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Abstract 

Satellites in formation work together to fulfill the role of a larger satellite. The 
purpose of this article is to develop a quasi-rigid body formulation for modeling and 
controlling such a formation as a single entity. In this article, a definition of a 
quasi-rigid body coordinate frame is presented, which, when attached to a formation, 
conveniently describes its orientation in space. Using this formulation, the equations of 
motion for a satellite formation are recast, and natural circular formations are expressed 
more succinctly. When the 12 perturbation is considered, a correction factor on the 
formation's spin rate is introduced. The control of a satellite formation can effectively 
be separated into (1) a control torque to maintain the attitude and (2) control forces that 
maintain the rigidity of the formation. With this in mind, a nonlinear Lyapunov 
controller is derived using the formulation, which acts on the formation as a whole. 
Simulations validate this controller and illustrate its utility for maintaining circular 
formations, in particular, in the presence of gravitational perturbations. 

Introduction 

A satellite formation is a collection of smaller satellites working together to 
fulfill the role of a larger satellite. Such systems offer the possibility of 
cheaper, more versatile missions, but with a more complex system architecture. 
Many past, current, and future missions employ this concept. NASA's Earth­
Observing-l and Landsat-7 flew in formation to image the same ground track 
and demonstrated precision formation control. Clouds at and CALIPSO are 
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another pair of NASA satellites that take simultaneous measurements of the 
atmosphere to investigate the effects of clouds and aerosols on the Earth's 
climate. A formation flying strategy is used to keep a constant separation 
between the satellites. DLR placed the TanDEM-X satellite in formation with 
TerraSAR-X. The goal of the mission is to create a high accuracy global digital 
elevation model of the Earth. Can-X4 and Can-X5 designed by the Space Flight 
Laboratory of the University of Toronto will demonstrate new formation flying 
control algorithms for two elliptical formations. Finally, JC2Sat, ajoint venture 
between the CSA and JAXA, will demonstrate the use of aerodynamic drag for 
formation control. 

For a formation, the relative positions and velocities of the satellites are the 
primary concern. Much of the literature on formation flying has focused on the 
Hill-Clohessy-Wiltshire (HCW) equations [1, 2]. They approximately describe 
the relative motion of a satellite around a circular reference orbit in a two-body 
system. Sabol et al. [3] discussed four common formations that are analytical 
solutions to these dynamic equations. Yeh and Sparks [4] provided a geometric 
interpretation of these relative orbits and addressed certain control strategies. 
Schweighart and Sedwick [5] modified the HCW equations to obtain linear 
dynamics that also capture the J2 perturbation. Vaddi and Vadali [6] compared 
three formation controllers based, in part, on the HCW equations. 

Formation flying of satellites on more general elliptic orbits, where the eccen­
tricity, e, is non-zero, was studied by Lawden [7] and Tschauner and Hempel [8]. 
Formations can also be described using differential mean orbital elements, around 
which different control strategies can be designed [9]. These approaches may be 
applied to formations of more than two satellites, but they describe the relative 
motion between only two satellites at a time, one the leader and the other the 
follower. 

Because the purpose of formation flying is to emulate a larger satellite using 
smaller ones, it is natural to think of a formation as a single entity. Ren and Beard 
[10] described a formation as a virtual structure and developed a decentralized 
control architecture based on that idea. Tillerson et al. [11] defined a virtual center 
that captures the average motion of a formation, showing that controlling satellites 
around this point requires less effort. Clemente and Atkins [12] used the term 
"virtual rigid body" during the active control phases of the orbit of a three­
dimensional formation. Rigid body formulations such as these often lead to 
non-Keplerian motion of the satellites, requiring non-zero feed-forward control 
effort. 

The objective of this article is to mathematically describe a satellite formation 
to design controllers that treat the formation as a rigid body. A formation can be 
thought of as a rigid body when the relative positions of the satellites are perfectly 
maintained through some control effort. However, because these relative positions 
deviate, for example because of perturbation forces, the formation is only quasi­
rigid. The idea of the quasi-rigid body was first proposed by Cochran et al. [13], 
and this article expands upon that idea. 

The article begins by deriving the quasi-rigid body formulation for a satellite 
formation. Then, with reference to previous work [14], the equations of motion for 
a formation are derived. Natural circular formations are expressed more succinctly 
using the formulation. The analogy of the rigid body is used to develop a nonlinear 
closed-loop controller that acts on a formation as a whole. The controller is suitable 
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FIG. 1. Coordinate Frames 

for large slewing maneuvers because it avoids introducing errors from lineariza­
tions or small-angle assumptions. Simulations illustrate the use of this controller 
for formation maintenance; formation reorientation is studied in a subsequent 
article. Overall, this article presents the viability of the quasi-rigid body formula­
tion for controller design. 

