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Sieve-Type Lower Bounds
for the Mahler Measure of Polynomials on Subarcs
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Abstract. We prove sieve-type lower bounds for the Mahler measure of poly-
nomials on subarcs of the unit circle of the complex plane. This is then applied
to give an essentially sharp lower bound for the Mahler measure of the Fekete
polynomials on subarcs.
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1. Introduction

The large sieve of number theory [18] asserts that if

n

P(z) = Z a2

k=—n
is a trigonometric polynomial of degree at most n,
0<ti <ty <+ <ty < 2m,

and
0= min{t2 - tl,tg —tg,. .. ,tm - tm_1,27r — (tm — tl)},

m 2
P(e's 2<(£+1)/ P(e™)|? dt.
;He)\_ 2w t5) ) 1P

There are numerous extensions of this to L, norm (or involving ¢ (|P(e)P),
where 1) is a convex function), p > 0, and even to subarcs. See [16, 12|. There

then
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are versions of this that estimate Riemann sums, for example, with ¢y := t,, — 2,
m 2
S PP -ty <c [ penp
j=1 0

with a constant C' independent of n, P, and {t1,ts,...,t,}. These are often
called forward Marcinkiewicz-Zygmund inequalities. Converse Marcinkiewicz-
Zygmund inequalities provide estimates for the integrals above in terms of the
sums on the left-hand side, see [15, 17, 19, 13]. A particularly interesting case is
that of the Ly norm. A result in [9] asserts that if {21, 29,..., 2,} are the n-th
roots of unity, and P is a polynomial of degree at most n, then

(1.1) [T1PGHI™ < 200(P),

Jj=1

where ,
1 T ,
My(P) := exp (—/ log | P(e")] dt)
2 Jo

is the Mahler measure of P. In [9] we were focusing on showing that methods
of subharmonic function theory provide a simple and direct way to generalize
previous results. We also extended (1.1) to points other than the roots of unity
and exponentials of logarithmic potentials of the form

P(2) = c exp (/ log |2 — t| dz/(t)) ,

where ¢ > 0 and v is a positive Borel measure of compact support with v(C) > 0.
Inequalities for exponentials of logarithmic potentials and generalized polynomi-
als were studied by several authors, see [8, 10, 3, 9], for instance.

Let o < B be real numbers. The Mahler measure My(Q, [a, (]) is defined for
bounded measurable functions ) defined on [, 5] as

My(@Q, o, B]) = exp (ﬁ%a / Tlog Q") dt) -

It is well known that

MO(Q? [@aﬁ]) = hm MP<Q7 [av 5])7

p—0+

where

00—«

It is a simple consequence of the Jensen formula that

M,(Q, [, B]) = ( ! /j Qe[ dt) 1/1’7 p>0.

Mo(Q) := Mo(Q. [0,2x]) = |e| | [ max{1, |z4[}
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for every polynomial of the form

Q(z):cH(z—zk), ¢,z € C.

k=1

Finding polynomials with suitably restricted coefficients and maximal Mahler
measure has interested many authors. The classes

L, = {p: p(z) = Zakzk, ap € {—1, 1}}

k=0

of Littlewood polynomials and the classes

’Cn = {p p(Z) = Zakzk7 ag € C7 |a’k| = 1}
k=0

of unimodular polynomials are two of the most important classes considered.
Beller and Newman [1] constructed unimodular polynomials of degree n whose
Mahler measure is at least \/n — ¢/logn. For a prime number p the p-th Fekete

polynomial is defined as
p—l k
fo(z) = (—) 2F,
=1 \P

. 1, ifz? =k mod p has a non-zero solution,
(—) =<0, if p divides k,
—1, otherwise

where

is the usual Legendre symbol. Since f, has constant coefficient 0, it is not
a Littlewood polynomial, but g, defined by g¢,(z) := f,(2)/z is a Littlewood
polynomial, and has the same Mahler measure as f,. Fekete polynomials are
examined in detail in [2]. In [9] we obtained the following result.

