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Decomposition of twisted and warped product nets
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Abstract

By definition an orthogonal net on a pseudonemannian manifold is a family of com
plementary foliations which intersect perpendicularly. There are derived generalizations
of deRhem's decomposition theorem b)' characterizing those pseudoriem!Lllnian manifolds
equipped with an ortbogonal net, which locally resp. globally allow a representation as
a twisted resp. warped product. The results are applied for studying hypersurfaces ...-ith
harmonic curvature.
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Introduction

The decomposition theorem of deRham [1] is considered as an excellent tool in riemannian
geomet ry. To give a formulation adapted to the generalizations presented in this article we
introduce the not ion of orthogonal nets:

D efinition 1. A family & = (Ed izO.....k of non-degenerate, totally integrable subbundles E;
of the tangent bundle T M of a pseudoriemannian manifold At is called an orthogonal net on
M , if T M is the orthogonal sum E9f=o E, .

Herewith, de Rham's theorem says:

T heorem, If M is a simply connected and complete riemannian manifold and E = (E;)i:O,...,k
an orthogonal net on M such that each subbundie Ei is parallel, then M is isometric to a
pseudoriemannian product and & corresponds to its product net.

Unfortunately, such "parallel" orthogonal nets do not arise very often. Thei r existence is even
impossible on many riemannian manifolds, for instance if their sectional curvature is strictly
posit ive or strictly negative. In these situations one can ask for properties of an orthogonal net,
which guarantee the local or global decomposability of the manifold into a twisted or warped
produc t; the latter products differ from the ordinary ones in so far as at every point the metric
of the factors are conformally changed (see Definition 2).

As Nolker'a work shows (see [2, Theorem 7] ), for instance the euclidea n spheres and the hyper
bolic spaces are "cry rich in local representations by warped prod ucts . The simplest ones arc
described by polar coordinates.
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In this article we achieve the following: We firstly list the infinitesimal properties of the canon
ical product net of twisted and of warped products (see Proposit ion 2), motivated thereby we
introduce the notions of TP-ne ts and WP-nets (see Definition 3) and prove that exactly these
nets admit local representations by twisted resp- warped products (see Corollary 1) . Since in
the theorem of de Rham mainly the global decomposability is of interest, we furthermore prove
corresponding global results:

Theorem 1 (Decomposi t ion o f TP-netted m anifolds) . If t: = (b'j) i=O,....k is a Tlr-net on
a simply connectedpseudoriemannian manifold AI and for every i ~ 1 the leaves of the foliation
Lf tangential to E; are gcodesicaUy complete and their mean curoatun vector field Hi (see
section 1) is the gradient of a COO-function on M , then M 'is' a twisted product and £- us
product net.

Theorem 2 (Decomposition of WP-netted manifolds). If £- = (Ej);=O,...,k is a WP-net
on a simply connected pseudoriemannian manifold M and at lea.st one of the following
conditions is fulfilled;

• the leaves' of the foliation tangential to Ejl. are geodesically complete for every i ;:: 1 ,

• there exist a sd I C {O, .. . , k } of k indices such that the leaves of the foliat ion Lf
tangential to E; are geodesically complete for every i E I ,

then A1 'is' a warped product and £- its product net.

\\'e emphasize tha t in the theorems 1 and 2 it was not necessary to assume the "ent ire gecdesical
completeness" of M . Herewith, they become applicable to a wider range of TP- and WP.nets,
for instance the WP·nets of Nolker mentioned above are of this kind .

That such generalizations of the theorem of de Rham are of general interest can be seen by
the fact that many authors worked on it : For riemannian manifolds T heorem 1 was proved
by Gauchman [3] and Theorem 2 by Hiepko [4) and Nolker [2). The importance also of the
pseudoriemannian situation - for instance with regard to general relativity - made \Vu prove
the pseudonemannien version of de Rham 's theorem [5J, [61 and was our motivation to conside r
this general setting for twisted and warped products. It is not possible in this situation to carry
over the riemannian proofs. To show the local results we use Proposit ion 1 of [7J, which the re
was used to handle the case of nets with two factors. For the proof of the globa l results we use
a decomposition theorem derived in [8).

We show now how to recover deRham's theorem from our results : If £- = (Ej);=O.....k is an
orthogonal net with parallel subbundles E j on a pseudoriemannian manifold Ai , then £- is a
WP-net (see Definition 3). According to Corollary 1 the netted manifold (M ,£-) is locally a
warped product, which in fact is an ordinary product of pseudoriemannian manifolds because
of Proposition 2 (d). Thus, we have recovered the local version of de Rham's theorem. Applying
Theorem 2 we obtain Wu's global pseudcriemannian version of de Rham. Then, of course the
assumption "M complete" is to be replaced by "M geodesically complete", that means, the
geodesic flow of M is complete. As consequence then every leaf Lf(p) is geodesically complete,
because it is a totally geodesic submanifold of M , and 80 the second assumption of Theorem 2
is really satisfied. But Theorem 2 proves a stronger version of deRham's theorem, in which the
geoclesical completeness only of the leaves Lf (p) for i 2:: 1 is demanded.

• Automatically the subbulldies E; are integrable, because they are autopa.ralleL
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In the las t sectio n of this article we give an example, in which 'I'Pcnets and W P-nets occur in a
na tural way, namely as principal curvat ure nets of a hyp ersurface immersion f : M ..... N from
a pseudc ricrnannian man ifold At with harmonic curvature into a pseudcriema nnian space /Ii
of constant curvature. Some times this leads to a simple decomposit ion of f .

1 Prelim in aries a n d notnt.ions

F irst ly let us recall some definitio ns and remits. Let E = (E ;);"'O....,k be an orthogonal net on
a pseudoriemannian manifold M. The foliation of integral manifolds of E; shall be denoted
by Lf and it s lea f through a point p E M by Lf (p). We denote th e orthogonal projections
TM ..... E; resp . TM ..... E f by v ..... V i resp . v ~ v .I.;. Thus, every vector field X E X (M )

can be written as X = L~",o X i .