Quasi-Rigid Body Formulation 

A satellite formation consists of N deputy satellites, numbered i = 1, ... , N, 
following a chief, denoted by C. It is assumed either that the trajectory of the chief 
is known analytically or that it can be propagated forward in time using a separate 
set of differential equations. Each deputy is modeled as a point mass, meaning that 
for the satellite formation, there are 3N degrees of freedom (DO F), three transla­
tional DOFs per deputy. The satellites travel with respect to an inertial coordinate 
frame, denoted by :J, located with its origin at the center of the Earth, the Xraxis 
pointing towards the vernal equinox, and the Zraxis aligned with the North Pole. 
The motion of the chief around the Earth defines a second coordinate frame called 
the Local-Vertical-Local Horizontal (LVLH) Frame, denoted by 'Je, also known 
as the Hill frame. The origin of the L VLH frame is located at the center of mass 
of the chief satellite. The xI1axis points in the radial direction along the line joining 
the center of the Earth with the chief, and the ZI1axis is parallel to the angular 
velocity vector of the chiefs orbit. This is illustrated in Fig. l(a). The basis vectors 

for this frame are {iH,lH' kH}. For an unperturbed chief orbit, the L VLH frame 
rotates fully about its ZI1axis once per orbit. 

The system is fully specified if the position vectors of the deputies relative to the 
origin of !P, r i for all i, are known. Alternatively, the vector rc along with ri/c for 
all i also specifies the system, where the former is the position vector of the chief, 
and the latter is the position of the ith deputy relative to the chief. This can be 
further decomposed 

(1) 

where r nile is some known desired or nominal location for the i th deputy with 
respect to the chief and Pi is the deviation of the i th deputy from that desired 
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position with respect to the chief. When Pi is known for each deputy, the system 
is fully specified. 

The motivation behind the quasi-rigid body formulation is to characterize the 
orientation of the formation of satellites, and so three additional attitude coordi­
nates are used to specify the system, completing the following set of generalized 
coordinates 

(2) 

The three attitude coordinates {81, 82, 83 } specify the orientation of a coordinate 
frame associated with the formation, which will be called the quasi-rigid body 
(QRB) frame and is fully defined later. The frame is denoted by '2n and its origin 
is placed at the center of mass of the chief. The attitude coordinates, for example, 
can be a set of three independent Euler angles. Later, for the design of a nonlinear 
controller, quatemions will be used to define the attitude. Figure l(b) illustrates the 
QRB frame attached to a planar formation of three deputies. 

The QRB frame is reminiscent of the body frame, typically attached to a rigid 
body in order to describe its rotational dynamics. When modeling a flexible body, 
deflections with respect to that body frame are usually considered as independent 
from the rigid body motion. The same cannot be said here. The vector X is a set 
of constrained generalized coordinates because there are 3N + 3 coordinates and 
only 3N DOFs. Hence, there must be a relationship between the attitude coordi­
nates and the deviations of the deputies from their nominal positions. Determina­
tion of this relationship is an essential part of the QRB formulation. It specifies 
how the QRB frame is "attached" to the formation. The choice of how the frame 
is defined will consequently impose three constraints on the system. 

The nominal relative position vectors and the deviation vectors are separated 
into components as 

(3) 

(4) 

where {IB' lB' kB} are the basis vectors for the QRB frame, pointing along the XB , 

YB' and ZB-axes, respectively. 
Blake [14] explores two general definitions for the basis vectors in terms of the 

deputy satellite positions: using principal axes, and using linear combinations of 
the relative position vectors. In this article, instead of using the relative positions 
of all N deputies in the definition, only two of the N deputies are used. The 
definition of the QRB frame is 

(5) 

This leads to the following three constraints on the generalized coordinates 

VI = 0 WI =0 (6) 

where Vi and Wi are defined in equation (4) . To be consistent, 
Y III = Z n\ = Zn2 = O. By attaching the frame to the formation this way, it means 
that the first deputy is confined to the xB-axis and the second deputy is confined 
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to the XY-plane. The first two deputies are selected so that rUe and r21e are not 
parallel. The remaining deputies are not constrained. This is the definition of 
the QRB frame first introduced by Cochran et al. [13], though with a different 
labeling convention. 

There is an important distinction between this work and the work of Cochran et 
al. [13]. In their work, the origin of the QRB frame is aligned with the center of 
mass of the formation, imposing additional constraints on the generalized coordi­
nates. This means that in the local QRB frame, it is possible for N - 1 deputies to 
change position independently, but the N h deputy must change position to keep the 
center of mass at the origin. Cochran et al. [13] go one step further and confine the 
motion of the center of mass to a circular orbit, which simplifies the dynamics, but 
ultimately just prescribes the motion of the N h deputy. In reality, the center of mass 
of the system will follow a more complex trajectory about the Earth because of the 
perturbations experienced by the individual deputies. In this study, the origin of the 
QRB frame is aligned with a chief satellite, which can follow any path, allowing 
all the deputies to move freely. The chief could be the combiner spacecraft in a 
separated spacecraft interferometer. Or, the chief may simply be an imaginary 
point relative to which the deputies move. 

Equations of Motion 

For the QRB formulation to be useful in terms of system modeling or 
controller synthesis, the QRB frame must be incorporated into the system 
dynamics. Cochran et al. [13] derived the equations of motion for a distributed 
satellite system using Newton's Second Law. Here, they are derived using a 
Lagrangian approach and it is shown that an angular momentum equation for 
the system falls out naturally. 

