
92

  1 Introduction 

Preheating is a very effective method to avoid cold crack-
ing in the HAZ when steels with high cold cracking sus-
ceptibility are welded. The purpose of preheating is to 
accelerate hydrogen diffusion and to release hydrogen 
from the welded joint. As the strength of steels becomes 
high, the hydrogen content after the completion of weld-
ing must be reduced, and hence the necessary preheat 
temperature tends to become high.

On the other hand, high preheating means low effi ciency 
of welding works, and hence, the reduction of preheat 
temperature, especially for high-strength steels, is strongly 
desired. The authors are carrying on the activities of the 
project “Fundamental Studies on Technologies for Steel 
Materials with Enhanced Strength and Functions”, and 
developing welding wires of 980 MPa grade that can be 
used without preheating. The basic idea is that the retained 
austenite and the martensite are introduced to trap diffus-
ible hydrogen and to increase the strength, respectively. In 
general, austenitic microstructure is well-known benefi cial 
to prevent cold cracking [1], but no welding consumables 
with a strength as high as 980 MPa that can be used 
without preheating have ever existed.

When there is the trap effect in the weld metal, the hydro-
gen evolution phenomena (outgassing from the welded 
joint) are infl uenced. But few experimental results about 
the hydrogen evolution from the austenitic weld met-
als exist [2], and no results have been obtained for the 
980 MPa grade weld metal. In this work, we examine 
the hydrogen evolution curves from the weld metals. The 

hydrogen is charged with a TIG torch using Ar + 5 % H2 
as the shielding gas. The diffusion analysis using the 
McNabb & Foster Equation [3] is also shown.

  2 Experimental procedures 

We fi rst prepared the three plates whose chemical compo-
sitions are shown in Table 1. The laboratory melted ingots 
were rolled to a 10 mm thickness and kept at 1 200 °C 
for 24 h and then cooled in the furnace. To introduce the 
weld metals into the plates, we conducted TIG welding. 
The welding conditions are shown in Table 2, and we did 
not use any welding wires. In order to charge hydrogen, the 
Ar + 5 % H2 gas mixture was used as the shielding gas. 
Since no welding wire was used, the chemical compositions 
of the weld metals produced by the TIG welding are the 
same as those shown in Table 1. In Table 1, Specimens A 
and B contain some amount of austenitic microstructures 
as shown later. Both of them contain considerably high 
amounts of Cr and Ni. On the other hand, Specimen C 
is considered to contain no austenite. Specimen C has 
been selected to compare to Specimens A and B. The 
test piece size was 10 mm × 25 mm × 40 mm. We also 
prepared conventional 490 MPa grade steel plates of 
10 mm × 25 mm × 30 mm. These were used as tab plates. 
TIG welding was conducted to introduce hydrogen.

According to the Japanese industrial standard, JIS Z3118, 
the specimen was kept in liquid nitrogen after completion 
of welding, and heated to room temperature and imme-
diately inserted in the hydrogen collection cell and kept 
at 45 °C. This procedure means that the specimen was 
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THydrogen evolutions for martensitic-austenitic weld metals were measured at 45 °C. The specimen without 
the austenite released hydrogen in about two days, and this result agrees with the 72 h holding time required 
by JIS Z3118. In the case of the specimens that contain the retained austenite, hydrogen release continued 
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and trapped hydrogen atoms is not necessarily equal to the thermal equilibrium condition at the measurement 
temperature, which can be analysed using the present solution.
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cooled down to −196 °C. This procedure might infl uence 
the microstructure of the specimen. Hence, the specimen 
was examined by X-ray method to detect the volumetric 
ratio of the austenitic microstructures. The hydrogen evo-
lution curves were measured by measuring the amount 
of hydrogen outgassing from the specimen. During the 
fi rst seven days, the measurement was conducted every 
24 h, but after that, the measurement interval was set to 
be 168 h or more. During the measurements, the hydro-
gen collection cells were kept at 45 °C. The three test 
pieces of each specimen for the hydrogen measurement 
were used for the same conditions, and the experimental 
results were determined as the average values.