Th e net [, is said to be locally decomposable iff for every poin t pEAl th ere exist a neighbour
hood U of p in M and a Cw -difleomorphism f from a product manifold n~=oAl; ont o U such
that for every q E n~~o.M; and every i = 0, . . . , k t he "slice" (q" ... ,1;-d x Ill; x ('li+ l " ' " qk )
is mapped by I into an integral manifold of E,. In this situation I is called a local product
representation of [. . If especially we can choose U = M , t he net [, is said to be (globally)
decomposable and f is called a (global) product representation of E, In [8, Theorem 1] we saw:

Le mma 1. ' An orthogonal net [. = (E;);~(1.....k is locally decomposable if and only if Ef is
int egrablelor every i = 0, .. . ,k .

If E is a (met rically) non-degenerate subbundle of TM, t hen we use the orthogonal splitt ing

TM = E 6E.I., v = vE + vEJ. to define a bilinear bundle map hE : TM ><ME ..... £ .1.
and a linear connect ion 'VE for E by V'''xY = \7Ex Y + hE (X, Y ) for all X E X{M ) and
Y E r(£) ; hE is called th e second fundamental form of E , and 'Vl: is metric, i.e. X · (Y, Z ) =
(\7EXY, Z) + (Y, \7E

XZ) for all X E X{M ), Y,Z E f (E ) . T he subbundle E is int egrable
if and only if hE I(E x u E ) is symme tric. If the re exists a section H E r(E.I. ) such that
hE(X ,Y) = (X , Y ) H for all X , Y E f{E ) , then E is said to be tota lly umbil ic and H is
called the mean curvat ure normal of £ . If \7E.1 x (hE (y , Z)) = h E{\7ExY, Z ) + hE(Y, \J EXZ )
for all X ,Y , Z E r(E} , then hE is sa id to be po.mllel along E . If E is totally umbilic and
the mean cur vature normal H E satis fies \7£.1x H E "" 0 for all X E f{E ) , t hen E is sa id to
be spherical ; and that is the case if and only if E is totally umbilic and has parallel second
fundamental form along E , E is said to be autoparaUel iff \7x Y E f{ E ) for all X , Y E f{ E) ,
in other terms, iff E is spherical with H E =: 0 . It is well known (see [9]) t ha t E is to tally
umbilic , resp. spherical, resp . autoparallel if and only if E is integrab le and the leaves of the
ind uced foliat ion are totally umb ilic, resp. spherical, resp. to tally geodesic submanifolds. If E
is integrable, t hen E has parallel second fundamental form along E if and only if t he leaves of
the induced foliation are submanifolds with parallel second funda mental form.

If AI = n~DoMi is a pseu doriemannian product, then there exists a canonical globally de
composable net [. := (E;)i:O.....k on M called the product net of M . Furthermore, we define
M' := Ma x . . . >< M;_l >< M;+! >< • • • x Ah and the canonical pro jections 11"; : M ..... Mi , P .....

t In (8) nets are defined on arbitrary C""-manj£olds by replacing the term "orthogonal sum" of Definiton I
by "direct sum"; of COu rse the attribute "ot hogonal" for nets makes no sense in this general seuing; but it is
meaningful to speak of the (local) decomposibihty and Lemma I keeps valid.
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Pi, 1:"; : AI ..... u: P .... pi for every i = 0, ... , k. By abuse of the language we say that a
function 'P: AI .... lR is independent of M, if and only if the re exists a function rjJ: M' ..... IR.
such t hat 'P = rjJ 0 11; ; if AI is connected, this is equivalent to d;p(E;) = o.

2 The geomet ry of twisted a nd warped product s

Defin iti on 2. Let M:= n~OAJi be the product of Coo-manifolds Mo, ... , Ah. A pseudone
mannian metric (', -) on M is called a twisted produd metric if there exist pseudoriemannian
metries (., ')0, . . . , h ' )k on Mo, ... , Ah, respectively, and a COO-function p := (Po,.· ·, Pk) :
M ..... IRt+1 such that

,
(X, Y) := L:>f.(r.; .X, 1I",.Y)i for every X , Y E I(M) .

;=0

(1)

(2)

In this situation the pseudoriemannian manifold (M, (· , ·» is called a twisted product ; we will
deno te it by Pn~=oM; and call p its twist function.

If P is independent of Mi , . . . , Ah and {JQ sa 1, then h ,) is called a warped product metric
and (M, (-, .)) a warped product; we will denote it by Mo xprn, M, and call P = (PI, . ' " pd :
Mo .... lR~ its warping /unction.

Remark 1. A twisted product in our sense is called umbilic product in [3]; in the case k = 1 it
is called double twisted product in [7] , while the term "twisted product" is more rest rictive in
Bishop (10] and Chen (I ll . If the twist funct ion P = (Po, . . . , Pk) has the property that Pj is
independent of M j , then it is called a mixed warped product in [12] .

In order to give some insight in the geometry of a twisted product pn~...oM" we calculate
formulas for its Levi-Clvlte connection and its curva ture tensor in comparison with those of the
ordinary pseudoriemannian product IT~~oAl;. For k = 1 this result can already be found in [7,
Proposit ion 2].

Proposi ti on 1. Let M = PIT~oAl, be a twisted product with twist function P = (Po, ... ,Pk)
and product net f = {E;)' =O.....k, let V denote the Levi-Civita connection of the ordinary
pseudoriemannian product metric (-,· t of n~=oM; with curvature tensor R. and define the
vector field Vi := -grad(Jn 0Pi) for every i = 0, . . . ,k, where the gradient is calculated with
respect to (', -). Then the Levi-Civita alTlnectioTi V of M is described by

,
'i7xY = 'i7 xY + L ( X i, y i) .V, - (X ,Vi) · y i - (Y,V;) .Xi)

i=O

and its curvature tensor R by
,

R(X,Y ) ~ R(X,Y ) + L (('"xU, - (X, U,)U;) AY' + X ' A('VyU, - (Y,U,)U;)) (3)
,=0

•
+ L: (V" Vj )Xi 1\ y j

; ,j=0
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fo r every x, Y E X{M ) , u:hm for u, \I E TpM tM mdOl'l'lOTphimll u /\" of TpM is defintd
bll (u /\ v)(w) := (11.', v ) , u - (11.', u) · v for all tv E TpM .