The generalized coordinates and generalized speeds that specify the system are, 
respectively, 

[ 
T T 

q = PI P2 

°T °T °T WTB]T P = [PI P2 ... PN 

(7) 

(8) 

where WB is the angular velocity of the QRB frame. Together, these are the QRB 
states, x. All the vectors are expressed in the QRB frame, but it is realized that by 
enforcing the constraints in equation (6), PI contains only one non-zero component 
and P2 only two non-zero components. Hence, together they only contribute three 
generalized coordinates, and q is an independent set of 3N generalized coordinates. 
The vector notation for deputies 1 and 2 is retained only for the sake of uniformity. 

The time derivatives of the generalized coordinates are related to the generalized 
speeds by 

~ = [D( )]p = [[E](3N-3)X(3N-3) [O](3N-3)X3] p 
dt q q [OhX(3N-3) [B(OB)] 

(9) 

where matrix [E] is the identity matrix, and matrix [B(OB)] is obtained from (dldt)6B = 
[B(O)]wB , and depends on the choice of Euler angles (see [15]). 

The inertial position of the ith deputy satellite is given in equation (1); the 
velocity of the ith deputy satellite, expressed in the QRB frame, is given by 
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(10) 

The superscript X indicates a skew-symmetric cross-product matrix formed by the 
components of the vector the symbol modifies. An over-dot signifies a time 
derivative in the inertial frame, whereas an over-circle signifies a time derivative 
in the QRB frame, i.e., a local derivative. 

The kinetic energy of the system can be expressed as a function of the 
generalized coordinates and their derivatives, T(q, (d1dt)q, t), or as a function of 
the generalized coordinates and the generalized speeds,T(q, p, t). In the latter case, 
the dependency of the generalized speeds on the generalized coordinates must be 
accounted for in Lagrange's equation. Letting [C]T = [D] - 1, the modified version 
of Lagrange's equations of motion is [15] 

where 

d aT aT aT 
d/ap) + [D]T([C] - [G]) ap - [D]T aq = [D]TQ 

[G] = 

pT[Df[a[C]] 
aqn 

(11) 

(12) 

and Q is the column vector of generalized forces. The kinetic energy of the system 
is then 

N - _ L 1 . T· _ 1 T T- (13) T - 2 mjrj rj - 2 p [M(q)]p + J3(q) P + To 
j= I 

with 

ml[E] [0] [0] ml[r;:clT 

[0] m2[E] [0] m2[r27clT 

[M(q)] = (14) 

[0] [0] mN[E] mN[r~cl 
ml[rI7c] m2[r;c] mN[r~cl [1] 

ml(tc + tnlle) 

J3(q) = (15) 
m~te + tnNIc) 

LN mJrj~ ](tc + tnilc) 
j= I 
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(16) 

and where mi is the mass of the ith deputy and [I] is the "moment of inertia" of the 
formation about the chief, given by 

N 

[I] = 2: mlr~eri/JE] - ri/er~e) (17) 
i~l 

A detailed derivation of each term in the modified Lagrange equations (11) can 
be found in [14]. Using the Jacobi Identity to combine the terms, the EOMs for a 
satellite formation using the QRB formulation are 

Pi - [w; ]ri/e = -2[00; ]ri/e - [00; ][00; ]ri/e - rni/e 

1 
+ - Fi - re i = 1, ... , N 

mi 

N N 

[I]WB + 2: mi [ri~lPi = -22: mi [ri~][oo;]ri/e - [oo;][l]ooB 
i~l i~l 

N N 

(18a) 

- 2: mi [ri~]rni/e - 2: mi [ri~]re + r (18b) 
i~l i~l 

OB = [B(OB)]ooB (18c) 

where Fi = Fgi + Fpi + Fei is the sum of the forces acting on the ith deputy, 
Fgi = -(mipi?;)ri is the gravitational force, Fpi accounts for any perturbation 
forces such as those caused by 12 or atmospheric drag, and Fei is the control effort. 
The torque r is the sum of the moments of all these forces about the origin of the 
QRB frame. Equation (18c) is included with the equations of motion to relate the 
rotational generalized coordinates and speeds. Nothing in equation (18) dictates 
that Euler angles must parameterize the orientation, so equation (18c) can be 
replaced by the kinematic relationship for any set of attitude coordinates, for 
example, quaternion components. 

In equation (18a), three of the scalar differential equations are dropped because 
VI' WI' and W 2 are identically zero. Notice that if all the deviations are held to zero, 
the nominal relative position vectors are constant in the QRB frame, and the chief 
is located at the center of mass of the formation, equation (18b) collapses to Euler's 
rotational equation for a rigid body: 

(19) 

The goal of a control scheme designed using the QRB formulation is to achieve this 
formation "rigidity" and to orient the formation as if it was a rigid body. Rigidity 
is important when scientific data collection is to occur during formation reorien­
tation, when collision avoidance is a prime concern, or when sensor lock between 
satellites needs to be maintained. 
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Natural Solutions Using the Formulation 

The Hill-Clohessy-Wiltshire (HCW) equations [1, 2] describe the relative 
motion between a single deputy and chief satellite under the assumptions that (1) 
intersatellite distances are small compared to the semimajor axis of the chief orbit 
and (2) the chief is on an unperturbed circular orbit. 

