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Additive Divided Difference
Filtering for Real-Time
Spacecraft Attitude
Estimation Using Modified
Rodrigues Parameters’

Deok-Jin Lee? and Kyle T. Alfriend’

Abstract

In this paper, a real-time attitude estimation algorithm is derived by using an additive di-
vided difference filter as an efficient alternative to the extended Kalman filter. To make the
attitude filtering algorithm suitable for real-time applications and to minimize the computa-
tional load, a square-root sigma point attitude filter is designed by integrating the divided
difference filter with the additive noise concept using the modified Rodrigues attitude pa-
rameters. The new attitude filter provides numerically stable and accurate estimates of the
state and covariance, but the computational workload of the new estimator is almost identi-
cal to the computational complexity of the extended Kalman attitude filter. For performance
evaluation the new sigma point attitude filter is compared with the unscented attitude filter
and the extended Kalman filter. The sensor measurements include a three-axis magnetome-
ter and rate-gyros. Simulation results indicate that the proposed additive divided difference
attitude filter shows faster convergence with accurate and reliable estimation.

Introduction

Real-time attitude estimation plays a major role in the navigation and control of
autonomous systems, such as unmanned aerial vehicles, spacecraft, and autonomous
underwater vehicles. For autonomous systems estimation algorithms must carry out
the determination of the attitude by fusing information from onboard sensors, such
as rate gyros, three-axis magnetometers, GPS sensors and star sensors, etc. How-
ever, attitude determination in the presence of system uncertainty and a high degree
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of nonlinearity leads to degraded estimation accuracy with slower convergence [1].
Therefore, robust and reliable filtering algorithms with lower computational com-
plexity are essential in many real-time fault-tolerant estimation applications [2].

The extended Kalman filter (EKF) has been widely implemented for nonlinear
estimation problems [2, 3]. The filter involves the recursive estimation of the first
two moments of the state distribution under a Gaussian assumption based on the
first-order linearization of the nonlinear dynamic and measurement equations. The
series approximation can, however, introduce large errors in the true mean and co-
variance of the posterior distribution, which can lead to biased sub-optimal estima-
tion, and even divergence of the filter [3].

To compensate for the drawbacks of the EKF and improve estimation perform-
ance, several alternative nonlinear filtering algorithms, such as particle filters (PFs)
[4—7], the unscented Kalman filter (UKF) [8], the central difference filter (CDF)
[9], and the divided difference filter (DDF) [10], have been proposed over the past
decade. The particle filter, also known as the bootstrap filter [4], provides a
tractable solution to nonlinear and/or non-Gaussian systems as a general new class
of estimation algorithms. Particle filtering for spacecraft attitude estimation has
been applied in [11] and [12]. Although it compensates for the difficulties of the
EKEF, it faces the practical issue that the number of random samples required to
achieve an accurate and reliable estimation solution increases dramatically in a
three or higher dimensional estimation problem [6, 7]. This drawback can be miti-
gated by minimizing the number of random samples, or by reducing the dimension
of the estimated state vector known as the Rao-Blackwellization approach [7]. In
reference [13] the dimensionality problem was alleviated by using an efficient ini-
tialization method along with a modified importance weight sampling approach.
On the other hand, the UKF, CDF, and DDF, called sigma point Kalman filters
(SPKFs) [14], or sigma point filters (SPFs) [15], work on the principle that a set of
deterministically sampled sigma points can be used to parameterize the mean and
covariance of the conditional probability density of the state given the observations,
and the posterior mean and covariance are propagated through the true nonlinear
function without the linearization step. One of the differences between the SPFs
and the PFs is that the SPFs utilize a set of deterministically sampled sigma points
from a Gaussian distribution to construct the first two moments, and follow the
Kalman predictor-corrector structure, whereas the PFs use recursively a set of ran-
dom samples of the state variables from an assumed probability distribution to
solve the on-line Bayesian filtering problem [4]. The deterministically obtained
samples of the SPFs avoid random sampling errors caused by the Monte-Carlo
sampling methods, thus the number of sample points required is reduced dramati-
cally compared to the PFs. Recently, the SPFs have been used in a wide field of
applications such as integrated navigation [14], satellite orbit estimation [15], and
spacecraft attitude estimation [16]. There have also been alternative extensions of
the standard SPFs to increase their performance. For example, the suboptimal adap-
tive UKF and adaptive DDF were proposed in order to take into account unknown
system and measurement noise uncertainties [17]. For a numerically stabilized es-
timation algorithm, the square-root forms of the UKF and the CDF [18] were pro-
posed by applying factorization methods in the terms of the augmented state vector
and covariance matrix. The square-root filters increase the numerical stability
properties of the filtering algorithm by producing a positive definite covariance
matrix at the added computational cost.
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The purpose of this paper is to propose an efficient attitude estimation algorithm
that not only provides reliable estimation accuracy, but also alleviates the compu-
tational load with an enhanced computational stability. In this paper, two tactical
approaches are introduced to bring these objectives into reality. First, a new attitude
estimation algorithm based on the divided difference filter which is reformulated in
terms of sigma point vectors with a square-root structure is derived to enhance the
estimation performance. Second, in order to alleviate the computational load of the
standard DDF an additive process and measurement noise concept is integrated,
which leads to an additive DDF algorithm. Therefore, the proposed new sigma
point attitude filter, called the “additive divided difference filter” (ADDF), sub-
stantially reduces the number of sigma points required from the 2n, + 1 symmet-
ric sigma points with a n,-dimensional augmented state vector including process
and measurement noise vectors to the sigma points with an n-dimensional state
vector without augmenting the noise vectors. This leads to a computationally effi-
cient real-time estimation algorithm.