Proof. The proof is straight forward . For the proof of (3) we use that Ui is t he gradient of a

COC'.function, hence (V XUi , Y) = (V y Ui ,X) . 0

Remork 2. N'olkers fonnula of the curvetuve tensor of rieman nian warped products in Lemme 2
of [2J is. the same, even if it Iooki different at t he firs t g!an(>Oll.

In the following proposit ion we discuss the lud uence of some special properties of the t....-ist
functio n to the geometry of the subbundles Et. .

Proposi tion 2. Let M := "n~.oAli be a connected twiJttd product wlth product n et £ =
(E,l i.o.....t . With the notati ons above the followlng assertion.!' hold true:

(Q) £ is an orthogonal net wtth respect to (".) .

(b) For every given point l' E AT , we can uniquely choose the dQtQ {-, '}i Qnd p in such a way
tM! we have pilLf (.til = 1 for every i = 0, .. . ,k. In thiJ situation we WIll say that t he
representation of AI as a twisted product is normal ized with respect to p.

(c) For every i the subbundle E, iJ total ly umbilic with mea.n cu r'V<Jture normal H, := (Ui) J., .

(d) The subbundle E, is autoparullel if Qnd only If the functz on Pi lJ independm t of Mj fOT
j .;: i . If the repruentation of AI as a twisttd product is rwrmalued with respect to some
point p, tIwi the subbundle E, is Qutoparollel if Qnd onlll If A =: 1 .

[e] If for G certain i E {O, •.. , k} the heist function P is independmt of .\Ii, thm the sub
bundle E; is Gutoparollel Gnd the subbundk Et. is sphericoJ. If the rtpresentation of M
as G twist ed product is normolued uoith respect to some POlflt 1' , then tM convene is Illso
tre e.

(f) If for G certain i E {O, ..• , k} the funct ion Pi SGtisfies A1Lf(p) = 1 for some point p,
then the = n curoature normal H, is the gradient of GC""' · func tion (compare (c)) if Qnd
only if A is independent of M, .

Therefore, if (-..) is G warped product metric, then fo r eve1l' i = 1, ... , k the subbundle E, is
spherical with mea.n CUrtlatUrt normal H, = Ui E r (Eo) , E,l. is Gutopamllel and Ho = Uo = O.
(For furth er properties see Proposition 9 Gnd Corollary 2 tabng noti ce of Proposit ion 4-)

Proof. (a) is tri vial. For (b) we start with some representation (1) of (" .) and modify
h ')i resp . Pi by mult iplying resp. divid ing it by the function 'Pi : Ati ..... ID.+ , P i .....

P,(pl , .. . ,pi-I , Pi,pH I, · · . ,Pt ) . For [c] take care of (2).

For (d). Because of (c) we have the following sequence of equivalences:

Ei auto parallel <==:> H, =0 -= Ui E f(E;) -= Pi is independent of Atj for i i- i .

Furt hermore, if the rep resentation of AI as a t wisted product is norm alized .....ith respect to
some po int p, t hen we clai m

Pi is independent of Mj for j .;: i ~ Pi =: 1 .
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(4)

Obviously vee" is true. For "ee-": Since pi ILf (p) =: 1 by the normalizat ion and Pi is constant
on every leaf induced by El- {oeceuse of the independence of Mj for j oF i), we get Pi -= 1 .

For (e). Formula (2) implies

hEf (X,Y ) = (V'x y) i = } ) X j , y j ) U; for X , Yer(B;"') .
j ;oi

For "e-": If p Is independent of AI" th en Uj = 0 for every j = D, . . " k , hence Et is
autoparallel because of (4). Furthermore, from (e) we know that E; is totally umbilic with
mean curvature normal Hi = (U;).1; . Since U: =: 0 , Hi coincides with Ui and is therefore
a gradient. Thus we obtain (V'x H" Y ) = (\lyH;, X) for all X, Y E .I(M) . Because Et is
aut oparallel , we get (V yHi, X) = 0 for all X E reEl ) and Y E r (El ' ) ; thus 'VxHj is a
section in E; , which means , that E; is spherical.

For "ee": Since Et is assumed to be autoparallel, we get from (4) VJ sa 0 for j ¥ i , hence Pi is
independent of Mi. It remains to show that Pi is independent of Mi, that means Z := Vi :::: O.
To verify this fact we fix Y E qEf ) and X E qEi ) . Because E,l. is autoparallel, we have
\lyHi E f(Eil. ) , hence ('VI' Hi ,X ) :: OJ and as E j is spherical, we also have ('Vx Hc. Y ) = O.
Since Z coincides with V, - H j E f(E;) , we therefore obtain

('VyZ, X ) :: ('VyV;, X) = ('VXVj,Y ) = ('Vx Z, Y ) = (X ,Z) . (H;, Y ) ,

that means (\lyZr = (Hi ' Y) . Z . Hence, Z is a ~-parallel section in E; along every leaf
induced by Eil. with respect to the linear connect ion V for E; defined by ~xY:= 'VE,xY 
(H; ,X) Y . Since on the other hand we have PiILf(p) == 1 by assumption, we get Z ILf(p) =
ViiILf(p) ss0 and therefore Z =: O.

For (f ). If Pi is independent of Mi , then obviously Vj E f (Eil.) , thus Hi = Vi = grad (- ln 0Pi) .
Conversely, let >. : M -+ lR be a COO-function such that Hi = grad (>' ) . Since H; E q E f ) ,
thus d>'(X) = 0 for every X E qEd , the re exists a Coo_ function >.i : M i ..... lR such that
>. = >.; 0 Ifj. Moreover, for all X E f(Ejl.) we have d(>' + In opi)(X) = (Hj - Vj, X ) = O.
Therefore, there exists a Cw-Iuncnon >'i : Mi -+ m. such that >'i 0 11"; = >.i 0 If' + In oPi. Because
of the normali zation we get that >'i is constant, which implies that Pi is independent of Mi .