When the deputies in a satellite formation all lie on the same relative orbit, 
the QRB formulation becomes a powerful way of describing the formation. 
This is particularly true when all the deputies remain equidistant from the chief 
in a circular relative orbit. Using QRB states, this formation is given by 

(20) 

(22) 

rnile = rnile = 0 i = 1, ... , N (23) 

The term [R\8J:1f] is the direction cosine matrix (DCM) relating the basis vectors of 
the LVLH frame to the basis vectors of the QRB frame. The matrices [Ry] and [Rz] 

are fundamental rotation matrices about body-fixed y- and z-axes, respectively. The 
nominal vectors, rni/e> are used to describe the natural relative positions within the 
QRB frame so that the vectors, Pi' represent deviations from this natural relative 
orbit. The distribution of the deputies within the QRB frame is determined by the 
choice of offset angles t/Ji' and an additional offset <Po can be used to set the initial 
spin angle of the circular formation about the Za-axis. 

The advantage of describing a formation this way is that instead of having 
separate trajectories for each deputy, the deputies are fixed within the QRB frame 
and it is the QRB frame that moves and rotates. Furthermore, the frame by itself 
characterizes the pointing direction of the entire formation. 

The natural circular formation assumes zero perturbation forces, however in 
reality, this is not the case. For example, the 12 perturbation can cause deputy 
satellites to drift away from the chief in the along-track or YI1direction. In the 
presence of 12 , bounded relative motion solutions do exist in terms of differential 
mean orbital elements [16], but an expression of these in terms of QRB states 
would be overly complicated. 

However, Vadali et al. [17] proposed a modification to the HCW equations to 
account for 12 . They replaced the mean orbital rate of the chief, n, with a perturbed 
mean orbital rate, lie, as 

(24) 

which is the sum of the rates of change of the mean orbital elements of the chief 
argument of perigee, We> and mean anomaly, Me. They are both functions of 12 . The 
derivation of Vadali et al. [17] also produces a disturbance function in the 
zI1direction. Because of the similarity with the HCW equations, they proposed a 
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reference trajectory similar to the closed-form periodic solutions in [4], though 
with an angular rate that also contains a correction factor 

(25) 

where a is meant to detune the natural frequency of the Zj£"motion from the 
frequency of the disturbance function. They went on to develop a linear controller 
using these equations of motion and showed the fuel savings it provides. 

This work suggests that there is a "near-natural" circular formation in the 
presence of the J2 perturbation, in which the angular velocity of the QRB is 
corrected by an amount of the order of J2 • Again, this correction to the formation 
trajectory is easily expressed using the QRB formulation: the angular velocity of 
the QRB frame becomes 

(26) 

Open-Loop Control of Circular Formations 

Deputy satellites distributed symmetrically about the same relative circular 
orbit form a quasi-rigid formation that essentially mimics the motion of an 
axisymmetric rigid body. Under the simplifying assumptions of a circular chief 
orbit and small intersatellite distances, the deputies require no control forces to 
maintain their natural relative orbit trajectories. However, Blake [14] shows 
that even if the deputies are placed on unnatural or forced trajectories, 
continuing to view the formation as quasi-rigid leads to an open-loop control 
scheme. What follows is a brief summary of the findings and more details can 
be found in [14]. 

Blake [14] shows how the motion of the QRB frame in a natural circular 
formation is a combination of precession, nutation, and spin. The QRB 
precesses about the L VLH frame zj£"axis and spins about the QRB zB-axis, 
while maintaining a constant nutation angle about the LVLH YH-axis. When the 
spin rate is equal to the orbital rate of the chief, n = ~ pJ r~, the gravity gradient 
torque experienced by the formation is sufficient to maintain the constant 
nutation angle. When the spin rate is not n or the nutation angle changes, 
additional control effort is required. 

To maintain such a forced QRB formation trajectory, the open-loop control 
effort can effectively be separated into a control torque that maintains the orien­
tation of the formation as a whole, and a set of control forces applied to the deputies 
that maintain the rigidity of the QRB, but that apply no net moment. However, 
without any state feedback, the open-loop scheme is unable to regulate any state 
errors, as shown through simulations in [14]. This motivates the development of 
the closed-loop controller in the next section. 

Nonlinear Closed-Loop Control 

This section shows how the QRB formulation can be used to design a closed­
loop nonlinear control scheme that acts on a formation as a single entity. The 
technique of feedback linearization is used to cancel out nonlinear terms and obtain 
linear dynamic equations for the state error. This article does not consider a 
specific mission for the controller design. As such, several simplifying assumptions 
are made: 
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1. The mass of each satellite is much larger than the mass of on-board fuel. 
Therefore, the change in the system mass when fuel is expended can be 
neglected. 

2. On-board thrusters can produce continuous thrust in all three coordinate direc-
tions of the QRB frame. 

3. The satellites can be treated as point masses. 
4. The location of the chief satellite or reference point is known. 
5. State measurements are perfect, i.e., there are no navigation errors. 

For real-world missions, limited thrust capabilities and navigational errors are 
important drivers of controller performance. Future studies of QRB controllers 
would need to take these into account. 

