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Abstract

We introduce modified Post-Widder operators in polynomial weighted spaces of differentiable func-

tions and we study strong approximation for them.
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1 Introduction

1.1. Approximation properties of Post-Widder operators

P,(f;x):= /Ooopn(x,t)f(t)dt, xel, neN, (1)
pr(x,t) = % exp (Zf) , (2)

I = (0,00), N ={1,2,---}, for real-valued functions f continuous and bounded on I were

examined in [2] (Chapter 9).

It is known that P, are well defined also for f,.(x) = 2", r € N, and
P,(1;z) =1, P,(t;x) == for x€lI, neN. (3)

Generally, for n,r € N and x € I, we have

Pn(tr;l_):n(n+1)~-~(n—5—7‘—1):ﬂ7 (1)

n?"
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which implies that

.752

P, (t—2)%2) == 5

((t - )a) = & )

and for every 2 < r € N there exists a positive constant M7 (r) depending only on 7 such that
P, ((t - x)zrgx) < My(r)yn™" 2" (6)

for € I and n € N?I. Moreover, from theorems given in [2], Chapter 9, we deduce that

| Pulfs2) - f@)] < My ws (f; vel, neN ™)

x
vn)’
for every f continuous and bounded on I, where wo(f) is the second modulus of continuity of f

and My =const.> 0.

1.2. The problem of strong approximation related with Fourier series was investigated
in many papers, e.g. [4].

For example, if S,(f;-) and o,(f;-) are the n-th sum and (C,1)-mean of trigonometric
Fourier series of f, respectively, i.e.

Tulfiz) = —5 3 Sulfia),
k=0

then

n

! Z(Sk(f;x)—f(x)), z€R, ne Ng=NU{0}.

k=0

The strong approximation of f by (C,1)-means of Fourier series is connected with the

following strong differences

n—f—lk:O

1/q
1 n
Hi(fiz) = ( ZISk(f;w)—f(m)lq> , TER, neN,
where g > 0 is a fixed number. It is easily verified that

lon(f;2) = f(z)| < Hy(f;)

and

HE(f;2) < HI(f;2), 0<p<g<oo

for z € R and n € Ny. These inequalities show that the consideration of strong differences Hi( f)

for Fourier series of f is useful.

1.3. The purpose of this note is to investigate the strong approximation of functions by
their Post-Widder operators. We shall define certain modified Post-Widder operators in poly-
nomial weighted space of r times differentiable functions and we shall examine their strong

differences.
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Analogous to [1] let r € N,
wo(x) == 1, wp(x) == (1+2")"" if r>1, zel, (8)

and let C,. be the set of all real-valued functions f defined on I for which w,f is uniformly

continuous and bounded on I and the norm is given by

£l = 1FOI, = sup we(z) |f(2)]. (9)

xel

Moreover, denote by C", r € Ny, the class of all f, r times differentiable on I with the derivatives

f®) € C,_y for 0 < k <. Obviously C° = Cy, C,. C C, if r < s and ||f||s < ||f|l» for f € C,.

Definition. Let r € Ny be a fixed number. For f € C" we define the following modified
Post-Widder operators:

Poo(fi2) = / pale ) E(a,t)dt,  z€l, neN, (10)
0

where p, (x,t) is defined by (2) and

L E)) )
F.(z,t) = ! ,'(t) (x —t)7, x,tel. (11)
=0 7
If r=0and f € C° then we have
Poo(f;z) = / pn(x,t) f(t)dt = Po(f;x), xel, neN. (12)
0

In Section 2, we shall prove that P, is a positive linear operator acting from the space C,.

into C, and P, is a linear operator from C" into C,.

The formulas (1)—(3) and (10)—(12) imply that
Por(fi2) = Po (Fr(2,1);2)

and
Por(fi2) = f(x) = Po(Fr(2,t) — f(2);2) (13)
forevery f e C",r € Ng,z € I andn € N.

1.4. Let ¢ > 0 and r € Ny be fixed numbers. For f € C, and P,(f) we introduce the

following strong difference with the power ¢:

Hi(fx) = (/Ooopn(%t) f(t)—f(x)lth>1/q (14)

= (P (f(t) — f(@)|%2)"?,  wel, neN.
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Analogously, the strong difference of f € C”, r € N, and P,,(f) is defined by

1/q

i) = ([ maten 1RG0 - farar) (15)

= (Pu(|F(x,t) — f(z)|%52)"9, zel, neN, ¢>0.

From (1)—(3) and (13)—(15) it follows that
|Pu(fs2) = f(2)] < H,(f2) (16)

and
Hl(fx) < Hy(f;x), 0<g<s<oo (17)

for every f € C,., r € Ny, x € I and n € N. Moreover, if f € C", r € N, then
| P (fi2) = f(2)] < Hp,(f32), (18)
H (f;z) < H, .. (f;2), 0<g<s<oo, (19)
forx € I,n € N and g > 0.