For the assert ions on warped products. If (., -) is a warped product metric, then from part (e)
we get that E j is spherical and Ef is autoparallel for every i = 1, . . . , k . Since the funct ions
Pi only depend on Mo we get Vi E f (Eo) from the definit ion of Vi and ther efore Hi = Vi for
i= l , ... ,k. 0

3 Twisted and warped product nets

Motivated by the geometric properties of twisted and warped products we introduce the notions
of TP-nets and WP-nets:

Definition 3. Let M be a pseudoriemannian manifold and [ = {E;)i=O....,k an orthogonal net
on M.

(a) [ is called a TP-net if and only if it is locally decomposable and all subbundlea E i are
totally umbilic. In this situation the mean curvature normal of E; is denoted by H; .
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(b) [ is called a WP·ntt if and only if for every i = 1, . .. , k the subbundle E, is spheri cal
and its ort hogonal complement E,J. is autoparallel.

Prop os it ion 3. For every lVP-nd [ = (E;)'~r_.t the sub/lundle ~ is aUlcparulkl and It"
ortJwgonttl complemffil Et is integrable; therefore, the ntt [ is locally decompo.sable and con

.sequenU" a TP-net.

Proof. The autoparallelity of ~ follO'o\'5 from ~ = ft., E,l. . In order to show the integrability
of Et it is sufficient to prove for arbi trary X E r(E,:) and Y E f (Ej ) with i, j 2:: 1 that
IX, y] = 'i7x Y - 'i7yX E r(Eit). In the case i =j we know that [X, Y] E r(E;), since E; is
integrable. If i i- i , then for every Z E f(~) we have 'i7x Z E f (Et ) because Eo e E; c El
and the latter bundle is au toparallel, T herefore, {'i7x Y, Z } = X · (Y, Z ) - (Y, 'i7x Z) = 0, i.e.
'i7xY E f(Et l; thus we have IX , YI E f(Et l again.

As the other bundles Ef are integrable by assum ption, the local decomposability follows with
Lemma 1. Thus it remains to check that every E; is totally umbilic . For i 2:: I that follows by
eseum pt ion, and for i ... 0 it is t rue because Eo even is autopa.rall el. 0

That the notations "TP-net" and ~WP-net" are well chosen is demonstrated by the following
proposition and corollary:

Proposition 4. On a connected produd mo.nifold M = n:-oltf, the produd net £ =
(E;),.o....): i..l: a TP- re.sp . IfP·net WIth re.spect to a pseudoriemannian mdric (., .) if and oru"
if (M , h ·)) i..l: a tau /ed re.sp. W<lrped produc!.

The assertion M~" follows immediately from Proposit ion 2. The proof of M:::>" is based on 17,
Proposit ion 11, ""hieb we rec.alI in the special situation important for us:

Lemma 2. If (oM =. Mo x M" (., .» ) is a connected pseudorinnannicn manifold trith orthogonal
product net £ =. (Eo,E I) and E, is totally umbilic, then thne ensl 0 pseudoriemannian metric
h·h on M I and a C"" ./unctiort p : AI -:n:4 such that for n.tay p E M and v , wE EI(P)
we hove

(v, w) = ;(P) - {"' \ov, 1I"1owh ,

where '11" \ : 111 _ 11/\ denotes the a.monicol projection.

Indeed , th is proposition follows from !7, loc.cit.] by putting F :=. idM , choos ing some point
Po E Mo and defining {-,'h as the pseudoriemannian metric such th at Ah - M , q .... (Po ,q)
becomes an isomet ric immersion.

Proof for "=> ~ of Proposition .j. If £ is a TP-net and i E {O, .. . , k } , then the application of
Lemma 2 to the manifold M = AP X M; with product net (E;J. , E;) gives a pseudoriemannian
metric (' , -); on M, and a C""-function p, : AI _ n, j obviously (ll!. (-,.)) coincides with
the twisted product (Po,.··"",) n::.o(Mi , (' , -} ; ). - Because of Proposit ion 3 this sit ua t ion also

OCCUB , if £ is a WP·net . Assuming that tbe TP-representation (Po...."". ) n~..o(1lf;,(',.};) of M
is normali :red with respect to some point we conclude from Proposit ion 2 (d) and (e) that then
1lf is a warpedproduct . 0
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Co ro llary 1. Let (M, h -») be a pseudoriemannian manifold and £ = {Ej) i:O,...,k a TP-net
resp. WP-net on M . Then for every point P EAl there exists a local product representation
f : IT~~OMi ..... U of £ with p E U eM , which is an isometry with respect to a ttl!isted resp.

warped product metric on n~=oM; .

Proof. The loca l decomposability of [ implies the existence of a local prod uct representation
f : rr~oM; ..... U as above. After equipping n~_oM; with the pseudor ieman nia n metric with
respect to which f becomes an isometry, the product net of rr~oM; becomes a T P-net resp.
WP-net. Then Proposition 4 completes the proof. 0

Corollary 2. For every WP-ne/ E = (E;)i:oO,....k on a pseudoriemannian manifold M the
following holds besides the assertions 0/Proposition 3 and Corollary 1:

(a) For every i"" 1, . . . , k the mean curoature normal Hi of E j is a section in the subbundle
Eo and the tensor field defined by (X, Y ) ...... ('VX Hs,Y ) is symmetric; of course, Ho =: O.

(b) By the formula

•
'Vx Y ,- 'VxY - L (X;,Yj) .H; - (X ,Hj} .yj - (Y ,H;) . X i ) (5)

;m \

there is define4 a linear connection on M with respect to which the subbundles Eo, ... , Ek
- k - -are parallel; therefore its ctlroattlre tensor field satisfies R (X ,Y)Z = L ;:o R( X', y i )Z; .