There are several parameterization approaches for representing the attitude, such
as Euler angles, quaternions, and modified Rodrigues parameters [19]. Appealing
advantages of using quaternions are that they are singularity-free, and the kinemat-
ics equation is bilinear. However, since the quaternion parameterization uses four
components to represent the attitude motion, the quaternion components are non-
minimal [20]. This leads to the unit norm constraint that the quaternion must sat-
isfy, and this constraint restricts direct application of the standard extended Kalman
filter to the quaternion-based attitude estimation because the linear measurement
updates in the EKF structure violate the unit norm condition. One common ap-
proach for overcoming this difficulty is to use a multiplicative error quaternion,
where the four quaternion components can be replaced by a three-component in-
cremental error vector [20]. On the other hand, minimal three-dimensional para-
meterization of attitude motion is useful for many control applications because the
control algorithms require estimates of the attitude and/or rate in real-time with
minimum computational complexity. Since the modified Rodrigues parameters
(MRP) allow for rotation up to 360 degrees, they are used in many attitude estima-
tion and control applications [21, 22]. This paper also utilizes the modified Ro-
drigues parameters in the divided difference filtering formulation in order to
develop a computational efficient attitude estimation algorithm.

The proposed additive divided difference attitude filter (ADDAF) has an advan-
tage over the UKF in that it can lead to a more robust and stable estimation solu-
tion. As indicated in reference [16], the quaternion-based unscented attitude filter
is subject to the variations of the tuning parameters related to not only the weight
scale factors, but also the generalized MRP parameter. Thus, it is necessary to op-
timize the filter performance by tuning the weight scale factor and the attitude pa-
rameter with trial and error operations. However the new sigma point attitude filter
(SPAF) based on the additive divided difference filter is robust against the varia-
tions of the weight scale factor, the interval length A.

The remainder of this paper is organized as follows: i) development of a sigma
point divided difference filtering algorithm for nonlinear estimation, ii) review of
attitude system models, iii) derivation of an additive divided difference attitude
filtering algorithm using the MRP attitude parameters, iv) comparison of the
performance of the proposed sigma point attitude filter with the UKF and the EKF,
and v) discussion of the simulation results.
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Sigma Point Divided Difference Filtering

In this section a sigma point divided difference filtering algorithm for discrete-
time nonlinear estimation is derived by embedding scaled sigma point vectors into
the second-order divided difference filter [10] in square-root forms. Consider the
discrete-time nonlinear equations

Xir1 = F(Xe, Wi, k) (1)
?k = h(x, Vi, k) (2)

where x; € R is the state vector, ¥, € R’ is the observation vector, w, € R™ is
the state noise vector and v; € R™ is the measurement noise vector. It is assumed
that the noise vectors are uncorrelated white Gaussian processes with
Wi — N(ﬁ’k, Qk) and Yi — N(.\"’k, Rk), where Qk (= :Rf"xux and Rk (= R""X"” are
the process and measurement noise covariance matrices and w, € R'*and v, € R"
are the corresponding mean values. First, the augmented state vector X} € R
and the augmented square-root matrix Sf* € R"*"*"*") are constructed by

aow | XK o | Sk 0
e[ e e]

where the square-root matrices S,x € R**"x and S, x € R™"" are obtained from
the Cholesky factorization method [23], Six (Six)" = chol (P{) and S, St; =
chol (Q)), and Xj and P} denote the initial state estimate and the initial covariance
of the state estimate error, respectively. Then, a set of weighted scaled symmetric
sigma point vectors x5 = [(x;)" (x;})"]" is constructed by

Xoy = X¥
X =XV +ASK, i=1,.,n
Xy =XV — ASY, i=nw+1,..,2n0,, )

where n., = n. + n, is the dimension of the augmented state vector, Si¥ is the ith
sigma point column vector of the compound square-root matrix Si” and 4 is a scaling
weight factor coming from the divided difference step size or interval length [10].
Then, the sigma point vectors are propagated forward in time through the nonlin-
ear dynamic equation as

