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Abstract. We prove sieve-type lower bounds for the Mahler measure of poly-
nomials on subarcs of the unit circle of the complex plane. This is then applied
to give an essentially sharp lower bound for the Mahler measure of the Fekete
polynomials on subarcs.
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1. Introduction

The large sieve of number theory [18] asserts that if

P (z) =
n∑

k=−n

akz
k

is a trigonometric polynomial of degree at most n,

0 ≤ t1 < t2 < · · · < tm ≤ 2π,

and

δ := min {t2 − t1, t3 − t2, . . . , tm − tm−1, 2π − (tm − t1)} ,

then
m∑

j=1

∣∣P (eitj)
∣∣2 ≤ (

n

2π
+

1

δ

) ∫ 2π

0

∣∣P (eit)
∣∣2 dt.

There are numerous extensions of this to Lp norm (or involving ψ(|P (eit)|p),
where ψ is a convex function), p > 0, and even to subarcs. See [16, 12]. There
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are versions of this that estimate Riemann sums, for example, with t0 := tm−2π,
m∑

j=1

∣∣P (eitj)
∣∣2 (tj − tj−1) ≤ C

∫ 2π

0

∣∣P (eit)
∣∣2 dt,

with a constant C independent of n, P , and {t1, t2, . . . , tm}. These are often
called forward Marcinkiewicz-Zygmund inequalities. Converse Marcinkiewicz-
Zygmund inequalities provide estimates for the integrals above in terms of the
sums on the left-hand side, see [15, 17, 19, 13]. A particularly interesting case is
that of the L0 norm. A result in [9] asserts that if {z1, z2, . . . , zn} are the n-th
roots of unity, and P is a polynomial of degree at most n, then

(1.1)
n∏

j=1

|P (zj)|1/n ≤ 2M0(P ),

where

M0(P ) := exp

(
1

2π

∫ 2π

0

log
∣∣P (eit)

∣∣ dt

)
is the Mahler measure of P . In [9] we were focusing on showing that methods
of subharmonic function theory provide a simple and direct way to generalize
previous results. We also extended (1.1) to points other than the roots of unity
and exponentials of logarithmic potentials of the form

P (z) = c exp

(∫
log |z − t| dν(t)

)
,

where c ≥ 0 and ν is a positive Borel measure of compact support with ν(C) ≥ 0.
Inequalities for exponentials of logarithmic potentials and generalized polynomi-
als were studied by several authors, see [8, 10, 3, 9], for instance.

Let α < β be real numbers. The Mahler measure M0(Q, [α, β]) is defined for
bounded measurable functions Q defined on [α, β] as

M0(Q, [α, β]) := exp

(
1

β − α

∫ β

α

log
∣∣Q(eit)

∣∣ dt

)
.

It is well known that

M0(Q, [α, β]) = lim
p→0+

Mp(Q, [α, β]),

where

Mp(Q, [α, β]) :=

(
1

β − α

∫ β

α

∣∣Q(eit)
∣∣p dt

)1/p

, p > 0.

It is a simple consequence of the Jensen formula that

M0(Q) := M0(Q, [0, 2π]) = |c|
n∏

k=1

max{1, |zk|}
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for every polynomial of the form

Q(z) = c

n∏
k=1

(z − zk), c, zk ∈ C.

Finding polynomials with suitably restricted coefficients and maximal Mahler
measure has interested many authors. The classes

Ln :=

{
p : p(z) =

n∑
k=0

akz
k, ak ∈ {−1, 1}

}

of Littlewood polynomials and the classes

Kn :=

{
p : p(z) =

n∑
k=0

akz
k, ak ∈ C, |ak| = 1

}

of unimodular polynomials are two of the most important classes considered.
Beller and Newman [1] constructed unimodular polynomials of degree n whose
Mahler measure is at least

√
n− c/ log n. For a prime number p the p-th Fekete

polynomial is defined as

fp(z) :=

p−1∑
k=1

(
k

p

)
zk,

where (
k

p

)
=

⎧⎪⎨
⎪⎩

1, if x2 ≡ k mod p has a non-zero solution,

0, if p divides k,

−1, otherwise

is the usual Legendre symbol. Since fp has constant coefficient 0, it is not
a Littlewood polynomial, but gp defined by gp(z) := fp(z)/z is a Littlewood
polynomial, and has the same Mahler measure as fp. Fekete polynomials are
examined in detail in [2]. In [9] we obtained the following result.