Letting the subscript D stand for "desired," the desired orientation for the QRB 
frame is given by the quaternion, qD, whereas the desired angular velocity is WD' The 
desired position vector of the ith deputy in the QRB frame is the nominal position 
vector, rnilc' The errors in position and speed used for the controller are then 

aq = q - lID = [pi 

[ 
oT ap = P - PD = P1 

(27) 

(28) 

where WBiD is the angUlar velocity of the QRB with respect to the desired frame, 
while 10 is the vector component of the quatemion, qBID = [qo €Tf, representing the 
error in orientation. When the components of this vector are all zero, the orientation 
error disappears. Thus, the goal of the controller is to drive the state error 
ax = [aqT apTy to zero making all the deviations, along with the orientation and 
angular velocity error, equal to zero. The speed error and the rate of change of the 
position error are related by 

act = [H]a = [[E(3N-3)X(3N-3)] [0(3N-3)X1]] ap 
p [01X(3N-3)] 1/2 [B(iiBID)] 

(29) 

where [B] = qo[E] + [10 X] relates the angular velocity error to the quatemion error 
rate. 

A candidate Lyapunov function for the system is selected as 

(30) 

where [K] is a symmetric positive definite matrix. The function L is then a positive 
definite function of the system state, x, about the desired state, XD' Setting the rate 
of change of this function equal to - apT[p]ap, where [P] is also symmetric 
positive definite, makes L negative semi-definite so that L satisfies the criteria for 
a Lyapunov function. Then, by Lyapunov's Direct Method, the QRB system is 
stable about the desired state trajectory. 

The dynamic equation for the state error then becomes 

(31) 

The EOMs in equation (18) can be written compactly as 

[M(q)]p = Y(q, p, t) + Qc (32) 
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where [M(q)] is the symmetric mass matrix from equation (14), Qc is the vector of 
generalized control forces, and Y simply represents all remaining terms. Substituting 
equations (28) and (32) into equation (31), and solving for the control forces gives 

Qc = [~:] = -[M(q)][HJT[K].lq - [M(q)][P].lp - Y + [M(q)]PD (33) 

where 

(34) 

Equation (33) is the nonlinear Lyapunov controller. The role of each term in this 
control expression is apparent. The fIrst term is the position error feedback whereas the 
second term is the velocity error feedback. The selection of matrices [K] and [P] 
detennines the dynamics of the state error. Subtracting Y cancels out the nonlinear 
terms of the dynamic equation, and so it provides feedback linearization. The last term 
is the control effort needed to maintain the desired state trajectory. Using the Theorem 
on Asymptotic Stability [18], it can be shown that this controller is asymptotically 
stable. Thus, provided Y accurately models the nonlinear dynamics (gravity, pertur­
bations), any deviations or orientation errors will be driven to zero by the controller. In 
practice, of course, a perfect model is not typically available. 

Assuming [K] and [P] are block diagonal, the control law can be rewritten fully as 

Fci = -m;[KJpj - mj[PJpj + 2m;[w; ]ri/c + m;[w; ][00; ]ri/c + m/rni/c 

+ m/fc - Fgj - m;[rj~ ](wD - [W;]WD) (35a) 

1 N 

r c = -2"[1][B]T[Kw]€ - [1][P w]WBID + 22: mj [rj~ ][00; ]ri/c + [wi ][1]WB 
j=1 

N N 

+ 2: mj [rj~ ]rnj/c + 2: mj [rj~]rc - rg + [1]WD - [1][Wi]WB (35b) 
j= I j= I 

N N 

j=i j= I 

Studying this control law, it would appear that the control torque applied to the 
QRB is obtained by summing the moments of the control forces about the chief, i.e. 

N 

rc = 2: [rj:C]Fci (36) 
j=1 

However, there is a subtlety. Recall that VI' WI' and W 2 are identically zero from the 
constraints in equation (6), and so they are not generalized coordinates. As a 
consequence, there are three force components left unspecified in equation (35a). 
After subtracting the moments contributed by all the known force components 
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from the control torque, r n any remaining torque must be supplied by the yet 
unspecified force components. Symbolically, 

N 

re,rem = C - 2: [ri~]Fci,known = [rI7clFc1 ,free + [rd;JFe2, free (37) 
i=l 

[

-Znl-Wl Ynl + VI Yn2 + V2][Fc1,Y] 
= 0 -Xnl-Ul -Xn2-U2 Fc1 ,z 

Xnl + Ul 0 0 Fe2,z 

which can be solved. Hence, the Lyapunov controller does specify all the control 
forces needed to drive the deviations and orientation error to zero. Like with the 
open-loop scheme in [14], the control torque, r e, applied to the formation is 
generated by the moments of the individual control forces. 

Gain Selection 

If the feedback gain matrices, [K] and [P], are diagonal, and if one takes 
[B]T = [E] for small orientation error, the dynamic equation for the error, equation 
(31), can be decoupled into second-order linear constant-coefficient differential 
equations. For the deviation errors, Pi' the natural frequency and damping ratio are 
'UTn = ~ and ~ = P/(2~) whereas for the orientation error, e, they are 
'UTn = N2 and ~ = P J~. Provided the damping ratio, ~, is less than 1, the 
settling time for the error is Ts = 4/( 'UTn0 = 81P. Hence, the values along the 
diagonal for matrices [K] and [P] can be chosen so that the system meets imposed 
performance specifications. 