The curoature tensor R of (M, ('. -) ) is related to R by

•
R(X,Y} = R(X,Y) + L (H;, Hj ) X ; /lyi

;.j=\

•
+ L (l '7x H, - (X ,H,) H,) AY' + X' Al '7yH, - (Y, H,I H,I) .

;m\

(6)

In particular, if V is a 2-dimensional linear stlbspace of TpM (p E M) generated by two
unit vectors v E Ei{p} and wE Ej{p} with i #- j and i, j ~ 1 , the sectional curoature
K M(V ) is given by

(e) The second fundamental form 0/ Ef; satisfies

,
hE,f (X ,Y) = L (X\ y i) Hj for x , Y Er(Ef;) ;

;m\

furthermore, it is parallel along Err .

(7)

(8)

Proof. The assert ion Ho == 0 follows from the autoparallelity of Eo stated in Proposit ion 3.
For the other statements we use strongly Corollary 1 by representat ing AI locally as a war ped
prod uct . Then accordi ng to Proposit ion 2 Hi corresponds with the gradient field U; which
is a section in Eo. Firstly this completes the proof of (a) . Secondly, comparing the formulas
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(5) and (2) we recognize the linear connection V' with respect to a local WP-representation of
[ as the connection of an ordinary pseudorlemannian product. Therefore, the bundles Ei are
parallel with respect to V and formula (6) follows from (3). If now X E f (Ed and Y E r(Ej )

with j :f j and i, j ~ 1 are given, then we derive R(X, Y ) = (Hi' Hj ) . X A Y + (VxlIj ) A Y
+ X A (VyHi ) from (6) since Hi, H, E qEo) . This implies the equation for the sectional
curvature, since E, and Ej are totally umbilic subbundles. Thus (b) is proved completely.
Formula (8) is immediately obtained by specializing formula (4) to our situation.

It remains to show that Et has para llel second fundame ntal form along Ef. As Eo is au
toparallel, we have VXHi E r(Eo) for every X E f (Eo) , hence (Vy Hi ,X) = (Vx H;,Y ) = 0
for every further section Y E [(Et ). Thus, we obtain

VEoy H, = 0 for every Y E f (Et ) and i ~ 1 .

Using (b) we get for every X , Y, Z E [(E5- ) and i 2: 1

(VxY',Z') = (V x Y' + (X ' ,Y' ) Hi , Zi ) = ({Vx y)i ,Zi),
= {(VxY + L ex i ,V i ) Hif ,Zi) = «'\7x y t , Zi ) ,

j =1

and therefore

•L V EOX({y i , Zi) Hi),.,
•

= L (((Vxy i, Zi ) + {Vi ,V x Zi ))Hi + (yi, Zi) V£OxHi)
i"' l

•(9)~IO) L ((Vx Y)i, Zi ) + (y i , (VXZ)i)) Hi
,:1

~ hEt (VxY,Z)+hEt(y,Vx Z) .

4 Global decomposition of TP- and WP-netted manifold s

(9)

(10)

o

T he Theorems 1 and 2 formulated in the introduction show under which conditions the local
result of Corollary 1 also holds globally. Our proof is based on the following decomposition
theorem derived in [8, Theo rem 3 (a) l:

T heorem 3. Let AI be a simply connected pseudoriemannian manifold, which is equipped
with an orthogonal, locally decomposable net [ = (Ei)i=o.....k sati$fying one of the following
conditions:

(a) For every i~ 1 the leaves of the foliation Lf are totally geodesic and geodesically com
plete.

(b) For every i ~ 1 the maximal integrol manifolds of the sllbbllndle El' are totally geodesic
and geodesically complete.

Then [ i8 globally decomposable.



306 Meumertzheim, Reckziegel and Schaaf

For the proof of Theorem 1 and 2 it suffices to show the global decomposability of the net [ ,
for then we can use the same argumentat ion as in the proof of Corollary 1.

Proof of Theorem 1. By assumption, for every i::::: 1 there exists a Cw-funcnon Pi : M -. IR+
such that Hi = -grad(ln op;). Then we define a pseudoriema nn ian metric (., .j- on M by

• 1
(X ,1T ,= (X' , Y') + L ," (X ' ,Y' ),

.:1 I

(11)

which is non-degenerate, since it is non-degenerate on every E; . We prove the global de
composability of £ using Theorem 3 (a) by showing that the subbundle E; is autoparal
lel and has geodesicelly complete leaves with respect to the Levt-Crvite connection ij of
(., .j- for every i = I , .. . ,k . Because of Corollary 1 for every point pEAl there exists
a connected neighbourhood U of p in At such that U 'is ' a twisted pro duct " rr~~oM;
with some Ceo-function 17 = (qo, _.. , crk) ; u - lR~+ 1 and product net f lu . On U we
can represent H; as H;IU = - (grad(ln oqj».li (see Proposition 2 (c» . For i :?: I we ob
tain d{ln op;)(Z) = d( ln Oq;)(Z ) for every Z E r(Ei.l lu ) ; thus, there exist a Ceo-function
Ai ; Ill, ..... lR such that Inocr, - In 0Pi = Ai 0 7ri ' Therefore, qi = exp(A;) 0 71"; • Pi for i :?: 1 and
thus on U the metric {., .} satisfies

•
(X, y) ;. ql· (7I"o. X , lI"o.Y)o + L:>l' exp2p.; ) 0 1l"; (1l";. X , 1l";.Y )i .

j=l

Hence, on U the metric h ·t is the twisted product metric

•
{X, yt = 175 . (1l"o. X, 1l"o. Y}o +L exp2(Aj) 0 1l"; . (1l"; . X , 1l"; . Y ); .

i= l

(12)

For i :?: 1 the function exp(A;) 0 71"; is independent of u ' , thus by means of Proposition 2 (d)
the subbundle E;lu is autoparallel with respect to V. Since autoparallelity is a local property,
for i :?: 1 t he subbundle E, is autoparallel with respect to V.