Theorem 1.1. For every ε > 0 there is a constant cε such that

M0(fp, [0, 2π]) ≥
(

1

2
− ε

)√
p

for all primes p ≥ cε.

One of the key lemmas in the proof the above theorem formulates a remarkable
property of the Fekete polynomials. A simple proof is given in [2, pp. 37–38].

Lemma 1.2 (Gauss). We have∣∣fp(z
j
p)

∣∣ =
√

p, j = 1, 2, . . . , p− 1,

and fp(1) = 0, where zp := exp(2πi/p) is the first p-th root of unity.
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The distribution of the zeros of Littlewood polynomials plays a key role in the
study of the Mahler measure of Littlewood polynomials. There are many papers
on the distribution of zeros of polynomials with constraints on their coefficients,
see [11, 3, 4, 6, 2, 5, 7], for example. Results of this variety have been exploited
in [9] to obtain Theorem 1.1.

From Jensen’s inequality,

M0(fp, [0, 2π]) ≤ M2(fp, [0, 2π]) =
√

p− 1.

However, as it is observed in [9], 1/2− ε in Theorem 1.1 cannot be replaced by
1 − ε. Indeed if p is prime of the form p = 4m + 1, then the polynomial fp is
self-reciprocal, that is, zpfp(1/z) = fp(z), and hence

fp(e
2it) = eipt

(p−3)/2∑
k=0

ak cos((2k + 1)t), ak ∈ {−2, 2}.

A result of Littlewood [14] implies that

M0(fp, [0, 2π]) ≤ 1

2π

∫ 2π

0

∣∣fp(e
it)

∣∣ dt =
1

2π

∫ 2π

0

∣∣fp(e
2it)

∣∣ dt ≤ (1− ε)
√

p− 1,

for some absolute constant ε > 0. A similar argument shows that the same
estimate holds when p is a prime of the form p = 4m + 3. It is an interesting
open question whether or not there is a sequence of Littlewood polynomials (fn)
such that

M0(fn, [0, 2π]) ≥ (1− ε)
√

n

for all ε > 0 and sufficiently large n ≥ Nε.

2. New results

Let D denote the open unit circle of the complex plane. Let ∂D denote the unit
circle. For a complex-valued function f defined on ∂D let

‖f‖∂D := sup
z∈∂D

|f(z)|.

Theorem 2.1. Let ω1 < ω2 ≤ ω1 + 2π,

ω1 ≤ t0 < t1 < · · · < tm ≤ ω2,

t−1 := ω1 − (t0 − ω1), tm+1 := ω2 + (ω2 − tm),

δ := max{t0 − t−1, t1 − t0, . . . , tm+1 − tm} ≤ 1

2
sin

ω2 − ω1

2
.

There is an absolute constant c1 > 0 such that
m∑

j=0

tj+1 − tj−1

2
log

∣∣P (eitj)
∣∣ ≤ ∫ ω2

ω1

log
∣∣P (eit)

∣∣ dt + c1E(n, δ, ω1, ω2)
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for every polynomial P of the form

P (z) =
n∑

j=0

bjz
j, bj ∈ C, b0bn �= 0,

where

E(n, δ, ω1, ω2) := (ω2 − ω1)nδ + nδ2 log
1

δ

+
√

n log R

(
δ log

1

δ
+

δ2

ω2 − ω1

)

and R := |b0bn|−1/2‖P‖∂D.

Observe that R appearing in the above theorem can be easily estimated by

R ≤ |b0bn|−1/2(|b0|+ |b1|+ · · ·+ |bn|).
As a reasonably straightforward consequence of our sieve-type inequality above,
the lower bound for the Mahler measure of Fekete polynomials below follows.

Theorem 2.2. There is an absolute constant c2 > 0 such that

M0(fp, [α, β]) ≥ c2
√

p

for all prime numbers p and for all α, β ∈ R such that

4π

p
≤ (log p)3/2

p1/2
≤ β − α ≤ 2π.

It looks plausible that Theorem 2.2 holds whenever 4π/p ≤ β − α ≤ 2π, but we
do not seem to be able to handle the case 4π/p ≤ β − α ≤ (log p)3/2p−1/2 in this
paper.