Simulations 

The dynamic model of a satellite formation using the QRB formulation was 
validated through simulation in [14]. Thus, in this section, maintenance fuel trends 
for the nonlinear Lyapunov controller are examined, its performance is compared 
with an example from the literature, and it is tested in the presence of gravitational 
perturbations. 

Implementation 

For these simulations, the dynamic equations of motion were first non­
dimensionalized so that changing absolute system parameters did not affect the 
relative magnitudes of the system state variables, and simulation tolerances could 
be set in a consistent manner. Whereas the controller was derived from the QRB 
dynamic model, the motion of each satellite was propagated forward using 
Newton's Law of Gravitation, with control forces and, where noted, gravitational 
perturbations (J2 through J4 ) applied. Matlab's differential equation solver, 
odel13, was used to simulate the system. This solver provides a good compromise 
between speed and accuracy. It is an Adams-Bashforth-Moulton multi-step solver 
that proves to be more efficient than ode45 for this system. A relative tolerance of 
1 X 10-9 was used, with an absolute tolerance of 1 X 10- 12 

Simulations involving the Lyapunov controller assumed that the system states 
could be measured perfectly, that is, navigation errors were not considered. As 
designed, the Lyapunov controller expects feedback of QRB states, x, but the range 
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and rate measurements from on-board sensors typically yield inertial states for the 
chief and the deputies. However, these can be transformed into QRB states; see 
[14] for details. 

The nominal formation was the natural circular formation with radius Ro = 1 km 
and orientation [R""m] = [Ry(27T/3)]. The deputies in the formation each had a mass 
of 100 kg, which is a reasonable size for a micro satellite, and they were symmet­
rically arranged around the circle 

(38) 

Controller gain matrices were selected so that the same value was along the 
diagonal 

[K] = Kn2 [E] [P] = Pn [E] (39) 

The gain values, K and P, are non-dimensional, hence the factors of n2 and n in 
equation (39). 

Maintenance Ll v Trends 

Several simulations were run to examine the effectiveness of the Lyapunov 
controller. The average Ll v per orbit required to maintain a formation of three 
deputies was obtained for ranges of the simulation parameters. The trend plots are 
presented in Fig. 2. 

As the size of the chief orbit increased, the assumption IIri,ell « Ilrell for a natural 
circular formation became more valid. The circular formation became easier to 
maintain, and the Ll v per satellite decreased. As the formation size increased, the 
assumption became less valid, and more Llv was required for formation-keeping. 
More Ll v was required as the eccentricity of the chief orbit increased because the 
natural circular formation also assumes a circular chief orbit. As seen in Fig. 2(b), 
the Llv consumption differed for each deputy. The distribution of the deputies 
within the QRB frame along with the initial spin angle of the frame determines 
their initial conditions within the inertial frame, and for an eccentric chief orbit, this 
impacts the Ll v consumption. 

Validation with Example from Literature 

Vaddi and Vadali [6] studied three types of controllers for formation flying: a 
Lyapunov controller, an LQR controller, and a period-matching controller. The 
first two were derived based on the relative motion dynamics between a single 
deputy and a chief on a circular orbit. Their work provides a good comparison 
baseline for the Lyapunov controller in this article. 

Vaddi and Vadali [6] measured the fuel consumed by their controllers to 
maintain the deputy on a projected-circular relative orbit about the chief. Though 
this is actually an elliptical relative orbit, the QRB formulation can still be used to 
describe the motion of the deputy. They started the deputy with two sets of initial 
conditions. The characteristic size of their formation was 10 km, and the chief was 
placed on a circular orbit (e = 0) of semimajor axis 7100 km, which is a low-Earth 
orbit. The measure of the fuel consumption for the deputy was 
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and was reported in units of m2/s3/year. 
Using the same simulation parameters, the projected-circular relative orbit was 

simulated using the QRB Lyapunov controller. Because this controller employs the 
QRB formulation, it acts on an entire formation containing two or more deputies, 
whereas the controllers developed by Vaddi and Vadali [6] act on a single deputy 
at a time. To compare fuel consumption for individual deputies, four deputies were 
distributed symmetrically within the QRB frame such that two of them began with 
the same initial conditions used by Vaddi and Vadali [6] in their study. The 
non-dimensional Lyapunov gains selected were K = 4 and P = 2. The simulations 
were executed over 20 orbits. 

Table 1 compares the fuel measurement for the Lyapunov and LQR controllers 
from [6] with the Lyapunov controller from this article. For each deputy compared, 
both Lyapunov controllers consumed the same amount of fuel to maintain the 
projected-circular formation. This was expected because both controllers perform 
a similar feedback linearization. This validates the Lyapunov controller from this 
article. However, the LQR controller from [6] performed much better, mainly 
because it does not expend the same control effort to cancel out nonlinear dynamic 
terms. With perfect internal models, the two Lyapunov controllers admit zero 
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TABLE 1. Comparison of Maintenance Fuel Consumption for Lyapunov Controller 
with the Literature 

Sat 1 

Sat 2 

Sat 3 

Sat 4 

Fuel measure as defined in equation (40) (m2Js3jyear) 

Lyap (Literature) 

0.0191 

0.0191 

Lyap (QRB) 

0.0191 

0.0191 

0.0191 

0.0191 

LQR (Literature) 

0.00337 

0.003216 

steady state errors. Vaddi and Vadali [6] did not explicitly report the steady state 
errors obtained with their LQR controller, but rather said they were small because 
the steady state control effort was small. 