Xixee = O Xk B (&)

where ¥/, is a weighted sigma point vector of the first n, elements of the ith aug-
mented sigma point column vector ;" and x/} is a weighted sigma point vector of
the next n,, elements of x;', respectively. The predicted state vector X+, is computed
by using the propagated sigma points x;;., and their associated weight parameters

2ngy
Riv = 2 Wi Ko ©)
where the weights for the expected means are given by
o B = (n.+n,) . 1
wiy = Y wip = e (i>0) 7N

The predicted state error covariance matrix Piiy € R " is computed by
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Py = Scx (S;J(HJT (8)
where Sq;+1 € Rx v is the predicted square root compound matrix obtained by
Sexer = HT ([SH1(i)  SZa(dD 9)

where H7T (-) denotes the Householder triangularization [23], and § = H7T(A)
decomposes a general rectangular matrix A into a square and upper triangular ma-
trix S with the property SST = AA". Each component matrix is given by

Sa() = wi [X,J(H[k ~ Niwwenly T TyvwosHipg
(21 w1(i) = Wé{% [X.,H:[& 2 X:+n;.‘.k+][l' 2X5¢+1!k]= A (10)
where the weight factors for the covariance matrix are given by
K- 1
2K

o) — €) — ._1_ i
Wy W o (f = 0‘) (11)
Note the above square-root compound matrix S, is reformulated in terms of sigma
point vectors after manipulating the original compound matrix in reference [10],
and derivations are described in the Appendix. Note also that instead of the HT fac-
torization method, the OR decomposition [23] can be used to produce a triangular
matrix C and an orthogonal matrix T, i.e., CT = QR(A) and AA™ = CC".

For the measurement update, the augmented state X4 x € R and the aug-
mented square-root matrix St € R™*"w are reconstructed by

i Xi+1 Sca+1 0
= = 12
Xl I:i'i'+1i|, Sk 1k I: 0 S\'.k+I] (12)

where S;;+1 € R'™"xis given in equation (9) and S,;+, € R is obtained from
the Cholesky factorization of the measurement noise covariance matrix, Syx+1 Syx+1
chol (Re+1). For the measurement update the ith column vector of the scaled sym-
metric sigma point matrix, x; 7., = [(x%:10)" (Xs1i)" 17> generated by

Xoxs1 = X1k
X‘}:+1 = i" 1k + kS;r_i-Hk-, i = 1!'--1”.“'
X1 = Xt — ASSss 1= no + 1,...,2n0, (13)

where Sti: 1 is the ith sigma point column vector of Si% . Then, the sigma points
are propagated forward in time through the nonlinear measurement equation as
Yikre =h (/\’5‘;+1|k’ X+ 1) (14)
The predicted observation vector ¥+ € R is computed by
2ty
Vi1 = z W% Vi ks (15)
i=()
where the weight factors are given by
h* — (n, + n,)
W '
The innovation covariance matrix is computed by
P = St (ST (17)

(m)

Wy

Wi = wiw = 2—;; (i>0) (16)
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where Si}i+; is the square root factor of the innovation compound matrix
Sit = HT([SH(i) S3a()]) (18)
and each matrix is given by

S = wi [Vixsik = Yirngaspd, 1= Looony
Sf-?ﬂ{f) = Wff.ﬂ)[yucﬂlk + yi+nn-.k+1|k = 2y0k+1;k], =10y (19)

The weight factors wf! and wi} are given in equation (11), and the dimension of

each compound matrix is Si}. (i) = S\%5:()) € R» ™. Similarly, the cross-
correlation matrix is calculated by

P21 = Sun (SE@)T, i=1..,n (20)

where (S{%;, (i)) € R *"xis the component matrix of the compound matrix in equa-
tion (19) with the n, X n,dimension, and S;;+, is obtained from equation (9) through
the Householder triangularization. Now the filter gain matrix K-, is computed by

K1 = P [SE:I(SJ\(‘:I)T]_] (21)
Then, the estimated update state vector Xj+; is given by
Xio1 = X + I ve (22)

where w4 is the innovation vector, which is equal to the difference between the
actual and the predicted observations

2nyy

Vit = Yeot — Vo1 = Yaer — 2 W Yt 11k (23)
i=0
Finally, the square root form of the updated state covariance matrix is expressed by
P = Sixn (Sixn)” (24)
Skt = HT ([Sexer — Kin1Sirx Kies 1St w)) (25)

where Si%i, € R»* and SfY),. € R ™) consist of the portion of the
square root innovation compound matrix as

Sik1x = [S\(-,Ik)'rl(l), PR ,Sé,lk}-l-](n.r)] (26)
St = [S2ane + 1),...,S0:1(n0), SZei(1),..., SEhi(na)] (27)
Attitude System Models

In this section, a brief review of the attitude kinematics and sensor measurement
equations based on the modified Rodrigues parameters is presented.