We remark that Cauchy’s inequality implies

M0(fp, [α, β]) ≤ M1(fp, [α, β]) =
1

β − α

∫ β

α

∣∣fp(e
it)

∣∣ dt

=
1

β − α

∫ α+2π

α

∣∣fp(e
it)

∣∣ χ[α,β](e
it) dt

≤ 1

β − α

(∫ α+2π

α

∣∣fp(e
it)

∣∣2 dt

)1/2 (∫ α+2π

α

∣∣χ[α,β](e
it)

∣∣2 dt

)1/2

≤ 1

β − α

√
2π

√
p− 1

√
β − α

=

(
2π

β − α

)1/2 √
p− 1
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whenever 0 < β − α ≤ 2π. However, it seems plausible that there is a constant
C(q, ε) depending only on q > 0 and ε > 0 such that

M0(fp, [α, β]) ≤
(

1

β − α

∫
I

|fp(z)|q |dz|
)1/q

≤ C(q, ε)
√

p,

whenever 2p−1/2+ε ≤ β − α ≤ 2π. We expect to prove this in a forthcoming
paper.

3. Lemmas

To prove the theorems we need several lemmas. Our first three lemmas look quite
similar to each other. Our Lemma 3.1 deals with a subdivision of the period in
which case we can exploit the formula∫ 2π

0

log
∣∣eit − a

∣∣ dt = log+ |a| := max{log |a|, 0}, a ∈ C.

In Lemma 3.2 we deal with a subdivision of a subinterval [ω1, ω2] of the period.
In this lemma the location of the zero a = |a|eiϕ ∈ C is special. The geometric
implications of the assumptions on the location of a are exploited heavily in the
proof of Lemma 3.2. In our Lemmas 3.1–3.4 below we use the notation

δ := max{t1 − t0, t2 − t1, . . . , tm − tm−1}.
Lemma 3.1. Let

t1 < t2 < · · · < tm < t1 + 2π, t0 := tm − 2π, tm+1 := t1 + 2π.

Then

(3.1)
m∑

j=1

tj+1 − tj−1

2
log

∣∣eitj − a
∣∣ ≤ ∫ 2π

0

log
∣∣eit − a

∣∣ dt + 5δ = log+ |a|+ 5δ

for every a ∈ C. Here log+ |a| := max{log |a|, 0}.
Lemma 3.2. Let ω1 < ω2 ≤ ω1 + 2π,

ω1 =: t−1 = t0 < t1 < · · · < tm = tm+1 := ω2.

Let Δ ≤ sin((ω2 − ω1)/2). Then

(3.2)

∣∣∣∣∣
m∑

j=0

tj+1 − tj−1

2
log

∣∣eitj − a
∣∣− ∫ ω2

ω1

log
∣∣eit − a

∣∣ dt

∣∣∣∣∣ ≤ 5δ2

Δ

for every a = |a|eiϕ ∈ C satisfying

(3.3)
∣∣eiω1 − a

∣∣ ≥ Δ and
∣∣eiω2 − a

∣∣ ≥ Δ

and

(3.4) ω2 − 2π ≤ ϕ ≤ ω1.
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Our next lemma follows immediately from Lemmas 3.1 and 3.2 (where Lemma 3.2
is applied with δ = Δ).

Lemma 3.3. Let ω1 < ω2 ≤ ω1 + 2π,

ω1 =: t−1 = t0 < t1 < · · · < tm = tm+1 := ω2.

Let δ ≤ sin((ω2 − ω1)/2). Then
m∑

j=0

tj+1 − tj−1

2
log

∣∣eitj − a
∣∣ ≤ ∫ ω2

ω1

log
∣∣eit − a

∣∣ dt + 10δ

for every a ∈ C satisfying

(3.5)
∣∣eiω1 − a

∣∣ ≥ δ and
∣∣eiω2 − a

∣∣ ≥ δ.

Combining Lemmas 3.3 and 3.5 we obtain the following.

Lemma 3.4. Let ω1 < ω2 ≤ ω1 + 2π,

ω1 =: t−1 = t0 < t1 < · · · < tm = tm+1 := ω2,

δ ≤ 1/2. Then there is an absolute constant c3 > 0 such that
m∑

j=0

tj+1 − tj−1

2
log

∣∣eitj − a
∣∣ ≤ ∫ ω2

ω1

log
∣∣eit − a

∣∣ dt + c3δ log
1

δ

for every a ∈ C such that either |eiω1 − a| ≤ δ or |eiω2 − a| ≤ δ.