Peiformance with Gravitational Perturbations 

In all these simulations, the internal model of the Lyapunov controller was 
perfect, meaning the feedback linearization term, Y, perfectly canceled out by the 
nonlinear dynamic terms. Hence, formation-keeping was perfect and the choice of 
controller gains was irrelevant, as shown in Fig. 2(d). This is not true when the 
internal model only approximates the gravitational field. Simulations were per­
formed to examine controller performance when the internal model of the gravi­
tational force is imperfect. To do this, the equations of motion were given one set 
of parameters whereas the controller was given another. 

The Lyapunov controller was found not to be susceptible to small errors in the 
semimajor axis or eccentricity of the chief orbit. However, performance in terms 
of Av and steady-state error was affected when the controller did not model the J2 

perturbation. The chief was initially placed on a circular (e = 0) orbit. The 
longitude of ascending node, n, argument of perigee, w, and initial mean anomaly, 
M o' were all set to zero, but the inclination was set to i = 45° in order to cause a 
mean precession of the satellite orbits. For a low-earth orbit with semimajor axis 
of 7000 km, the circular formation was simulated in the presence of the first three 
zonal harmonics, J2 through J4 • As shown in Tables 2, 3 and 4, maintenance Av, 
deviation error p, and orientation error e were larger when the controller did not 
account for J2 . However, the deviation error could still be kept on the order of 
meters, with the necessary control effort. It is interesting to note that for the same 
damping ratio, higher gains increased the control authority and kept the errors 
smaller, whereas for the same proportional gain, a higher damping ratio decreased 
the Av consumption because the oscillations in the error were smaller. As an 
example, Fig. 3 compares the deviation and orientation error over time when the 
Lyapunov controller does and does not model the J2 perturbation. 

Corrected Spin Rate 

The circular formation is only "natural" when gravitational perturbations are 
absent. So, the Lyapunov controller was simulated again in the presence of the J2 

perturbation, but instead of specifying the natural circular formation with spin rate 
n, the corrected rate from equation (26) was used, as was done in [17]. The same 
orbit parameters were used, but simulations were performed for two semimajor 
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TABLE 2. Maintenance.:lv Per Deputy for the Lyapunov Controller with a Perturbed 
Gravity Model 

Maintenance .:lv (mmls/orhit) 

a = 7000 Ian 

J2 J2 Not J2 J2 Not 
Modeled Modeled Modeled Modeled 

K = 4,P = 2 K= 16, P = 4 

Sat 1 28.6284 31.5055 28.2754 33.4624 

Sat 2 32.6976 52.4326 32.0031 43.4897 

Sat 3 28.7206 45.8305 31.1289 41.2163 

K = 4,P = K= 16, P = 2 

Sat 1 31.1313 38.2922 29.5128 42.5548 

Sat 2 34.4860 55.7318 32.5199 56.3840 

Sat 3 30.6355 53.2628 33.1939 52.5775 

axis lengths: with a = 7000 Ian, ne = 1.0013 rad/s, and with a = 14000 Ian, 
ne = 1.0003 rad/s. Four deputy satellites were symmetrically distributed within the 
QRB frame. The Lyapunov controller implemented a perfect internal model of the 
gravitational force. The nondimensional control gains were selected as K = 4 and 
P = 2. 

For a = 7000 Ian, Fig. 4 illustrates the relative orbit trajectory followed by the 
deputies as viewed in the L VLH frame, as well as the control thrusts applied to 
each deputy, with and without the spin correction. After around 10 orbits, the 
control thrusts stabilized. Table 5 compares the ~v consumption of the Lyapunov 
controller with and without the spin correction. For both semimajor axis lengths, 
there was a reduction in ~v when tracking the modified circular formation 

TABLE 3. Maximum Deviation Error Per Deputy for Lyapunov Controller with a 
Perturbed Gravity Model 

Sat 1 

Sat 2 

Sat 3 

Sat 1 

Sat 2 

Sat 3 

Maximum Satellite Deviation (Ian) 

a = 7000 Ian 

J2 
Modeled 

J2 Not 
Modeled 

K = 4,P = 2 

1.419X 10-6 9.388X1O-4 

2.839X 10-6 1.115X1O-3 

2.701x1O-6 1.081 X 10-3 

K = 4,P = 1 

2.378X1O-6 1.313 X 10-3 

4.723 X 10-6 1.517X1O-3 

4.292X 10-6 1.432X 10-3 

J2 

Modeled 

K= 

7.604X1O-7 

1.234X1O-6 

1.238X 10-6 

K= 

1.109 X 10-6 

1.944 X 10-6 

1.913X1O-6 

J2 Not 
Modeled 

16, P = 4 

3.143X 10-4 

4.253X1O-4 

4.505X 10-4 

16, P = 2 

4.750x1O-4 

6.468 X 10-4 

7.150X1O-4 
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TABLE 4. Maximum Error in Orientation of QRB for Lyapunov Controller with a 
Perturbed Gravity Model 