Attitude Kinematics Equations

The quaternion-based attitude kinematics equation of motion is described by [20]

Lo
Cka (q) @ (28)

where 2 (w) € R* and E(q) € R* are expressed as

(w) = [_[_mwi(] ﬂ Z( = [QJ"’X"_;QX]]

1
=5 2@q=

(29)
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In equations (28) and (29), @ = [w; @ s]" is the body angular velocity vector,
and q = [9" ¢.]" is the quaternion attitude parameters with @ = [¢; ¢» g3]" rep-
resenting directions and g4 describing the angle of rotation. The terms [ X ] and
[©Q X ] represent a cross product as a matrix operation defined by

0 —-g¢ q 0 —w
@%x]=| g 0 =—q|, [@X]=| &z 0 —o (30
—q:  q 0 —w W 0

Note that a four-dimensional redundant parameter is used for a three-dimensional
attitude system, the quaternions are not independent, and this leads to the normal-
ization constraint given by q"q = 1. The modified Rodrigues parameter (MRP)
vector o € R’ is defined in terms of the quaternions as the transformation [22]

I+q,1

, i=1,2,3 (1)

a0;

The MRP vector can be expressed in terms of the principal rotation elements as

o = tan (%) é (32)

where @ is the principal rotation angle and € is the principal axis unit vector. As
the principal angle approaches *27 (i.e., g4 — —1), the MRP becomes singular.
This singularity can be avoided by implementing a shadow mapping defined

by [22] as
o’ = tan (q) ;277)& (33)

The shadow MRP vector ¢ has a singular orientation at @ = 0° as compared to the
MRP vector which is singular at & = +360°. This allows the MRPs to avoid sin-
gularities by switching between the original and shadow MRP as the MRP vector
approaches a singular orientation. The components of the shadow MRPs can be
expressed by

—0i T4

s -
Yol 1+ gy

, 1=1,2,3 (34)

The kinematics differential equation of motion in terms of the MRP vector is ex-
pressed by [21] as

s %B(o‘)w (35)

where B(or) € R* is given by
Blo)=[(1 — 0" o)hsxz + 2[o X] + 200"] (36)
In many applications, angular rates are provided from a triad of integrating rate gy-
roscopes. For this gyro-sensor measurement [16], the following equation is applied
o (1) = @) + B@) + (1) @37

B(1) = n.(1) (38)
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where @ () denotes the measured angular velocity vector, B(2) is the gyro bias vec-
tor, and #.(¢) and 7,(?) are the rate-gyro measurement and bias noise processes with
zero mean and covariance, E{nJ(t)n.(7)} = 028(t — Tl and E{nt)n(7)} =
0.28(t — 7)Ix3, respectively. Substituting the rate-gyro sensor model in equation (37)
into equation (35) gives the nonlinear attitude kinematics equations as

6() = BloO)(@ ~ B0) — - Blo()n0) (39)

Sensor Measurement Model

Suppose a three-axis magnetometer (TAM) is mounted along the body fixed ref-
erence frame and measures the geomagnetic field vector in the body fixed reference
frame, and the Earth geomagnetic field vector resolved in the inertial reference frame
is represented by ry € R™'. Then the measurement equation can be written as [21]

Vi = Alor, + v, (40)

where v, € R**! denotes the measurement noise with mean and covariance matrix
E{vivi} = N (0,Ry), ri € R*! is a reference attitude vector in a reference coor-
dinate system, ¥, € R is the measurement in the spacecraft body coordinate sys-
tem, and the attitude direction cosine matrix A(o) is expressed in terms of the
MRPs as

8[avx]* — 4(1 — oloy)[ov X]

A ) = ks +
(o) 33 1+ G'Iﬂk)

(41)

which is the 3 X 3 dimensional orthogonal attitude matrix, and satisfies the iden-
tity, A"(ox) = A(— o).

Additive Divided Difference Attitude Filtering

In this section an efficient additive divided difference attitude filtering (ADDAF)
algorithm is derived for realtime attitude estimation by integrating the proposed sigma
point divided difference filter (SP-DDF) with an additive process and measurement
noise concept to minimize the computational workload. The three-dimensional atti-
tude representation is made in terms of the modified Rodrigues parameters.

