 11 1 1 d
/3 Ao)i(o)do ‘/s (16 o? +O(02 loga)> <20 +O(010g0> 7
_ 11 ( 1 )
T 64 =7 s2logs”’

i.e. the conditions of Theorem 3 and Remark 2 are satisfied for any -12; < 0 < 1. Hence
Theorem 4 can be applied to (0.17) and the two asymptotics in (0.14) imply Corollary 1.

Proof of Theorem 5.
a) Suppose (0.7) is satisfied. Then there exists a constant © > 1 and s, such that

o’} 2
(3.24) s 8(e”)do > % for s > sq.

By Theorem B, the linear differential equation (0.5) is oscillatory. Due to Theorem 2, it
would be sufficient to provide a proof only for n > 1, but we give a general proof, which
goes indirect way.

Suppose in contrary that the half-linear differential equation (0.3) is non-oscillatory.
Then the Riccati integral equation (2.10) has a solution u(s) > 0 for sufficiently large s’s,
say s > s1 > So, and by (3.24) it follows

u(s)z/swré(ea)dﬁ/swﬂn( ))da>r—®2+/ Ho(u(o)) do

where limy_,oo u(s) =0, and H,(u) = "Tz + O(u?). Clearly, there exists a value § > 0 such
that Hn(u) > u?/(T'©) for |u| < §. Consequently, there exists a value s, > s; such that
[u(s)] < 6 for s > sz, i.e. u(s) satisfies the integral inequality

o2t [l

or equivalently

us) , IO +/oo 1 ("(0)>2 do.
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Hence the function u(s)/© is a solution of the Riccati integral inequality associated to the
linear differential equation

(3.25) T + —;G—)z =0.

Then the linear version of Lemma 3 yields that (3.25) must be non-oscillatory. But for
any © > 1, (3.25) is oscillatory, and this contradiction proves the first part of Theorem 5.
b) Suppose (0.8) is satisfied. Then for all § < 1, sufficiently near to 1, there exists sp = s0(6)
such that for s > s

Lot )

oo

(3.26) s/ 8(e?)do <
3

On the other hand, by Corollary 1 the differential equation

TN Yo n+l 1 nx _
@)+ (n+ 2 log2t>x =0

is nonoscillatory, i.e. the Riccati integral equation (2.10)
()=t [ Halo(o))d
o(s) = - Ha v(o))do
has a solution. By inequality (3.26) we have
r [o¢] - o0
os)2 5 / 5(e%) do + / Ha(v(0)) o
Since Hy(fv) < 6H(v) for 0 < 6 < 1, we get the integral inequality

bo(s) > / " ré(e) do + / " H, (60(0)) do,

which is a Riccati integral inequality of (2.9), hence (2.9) and also (0.3) is non-oscillatory thus
the proof of Theorem 5 is completed.
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