Computational Methods and Function Theory
Volume 4 (2004), No. 1, 227-235 MFT

On the Zeros of af(f*)* —1 for n > 2
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Abstract. Let f be a transcendental meromorphic function and n, k be two
positive integers. Then af(f*))™ —1, n > 2, has infinitely many zeros, where
a(z) # 0 is a meromorphic function such that T'(r,a) = S(r, f).
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1. Introduction

In this paper, we are going to use mainly the basic notation of Nevanlinna the-
ory [3] such as T'(r, f), N(r, f), m(r, f) and S(r, f) = o(T(r, f)). Unless oth-
erwise stated, meromorphic will mean meropmorphic in the plane. Hayman [2]
proved the following theorem in 1959.

Theorem 1. Suppose that f is a transcendental meromorphic function and n is
a positive integer. Then f'f"™ assumes every finite non-zero value infinitely often
when n > 3.

In 1995, Bergweiler and Eremenko [1] showed that the theorem is true for the
remaining cases too, i.e. when n > 1.

Theorem 2. Suppose that f is a transcendental meromorphic function and m > [
are two positive integers. Then (f™)V) assumes every finite non-zero value in-
finitely often.

In 1993, C. Yang, L. Yang and Y. Wang [5] conjectured the following.

Conjecture. Suppose that [ is a transcendental entire function and that n, k are
two positive integers. Then f(f*)™ assumes every finite non-zero value infinitely
often when n > 2.

In 1998, Zhang and Song [6] proved the following result.
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Theorem 3. Suppose that [ is a transcendental meromorphic function and that
n, k are two positive integers. Then f(f*)" — A(2), n > 2, has infinitely many
zeros where A(z) # 0 is a small function such that T'(r, A) = S(r, f).

In fact, the proof of Theorem 3 is very complicated and there appear to be some
gaps in it. We give a much simpler proof, with some generalisations, by proving
Theorem 4.

Before stating this theorem, we make some assumptions which we need through-
out this paper. Suppose that f is a transcendental meromorphic function in the
plane and a(z) # 0 is a meromorphic function such that

T(r,a) = S(r, f).

Let

(1) L(w) == w® + b _jw* Y 4. pbow, k€N,

where each b;(z), j =0,1,...,k — 1, is a meromorphic function such that
(2) T(r,b;) = S(r, f).

Let n € N, n > 2, and set

(3) g9 = L(f),

(4) b= afg — 1.

Theorem 4. Suppose that f is a transcendental meromorphic function in the
plane. Suppose that L, g and the b; are given by (1), (2), (3), and that

() T(r,g) # S(r, f),
(6) T(r,¢) = 5(r, f)

for every solution ¢ of L(w) = 0 which is meromorphic in the plane. Then

1 nk+1) - 1
< —
10,0) < 25 DN () 480,
where
n(k+1) 1
= <1
0 L n—1 1+n(k+1) 0<5k<n—1_1

2. Proof of Theorem 4

We first prove a lemma needed in the proof of Theorem 4.

Lemma 1.
T(r,f) <T(r,)+ S(r f), whenever g Z 0.

In particular, af L(f)" is non-constant.
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Proof. Using (4), we have f = (¢ +1)/(ag™). So,

1 1 - 1
N(r,;) SN('/’,—w_i_l)+N(r,a)+n;]\7(r,bj):N<r,¢+1>+S(r,f).
Also, using (1), (3) and (4) we have
1 ag" 1 a f) f=1) "
Four fn+1‘w+1(f oy +"'+b“) |
Therefore
n(ng) < o om(ng) = 7i)
<m(r,¢_1'_1)—i—m(r,a)—i—S(r,f):m(r,wil)+S(r,f)

Hence,

[
Proof of Theorem 4. A zero of g of multiplicity p with a # 0,00 and with

b; # oo is a zero of ¢ of multiplicity at least np—1 > (n—1)p. Also, ¢y = —=1#0
at such a zero of g. Thus