Consider the nonlinear attitude kinematics and measurement equations with an
additive noise vector

() = £x(0) + gx(O)W(0) @)
j’v’k = h(x;(, k] + v, (43)
where
1B @ ~ B() 1 B@(®) Oss
f(x(0) = . Cosao=| fo e

The state vector x(1) = [o (1) B"(1)]" € R**' includes the three MRP components
and the gyro drift-rate bias vector, and the process noise vector w(z) is defined by
w(t) = [l ()i (1)]". The nonlinear measurement equation is defined as h(x, k) =
A(o)r;, and the noise vectors are assumed to be Gaussian and have zero-mean and
covariance, w(t) ~ N(0, Q(r)), and v(r) ~ N0, R,), respectively.
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Since the nonlinear kinematics and measurement models with additive noises are
defined, the number of required sigma point column vectors x/} is reduced sub-
stantially from i = 2(n, + n,) toi = 2n,, which alleviates the computational work-
load in the attitude estimation and makes its real-time implementation suitable.
First, applying the additive noise property, a set of weighted symmetric sigma point
vectors, x;, € R, i = 1,...,2n,, is generated by using the non-augmented ini-
tial state X{ € R®*' and the square-root matrix S;x € R**®

Xox = Xi
Xi=%& +hSh(), i=1,..n (45)
X5= & — hSH@, i=n+1,...,2n

where n, is the dimension of the state vector (n, = 6),%¢ = [(61)T (Bi)T]T € R*
is the initial state estimate vector at time f,, and S; (i) is the ith column vector of the
square root matrix S;x € R obtained from the Cholesky factorization of the ini-
tial state covariance matrix S;x(Six)” = chol(P}) € R " at time f,. Note the sigma
point vector x;, is generated by using only the state and covariance matrix without
augmenting the noise terms. Now, the sigma point vectors are propagated forward in
time by numerically integrating the nonlinear differential equation in equation (42) as
h+1

X+ = X T Jf(xi**)dr, i=0,...,2n, (46)
1%
where x;, is the ith sigma point column vector composed of the three elements x;,
for the MPRs and the next three elements Xfe for the gyro bias, respectively, and
the nonlinear state mapping function is expressed by

1
1 B(x) (@ — ka)

fx;) = 0 47)
ix1

The predicted MRP and the bias estimate vector &i+1 = [(67:1)" (Bi:1)™]" is com-
puted by using the propagated sigma points X7, = [(x 1" (X8 )T and their
associated weight parameters

2n,

Xiv = %W}?}Xfﬂnlk (48)

where w\” = 1/2h%, (i > 0) and w3’ given by

h—n. h -6
wip = PER (49)
The predicted state covariance matrix Pi.; € R is computed in terms of the
predicted square root factor and the matrix square root factor of the process noise
matrix as

Piiy = Sgini(Six1)" (50)

where Sii1 = HT([ S (i) S@1(i) Sps+1]) is the predicted square root factor ob-
tained from the Householder triangularization of the predicted compound matrix
with each element formulated in terms of the predicted sigma point vectors
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Si‘.ﬁﬂ(f) i W}ﬂ[l’ffk?m = xf+n_tk+!|k]! i=1;..,n
Sidn(i) = Wr%[)(f.uuk + Xisnekrie 2/\/U.k+l|k1' i=1,..,n (51)

The term Sgi+1 = VQy is the square root Cholesky factor of the process noise co-
variance Qx = G(1)Q(t)G™(¢)At which is computed by using Q(r) from the noise
vector w(r) ~ IN(0, Q(r)), G(r) = g(x(r)) in equation (44), and time step At.

Note the idea behind the additive sigma point filter is to separate the process noise
term from the augmented state vector adopted in the original divided difference fil-
ter in order to reduce the computational load in the prediction step. To take into ac-
count the process noise uncertainty, a set of sigma point vectors is regenerated by
combining in the predicted state vector with the square root of either the process
noise covariance matrix or the predicted state covariance matrix prior to the meas-
urement update step [24]. In the measurement predlctlon step, a set of new sigma
point vectors is obtained by combining the estimated state X+ = [(F51)" (BHI)T]
with the square root factor of the predicted state covariance matrix Py, as

Xerpe = Rivr Xy + AScaer X1 — hSg] (52)

where Scx+1 is the square root factor obtained from equation (50).
Now, the new sigma points are propagated forward in time through the nonlin-
ear measurement equation as

y‘_&+]ik = h(X’;Jc+l|k’ k + 1} = A(Xf.k:]]k)r“'l’ i=0,...,2n, (53)

where the nonlinear measurement equation h(x;,,,, k + 1) is expressed in terms of
the direction cosine matrix A(Xﬂ:»m) and the Earth geomagnetic field vector 1y, re-
solved in the inertial reference frame. Then, the predicted observation vector
Yir1 € R is computed by

2ny 2ny

Ve = EW}-? ikl = EW_E?JA(X:“.M)HH (54)
i=0 i=0

where w” is identical to w7’ = 1/2h* and w'} is given by

i B #—6 -
¥0 hﬁ h?