Lemma 3.5. Let β − α ≤ δ ≤ 1/2 and |a| ≥ 1/2. There is an absolute constant
c4 > 0 such that

0 ≤
∫ β

α

log
∣∣eit − a

∣∣ dt + c4δ log
1

δ
.

The following two lemmas will be needed to estimate the Mahler measure of
polynomials on short intervals (of size at most δ) next to the endpoints of the
interval.

Lemma 3.6. Let α ≤ γ ≤ β and let β − α ≤ δ ≤ 1/2. Suppose further that
|eiγ − a| ≥ (M + 1)δ with some M > 0. Then

(β − α) log
∣∣eiγ − a

∣∣ ≤ ∫ β

α

log
∣∣eit − a

∣∣ dt +
δ

M
.

Lemma 3.7. Let α ≤ γ ≤ β and β − α ≤ δ ≤ 1/2. Suppose that |eiγ − a| ≤ 1.
There is an absolute constant c5 > 0 such that

(β − α) log
∣∣eiγ − a

∣∣ ≤ ∫ β

α

log
∣∣eit − a

∣∣ dt + c5δ log
1

δ
.

Our final lemma formulates a classical result of Erdős and Turán [11]. (A recent
improvement of the result below is given in [7].)
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Lemma 3.8. If the zeros of

P (z) :=
n∑

j=0

bjz
j, bj ∈ C, b0bn �= 0,

are denoted by

zj = rj exp(iϕj), rj > 0, ϕj ∈ [0, 2π), j = 1, 2, . . . , n,

then for every α < β ≤ α + 2π we have∣∣∣∣∣∣
∑

j∈I(α,β)

1− β − α

2π
n

∣∣∣∣∣∣ < 16
√

n log R,

where R := |b0bn|−1/2‖P‖∂D and I(α, β) := {j : α ≤ ϕj ≤ β}.
Lemma 3.9. Let P be a polynomial of the form as in Lemma 3.8. Suppose
α ≤ γ ≤ β and β − α ≤ δ ≤ 1/2. We have

(β − α) log |P (eiγ)| ≤
∫ β

α

log
∣∣eit − a

∣∣ dt + c′1

(
nδ2 log

1

δ
+ δ log

1

δ

√
n log R

)
with an absolute constant c′1 > 0.

4. Proofs of the lemmas

The proofs of Lemmas 3.1 and 3.2 follow the same lines but they are slightly
different. To prove both of our first two lemmas our starting observations are
as follows. Without loss of generality we may assume that a is a positive real
number. Since then

log |eit − a| = log |eit − a−1|+ log |a|
for all t ∈ R, it is sufficient to prove (3.1) and (3.2) only in the case when a ≥ 1.
Note that elementary geometry shows that if f ′′ exists and does not change sign
on [α, β], then

(4.1)

∣∣∣∣
∫ β

α

f(t) dt− β − α

2
(f(α) + f(β))

∣∣∣∣ ≤ 1

2
(β − α)2|f ′(β)− f ′(α)|.

This is just estimating the difference of the area of the region H below the graph
of a (positive) convex or concave function on an interval [α, β] and the area of the
trapezoid T with vertices A(α, 0), B(β, 0), C(α, f(α)), and D(β, f(β)). Observe
that the fact that f ′′ exists and does not change sign (without loss of generality
we may assume that f ′′ ≥ 0 on [α, β], so f is convex on [α, β]) implies that the
region H \D is contained in the triangle CEF where the t coordinate of both E
and F is β and the slope of CE is f ′(α) and the slope of CF is f ′(β). Finally
observe that the area of the triangle CEF is

1

2
(β − α)2|f ′(β)− f ′(α)|.
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Also, if f ′ is continuous on [α, β], then

(4.2)

∣∣∣∣
∫ β

α

f(t) dt− β − α

2
(f(α) + f(β))

∣∣∣∣ ≤ (β − α)2 max
t∈[α,β]

|f ′(t)|.

Now let

f(t) := log
∣∣eit − a

∣∣ .

Then

(4.3) f ′(t) =
a sin t

1 + a2 − 2a cos t
and f ′′(t) =

−2a2 + (1 + a2)a cos t

(1 + a2 − 2a cos t)2
.