N(r,é)énl N( ;f,)w(m (_> kz

()

| A

IN
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Put bk = 1, b,1 = bk+1 =0. SO,
k+1

k
g= Z bjf(j) - Z bjf(j).
=0 =0

Using the fact that b, = 0 and b_; = 0, we have

k k+1 k41
Z v f ) 4, +1)) Z J)+Zb L f9) ZZ(bg+bj—1)f(j)-
7=0 7=0 7=0
Since g = ZkH b; U, we find that w = f solves
k41
9) Z c;w? =0,
§=0
where
g/
(10) C; = b; + bj,1 — Ebj, Ckt1 = 1.
Let
1
(11) w = uv, v=—".
ag™

Using Leibnitz’ rule in (9), we get
k+1 k1 g bl kL
EDCIDEED O DI CATEIEE SO S EA L
1= m= 7= m=

using the convention that (m) = 0 for m > j. Dividing the right hand side by v,
we get

k+1 )k—i—l j pi—m) k+1 -
12 0= (m : = ™A,
12 Yy () = e

S5\ wliem
(13) Am_z(m)cj -

In particular, this gives, using (10),

Aprr=cp1 =1

and

k+1 , k+1 / @ L(v) — g—/L(U)
v
(14) ch B> (b; oo %bj) B o
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We now claim that Ay # 0. To prove this claim, suppose that Ay = 0. Using (14),
we get

(15) L) = L L(w).

We consider two cases.
Case 1, L(v) # 0: Using (15), we have

== L(v) = cg,

where 0 # ¢ € C since L(v) # 0. Using (3), we have L(v) = cL(f). Solving this,
we get

v=cf+h, L(h)=0, v=c(f+H), L(H)=0.
Let F = f+ H. This gives
v =cF, L(f)=L(f+ H) = L(F).
Since v = ¢F and v = 1/(ag™), we have
1
— =F, 1 =acL(f)"F = acL(F)"F.
ag”

Since L(H) = 0 and H = (v — ¢f)/c is meromorphic in the plane, we get
T(r,H)=S5(r, f) by (6). Hence

T(r,f)=T(r,F)+ S(r, F), T(r,a) —I—iT(T,bj) =S(r,f)=S(r, F).

This contradicts Lemma 1, applied to F' = f + H.

Case 2, L(v) = 0: Using (6), we get T'(r,v) = S(r, f). Using (11), we have
v=1/(ag"). Thus, T(r,g) = S(r, f) which is a contradiction to the first hy-
pothesis given by equation (5). So, the claim is proved.

Returning to the proof of Theorem 4, we have, using (4) and (11),
w
u:E:afgn:w—l—l.

So 1 + 1 solves (12), which gives

W+ DF 4 A+ 1)F 4+ A (0 + 1) + Ag(p + 1) = 0,
D 4 A ) 4 + Ay + Ag(yp +1) = 0,
Pkt A, ) A B
" +A—Ow + +A—0w+w+1—0,
L (gt g® ) 1
— tAT— o+ A 1+ = =0
AO( v Y K v
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Thus,

(k) /
+Akw + - +A1w)—1.

(16) " " v

1 -1 (w(k—&-l)
v A
Using (13) we note that

k41 (k+1—m) U(] m)
A, = :
(o) 2 ()

Hence the contribution to n(r, A,,) from the terms vV~ /v and ¢'/g is at most
k+1—m, and the contribution to n(r, Ag) and n(r, A,,1)™ /1) from these terms
is at most k£ + 1. Furthermore, using (14) we see that any pole of Ay can only
occur at poles or zeros of g, poles or zeros of a(z), or poles of b;(z). So

N(r,Ag) < (k+1) {N(r,g)—i—]v(r,é) + N(r, a)+N( ﬂ +2ZN r,b;)

< (k+1) {N(r, )+ N(r, g)} + S f).
Using (8), we have

N(r, Ag) < (k + 1) +—N(r f)+LN<r 1)} +S(r, f)

SERIUUAS (s
(17) =(k+1) ( ) T,f)+ii1]\7<r,i)+5(r,f)
SRLLER T f)+ki1]\f( ;)%—S(r,f).