The innovation covariance matrix is formulated by
Pty = S (SE)T (56)

where S¢%1 is the square-root factor from the Householder triangularization of the
innovation compound matrix

krl = HT([Sxf.Iic}+1 i) S3a) Skw+1)) (57)
fllJ't-r-l(I) = Wr.r;[y:j+i|k y;+ux1- [|k] i=1,....n
$%1() = w8 Vixsik + Yisngprk — 2Yored,  i=1,..,n.  (58)

and Sgi+1 = V R+ is the square-root Cholesky factor of the measurement noise
covariance R;+i. The weights w§) and w{} are given in equation (11), and the di-
mension of each compound matrix is Si%. (i) = S7:,() € R, Similarly, the
cross correlation matrix is calculated by

PRy = Sexni(SHen)T (39)
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where S} € R» ™ is the component matrix in equation (58), and S;i+ is
obtained from equation (50) through the Householder triangularization. Now, the
filter gain matrix K+, is computed from equation (22), and the innovation vector
vi+1 1S given by

2ny

Vi1 = You1 — Vo1 = Va1 — Ewﬁ-’?}yi.kﬂlk (60)
i=0

where ¥ is the TAM measurement vector in the spacecraft body coordinate sys-
tem. Then, the estimated update state vector Xi+ = [(¢51)" (Bé)"]" € R is
calculated by Xi+ = Xgy1 + Kis1vk+1. Finally, the square root form of the updated
state covariance matrix is expressed by

Pl = SHa(Six)” (61)
S:,H] = HT([S.(_JH'] - KHIS\E}:]H KH]Szil;vj‘) (62)

where S{¥e1 = [SR41(1),...,.SR41(n)], and P10 = [S341(1), .. ., SB+1(nx)Srx+1].

Note that the proposed ADDAF requires only one single scalar parameter, the di-
vided difference step size h, and for Gaussian distribution, its optimal value is
h=1V3 [10]. In contrast, the unscented Kalman filter based attitude estimation al-
gorithm uses at least three parameters that need to be tuned for optimal perform-
ance. The sensitivity of the scale parameters in the SR-DDF and the UKF is
investigated through simulation.

Simulation Results

In this section the performance of the MRP-based additive divided difference at-
titude filter is compared with the quaternion-based unscented attitude filter and the
quaternion-based extended Kalman filter through simulation examples in terms of
the estimation accuracy and convergence properties using realistic satellite and ob-
servation models. The Earth-orbiting spacecraft has the following near-circular
orbit parameters: @ = 6728.136 km,e=1.0 X 107°,i = 35°, and ) = 25°. In this
paper, the spacecraft’s orbit is propagated by using the multiple sequential com-
pression (MSC) orbit propagator [25]. It is assumed that the Earth-pointing satel-
lite under consideration is equipped with a three-axis magnetometer and integrating
rate gyros. The TAM measurements are used to test the convergence properties of
the proposed sigma point attitude filter because the TAM yields slower conver-
gence than using two or more attitude sensors such as GPS, Sun sensor, and star
tracker. Data information used in this simulation study is based on reference [21].
The noise of the TAM sensor is modeled by a Gaussian white noise with a standard
deviation of 0.3 mG (30 nT). Thus, its measurement covariance matrix is given by
R; = 0.3’L3x;. The magnetic field of the Earth is represented by a spherical har-
monics approximation and it is modeled by using the coefficients of the 10th-order
of the international geomagnetic reference field model [26]. The gyro measure-
ments are simulated with a gyro noise standard deviation of o, = 0.062 deg/hr, the
drift bias noise is modeled with a standard deviation of o, = 0.235 deg/hr/hr, and
an initial drift of 0.1 deg/hr on each axis. The sampling rate of the TAM and rate
gyro measurements is 0.1 Hz. In this study, the average root mean square (ARMS)
of the magnitude of the Euler estimation errors is used for the quantitative
performance comparison of the proposed filters along with plots of the estimated
state errors with the 3-sigma outlier.
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In the first simulation, the performance of two divided difference attitude filters
(DDAFs) with the MRP attitude parameterization is compared. One is the aug-
mented DDAF with the noise vectors augmented in the state vector, and the other
is the additive DDAF with only the attitude state estimates. Initial roll, pitch, and
yaw angle errors of 20°, 70°, and —20° are used, respectively. These simulation
conditions illustrate a realistic scenario with unknown or disturbed attitude infor-
mation due to sensor and/or actuator failure, or represent the typical cases during
satellite in-orbit commissioning phase and after computer reset. The initial attitude
covariance is diagonal and set to P. =(10deg)’ and bias errors are set to
Pyias = (0.2 deg/hr)? The interval length h = \/3 is set for both the DDAFs, and it
is the optimal value for the Gaussian distribution. Figure 1 depicts the absolute
magnitude of the attitude estimation errors. As can be seen, there is not much dif-
ference between them for the attitude estimate errors. The estimation errors for
each axis in terms of the Euler angles with the 3-sigma outlier are shown in Fig. 2.
The attitude errors of the additive DDAF do converge to within the 3-sigma bound
within eight hours. This result indicates the DDAF is performing in a near optimal
fashion. The computational workload of the augmented DDAF is more than that of
the additive DDAF. The average computational time per one cycle of the aug-
mented DDAF is 0.095 sec, while the additive DDAF requires 0.078 sec, and in
terms of the normalized factor the augmented DDAF is about 1.2, which means it
requires about 20% more computational time. This is because the augmented DDAF
with noise vectors augmented into the state vector implements a 12-dimensional
state vector to achieve attitude estimates, while the additive DDAF utilizes only the
six-dimensional state vector. In this first simulation, it is seen that the additive
divided difference filter as a MRP-based attitude filter achieves not only a reliable