Also, since f ′′ has at most two zeros in the period, the total variation V ω2
ω1

f ′ of
f ′ on [ω1, ω2] satisfies

(4.4) V ω2
ω1

f ′ ≤ 6 max
t∈[ω1,ω2]

|f ′(t)|.

Observe also that (4.1), (4.2), (4.4), and the fact that there are at most two
intervals [tj−1, tj] on which f ′′ changes sign imply that∣∣∣∣∣

∫ ω2

ω1

f(t) dt−
m∑

j=0

tj+1 − tj−1

2
f(tj)

∣∣∣∣∣(4.5)

=

∣∣∣∣∣
m∑

j=1

(∫ tj

tj−1

f(t) dt− tj − tj−1

2
(f(tj) + f(tj−1))

)∣∣∣∣∣
≤

m∑
j=1

∣∣∣∣∣
∫ tj

tj−1

f(t) dt− tj − tj−1

2
(f(tj) + f(tj−1))

∣∣∣∣∣
≤

m∑
j=1

1

2
(tj − tj−1)

2|f ′(tj)− f ′(tj−1)|+ 2δ2 max
t∈[ω1,ω2]

|f ′(t)|

≤ 1

2
δ2(V ω2

ω1
f ′) + 2δ2 max

t∈[ω1,ω2]
|f ′(t)| ≤ 5δ2 max

t∈[ω1,ω2]
|f ′(t)|.

Proof of Lemma 3.1. In addition to a ≥ 1, without loss of generality we may
assume that a ≥ 1 + δ, the case 1 ≤ a ≤ 1 + δ follows easily from the case when
a = 1 + δ. To prove (3.1) when a ≥ 1 + δ first observe that elementary calculus
shows that f ′(t) achieves its maximum on the period when cos t := 2a/(1 + a2).
Then | sin t| = (a2 − 1)/(a2 + 1). Therefore

(4.6) |f ′(t)| ≤ 1

a− 1
a

≤ 1

δ
, t ∈ R,

where a ≥ 1 + δ has also been used. Hence,

(4.7) max
t∈[0,2π]

|f ′(t)| ≤ 1

δ
.
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Now (4.5) and (4.7) imply that∣∣∣∣∣
∫ 2π

0

f(t) dt−
m∑

j=1

tj+1 − tj−1

2
f(tj)

∣∣∣∣∣ ≤ 5δ.

Proof of Lemma 3.2. As we observed it in the beginning of the section, it is
sufficient to prove (3.2) only in the case when a ≥ 1. To prove (3.2) when a ≥ 1
first observe that

|f ′(t)| = |a sin t|
1 + a2 − 2a cos t

≤ |eit − a|
|eit − a|2 =

1

|eit − a| ≤
1

Δ
, t ∈ [ω1, ω2],

that is,

(4.8) max
t∈[ω1,ω2]

|f ′(t)| ≤ 1

Δ
.

Now (4.5) and (4.8) imply that∣∣∣∣∣
∫ 2π

0

f(t) dt−
m∑

j=1

tj+1 − tj−1

2
f(tj)

∣∣∣∣∣ ≤ 5δ2

Δ
.

Proof of Lemma 3.3. If condition (3.4) is satisfied then we get the conclusion
of the lemma by using simply Lemma 3.2. If condition (3.4) is not satisfied,
that is, if ω1 < ϕ < ω1 + 2π, then the argument is a bit trickier. Namely, if
ω1 < ϕ < ω1 + 2π then the conclusion of the lemma follows from a combination of
Lemmas 3.1 and 3.2. Lemma 3.2 is applied with [ω1, ω2] replaced by [ω2, ω1 +2π]
and by extending the original subdivision of [ω1, ω2] with norm δ to a subdivision
of the period with norm δ.

Proof of Lemma 3.5. First assume that |a| ≥ 1. Without loss of generality
we may assume that a is real and a ≥ 1. Then∫ β

α

log
∣∣eit − a

∣∣ dt ≥
∫ β

α

log

∣∣∣∣2tπ
∣∣∣∣ dt =

[
t log

∣∣∣∣2tπ
∣∣∣∣− t

]β

α

≥ c6δ log δ

with an absolute constant c6 > 0, and the lemma follows. Now assume that
1/2 ≤ |a| < 1. Without loss of generality we may assume that a is real and
1/2 ≤ a < 1. Since

log
∣∣eit − a

∣∣ = log
∣∣eit − a−1

∣∣ + log |a|
for all t ∈ R, it follows from the already proved case that∫ β

α

log |eit − a| dt ≥ c6δ log δ + (β − α) log a

≥ c6δ log δ + δ log
1

2
≥ (c6 + 1)δ log δ.