  3 Experimental results 

Figure 1 shows the cross-macrosection of Specimen C. 
The weld metal was located at the centre of the surface 
and as shown in Figure 1 the dimensions of the weld 
metal were approximately 1.6 mm x 9.5 mm. The weld 
metal size of Specimens A and B was almost the same. 
These dimensions will be used later. At fi rst, hydrogen 
was introduced into the weld metal by TIG welding, and 
released from the specimen or diffused out of the weld 
metal. Figure 2 shows the experimental hydrogen evo-
lution curves for Specimens A, B and C. In Figure 2, to 
make comparisons easier, hydrogen on the Y axis was 

normalized with the total amount of evolved hydrogen. The 
total amount of evolved hydrogen for each specimen is 
shown as the initial hydrogen content in Table 1, defi ned 
as the hydrogen gas volume in the 100 g weld metal at 
0 °C and one atmospheric pressure. From Table 1, we can 
recognize that the amounts of hydrogen introduced by 
TIG welding are almost the same for the three specimens 
even though the chemical compositions are considerably 
different.

Figure 2 shows that Specimen C released all the hydro-
gen within 48 h. According to JIS Z3118, it is required 
to keep specimens at 45 °C for 72 h, and the result 
shown in Figure 2 agrees with this requirement fairly 
well. On the other hand, a much longer time period than 
72 h is necessary for Specimens A and B to release all 
the hydrogen. And though the chemical compositions of 
Specimens A and B are not so different, the time period to 
release all the hydrogen is quite different (about 5 months 
for Specimen A and about 3.5 months for Specimen B). 
Figure 3 shows the microstructures of Specimens A, B 
and C. The microstructures of Specimens A and B are 
similar, while that of Specimen C is different. We consider 
that the slow hydrogen release of Specimens A and B is 
due to the retained austenite, but it is diffi cult to show the 
volume fractions of Specimens A and B from Figure 3. 
Table 1 also shows the volume fractions measured by the 
X-ray method after liquid nitrogen quenching. We can see 
that the retained austenite percentage of Specimen A is 
twice as high as that of Specimen B. Hence, it is consid-
ered that the retardation of hydrogen diffusion is due to 
the retained austenite and that the difference in hydrogen 
releases in Specimens A and B is caused by the differ-
ence in the volume fraction.
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Table 1 – Chemical compositions of the specimens [wt. %]

Specimen C Si Mn Cr Ni Mo
Retained austenite 

percentage a

Initial hydrogen 
content b

[ml/100 g W.M.]

A 0.045 0.33 0.83 14.1 9.3 - 16 6.7

B 0.026 0.34 0.82 14.0 8.2 -  8 7.1

C 0.075 0.50 1.80  1.1 2.9 0.64 - 6.5
a The retained austenite percentage was measured by the X-ray method after TIG welding and quenching in liquid nitrogen.
b The initial hydrogen content introduced by TIG welding with Ar + 5 % H2 shielding gas.

Table 2 – TIG welding conditions

Current 
[A]

Voltage 
[V]

Speed 
[cm/min]

Shielding gas

180 13 10 Ar + 5 % H2

Figure 1 – Cross-section of Specimen C Figure 2 – Experimental results of hydrogen evolution curves
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  4 Discussions 

4.1 Selection of diffusion equations

Hydrogen diffusion is generally analysed using Fick’s 
Equation [4], which is described like Equation (1), and 
since Equation (1) has the same mathematical form of 
heat conduction equation, Equation (1) has the advan-
tage that we can utilize the results of the heat conduction 
analysis [5].

2'a

c
D c

t
�

� �
�  

(1)

where

c is the hydrogen concentration,

t is time [s],.

Da is the apparent diffusion coeffi cient [mm2/s],
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x’, y’, z’ are the Cartesian coordinates [mm].

However, Fick’s Equation does not discriminate between 
trapped and free hydrogen atoms. In welding, heat con-
duction and hydrogen diffusion occur at the same time. 
In general, the diffusion coeffi cient of heat conduction 
is much higher than that of hydrogen diffusion. In this 
work, the specimens were quenched in ice water just 
after completion of welding, immediately followed by the 
liquid nitrogen quenching. Then the hydrogen measure-
ment was conducted keeping the specimens at 45 °C. In 
this procedure, the cooling rate is quite high, and hence 
it is considered that the equilibrium state of the consider-
ably high temperature is still held at the beginning of the 
hydrogen measurement. This means that the initial hydro-
gen distribution is not necessarily equal to the thermal 
equilibrium state at the measurement temperature (45 °C 
in this study) in the case of welded joints.