10
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FIG. 1. Absolute Magnitude of Position Errors from Distributed Estimation.
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FIG. 2. Attitude Estimation Errors with 3¢ Error Outlier.

degree of estimation accuracy, but its computational efficiency is suitable for real-
time applications.

In the next example, the performance between the MRP-based additive divided
difference attitude filter and the unscented filter and the extended Kalman filter,
that are parameterized in terms of the quaternions, are compared. The same values
of the initial Euler angle errors for roll, pitch, and yaw are considered. The same
initial attitude covariance is used as in the first example. The interval length
h =\/3 is set for a Gaussian distribution in the DDF. For the UKF attitude esti-
mator, the generalized parameters are set to a = 1 with f = 2(a + 1) = 4, and the
scale factor is set to A = 1.

In Fig. 3 the norms of the attitude estimation errors are depicted. There is not
much difference between the additive DDAF and the UKF. However, the EKF
takes almost six hours to converge to a value below 0.1°, while the DDAF and the
UKF converge to this value within 1.2 hours, and take less than two hours to
achieve a converged solution. As can been seen in Fig. 3, the sigma point attitude
filters, the DDAF, and UKF converge faster than the EKF, which indicates the non-
linearities from the higher-order terms are not negligible, but important in robust
and reliable estimation.

Figure 4 shows the performance comparison between the three attitude filters
in terms of the computational speed. A scale factor that is normalized with respect
to the additive DDAF is used to check the computational speed. The EKF has a
0.7 normalized scale factor with respect to the DDAF, and the UKF has almost iden-
tical computational speed with the DDAF. Even though the standard type EKF has
less computational workload than the SR-DDAF, there is a marginal stability issue
of the numerical solution of the associated Riccati equation in the standard EKF ap-
plication. Thus, it is necessary to implement a numerical stabilization routine with a
square-root type factorization for the covariance propagation and update equations.
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FIG. 3. Absolute Magnitude of Attitude Estimation Errors and Performance Comparison.

Since the numerical stability of the EKF implementation is obtained at the expense
of added computational workload, it is expected that the computational workload
between the SR-DDAF and the SR-EKF is almost identical. Therefore, the sigma
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o

FIG. 4. Comparison for Normalized Computational Speed.
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point attitude filters, the DDAF and the UKEF, are also suitable for real-time appli-
cations as well as the SR-EKF.

Now, the performance of the DDAF and the UKF is investigated with respect to
variations of the weight scale factors required to optimize their estimation accuracy.
The same initial conditions are used, but the weight scale factor for each sigma
point filter is changed to check the sensitivity. Figure 5 depicts the norm of the at-
titude estimation errors of the UKF with respect to the variation of the generalized
attitude parameter a and the weight scale factor A = o*(n, + k) — n, which is a
function of the control parameters, 0 < « < 1 and «. In this simulation, the weight
scale factor A is selected directly instead of computing through the control param-
eters, a and k. Four different cases are tested with values a = 0.1 and
A =0,1, —3. The best result is obtained with a =1, (f=2(a + 1) = 4) and
A = 0. The result with @ = 1 and A = 1 has almost the same accuracy as the first
case. However, the cases witha =0 and A = 1,and @ = | and A = —3 have de-
graded performance with slower convergence than the first two cases. Through this
simulation, it is recognized that the scale factors of the UKF play an important role
in producing a reliable estimate when the Gaussian approximation is not valid due
to the nonlinear transformation, that is, the UKF performance is sensitive to the val-
ues of the parameters.

In Fig. 6 the sensitivity analysis of the DDAF to the variations of the interval-
length parameter / is investigated. The interval length is usually set to & = \/3 for
a Gaussian distribution in the DDF in order to obtain an optimal solution. The in-
terval length is changed with a range from 1 < h =< V3.5. The best performance
is obtained with & = \/3, and the case with h = V/2 gives the worst performance.