Proof of Lemma 3.4. This is a consequence of Lemmas 3.3 and 3.5.
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Proof of Lemma 3.6. Observe that |eiγ − a| ≤ |eiγ − eit|+ |eit − a|, hence∣∣eit − a
∣∣ ≥ ∣∣eiγ − a

∣∣− ∣∣eiγ − eit
∣∣ ≥ ∣∣eiγ − a

∣∣− δ ≥ M

M + 1

∣∣eiγ − a
∣∣

for every t ∈ [α, β]. Hence

(β − α) log
∣∣eiγ − a

∣∣− ∫ β

α

log
∣∣eit − a

∣∣ dt

≤
∫ β

α

(
log

∣∣eiγ − a
∣∣− log

∣∣eit − a
∣∣) dt

≤
∫ β

α

log

∣∣∣∣eiγ − a

eit − a

∣∣∣∣ dt ≤ (β − α) log
M + 1

M
≤ δ

M
.

Proof of Lemma 3.7. Without loss of generality we may assume that a is a
positive real number. Since then

log
∣∣eit − a

∣∣ = log

∣∣∣∣eit − 1

a

∣∣∣∣ + log a

for all t ∈ R, it is sufficient to prove the lemma only in the case when a ≥ 1.
Elementary calculus shows that

(β − α) log
∣∣eiγ − a

∣∣ ≤ 0,

while ∫ β

α

log
∣∣eit − a

∣∣ dt ≥
∫ β

α

log

∣∣∣∣2tπ
∣∣∣∣ dt =

[
t log

∣∣∣∣2tπ
∣∣∣∣− t

]β

α

≥ c5δ log δ

with an absolute constant c5 > 0.

Proof of Lemma 3.9. Every polynomial P of the form

P (z) =
n∑

j=0

bjz
j, bj ∈ C, bn �= 0,

can be factorized as

P (z) = bn

n∏
k=1

(z − ak), ak ∈ C.

Without loss of generality we may assume that bn = 1. Let

L :=
⌊
log2

π

2δ

⌋
+ 1 ≥ 2,

βμ := β + 2μδ, μ = 1, 2, . . . , L,

αμ := α− 2μδ, μ = 1, 2, . . . , L,

Vμ :=

⎧⎪⎨
⎪⎩
{reiϕ : ϕ ∈ [α1, β1), r > 0} , μ = 1,

{reiϕ : ϕ ∈ [βμ−1, βμ) ∪ [αμ, αμ−1), r > 0} , μ = 2, 3, . . . , L− 1,

{reiϕ : ϕ ∈ [βL−1, αL−1 + 2π), r > 0} , μ = L.
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Note that
L⋃

μ=1

Vμ = C \ {0}.

Let Nμ denote the number of zeros of P in Vμ. By Lemma 3.8 there is an absolute
constant c7 > 0 such that

(4.9) Nμ < c7

(
n2μδ +

√
n log R

)
, μ = 1, 2, . . . , L,

where R := |b0bn|−1/2‖P‖∂D. Observe also that there is an absolute constant
c8 > 0 such that

(4.10) |t− a| ≥ δ + c82
μδ, t ∈ [α, β], a ∈ Vμ, μ = 2, 3, . . . , L.

Using Lemmas 3.6 and 3.7 and inequalities (4.9), (4.10), and

L− 1 ≤ log2

π

2δ
≤ 1 + log2

1

δ
,

we obtain

(β − α) log |P (eiγ)| = (β − α)
n∑

k=1

log |eiγ − ak|

= (β − α)
L∑

μ=1

∑
ak∈Vμ

log |eiγ − ak|

≤
n∑

k=1

∫ β

α

log
∣∣eit − ak

∣∣ dt + N1c5δ log
1

δ
+

L∑
μ=2

Nμδ

c82μ

≤
∫ β

α

log
∣∣P (eit)

∣∣ dt + c7

(
n2δ +

√
n log R

)
c5δ log

1

δ

+
L∑

μ=2

c7

(
n2μδ +

√
n log R

)
δ

c82μ
,

and hence

(β − α) log
∣∣P (eiγ)