Moreover , for i :?: 1 the function Pi is constant on every leaf Lf (p) since grad (pj) E r(Eil.) .
Therefore, the metric ( ·,·tl l.~(p) coincides with the met ric ( "') I L~ (p) up to a constant fac

tor , which shows that the geodesical completeness of {Lf (p), (" -> IL~ lP» implies the geodesical

completeness of (Lf(p) , ('. ·t IL~ (p) '

T hus, we can apply Theorem 3 (a) on the manifold
(M ,E) is decomposable.

(M, ( · ,· }~ ) and the net £' and get th at
o

Remark 3. The assumption of Theorem 1 that the mean curvature normal Hi is a gradient

means th at T heorem 1 handles only twisted products M ;. (Po.....P· ) rr~oM; , where each function
P; is independent of Mj for every i :?: 1 , if this represen tation of AI as a twisted product is
normalized with respect to some point p E M . On the other hand remember tha t for a twisted
product the mean curvature normal Hi is only the projection of I! gradient (see Proposition 2
(b» onto Ejl. ; therefore it shou ld be cmphaaised that Theorem 1 becomes false, if for a TP-net
(E;) we only assume this weaker property of Hj •
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Exampl e. Let X o, X I € I (IR2) be defined by Xo(r , y) := (2r, x2 - 1) and X I(x, y) := (x2 - 1,
-2x) and E, :::= ntX;. Then t: :::= (Eo,Ed is a T Pcnet on the euclidean plane IR? ,
the leaves of the two foliat ions arc gcodesically complete and the C'v-Iuncrlon ).(x , y) :=

-1 /2· x2+ In(x2 + 1) +2y has the property that the orthogonal projection of grad ()') onto Eo
is the mean curvatu re vector field HI of El. Nevertheless, t: is not decomposable, since the
leaf space induced by Lf is not a Hausdorff space (see also [7j).

Prool ol Th eorem 2. According 10 Proposition 3 the net t: is locally decomposab le. - In the
case that the first condition of Theorem 2 is fulfilled par t (0) of Theorem 3 can be applied, as by
the definition ofWP-nets for every i 2: 1 the subbundle E/' is autoparallel. If on the other hand
the second condition of Th eorem 2 is fulfilled, let i E I be fixed. Then W; := (H,,·) is a d osed
I-form because of Corollary 2. Since M is simply connected , w, even is exact , and therefore
H, is a gradient field. Thus , (after renumbering the indices if necessary ) all assumptions of
Theorem 1 are fulfilled, and we get that t: is decomposable . 0

5 H ypersurfaces with harmonic curvature

In this section let I: M - N be an isometric immersion between connected pseudorlemannian
manifolds and suppose that N has dimension dim N = 1 + dim AI = : 1 + n 2: 3 and constant
curvature x . Furthermore, suppose that 1 has a globally defined unit normal field Tf , denote
the shape operato r of j with respect to T] by A and suppose that on AI there exists an
orthogonal net t: = (Ed i=I. ...,k and a set Ph... ,Ak) of Cw- Iuncuons such hat A;(p) is an
eigenvalue of Ap and E;(p) the corresponding eigenspace for every point p of an open, dense
subset GA C AI and for every i E {I , . .. ,k } . In this situation t: is called the prin cipal
curvature net of j , because each A; is a principal curvature function of 1 (see also [13J, where
t: is called the curvature net of f ). Its mult iplicity rank(E;) will be denoted by mi . Although
at points p E M \ GA the cigcnspaces of Ap may differ from E 1(p), . . . , E.,(p) , nevertheless for
every section X E r(E;) the equat ion AX = A;X keeps valid on the entire space M , because
both sides of the equa tion are continuous .

It should be mentioned that in the case of a riemannian manifold AI there exists an open, dense
subset M of AI such that on every connected component of AI the principa l curvature net of
j is defined uniquely (up to the ordering of the E;) , see [14, §1J and [15, Theorem]; therefore
the assumption on the existence of the principal curvature net is not so rest rictive in this case.
But if the met ric of AI is indefinite, then this assump tion becomes crucial. For instance, it
implies that the investigation of (14, 15]keeps valid in the pseudoriemannian case. In particular ,
the subbundles E; are totally umbilic and in the case Ini 2: 2 even spheri cal. Nevertheless , in
general t: is not a TP·net, because it is not locally decomposable. But we can enforce the local
decomposability by demanding that M has harmonic curvature; see Corollary 4. Let us recall
that a tensor field of a pseudoriemannian manifold is said to be harmonic iff it has vanishing
divergence, [16, p. 35]. Notice the following sequence of implications: M has constant curva ture
~ AI is an Einstein manifold ~ AI has a parallel Ricci tensor field => M has harmonic
curvature, i.e., its curvature tensor is harmonic .

In order to analyze the harmonicity of the curvature of M in our situation we introduce the
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curvature like tenso r field R... defined by

Meumertzheim, Reckziegel and Schaaf

R... CX, Y jZ = (AY, Z} · AX -(AX, Z}· AY

and its associated Ricci tensor field RicA , which can simply be described by

RicA = -(A-tr... )o A with trA := trace A .

Therewith we can write the curvature equation of Gauss (for f) by

R(X ,Y)Z = x · ((Y,Z) . X - (X, Z) .y) +RA(X,Y)Z .

T his representation implies the first assertion of the following proposition .

P roposition 5. M has harmonic ct<rvatt<re if and only if R A is harmonic, and the latter is
true if and only if RiCA is a Godazzi tenso r field, t.e. (V'xRic",lY = (V'y Ri cA)X, that means,

'If

(13)

for all X , Y E .l(Af ) .