Theorem 1.1. For every € > 0 there is a constant c. such that

1
Mo(fy 0.2 = (5 -¢) V5
for all primes p > c..

One of the key lemmas in the proof the above theorem formulates a remarkable
property of the Fekete polynomials. A simple proof is given in [2, pp. 37-38].
Lemma 1.2 (Gauss). We have

[ =ve G=12.p-1,
and f,(1) =0, where z, := exp(2mwi/p) is the first p-th root of unity.
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The distribution of the zeros of Littlewood polynomials plays a key role in the
study of the Mahler measure of Littlewood polynomials. There are many papers
on the distribution of zeros of polynomials with constraints on their coefficients,
see [11, 3, 4, 6, 2, 5, 7], for example. Results of this variety have been exploited
in [9] to obtain Theorem 1.1.

From Jensen’s inequality,
MO(fpa [07 271—]) S MQ(fp’ [07 27?]) = p— 1.

However, as it is observed in [9], 1/2 — ¢ in Theorem 1.1 cannot be replaced by
1 — ¢. Indeed if p is prime of the form p = 4m + 1, then the polynomial f, is
self-reciprocal, that is, 2P f,(1/2) = f,(2), and hence

(p—3)/2

fo€®) =€ > agcos((2k+1)t),  ay € {—2,2}.

k=0
A result of Littlewood [14] implies that

Mo(f,, [0, 27]) < %/0 )] dt:%/o ()| dt < (1—e)y/p T,

for some absolute constant € > 0. A similar argument shows that the same
estimate holds when p is a prime of the form p = 4m + 3. It is an interesting
open question whether or not there is a sequence of Littlewood polynomials (f,,)
such that

Mo(fm [07 27T]) > (1 - 5)\/H

for all € > 0 and sufficiently large n > N..

2. New results

Let D denote the open unit circle of the complex plane. Let 0D denote the unit
circle. For a complex-valued function f defined on 0D let

Ifllop := sup [f(2)].
z€0D

Theorem 2.1. Let wy < wy < wq + 27,

wp Stg <ty < - <ty < wo,

t_l =W — (to — wl), tm+1 = wa + (CUQ - tm)7
1 _
§ :=max{to —t_1,t1 — to, ..., tmp1 — tm} < 5 sin w2
There is an absolute constant ¢; > 0 such that
Mt — . w2 ,
Z %]1 log |P(e")| < / log |P(e")| dt + c1E(n, §,w;, ws)

=0 wi
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for every polynomial P of the form
P(z) =) b2, by €C, boby #0,
j=0

where

1
E(n, 6, wi,ws) := (wy — wi)nd + né*log 5

1 52
++v/nlog R 510g5+w "
2 — Wi

and R := |bob,|~Y?|| P||op.

Observe that R appearing in the above theorem can be easily estimated by
R < [boba|~2(Jbo + [b1] + -+ - + [ba]).

As a reasonably straightforward consequence of our sieve-type inequality above,
the lower bound for the Mahler measure of Fekete polynomials below follows.

Theorem 2.2. There is an absolute constant ¢y > 0 such that

Mo(fp, [a, B]) = cav/p

for all prime numbers p and for all o, B € R such that

4 1 3/2
LBl g a<on
p pY/

It looks plausible that Theorem 2.2 holds whenever 47 /p < § — o < 27, but we
do not seem to be able to handle the case 47/p < 3 — a < (log p)*/?p~'/? in this

paper.
We remark that Cauchy’s inequality implies

g
Mol fsla,B) < MillanB) = 5 [ [f(e)] at
1

= / | fo(€)] Xiays (€") dt

1 a+-2m ) 1/2 a+2m ] 1/2
=3 a (/ | fo(e™)]’ dt) (/ X1 (")) dt)

SB%EVER@TT f—a

1/2
:(ﬁ?a> Pt

)
e
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whenever 0 < 3 — a < 27. However, it seems plausible that there is a constant
C(q,¢) depending only on ¢ > 0 and £ > 0 such that

Malh s < (52 [Ih0 rdzr)l/q < Cla. o),

whenever 2p~1/?%t¢ < 5 —a < 27. We expect to prove this in a forthcoming
paper.