∣∣− ∫ β

α

log
∣∣P (eit)

∣∣ dt

≤ c7

(
n2δ +

√
n log R

)
c5δ log

1

δ
+

L∑
μ=2

c7

(
n2μδ +

√
n log R

)
δ

c82μ

≤ c′1

(
nδ2 log

1

δ
+ δ log

1

δ

√
n log R

)
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with an absolute constant c′1 > 0. In the last inequality we used that

L∑
μ=2

c7(n2μδ)
δ

c82μ
= (L− 1)

c7

c8

nδ2 ≤ c7

c8

(
1 + log2

1

δ

)
nδ2.

5. Proofs of the theorems

Proof of Theorem 2.1. Without loss of generality let ω2−ω1 ≤ π/8. First we
assume that t0 = ω1 and tm = ω2. Every polynomial P of the form

P (z) =
n∑

j=0

bjz
j, bj ∈ C, bn �= 0,

can be factorized as

P (z) = bn

n∏
k=1

(z − ak), ak ∈ C.

Without loss of generality we may assume that bn = 1. Let

U := D(eiω1 , δ) ∪D(eiω2 , δ)

where D(a, r) denotes the open disk of the complex plane centered at a with
radius r. Let

L :=

⌊
log2

( π
2

ω2 − ω1

)⌋
+ 1 ≥ 3,

βμ := ω2 + 2μ(ω2 − ω1), μ = 1, 2, . . . , L− 1,

αμ := ω1 − 2μ(ω2 − ω1), μ = 1, 2, . . . , L− 1,

Vμ :=

⎧⎪⎨
⎪⎩
{reiϕ : ϕ ∈ [α1, β1), r > 0} μ = 1,

{reiϕ : ϕ ∈ [βμ−1, βμ) ∪ [αμ, αμ−1), r > 0}, μ = 2, 3, . . . , L− 1,

{reiϕ : ϕ ∈ [βL−1, αL−1 + 2π), r > 0}, μ = L.

Note that
L⋃

μ=1

Vμ = C \ {0}.

Let M denote the number of zeros of P in U . Let Nμ denote the number of zeros
of P in Vμ. By Lemma 3.8 there is an absolute constant c7 > 0 such that

(5.1) M < c7

(
nδ +

√
n log R

)
and

(5.2) Nμ < c7

(
n2μ(ω2 − ω1) +

√
n log R

)
, μ = 1, 2, . . . , L,

where R := |b0bn|−1/2‖P‖∂D. Observe also that there is an absolute constant
c8 > 0 such that

(5.3) |t− a| ≥ c82
μ(ω2 − ω1), t ∈ [ω1, ω2], a ∈ Vμ, μ = 2, 3, . . . , L.
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Using Lemmas 3.2, 3.3, and 3.4, and inequalities (5.1), (5.2), (5.3), and

L− 1 ≤ log2

( π
2

ω2 − ω1

)
≤ 1 + log2

1

δ
,

we obtain
m∑

j=0

tj+1 − tj−1

2
log

∣∣P (eitj)
∣∣ =

m∑
j=0

n∑
k=1

tj+1 − tj−1

2
log

∣∣eitj − ak

∣∣
=

n∑
k=1

m∑
j=0

tj+1 − tj−1

2
log

∣∣eitj − ak

∣∣

=
L∑

μ=1

∑
ak∈Vμ

m∑
j=0

tj+1 − tj−1

2
log

∣∣eitj − ak

∣∣
≤

n∑
k=1

(∫ ω2

ω1

log
∣∣eit − ak

∣∣ dt

)
+ N1(10δ)

+M

(
c3δ log

1

δ

)
+

L∑
μ=2

Nμ(5δ2)

c82μ(ω2 − ω1)
,

and hence
m∑

j=0

tj+1 − tj−1

2
log

∣∣P (eitj)
∣∣− ∫ ω2

ω1

log
∣∣P (eit)

∣∣ dt

≤ c7

(
2n(ω2 − ω1) +

√
n log R

)
(10δ)

+c7

(
nδ +

√
n log R

) (
c3δ log

1

δ

)

+
L∑

μ=2

c7

(
n2μ(ω2 − ω1) +

√
n log R

) 5δ2

c82μ(ω2 − ω1)

≤ c9

(
(ω2 − ω1)nδ + nδ2 log

1

δ
+

√
n log R

(
δ log

1

δ
+

δ2

ω2 − ω1

))
= c9E(n, δ, ω1, ω2)

with an absolute constant c9 > 0. In the last inequality we used that

L∑
μ=2

c7(n2μ(ω2 − ω1))
δ2

c82μ(ω2 − ω1)
= (L− 1)

c7

c8

nδ2 ≤ c7

c8

(
1 + log2

1

δ

)
nδ2.