Using (1), (3), and (4), we have

w+1 = fg" = F(fP + b fE TV + b f)”
(k—1) n
= [ (1 + bk_lffW ot bo%) .

So, a pole of f of multiplicity p with b; # oo is a pole of (¢ +1)/a of multiplicity
p+ (p+k)n>1+(1+k)n. Thus,

~—~
—_
oo
~—
IN

IN
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Using (7), (17), and (18), we get
n(k + 1) 1 k+1 _ 1
< m— 1+n(1+k)T(r,¢)+—N<r,$)—|—S(r,f)

n—1
— 5T () + iizv(r %) + S0 f).

N(r, Ao)
(19)

Using (13) and (16), we have

(20) N(r, %) < N(r, Aio) + (k + I)N(r, %) +S(r, f),

(21) m(r, %) < m(r, A%) +5(r, f).
Using (19), (20), and (21), we get

T(r,¢) = T(r, %) +0(1) = m(r, l) + N(r, l) + O(1)

Thus,

(1 - 6)T(r, ) < T ”N(r, %) S 1),

This completes the proof of Theorem 4.

233
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3. Examples and corollaries

Now, we will give two examples to show that without the hypotheses stated in
Theorem 4 we can find ¢ = afg™ — 1 with no zeros. In the first example, we do
not have the first hypothesis, i.e. equation (5), and in the second example we do
not have the second hypothesis, i.e. equation (6).

Example 1. Suppose that
f(z) =¢+ 2z, L(w) =w" — 2w + w.
This gives
g=L(f)==z-2,  T(rg)=501f), fo’=(+2)(z-2)"

Let a = 1/[2(z — 2)?]. So, T(r,a) = S(r, f). From all of these, we see that
1 e“+z
—af—1= —— (¢ _92_1— _q
b= afg? —1= (e (-2 .
62 z

=S r1-1=% 2o,
V4 z

Example 2. Suppose that
Lw)=w"—w,  ¢=fg"—1,

where
f — % — 26—2/2
3 .
So we have | )
g= f/ . f — ¢F + 36_2/2 — e + ge—z/Z — e—z/2‘
Thus,

2 2
b= f 1= (Y 1= (¢ e e
2 2
—1— 56—32/2 —1= _56—37;/2 7& 0.
Here, ¢ = e* solves L(w) = 0, but T'(r,¢) # S(r, ).

Corollary 1. Suppose that f is a transcendental meromorphic function in the
plane. Let

fw:afgn—l, nZQ,n,kEN,

where a Z 0 is a meromorphic function,

T(r,a)=S(rf),  T(rg)#Srf),  T(r¢)=>5(f)

for every solution ¢ of L(w) = 0 which is meromorphic in the plane. Then,
Vv = afg" — 1 has infinitely many zeros and the function afg"™ assumes every
non-zero value infinitely often.
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Corollary 2. Suppose that f is a transcendental meromorphic function in the
plane. Let a # 0 be meromorphic in C with T'(r,a) = S(r, f) and let

p=af(f)" -1, n>2nkeN
Then,

T(r, f) < ] _15k nffjll)N(r,%) + S(r, f).

Proof. We have here g = f*). So, using the Hayman-Miles Theorem [4], we
have T(r,g) # S(r, f). Also, we have here L(w) = w®). Thus, every ¢ which is
a solution of L(w) = 0 would be a polynomial. So, T'(r,¢) = S(r, f). |

Theorem 3 follows at once from Corollary 2, using A = 1/a.

Corollary 3. Suppose that f is a transcendental meromorphic function in the
plane. Let a # 0 be meromorphic in C with T'(r,a) = S(r, f) and let

p=af(f)"—1, n>2nkeN

Then, ¥ = af(f*)" — 1 has infinitely many zeros and the function af(f®*)"
assumes every non-zero value infinitely often.

Acknowledgement. I would like to thank J. K. Langley for all his encourage-
ment and support.
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