Like Fick’s Equation, McNabb & Foster Equation [3] is 
also frequently used for diffusion analysis. This equation 
includes the trap term and the equation consists of the 
following two parts.
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where

c is the concentration of free hydrogen atoms,

D is the diffusion coeffi cient for the case that no trap sites 
exist,

N is the trap site density per unit volume,

k is the rate constant of capture in the trap sites,

p is the rate constant of escape from the trap sites,

θ is the coverage ratio of the trap sites.

Figure 4 shows the physical concepts p and k which 
are the rates from the trap site and from the normal site, 
respectively. In this work, the trap site means the retained 
austenite and the normal site means the martensite. 
Here, when the qualities of the martensitic structure in 
Specimens A and B can be assumed to be equal to each 
other, the values of  p and k for Specimens A and B are the 
same. The values of N for Specimens A and B are differ-
ent. It should be emphasized that the value of c, hydrogen 
concentration, is not that of total hydrogen atoms but that 
of free hydrogen atoms. The concentration of the trapped 
hydrogen atoms is Nθ. The McNabb & Foster Equation 
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Figure 3 – Microstructures of Specimens A, B and C

Solid circles indicate hydrogen atoms.

Figure 4 – Illustration of trap and normal sites
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has the mathematical form of simultaneous equations, 
and it is more complicated to derive its analytic solution 
than to derive the solution of Fick’s Equation. However, 
since the McNabb & Foster Equation can distinguish the 
free hydrogen atoms from the trapped atoms, it can also 
discriminate between initial trapped and free atoms. 

Here, we would like to compare Fick’s Equation with 
Equations (2) and (3). The left side of Equation (3) means 
the time change of the coverage ratio of trap sites, which 
is very low at the local equilibrium condition. Hence, we 
obtain,

, i.e.,
k k c

c
p t p t

�� � �
� �

� �  
(4)

Substituting Equation (4) into Equation (2) yields the fol-
lowing equation.
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Here, we assume the following relation.
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Then, Equation (5) becomes identical to Equation (1). In 
Equation (5), the value of c means the concentration of 
free hydrogen atoms, but the same equation is valid for 
the concentration of total hydrogen atoms as long as the 
local equilibrium assumption is valid. From the McNabb 
& Foster Equation, the concentration of total hydrogen 
atoms, cT, is described as c + Nθ = c (1 + Nk / p) (since 
θ = kc / p), which means that cT is always proportional to 
c. Hence, by multiplying c in Equation (5) by (1 + Nk / p), 
Equation (5) can be easily converted to the diffusion 
equation for the total hydrogen atoms.

From this consideration, it is clear that Fick’s Equation 
assumes the constant ratio of free and trapped hydrogen 
atoms throughout the diffusion process. The initial ratio of 
trapped and free atoms is hence determined by this value. 
As mentioned already, it is not clear that the initial hydro-
gen distribution is determined by the thermal equilibrium 
state at the measurement temperature because of the 
rapid cooling of the specimen. In other words, the hydro-
gen distribution cannot follow the cooling process. In this 
work, we would like to examine the effect of the initial 
ratio of trapped and free atoms, and hence, we selected 
the McNabb & Foster Equation to analyse the present 
experimental results.

4.2 Derivation of the analytic solution

Here, we would like to derive the analytic solution of the 
McNabb & Foster Equation. Firstly, Equations (2) and (3) 
are normalized
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c0 is the initial free hydrogen content in the weld metal,

a is the thickness of the specimen.

The parameters b’, h’, w’ and d’, that determine the size 
of the specimen are shown in Figure 5. To normalize 
the diffusion equation, we also introduce the following 
parameters.

b = b’ / a, h = h’ / a, w = w’ / a, d = d’ / a.