Maximum Quaternion Error Ilell 

a = 7000 kIn 

J2 Modeled J2 Not Modeled J2 Modeled J2 Not Modeled 

K 4,P = 2 K 16, P = 4 

8.029X 10- 4 1.307 X 10-3 5.482XlO-4 6.457 X 10-4 

K 4, P = 1 K l6,P = 2 

8.985X 10-4 1.435X 10-3 4.268X 10-4 5.347XlO-4 

trajectory. Less control effort was needed to maintain this more "natural" forma­
tion. It is concluded that this spin correction provides a meaningful performance 
improvement, without compromising the shape of the satellite formation . It is 
noted that for the lower orbit, a = 7000 km, the effect of 12 was more pronounced, 
hence the higher .£lv consumption in Table 5. 

-3 
1.2 x10 __ _ 

-ORB 

w 

0.6 

0.4 

0.2 

2 3 4 5 2 3 4 5 
TIme (Orbits) TIme (Orbits) 

(a) IA"'\'i3tion~ rrom nc-.ln.~ p Ition. J~ 01 Modeled (b) OncnUllt"" Error. J, 01 \1odclcd 

0.8 

~-ORBl 

0.6 

0.4 

0.2 

2 3 4 5 2 3 4 5 
Time (Orbits) TIme (Orbits) 

(e) l>.:\ illtion~ from lkMred POMlion. J: Mo(l<led (d) Onon,." n Error. J, \1od<lcd 

FIG. 3. Comparison of Position and Orientation Error for Different Gravity Models in the Lyapunov 
Controller a = 7000 km, K = 4, P = 2. 



238 

;[ 0.5 

] 0 

~ -0.5 
U 

-1 
1 

Along Track (km) Radial (km) 

(3) Circu lar Fonnalion in LVLH Frame - 0 Spin Com:ctjon 

;[ 0.5 

ti 
~ 0 

13 -0.5 
U 

-1 
1 

Along Track (km) 

(0) eireulor Formation in I-VLli Frame· With pin Correction 

Blake and Misra 

5 10 15 
Time (Orbits) 

(b) ThnJst Magnitude· ° Spin Com:etioo 

5 10 15 
Time (Orbits) 

(d) Thrust Magnitude· With pin Com:e"on 

FIG. 4. Relative Orbits and Control Thrust for "Natural" and "Spin-corrected" Circular Formations, 
a = 7000km. 

To illustrate why this works, Fig. 5 plots the rotation rate of the L VLH frame 
about its ZI1axis, as obtained from 

lire X tell 
nLVLH = (41) 

TABLE 5. Improvement of Maintenance ~ v Consumption for Spin-Corrected Circular 
Trajectory 

Maintenance ~v (mmls/orbit) 

a = 7000 Ian a = 14000 Ian 

n nc n nc 

Sat 1 27.8785 22.8706 2.4893 2.0176 

Sat 2 32.9285 26.6677 2.9345 2.3921 

Sat 3 27.8832 23.0417 2.4774 2.0405 

Sat 4 32.1925 25.6642 2.8010 2.2115 
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For both semimajor axes, the rate, nLVLH' was larger than the initial mean orbital rate, 
na = ~p/a3. For a = 14000 lan, the average rotation rate over one orbit was 1.0004 
radls, which matches the spin-correction. For a = 7000 km, the average rate of 1.0017 
radls did not agree as well. Because a natural circular formation also rotates at the 
orbital rate, the spin-correction compensates for the average increase in orbital rate 
caused by 12 , However, the correction still ignores the periodic variation around the 
average that is observed in Fig. 5, so in fighting this, the controllers end up consuming 
fuel. Vadali et al. [17] introduced filters on the LQR controller that they designed in 
order to remedy this effect, but such measures are left to future work. 

Summary and Conclusion 

This article has extended the work of Cochran et al. [13] in developing a novel 
description of a satellite formation called the QRB formulation. Equations of 
motion for a formation were derived and it was shown that natural circular 
formations are conveniently expressed using the formulation. Formation control 
can effectively be separated into rigidity control and attitude control and a 
nonlinear Lyapunov controller was designed to accomplish this. Simulations 
showed that it compares well with a similar controller from the literature. Through 
proper gain selection, the controller is effective in the face of gravitational 
perturbations, particularly when the rotational rate to be tracked by the circular 
formation is modified to account for the 12 perturbation. The QRB formulation is 
a useful tool for formation-level controller design. 

The QRB formulation is a general tool, and so was not developed with a specific 
mission in mind. However, to be effective in real-life mission situations, the 
simplifying assumptions in the Lyapunov controller design would have to be 
removed and their effect analyzed. In real missions, thrust is not applied in a 
continuous manner, maximum thrust is limited, and navigation errors affect 
controller stability. Communication requirements between satellites, data process­
ing, and the on-board implementation of the control scheme would also have to be 
considered. These are all areas for future work. 

Viewing a satellite formation as quasi-rigid means the formulation can be used 
to design reorientation maneuvers and controllers to execute them [14]. and a 
subsequent article by the authors explores such maneuvers and the fuel efficiency 
gained by using the QRB formulation. 
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