Proof. As R... satisfies the differential Bianchi identity we get [div R,.,)(X , Y , Z)
« 'ii'x RicAl Y - (V'yRic ... l X, Z) and obtain thereby the relation bet ween the harmonicity of
R ... and the Ccdeaa equat ion for RicA ; using that A , too , is a Codazzi tensor field the latter
implies (13) by an easy calculation . 0

If M has harmonic curvature, then the pr incipal curvature net and the principal curvature
functions of f have further strong properties, as we shall see now,

Proposition 6. If in the situation described at the beginning of this section the pseudo
riemannian manifold M has harmonic curvatu re, then the following properties hold for all
i,j E {i, ... , k};

(a) mi:?: 2 ~ A, · dtrAIEi::; 0

(b) Ifi#-j, then

Aj . dtr AIEi :: (Aj - Ai ) ' dAjlEi and

liXef(E;) , YEf(Ej ) V'x Y Ef(Ei 8 Ej ) ;

if in particular dAilEj = 0, then even V'xY E f(Ej) .

(c) If m i :s n - 2 and (mi:?:2 orAi::::::O) , then dtrA IE; =O .

(d) If dtrAIEi :: 0 , then Et is autoparallel and dAjlE; :: 0 for every j E {I, , , " k } .

Proof. For X E f(E;) and Y E f(Ej ) formula (13) implies

Aj '(( V'x A )Y-dtrA(X ) . Y):: Ai ' ((V'y A )X-dtrA(Y} ' X) .

(14)
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Replacing {'Vy A)X by ('Vx A)Y = dAj(X ) , Y - (A - Aj)'VXY we obtain

A;·dtrA(y) ·X->'j ·dtrA(X ) ,Y = (A; - >'j)· {d>'j{X). Y -(A - >'j )'Vx Y). (IS)
'--v-----'

Er (Et >

Choosing i = j we deduce (a). For (b) we suppose i # j . Splitting (15) into its Er and
Ef-part we obtain (l4 ) and >';' dtrA(Y ) ' X = - (>.; - >'j) . (A - >'j )'Vx Y. Replacing the left
hand side of this identity by equation (14), in which we change the role of >.; and >'j , we get

(A - Aj)'VXY = - d>.; (Y) · X . (16)

This implies 'Vx Y E r(E; ffl Ej ) . T he last assertion of (b) follows immediately from (16).

For (c). In the case >.;:: 0 we apply formula (14) and get dtrA IE; = dAjlE; for every j # i
over GA . As both sides of the last equat ion are continuous it holds on the entire space M' ,
Since we have tr A = L:)jO; TIl) • >'j on M, we therefore obtain cltrAlE; = [n - mil . dtrA IE; ,
thus dtrA.IE; = 0 because of m, ::;n - 2 .

Now we II.Ssume Ai ¢ 0 and mi ~ 2. On the open subset G := (p E M IA; (p) '" O} we
can apply part (a) of this proposition and obtain dptrAIE;(P) = 0 [or pEG ; of course, this
equation even holds for pEG. But on AI \ G this equa tion is also true, namely because of
the preceding case . Thus dtrAlE; = 0 holds in general.

For (d). 'Ve fixsome i and choose j # i . T hen we get d>'jIE; = 0 because of (14). Therefore,
part (b) of this proposition shows 'Vx Z E r(E;) for all X E f(Ej ) and Z E r(E; ) . In fact ,
this result keeeps valid, if wechoose X E qEf) . Then by means of the Ricci-Identity we derive
the autoparallelity of Ef . - From dAj lE; = 0 for i '" i and TIl; . .\; = tr A. - Lj;O; TIIi . Ai
finally we also obtain d>';IE; = O. Thus the proof is complete . 0

As a first application we get:

Corolla ry 3 , If M has harmonic cureeeure, then the follolJling is true:

(a) If TIl;:?: 2 for every i = I, . . . , k, then trA = canst.

(b) If for some i = 1, ... ,k the function A; is constant =fi 0 and TIl; ~ 2, then tr A = const.

(c) If trA = const., then 'VA = 0 , Le., f has pamllel second fundamental form.

The assertions (a) and (c) were already proved by M. UMEHARA in [171and by U . KI, H. NAKA

GAWA and M. UMEHARA in [18J with very different methods.

Proof. For (a). T he case k = 1 is trivial. For k ~ 2 we apply Proposit ion 6 (c), and obtain
dtrAIE; = 0 for every i = 1, .. . , k , hence dtrA = O.

For (b). 'Ve get dtrA IEj = 0 from Proposition6(a) for j = i and from Proposition 6 (b) for
j '" i . Consequently we have dtrA = O.

For (c). According to Proposit ion 6 (d) the A; are constant and the Ef are autoparallel. Hence
also the bundles E; = nu ;Ef are autoparallel. From T M = E i e Ef we then get that the E;
are even parallel. Therefore, weobtain ('Vx A)Y = 'Vx(AY) -A('VxV) = 'Vx(>.;Y)-A;·'VxY =
o for every X E X{M ) and Y E r(E,J. That proves 'VA = O. 0
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r"OW 'A'e combine Proposit ion 6 1I:ith the theory from the for~oing sections.

Corollary 4. If M ha.s harmonic curvature, then the pnnapol curtlGture nd £ = (£',),. 1-..);
oj / 1$ a TP-nd .

Proof. As staled at the beginning of this section the subbundles E; are totall}' umbilical. There
(ore, according to Lemma 1, ""'e have only to check the invclutivity of the subbundles E,l. ;
Firstly, the involutivity of the Eo and Proposition 6 (b) imply the involutivity of every sobbun
dIe E; e Ej • i # i , and therefrom the involutlvity of the subbundles E,l. £0110....1; . 0

Theo rem 4 . Suppose that in the $ituation described at the btginning of this section M hQJ
harmonic curoature and that there emts an integer l E {I, . . . , k } such that

dtr AlE, = 0 for i = 1, ,l (see Proposit ion 6 (ell

Then F := (E;);..o..__ .1 with Eo := (6;..I , t E;)l. is a WP-net and

dAJI(E9i_I .....tE;) = 0 f or all j = l , .. . , k.