The hydrogen diffusion model in the present work is shown 
in Figure 5, where the hatched area corresponds to the 
weld metal produced by TIG welding and we assume that 
hydrogen atoms initially existed in this area only. At t = 0, 
the atoms do not exist in the other areas in Figure 5. Then, 
the initial condition is described as follows.

u = 1, ν = ν0 (inside the hatched area)

u = ν = 0 (outside the hatched area) (9)

We assume that the hydrogen atoms which reach the sur-
face immediately escape from the specimen. Hence, the 
boundary condition is as follows.

u = ν = 0 (at the surface) (10)

Equations (6) and (7) should be solved under the condi-
tions of Equations (9) and (10), and in the present work, 
we selected the variable separation method.

exp( ) ( ) ( ) ( )X x Y y Z z
	� ��
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� �

�  
(11)

In Equation (11), it is assumed that ν can be described as 
the multiple form of each independent variable function. 
Here, μ is a constant, but its value has not been deter-
mined yet. The coeffi cient in the right side, α / (β − μ), 
has been introduced for the mathematical convenience. 
Substituting Equation (11) into Equation (7) yields,
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(a = 10 mm, 2b’ = 25 mm, 2 h’ = 40 mm, d’ = 1.6 mm, 2 w’ = 9.5 mm in the present study).

Figure 5 – Diffusion model of the present work
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u = exp(−μτ)X(x)Y(y)Z(z) (12)

We also substitute Equations (11) and (12) into 
Equation (6) and obtain,

2 2 2

2 2 2

1 ( ) 1 ( ) 1 ( )
( ) ( ) ( )

d X x d Y y d Z z
X x dx Y y dy Z z dz
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�

(13)

Each term in the right side of Equation (13) is the function 
of each independent variable and Equation (13) means 
that the sum of each term becomes constant. Hence, 
each term in the right side must be constant.
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And Equation (13) becomes as follows.
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From Equation (15), once k, l and m are given, μ can 
be determined and μ has two values. k, l and m can be 
determined using the initial and boundary conditions. The 
details of the further calculations will be shown in the 
Appendix. The analytic solution is as follows.
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Here, μI j n
+ and μI j n

− are the real roots of the following 
Equation (18) and both roots are always positive because 
of α > 0 and β > 0.

μ2 − (α + β + k2 + l2 + m2)μ + β (k2 + l2 + m2) = 0 (18)

The coeffi cients, AI j n
+ and AI j n

−, are defi ned by the follow-
ing system of equations.
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From Equation (20), it is seen that AI j n
+ and AI j n

− depend 
on the initial content of trapped hydrogen atoms, 0v . By 
changing 0v , we can examine the effect of the initial dis-
tribution on the hydrogen evolution curves.

In this work, we measured the evolution curves, but we did 
not measure the hydrogen distribution in the specimen 
each time. Hence, to compare the calculations and the 
experiments, we would like to integrate Equations (16) 
and (17) to obtain the total hydrogen inside the specimen, 
uT, and we obtain the following.

 �  � �

, ,
, , , ,

, , 1 , ,

, ,
, , , ,

, ,

1

3

exp( )

exp( )

16
1 1 1

(2 1)(2 1)

i j n
T i j n i j n

i j n i j n

i j n
i j n i j n

i j n

i j n

u A

A

bh
i j n

	 
 �
� �


 �

	 
 �
� �


 �

�

��
� �

�
�

�
� �

�

� �

� � �
� ��� ��

�� �
� � ��� �

� � � �
� �

�

 

(21)

Since the amount of initial hydrogen inside the specimen 
at t = 0 is (1 + ν0)4wdh, the amount of hydrogen atoms 
released from the specimen is calculated as the differ-
ence between this value and Equation (21).

4.3  Comparisons of calculations
with the experimental results

Here, we compare the hydrogen evolution curves calcu-
lated with Equation (21) with the experiments. From the 
specimen size used in this study, we set a, 2b’ and 2h’ 
at 10 mm, 25 mm and 40 mm, respectively. In addition, 
from the cross-section appearance shown in Figure 1 
we set 2w ’ and d ’ at 9.5 mm and 1.6 mm, respectively. 
The next physical property we have to determine is D. In 
the present work, since the hydrogen evolution was very 
rapid, we could not determine the diffusion coeffi cient 
of the martensitic structure (Specimen C). So, we set D 
at 0.0002 mm2/s from the previous work [6]. This value 
was measured using the HAZ simulated specimen. So the 
microstructures may not be the same. But since no data 
were available, we decided to use this value.