Hence the theorem is proved in the case when t0 = ω1 and tm = ω2.

Now we eliminate the extra assumptions t0 = ω1 and tm = ω2 from the proof.
Applying the already proved case of the theorem with ω1 = t0 and ω2 = tm, we
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have

(5.4)
m−1∑
j=1

tj+1 − tj−1

2
log

∣∣P (eitj)
∣∣ ≤ ∫ tm

t0

log
∣∣P (eit)

∣∣ dt + c′1E(n, δ, ω1, ω2).

It follows from Lemma 3.9 that
t0 − t−1

2
log

∣∣P (eit0)
∣∣(5.5)

≤
∫ t0

ω1

log
∣∣P (eit)

∣∣ dt + c′1E(n, δ, ω1, ω2),

tm+1 − tm
2

log
∣∣P (eitm)

∣∣(5.6)

≤
∫ ω2

tm

log
∣∣P (eit)

∣∣ dt + c′1E(n, δ, ω1, ω2).

Now (5.4), (5.5) and (5.6) imply the theorem.

Proof of Theorem 2.2. The theorem follows from Theorem 2.1 and Lemma 1.2
in a straightforward fashion. Let gp(z) := fp(z)/z and let

(5.7) ω1 := α ≤ t0 < t1 < t2 < · · · < tm ≤ β =: ω2

be chosen so that eitj , j = 0, 1, . . . , m, are exactly the primitive p-th roots of
unity lying on the arc connecting eiα and eiβ on the unit circle counterclockwise.
The assumption on p guarantees that the value of δ defined in Theorem 2.1 is at
most 4π/p. Observe also that R ≤ p− 2 < p. By Lemma 1.2 we have∣∣gp(e

itj)
∣∣ =

√
p, j = 0, 1, . . . , m.

Applying Theorem 2.1 with P := gp, n = p− 2, and (5.7), we obtain
m∑

j=0

tj+1 − tj−1

2
log

∣∣gp(e
itj)

∣∣ ≤ ∫ β

α

log
∣∣gp(e

it)
∣∣ dt + c1E

(
p− 2,

4π

p
, α, β

)
,

where the assumption
(log p)3/2

p1/2
≤ β − α ≤ 2π

implies that

E

(
p− 2,

4π

p
, α, β

)

≤ c′10

(
(β − α)p

p
+

log p

p
+

√
p log p

(
log p

p
+

1

p2(β − α)

))
≤ c10(β − α)

with absolute constants c′10 > 0 and c10 > 0. Hence

M0(fp, [α, β]) = M0(gp, [α, β]) ≥ exp(−c1c10)
√

p,

and the theorem follows.



228 T. Erdélyi CMFT
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10. T. Erdélyi, A. Máté and P. Nevai, Inequalities for generalized nonnegative polynomials,
Constr. Approx. 8 (1992), 241–255.
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16. D. S. Lubinsky, A. Máté and P. Nevai, Quadrature sums involving pth powers of polyno-
mials, SIAM J. Math. Anal. 18 (1987), 531–544.

17. G. Mastroianni and M. G. Russo, Weighted Marcinkiewicz inequalities and boundedness of
the Lagrange operator, in: T.M. Rassias (ed.), Mathematical Analysis and Applications,
Hadronic Press, Palm Harbor, 1999, 149–182.

18. H. L. Montgomery, The analytic principle of the large sieve, Bull. Amer. Math. Soc. 84
(1978), 547–567.

19. L. Zhong and L. Y. Zhu, The Marcinkiewicz-Zygmund inequality on a simple arc, J. Ap-
prox. Theory 83 (1995), 65–83.

Tamás Erdélyi E-mail: terdelyi@math.tamu.edu
Address: Texas A&M University, Department of Mathematics, College Station, Texas 77843,
U.S.A.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0034002e00350032003600330029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003100200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