In particular, locally M i.l: a warped produd, who$e product net corresponds with the IVP-net
T .

pTl)(Jf. In the foUowing i resp. j is arbitrary in {I , . . _, t} resp. in {I •.. . , e} . Then. according
to Propos it ion 6 (d), the subbundles E,l. are autoparaUel and dAj lEi;; O. Since particula rly
d>.,IE. = 0 , the subbundles E, a re spherical because of (15, Theorem 1 (d)j. 0

Remari .I. Thus far the results of this sectio n keep valid , if ....-e replace the shape operator A
by any selfadjoint Codazzi tensor 6eld; instead of assuming the harmcnicity of the curvature of
M then ....e have to demand the barmonicity of the associated cu rvature tensor R.....

As the ambient space N has constant curvature it is locally isomet ric to a standard space
of constant curvature (described in [19J, namely as pseu doeu elidean space, pseudospbere resp.
pseudohyperbolic space). Therefore, Theorem 4 in connection with the follo.....ing proposit ion
sho ws t hat locally the hypersur face immersion f can be decomposed .

Proposi t ion 7. Let M = Mo x pn:.IM, be an n-dimensional coMected warped product of
pseudoriemannian manifolds, N an (n + I )-dzmensional pswdoriemannian standard space of
constant curvature )( and f : M ..... N an isometric immersion. Assume that there exist
principal curvature [unctions >'1, .. • , ).,1 of f and an open, dense subset G eM such that the
product net :F;; (Fi)i_O"...t of Mo X p of. IM, has the following properly: For every peG
and ~ry i = 1, . .. •1 the subspace F,(P) is the eigenspace of the shape operator Ap of f with
respect to ).,i(P) and d.\,lF, = 0 (ncrice that the hypothesis dAilF, = 0 is fulfilled if rank(F,) 2::
2 , see 115, Theorem ii)J). Then , depending on an arbitrurily chosen poinl pE Al there em ts
an isometry II' : No x" n~_IN; ..... U from a warped product onto an open subset U eN , loml
iwmdries I , : Af, ..... N, lo r i = 1, ... , 1 ond a hypeF"surlaa immusion fo : .\fo ..... ,.,-o such
thaI f can be dtamlposed In the following mannu:

f = lI'o (fo x . . . xft) . (17)
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Sketch of the proof. As over G the subbundles F; with i 2:. I are elgenbundles of the shape
operator A of f , the second fundamental form h of f (related to A by hp(v,w) = e (Av, w) Tip
with e := (TI, TI) E {±l} ) satisfies the essential decomposition hypothes is (D), namely hlF; X M

Fj = O for i #- j .

Now, we fix some point PEM and assume that the representation of M as a warped product
is normalized with respect to 15. The n for every i = 0, . . . ,l we define the isometric immersion
Ii ;= f 0 'Pi : J.li ..... N , where 'Pi denot"" t he canonical embedding

(18)

For I > 1 the immersion f i is spherical and its mean curvature normal is ( i := I .Hi 0 'Pi +
E P.i1/) 0 Ii [e.g. see [14, Sat z 2 (d)] or [15, Theorem iii) b)]), where Hi denotes the mean
curvature normal of F; . Now we define a "WP-net initial data set " I = (q,Vo, ... , Vt , zi " " Zt )

by q:= 1(P) , V; := I"Tp;Mi = I .F; (P) and Zi := ( i (iJ;) for i 2:. 1 and Vo := (ef.'i V;)j. .
Furthermore, for i 2:. 1 let Ni denote the unique ext rinsic sphere (= gccdesically complete,
spherical submanifold) of N with q E N; , T4Ni = V; and whose mean curvature normal
at ij is Zi; then from the construction it follows that Ii is a local isometry onto an open
part of N; ; in particular N; is the "spherical hull" of Ii in the sense of [2, Definit ion 14].
Therefore, if the metric of M and N is positive definite, the assertion of Proposition 7 follows
from Nolker's decomposition theorem [2, Theorem 16]. But, in the indefinite case the general
version of th is theorem does not keep valid, because then the existence of spherical hulls is not
guaranteed and the orthogonality of two linear subspaces do not imply that there intersection
is the Il-space. Because of this reason the th ird auth or of th is arti cle has developped a theory
which also works in the indefinite situat ion by introd ucing the notion of quadrotic hulls ; for thei r
definition more general quadrics (of pseudoeuclldean spaces) than extrinsic spheres are involved;
see [20, Chapter 6] (it is intended to publish this method in a forthcoming paper). In our special
situation however Nolker's methods would work. We justify this claim by indica t ing, how one
can gat her the missing arguments for Proposit ion 7 from [20].

Combining the curvature equati on of Gauss with formula (7) we get (Zi , Zj ) = -x for i #- j (as
in [2]). Therefore, 1 is regular in the sense of [20, Definit ion 21] and we get from [20, Theorems 18
and 19]: Ther e exists a connected totally geodesic submanifold No of N with q E No and
TIlNo = Vo and an isometry 111 as described in Proposit ion 7 which can not be enlarged by
enlarging No and which is uniquely determined by the following fact : If l/Ji : N, ..... n~=o Nj is
defined analogously to (18) (replacing P by (ij , . . . , q)), then 111 0 l/Ji is the canonical inclusion
Ni ..... N. If N is a pseudoeuclidean space, then 111 tu rns out to be the decomposition map
described in [20, Theorem 23] associated to q, Ni , . . . .Ne, and (17) holds by means of [20,
Theorem 24]; in order to verify 10(Mo) c No one uses [20, Proposit ion 36J. How the case of an
arbitrary N can be deduced from the last situation is described in [20, Section 6.4). 0

Remark 5. It seems to be a good idea to call the isometric immersion

111 0 (/0 X idN1 X • . . x idN, ) : Mo x~ofo ru, N i ..... N

a multi·rotation hypersurface para metrization (see also [2, Example 11(blJ) . Thus, in the situ
atio n of Proposit ion 7 f parametrizises an open part of such a nice hypersurface .
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