Equation (21) can consider the effect of ν0. However, as 
mentioned already, the value of ν0 is not clear in the case 
of welded joints. So, for the fi rst calculation, we assume 
that ν0 is considerably lower than the equilibrium state,
ν0 = α / β. This assumption is that very few hydrogen 
atoms are initially trapped. We assume that ν0 = 1.0, and 
the values of α and β were determined to make the cal-
culations agree with the experiments. Since α is gener-
ally higher than β, this assumption means that the initial 
hydrogen atoms are not in thermal equilibrium.

Figure 6 shows the comparisons of the calculations and 
the experiments. In Figure 6, α = 10.0 and β = 0.04 for 
Specimen A, and α = 3.0 and β = 0.04 for Specimen B are 
selected (ν0 = 0.004 α / β for Specimen A and ν0 = 0.013 
α / β for Specimen B). Both of them are much lower than 
the equilibrium value. The reason why the same value of β 
was used for both Specimens A and B is that the physical 
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properties that determine β do not depend on the trap site 
density, N, while α depends on N. The physical properties 
used in the calculations are summarized in Table 3.

We tried to make the calculation results fi t with the 
experiments, but the calculations always show the rapid 
release of hydrogen at the early stage followed by the 
slow release of hydrogen. In the calculations, the rapid 
hydrogen release is due to the release of free hydrogen 
atoms without trapping, and the slow release is due to the 
trapping and escaping of hydrogen atoms. But the shape 
of the experimental evolution curves does not agree with 
that of the calculations. This is probably because the same 
amount of hydrogen atoms is initially trapped. Hence, in 
the experiments, it seems that the same amount of hydro-
gen atoms are trapped at t = 0.

Next, we consider the case that the same amount of 
hydrogen atoms is initially trapped. Here, we assume 
ν0 = 0.02 α / β for both Specimens A and B and deter-
mine α and β. Figure 7 shows comparisons of the cal-
culation and experimental results. Contrary to Figure 6, 
the calculations agree fairly well with the experiments. 
In Figure 7, we used β = 0.1 for both Specimens A and 
B. We used α = 50.0 for Specimen A and α = 5.0 for 
Specimen B. From Figures 6 and 7, it is considered 
that the assumption that very few hydrogen atoms are 
trapped is not suitable.

4.4 Values of α and β and trap site density, N

In the last section, we have seen that the assumption that 
the same amount of hydrogen atoms is initially trapped is 
more suitable to explain the experimental results. Here, 
we would like to examine the effect of α by comparing the 
experimental and calculated evolution curves.

The reason why we changed the α value only is that it 
depends on the trapping densities of Specimens A and B, 
as seen in Equation (8). In the present work, the retained 
austenite percentages for Specimens A and B are 16 % 
and 8 %, respectively. The ratio of the retained austenite
percentages is then 2:1. This means that the ratio of
α s for Specimens A and B should be also 2:1 if the val-
ues of D, k and a are common for Specimens A and B 
[see the defi nition of α, Equation (8)]. On the other hand, 
β does not depend on the trapping density, as seen in 
Equation (8). Hence, here, we fi x β = 0.1, and change the 
value of ν0 to examine the ratio of α s.

Figure 8 shows the calculation results for ν0 = α / β, i.e., 
the thermal equilibrium condition for the initial state. Here, 
we treat α as the fi tting parameter. The calculation results 
agree fairly well with the experiments like in Figure 7. But, 
α s for Specimens A and B are 50.0 and 3.0, respectively, 
and their ratio is about 17:1. Figure 9 shows the calcu-
lation results for ν0 = 0.05 α / β. Figure 9 also shows 
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Table 3 – Physical properties used in the calculations

Figure Specimen α  β ν 0 D [mm2/s]

Figure 6
A 10.0

0.04 1

0.0002

B  3.0

Figure 7
A 50.0

0.10 0.2 α / β
B  5.0

Figure 8
A 50.0

0.10 α / β
B  3.0

Figure 9
A 50.0

0.10 0.5 α / β
B 10.0

Physical properties used are listed in Table 3. 
(α = 10.0, 3.0 for Calculations A and B, respectively. β = 0.04 and ν0 = 1 for both 

Calculations A and B).