3. Lemmas

To prove the theorems we need several lemmas. Our first three lemmas look quite
similar to each other. Our Lemma 3.1 deals with a subdivision of the period in
which case we can exploit the formula

2m
/ log}e”—a’ dt = log" |a|] ;= max{log|al, 0}, a € C.
0

In Lemma 3.2 we deal with a subdivision of a subinterval [wy, ws] of the period.
In this lemma the location of the zero a = |ale’? € C is special. The geometric
implications of the assumptions on the location of a are exploited heavily in the
proof of Lemma 3.2. In our Lemmas 3.1-3.4 below we use the notation

0= max{t1 — to,tg — tl, . ,tm — tmfl}.
Lemma 3.1. Let

th <ty <- - <ty <t +2m, to :=1tm — 2m, a1 =11 + 2m.
Then
b =t it o it +
(3.1) ZTlogkﬂ—a}g log |e —a| dt + 56 =log™ |a| + 59
=1 0

for every a € C. Here log" |a| := max{log |a|,0}.
Lemma 3.2. Let wy < wy < wy + 2,
w)p =it =1 <ty < <ty =1tnt1 = wo.

Let A <sin((ws — w1)/2). Then

Mot — 1t w 2
(3.2) Z%log‘e“j —a{ —/ 210g‘e“—a| dt| < %
§=0 @i

for every a = |ale’? € C satisfying
(3.3) }e”l — a| > A and ‘eiw? — a‘ > A
and

(3.4) wy — 21 < o < wy.
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Our next lemma follows immediately from Lemmas 3.1 and 3.2 (where Lemma 3.2
is applied with § = A).

Lemma 3.3. Let wy < wy < wy + 2,
wr=:1t_1 =10 <11 < < =7Tpmy1 = wo.
Let § < sin((wy — wy)/2). Then

m

g — s , w2 ,
Z % log ’e”f — a| < / log }e” — a’ dt + 100
=0 w1

for every a € C satisfying

(3.5) et —a| >0 and €2 —a| > 0.

Combining Lemmas 3.3 and 3.5 we obtain the following.

Lemma 3.4. Let wy < wy < wy + 27,
w1 :Zt_l :to <t1 < .- <tm:tm+1 = Wao,

0 < 1/2. Then there is an absolute constant cg > 0 such that

m

by —t. _ w2 , 1
Z MR log ’e”j — a! < / log |e” — a‘ dt + c30 log 5
=0 w1
for every a € C such that either [e™* —a| < § or [e“? —a] < 4.

Lemma 3.5. Let f—a < § < 1/2 and |a| > 1/2. There is an absolute constant
cq > 0 such that

P : 1
0§/ log‘e”—a| dt+c4510g5.

The following two lemmas will be needed to estimate the Mahler measure of
polynomials on short intervals (of size at most ¢) next to the endpoints of the
interval.

Lemma 3.6. Let o« < v < [ and let f —a < 6 < 1/2. Suppose further that
e —a| > (M + 1)0 with some M > 0. Then

: p : )
—a)logle —a| < [ loglet —a| dt + —.
(8 — a)log e —d _/a ogle" —a| dt + A
Lemma 3.7. Let a <y < (3 and 3 —a < 6 < 1/2. Suppose that |¢” —a| < 1.

There is an absolute constant cs > 0 such that

B
(ﬁ—a)log‘e”—a‘ §/ log‘eit—a| dt+c55log%.

«

Our final lemma formulates a classical result of Erdds and Turan [11]. (A recent
improvement of the result below is given in [7].)
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Lemma 3.8. If the zeros of

n

P(z) := ijzj, b; € C, bob, # 0,

§=0
are denoted by
z; = rjexp(iy;), r; >0, ¢;€[0,2r), 7 =1,2,....n,
then for every a < 3 < a+ 27w we have
>
4 2w
Jj€l(a,B)
where R = |bob,| Y2||P|lop and I(a, ) := {j: a < ¢; < B}.

Lemma 3.9. Let P be a polynomial of the form as in Lemma 3.8. Suppose
a<~y<fGand f—a<d<1/2. We have

. s . 1 1
(B —a)log|P(e)| < / log |e" — al dt + ¢} (n52 log 5T dlog g\/nlog R>

«
with an absolute constant ¢ > 0.

n| < 16y/nlog R,

4. Proofs of the lemmas

The proofs of Lemmas 3.1 and 3.2 follow the same lines but they are slightly
different. To prove both of our first two lemmas our starting observations are
as follows. Without loss of generality we may assume that a is a positive real
number. Since then

log [¢" — a| = log |e" — a™!| + log|al

for all t € R, it is sufficient to prove (3.1) and (3.2) only in the case when a > 1.
Note that elementary geometry shows that if f” exists and does not change sign
on [a, (], then

p ﬁ_a 1 20 ot /
/'ﬂww— (Fl) + FB)] < 28— a17'(8) - F(0).