Attitude Errors (Deg)

-6

10
0

1. 2 3 clt 5 6 7 8
Time (Hr)

FIG. 5. Absolute Magnitude of Attitude Estimation Errors with Variations of Parameters a and A.
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FIG. 6. Absolute Magnitude of Attitude Estimation Errors with Variations of Scale Factor h.

However, the variations of the interval length do not have much effect on the per-
formance of the additive DDAF, which means the additive DDAF 1is robust to the
variation of the interval length. This makes its implementation (tuning) easy in real-
time applications. It is seen that the main advantage of the additive DDAF over the
UKEF is its robustness to the variations of the scale factors. For the ADDAF the
scale factor h does not require burdensome tuning and its optimal value is h = V3,
which is the value for a Gaussian distribution.

Conclusion

The purpose of this paper is to propose an efficient attitude estimation algorithm
that not only provides reliable estimation accuracy, but also alleviates the compu-
tational load with an enhanced computational stability. Two tactical approaches are
introduced to achieve the objectives. First, a sigma point form of the divided
difference filter is formulated in terms of sigma point vectors with a square-root
structure to enhance the computational efficiency. Second, in order to alleviate the
computational workload of the standard divided difference filter an additive
process and measurement noise concept is integrated, which leads to an additive
divided difference filtering algorithm. The additive divided difference attitude fil-
ter based on the modified Rodrigues parameters has a computational workload
comparable to the extended Kalman filter, but it is superior in terms of the estimate
accuracy and convergence efficiency. In particular, the robustness of the additive
divided difference filter to the variation of the weight scale factors makes its real-
time implementation easier without requiring the burdensome tuning step as opposed
to the unscented Kalman filter that needs to tune three parameters. The advantages
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of the proposed nonlinear attitude filtering algorithm make it suitable for efficient
nonlinear estimation, not only in real-time attitude estimation, but also in other ap-
plication areas.
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Appendix: Sigma Point Formulation

In this appendix, it is shown that the computation of the second-moment of the
predicted state defined in equation (9) is simplified by expressing the covariance
matrix in terms of the predicted sigma point vectors.

First, the original predicted state covariance matrix Piy; € R**"r in reference [10]
is obtained by

Py = Sepe1(Sex+1)T (63)

where the compound matrix S;i+; € R**** can be computed by using sigma
points vectors

Sext1 = [Sﬂfkﬂ(l)swkﬂ(f) +1(l) m l(l)] (64)
SJEJIF ‘H(I) = W[L}[f(}\’:p X(I;Jt) = f(XHnm..k! th_k]]'s 1 — l'! cees Ny
Stead) = wilEOGw X5 — P0G Xiing ) i=1,....m (65)

SEn@) = wilfOG X6 + EO im0 X050 — 6060 X00], i=1,....n

$2..10) wd,o[f(ng’Xfi) + £ X;:-nm-.k) = 26X Xop) i=1,...,n, (66)
Second, the square root compound matrix in equation (64) can be simplified as
Sexe1 = [SHn1()) S2()] (67)
Sa@) = W X e — Xitnggopds i= 1,000, fn0
Si3a(i) = wid D — Xitnegrie — 2Xogeieds = 1oeees i (68)

To prove the above equations, suppose a predicted sigma point vector is obtained
from

Xr)t+l|}( f(th’ X:Jﬂ k) I = Ov la Fray (n-f + nl!‘} (69)

Then, each compound matrix in equations (65) and (66) can be written in terms of
the predicted sigma point vectors as

Sttk+1(i) = de[X;k-—Hk /Yf+n_m.-:—nxwl-—i|k]$ = Lyuousti

( iy g
S\wk+l(l) de[Xgi—nx'k-'-llk Xf+nn-+n_r.k+l|l']’ = 1-: ey My (?0)
(1) RN (. | g e g
ket 1(8) = Wl DX + X+ g+ ek +1lk 2Xe 16l i=1,....m
@) = WOy _ e
Soen(i) = w [x:":—nx.kH',k + z\/f+nm+n_'.k'—1|:.- 2Xt§.k+1lk]s 1= Lycwopthe (T1)
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Now, integration by augmenting two matrices in equation (70) and equation (71),
respectively, leads to

S¥a()) = [S&k1(DSSxe1 (D], I=1culai=l0m (72)
SZn@) = [SEaOSen(D],  1=1..,nuj=1,...;n (73)
Finally, each compound matrix can be written as
Sia@) = w8k — Mimggepd i=1,..., (nc + 1)
Sﬁ)ﬂ(f) = W«% [X;.k+||k = X;ﬂnxhlik = ngﬂm], i=1,...,(n +n,) (74)

Similarly, the innovation covariance matrix given in equation (18) can be reformu-
lated in a simplified compound matrix form and reduced to equation (19).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0034002e00350032003600330029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003100200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