Figure 6 – Comparisons of experiments and calculations

Physical properties used are listed in Table 3.
(α = 50.0, 5.0 for Calculations A and B, respectively. β = 0.1 and ν0 = 0.02 α / β for both 

Calculations A and B.)

Figure 7 – Comparisons of experiments and calculations
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the fairly good agreement between the experimental and 
calculation results. α s for Specimens A and B are 50.0 
and 10.0, respectively, and their ratio is 5:1. The ratio of
α s for Specimens A and B in Figure 7 is 10:1, and the ratio
in Figure 6 is about 3:1. Table 4 summarizes the values 
of α and the ratios. From Table 4, as the initial condition 
approaches the thermal equilibrium state, the ratio of α s 
tends to diverge from the experimental result, 2:1. But, as 
seen in Figure 6, the low value of ν0 tends to produce a 
shape of the evolution curves that differs from the experi-
mental results.

From Figure 7 to 9, it seems to be possible to make the 
calculation results agree with the experiments by modify-
ing the α and β values regardless of the initial hydrogen 
distribution. But the comparisons of the retained austenite 
ratio show that the α and β values in Figure 6 are more 
suitable than those in Figures 7 and 8. In this study, the 
microstructure data (the retained austenite percentages 
of Specimens A and B are 16 % and 8 %, respectively) 
were used to show this point. This also means that the 
reliability of the α and β values determined only from the 
hydrogen diffusion data is not good, and that the conven-
tional Fick’s Equation is not suitable because of its local 
equilibrium assumption.

These considerations assume that the trap site density of 
Specimen A is different from that of Specimen B and that 
the other physical properties such as the depth of the trap 
sites are the same. The value of β depends on the depth of 
the trap site. And in case that β of both Specimens is not 
the same, the above consideration is not clear. However, 

the further discussion by the present experimental results 
is diffi cult. So additional experiments such as experimen-
tal observation of α & β and the diffusion analysis with 
them are desired.

  5 Conclusions 

In this work, we measured the hydrogen evolution curves 
of the weld metals that contain the retained austenite, 
and compared them with the calculation results using 
McNabb & Foster Equation. The conclusions obtained are 
listed below.

1. The hydrogen release time from Specimens A and 
B that contain retained austenite was more than 
100 days. The hydrogen release time of Specimen C 
was about two days, which agrees with 72 h holding 
times required by JIS Z3118.

2. We derived the analytic solution of McNabb & Foster 
Equation for the present experiments. The assumption 
that the initial trapped hydrogen content is much less 
than the thermal equilibrium value yields the rapid hydro-
gen release at the early stage and the slow release at 
the late stage. The calculated evolution curves, in this 
case, do not agree with the experiments.

3. The assumption that the same amount of hydrogen is 
trapped at t = 0 produces evolution curves that agree 
with the experiments. But, the ratio of retained aus-
tenite percentages of Specimens A and B determined 
from the calculation results tends to diverge from the 
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Table 4 – Ratio of the retained austenite percentages calculated from the values of α

Physical properties
Figure number

X-ray measurement
8 7 9 6

ν 0 α / β 0.2 α / β 0.5 α / β 1 -

α for Specimen A 50.0 50.0 50.0 10.0 -

α for Specimen B 3.0 5.0 10.0 3.0 -

Ratio 17:1 10:1 5:1 3:1 2:1

Physical properties used are listed in Table 3.
(α = 50.0, 3.0 for Calculations A and B, respectively. β = 0.1 and ν0 = α / β for both 

Calculations A and B.)

Figure 8 – Comparisons of experiments and calculations

Physical properties used are listed in Table 3.
(α = 50.0, 10.0 for Calculations A and B, respectively. β = 0.1 and ν0 = 0.05 α / β for both 

Calculations A and B.)