(4.1) 5 <3
This is just estimating the difference of the area of the region H below the graph
of a (positive) convex or concave function on an interval [«, 5] and the area of the
trapezoid T" with vertices A(«,0), B(f3,0), C(«a, f(«)), and D(S3, f(5)). Observe
that the fact that f” exists and does not change sign (without loss of generality
we may assume that f” > 0 on [a, (], so f is convex on [a, 3]) implies that the
region H \ D is contained in the triangle C EF where the ¢ coordinate of both E
and F'is # and the slope of CE is f'(a) and the slope of CF is f'(f). Finally
observe that the area of the triangle CEF is

S8 aPIf'(5) - fl)]
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Also, if f’ is continuous on [a, 3], then

(4.2) / f(e)dt — —(f(a) + )< (B- a)thg;él IF(2)].
Now let
f(t) :=log |eit — a‘ )
Then
(4.3)  f(t)= asini and (1) = —2a* + (1 + a*)acost

1+ a? —2acost (14 a? — 2acost)?

Also, since f” has at most two zeros in the period, the total variation V2 f’ of
fon [wy,ws] satisfies

(4.4) Ve f <6 max |f(t).

tE[wl wz}

Observe also that (4.1), (4.2), (4.4), and the fact that there are at most two
intervals [t;_1,t;] on which f” changes sign imply that

[0 )

(/ f(t) L l(f(fj)+f(tj1))>|

[ =22 )+ 1)

J

(4.5)

Ms

<.
Il

NE

1

<.
Il

(t; = tj-1)*[f/(t5) = f'(t;-1)] + 26" max [f'(1)]

tE[LU1 LUQ]

IA
.MS
DO =

1

<
Il

VAN
DN | —

V52 f) +20° mac [F(1)] < 56° max |f(7)]

t€[wr,wa] telwr,wa]

Proof of Lemma 3.1. In addition to a > 1, without loss of generality we may
assume that a > 149, the case 1 < a < 1+ ¢ follows easily from the case when
a=1+46. To prove (3.1) when a > 1+ ¢ first observe that elementary calculus
shows that f/(t) achieves its maximum on the period when cost := 2a/(1 + a?).
Then |sint| = (a* — 1)/(a® + 1). Therefore

(4.6 Ol <—1 <5

where a > 1 + ¢ has also been used. Hence,

teR,

1
4. ! < =
(4.7) tén[(ff‘ii]'f“)’ <5
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Now (4.5) and (4.7) imply that

2T m
| o= > T ) < 5
0 = m

Proof of Lemma 3.2. As we observed it in the beginning of the section, it is
sufficient to prove (3.2) only in the case when a > 1. To prove (3.2) when a > 1
first observe that

18] — |la sin . _ 1 e
7l 14+a?—2acost — |e* —al? |et —a| — A’ (w1, wal,
that is,
1
4.8 max |f'(t)] < —.
(48) Jnax [['(1)] < &

Now (4.5) and (4.8) imply that

-y ) < %

Jj=1

0 |

Proof of Lemma 3.3. If condition (3.4) is satisfied then we get the conclusion
of the lemma by using simply Lemma 3.2. If condition (3.4) is not satisfied,
that is, if w3 < ¢ < wp + 27, then the argument is a bit trickier. Namely, if
wy < ¢ < wy + 27 then the conclusion of the lemma follows from a combination of
Lemmas 3.1 and 3.2. Lemma 3.2 is applied with [wy, ws] replaced by [wa, wy +27]
and by extending the original subdivision of [wy,ws] with norm 6 to a subdivision
of the period with norm 9. [ |

Proof of Lemma 3.5. First assume that |a| > 1. Without loss of generality
we may assume that a is real and a > 1. Then

3 ‘ 3
/ log|e”—a‘ dtZ/ log

with an absolute constant ¢ > 0, and the lemma follows. Now assume that
1/2 < Ja| < 1. Without loss of generality we may assume that a is real and
1/2 < a < 1. Since

2t A
—‘—t] > cg0 log o
Tr «

2t
—‘ dt = [tlog
T

log |e“ — a‘ = log |eit - ail‘ + log |a
for all t € R, it follows from the already proved case that