Figure 9 – Comparisons of experiments and calculations
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experimental results as the initial trapped hydrogen 
content becomes high.
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 Appendix 

Here, we would like to derive Equations (16), (17) and 
(18). At fi rst, from Equation (14), we obtain

X(x) = Acos(kx), Y(y) = Bsin(ly), Z(z) = Ccos(mz) (22)

Here, we selected the cosine function for X(x) and Z(z) 
by considering the symmetry of the model, and the sine 
function for Y(y) by considering the boundary condition 
at y = 0. Since the hydrogen content is zero at x = b and
z = h, we obtain

cos(kb) = 0, hence, 
2 1

, ( 1,2,3,,, )
2
i

k i
b

��
� �  (23)

cos(mh) = 0, hence, 
2 1

, ( 1,2,3,,, )
2
j

m j
h

��
� �  (24)

In addition, the hydrogen content is also zero at y = 1,

sin(l) = 0, hence, l = nπ, (n = 1,2,3,,,) (25)

By rewriting the coeffi cients in Equation (24), we obtain,

 �2 1 2 1
exp( ) cos sin cos

2 2i j n

i j
u A x n y z

b h
�� � � �� �� � � �� � � � � �

� � � �
(26)

u
	�


 �
�

�  
(27)

The value of μ is given by Equation (18), and this quad-
ratic equation gives the two real roots. When we put
ω2 = k2 + l2+ m2 (> 0), since α > 0 and β > 0, the discri-
minant of this equation is;

(α + β + ω2)2 − 4βω2 = {ω2 + (α − β)}2 + 4αβ > 0 (28)

Hence the two roots of Equation (18) are real. Furthermore, 
these two roots are positive. To explain this, we regard 
the left side of Equation (18) as the quadratic func-
tion of μ. In this case, the vertical line of this function is
μ = (α + β + ω2)/2 (> 0) and the value of this function 
at μ = 0 is βω2 (> 0). These mean that the two roots 
are positive. So, we describe these two positive roots 
as μi j n

+ and μi j n
−. Equations (26) and (27) satisfy the 

McNabb & Foster Equation for each μi j n
+ or μi j n

−, and 
since both Equations (26) and (27) are linear, the linear 
combinations of the equations also satisfy the McNabb 
& Foster Equation. Hence, u and ν can be described as 
Equations (16) and (17), respectively. In Equations (16) 
and (17), since one set of (i, j, n) produces two different μ, 
we add the suffi x notation, ±. Ai j n

+ and Ai j n
− can be deter-

mined by the initial condition by using the orthogonality of 
the trigonometric function. Substituting Equation (16) into 
Equation (9) and setting τ = 0, we conducted the integra-
tion by multiplying both sides by

 �2 ' 1 2 ' 1
cos sin ' cos

2 2
i j

x n y z
b h

� � �� �� � � �
� � � �
� � � � 

. Then, the

integrations except the cases of i = i ’, j = j ’ and n = n’ 
become zero and Equation (19) is obtained. In this calcu-
lation, we used the following equations.

 �

2 2

0 0

1
2

0

2 1 2 1
cos , cos ,

2 2 2 2

1
sin

2

b bi b j h
x dx z dz

b h

n y dy

� �

�
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� � � �

�

� �

�

 �

 �  � �
0

1

3

2 1 2 1
cos sin cos

2 2

16 1 2 1
1 sin 1 cos

(2 1)(2 1) 2

w d h

w h

j

i j
x dx n y dy z dz

b h

bh i
w n d

i j n b
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� �
�

� �

�
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� � � �
� � � �
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By the similar calculation, we obtained Equation (20).
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The hydrogen evolution curve can be calculated using 
Equations (19) and (20). We have to calculate the total 
amount of hydrogen inside the specimen, uT, and this is 
calculated as 

1

0

( )
b h

T
b h

u dx dy dz u v
� �

� �� � �  that yields Equation (21). To

conduct this integration, we used the following equation.

 �  �

 �

1
1

0

1

2 1 4
cos 1 , sin

2 (2 1)

1
1 ( 1)

b
i

b

n

i b
x dx n y dy

b i

n

� �
�

�

�

�

�
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� � �

� �

Equation (21) gives the total amount of hydrogen existing 
inside the specimen. The total amount of hydrogen escaping 

from the specimen can be calculated as Equation (29). 
Here, we used the initial amount of hydrogen inside the 
specimen is (1 + ν0)(2h) (2w)d.

0

1
(1 )(2 )(2 )

Tu
F

w h d�
� �

�
 

(29)
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