B ,
/ log [e" — aldt > cgdlogd + (B — a)loga

1
> cdlogd + (5log§ > (cg + 1)d log d. ]

Proof of Lemma 3.4. This is a consequence of Lemmas 3.3 and 3.5. [ |
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Proof of Lemma 3.6. Observe that | — a| < | — €| + |e" — a, hence

‘e“—a| > |e”—a| — ‘e”—eﬂ > !e”—a| -6 > M1 ‘e”—a‘
for every t € [a, §]. Hence
B
(8 — a)log|e™ — q —/ log |¢" — al dt

B

g/ (log|e”—a} —log‘eit—aD dt
p e’ —a M+1 ¢

S/a log T dt < (6 — «)log i SM. =

Proof of Lemma 3.7. Without loss of generality we may assume that a is a
positive real number. Since then

1
+ loga

eit _ =
a

log ’e“ — a| = log

for all ¢ € R, it is sufficient to prove the lemma only in the case when a > 1.
Elementary calculus shows that

(8 —a)logle” —a| <0,

while
B

2
—' dt = [tlog‘—t‘ —t} > c50log o
7r T

B B
/ log|e“’ —a‘ dt 2/ log 2t
[0} « «

with an absolute constant cs > 0. [ ]

Proof of Lemma 3.9. Every polynomial P of the form
P(z) =) bz, b €C, b, #0,
j=0

can be factorized as
n

P(z)=b, [[(z—a), areC

Without loss of generality we may assume that b, = 1. Let

L= LlogQ%J +1>2
B, =842, pu=12...L
oy = a — 210, w=12 ..., L,
{re®: ¢ € [ay, 1), 7 > 0}, =1,
V= {re®: p € [Bu-1,0,) Ulay, ap1), r >0}, u=23,....,L—1,
{re*: p € [Br_1,ar_1 + 27), r > 0}, w=1L.
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Note that
L
JVv.=c\{o}.
pn=1

Let N, denote the number of zeros of P in V,,. By Lemma 3.8 there is an absolute
constant ¢; > 0 such that

(4.9) N, <cz <n2“5+ \/nlogR), w=1,2,...,L,
where R := |bob,|V/?||P|lop. Observe also that there is an absolute constant

cg > 0 such that
(4.10) [t —al > 0 + cg2"6, telo,fl,aeV, w=2,3,...,L.
Using Lemmas 3.6 and 3.7 and inequalities (4.9), (4.10), and

1
L—1§10g227r—6§1+10g23,

we obtain
(8 —a)log|P(e™)] = (B -« Zlogw —
— ) Z Z log | — ay]
p=1 akGVH
< Z/ log ‘6115 - ak‘ dt + N105510g + Z 082“
< / log |P(e")| dt + ¢ <n25 + +/nlog R) 05610g 5
L ¢; (n246 + \/nlog R) 6
+Z 082“ ’
n=2
and hence

B
(5 - ) log| P(e™)] - [ log | Plet)] a

20 + y/nlog R) &
< <n25 + v/nlog R) 05510g Z il (n 0 —;2:1 o8 )
n=2

1 1
< (n52 logg + dlog g\/nlog R>
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with an absolute constant ¢} > 0. In the last inequality we used that

c7(n2“5)% =(L— l)ﬁn(52 < (1 + log, %) né>.

Cg Cs Cg

L
n=2
5. Proofs of the theorems

Proof of Theorem 2.1. Without loss of generality let ws —w; < 7/8. First we
assume that ty = w; and t,, = wy. Every polynomial P of the form

P(z) =) bz, b €C, b, #0,
=0
can be factorized as
P(z)=b, [[(z—a), areC
k=1

Without loss of generality we may assume that b, = 1. Let
U = D(e™",5) U D(e"2,9)

where D(a,r) denotes the open disk of the complex plane centered at a with

radius r. Let .
L:= {logQ( 2 >J+123,
Wy — W1

ﬁujzw2—|—2u(w2—u)1)’ M:1,2,...,L—1,
au::wl—Z‘u(WQ—wl), /L:LQ,...,L—L

{re*: ¢ € o, 1), > 0} p=1,
VN = {rei‘p: SOE [5#71;/6;1,)U[05,u705,u71>7T>0}7 M:2737"'7L_17
{re*: ¢ € [Br_1, a1+ 27), r > 0}, w=1L.

Note that ;
Jv.=c\{o}.
pn=1

Let M denote the number of zeros of P in U. Let N, denote the number of zeros
of P in V,. By Lemma 3.8 there is an absolute constant c; > 0 such that

(5.1) M < e (n5 + \/m>

and
(5.2) N, <c; (nZ“(wQ—wl)—i— nlogR) , w=1,2 ..., L,
where R := |bob,|'/?||P||sp. Observe also that there is an absolute constant

cg > 0 such that
(5.3) [t —a| > cg2(wy — wy), tefw,ws),a€V, p=23,... L.
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Using Lemmas 3.2, 3.3, and 3.4, and inequalities (5.1), (5.2), (5.3), and

L—1§10g2( 2 ) §1+log21,
Wy — W1 d
we obtain
Z—tjﬂ ; i log | P(e"7)] ZZ JH ~log e — ay|
j7=0 7=0 k=1
_ZZ ]H — log | — ay|
k=1 5=0
L m
boin — e .
— Z Z Z%log‘enj _ak}
p=1 kevuj 0
< (/w log ‘eit — ak’ dt) + Ny(109)
k=1 w1
552
+M <03510g ) + Z 082“ P
and hence
N T it 2 it
Z%IOg‘P(e“” —/ log|P(€Z )‘ dt
§=0 “

< cq <2n(w2 —wip) + /nlog R) (109)

+c7 (né + v/ nlog > (03510g 5)

502

682“ (WQ — wl)

L
+ZC7 <n2“(w2 —wy) + v/nlog R)

pn=2

1 1 2
SCQ ((WQ_Wl)n5+n(S2IOgS—|—\/’[’LlogR(§10g_+ 0 ))

0 Wo — W1

=coE(n,d,wy,ws)
with an absolute constant cg > 0. In the last inequality we used that
L 52 1
2 (wy — —:L—l—é2 (1 +log, ~ 52,
> erln2 e — ) gt = (L= D0 < 7 (110 5 ) m

n=2
Hence the theorem is proved in the case when ty = w; and t,, = ws.

Now we eliminate the extra assumptions tg = w; and t,, = ws from the proof.
Applying the already proved case of the theorem with w; =ty and wy = t,,,, we
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have
m—1 L ot tm
(5.4) Z % log |P(e)| < / log |P(e")| dt + ¢, E(n, §,wy, ws).
j=1 to
It follows from Lemma 3.9 that
to —t— <
(5.5) C L log|P(e™)|
to ]
< / log |P(e")| dt + ¢, E(n, 0,wr,ws),
w1
gl — tm ,
(5.6) % log | P(e™)|
w2 )
< / log |P(e")| dt + ¢\ E(n, §,w;,ws).
tm
Now (5.4), (5.5) and (5.6) imply the theorem. ]

Proof of Theorem 2.2. The theorem follows from Theorem 2.1 and Lemma 1.2
in a straightforward fashion. Let g,(2) := f,(2)/% and let
(5.7) wima<ty<ti <ty <<t <[0=w

be chosen so that e, j = 0,1,...,m, are exactly the primitive p-th roots of
unity lying on the arc connecting e*® and e’ on the unit circle counterclockwise.
The assumption on p guarantees that the value of § defined in Theorem 2.1 is at
most 47 /p. Observe also that R < p — 2 < p. By Lemma 1.2 we have

go(e™)| =P, §=0,1,....,m.
Applying Theorem 2.1 with P := g,, n = p — 2, and (5.7), we obtain

m

Forq —ta . B . A
Z %log }gp(eltj)’ < / log !gp(e t)‘ dt + 61E<p -2, ?,a,ﬁ) ,
Jj=0 @
where the assumption
1 3/2
(Ogl—];z <f-a<or
p
implies that
4
E(p_27_7raa7ﬂ>
p
f—a)p  logp log p 1
</ (( + ++/plogp + < co(f—«
1 p p p pPAB—a) w0(f — o)

with absolute constants ¢}, > 0 and ¢;9 > 0. Hence
Mo(fp, o, B1) = Mo(gp, [, ]) = exp(=cici0) v/p,

and the theorem follows. ]
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