In Section 3, we shall give theorems on strong differences HJ(f) and HZ..(f), using the

modulus of continuity of f € C). defined by
w(f;Crit) »= sup [Anf(C)l,., =0, (20)
0<h<t

where Ap, f(x) = f(x +h) — f(z) for z € I and h > 0.

In this paper we shall denote by My(a,b), k € N, suitable positive constants depending

only on indicated parameters a, b.

2 Auxiliary Results

2.1. First we shall give some properties of operators P, in the space C;.

We shall use the following inequalities derived from (8):
(wr(x))q < qu(x)y (wr(x))_q < 21 (qu(m))_l ) (21)

for x > 0 and r,q € Ny.
Applying the Holder inequality, (3) and (6), we immediately obtain

Lemma 1. For every r € N there exists Ms(r) =const.> 0 such that

P,(t —z|";2) < Ms(r)yn™"/%z", xzel, neN.
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Lemma 2. Letq > 0 andr € Ny be fized numbers. Then there exists My(q,r) = const. > 0

H (Pn ((wr(t))*q ; _))Uq T

Proof. The inequality (22) is obvious for r = 0 and ¢ > 0.

such that
< My(gq,r) for neN. (22)

Now let r € N. If ¢ = 1, then by (1)-( 4) and (8) it follows that

~ 1 i
wr@) P ((w,(0) " 2) = 1o Pa (14 52) (23)
< 1+n(n+1)...(n+r—1) <1l+7! for z€lI, neN.

nT‘

If 2 < g € N, then by (1),(2),(21) and (23) we get

1/q

wy () (Pn ((wT(t))_q ;x))l/ <9 (qu(x)Pn ((qu(t))_l x)) (24)
<2(1+ (rg))"?, x>0, n€N.

Let 0 < ¢ ¢ N and let [g] be the integral part of g. Then s := [g] + 1 belongs to N and
q < s. Applying the Holder inequality, (3) and (4), we get

1/s

wi (@) (o ((wr () ;z))l/q < wp(@) (P ()" 52)) (25)
<201+ (rs))Y/* for x>0, neN.
From (23)—(25) and (9) the inequality (22) follows.

Lemma 3. Let g and r satisfy the assumptions of Lemma 2. Then for every f € C, and

n € N, we have

[CAERRIE N

< Ma(g,r) [ £l (26)

and

1Pa(f5 )l < Ma(Lr) [ £l (27)

where My(q,r) is given by Lemma 2.

The formulas (1), (2) and (27) show that P,, n € N, is a positive linear operator from the
space C,. into C,., r € Np.

Proof. By (1),(2) and (9) we get

LB RO DY e < 1A (P (o)),

and

122 (O < 1P SDI



L. Rempulska et al : On Strong Approximation Applied to Post-Widder Operators - 177 -

for every f € C,, ¢ > 0 and n € N. Applying (22), we obtain (26) and then (27).

2.3. Now we shall prove the analogues of (26) and (27) for P,,,.

Lemma 4. Suppose that v € N and g > 0. Then there exists M5(q,r) = const. > 0 such
that for every f € C" and n € N we have

| P (B 5DY e < Msta,r) (I + 170 o) (28)

and

1Pusr (Al < Ms(1,7) (£l + 170 - (29)
The formulas (10),(11) and (29) show that P,.., n,v € N, is a linear operator from the
space C" into C..

Proof. First let ¢ € N. Analogous to [3] and [5] we apply the following modified Taylor
formula of f € C" at a fixed point ¢ > 0:

F@) = ; f<Jj>!(t) (z —t) + ((f — ?)' L(z,t), x>0, (30)
where
I(2,t) = /01(1 — )t (f(” (t+u(z —t)) f(’")(t)) du. (31)
By (11),(30) and (31) we have
Fulat) = f(z)— ((f = ’i))' L(z,t), 2,60,

and next by (1)-(3) and the Minkowski inequality we get

wy () (P (|Fp (2, )| x))l/q _

T — 1) q 1/q
= w,(x) (Pn ( f(z) — ((r—l))!lr(x’t) ,x))
< Ul + P e =l o))

for 2 > 0and n € N. But for f € C", r € N, we have f(") € C and from (31) we deduce that

1
2
L) < 2 s / (1—w)tdu = Z|fo for a,t>0.
0

These inequalities, (21) and Lemma 1 imply that

w(@) (P (|Fy (2, 1)|72))

IN

2 T
1A+ = (£
e
<l + Mo, )L F o n =72

rq. .\\1/4q
(@) Py (It = ]"52))

for x > 0 and n € N. From the above estimate and (9), (28) follows for ¢ € N.
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If 0 < ¢ € N, then arguing as in the proof of Lemma 2, we have

we(@) (P (|Fr(2,8)]52) 7 < wi(@) (Po (|Fp(a, 1)) 52)

for > 0,n € N and s = [¢] + 1. Using (28) with the power s, we obtain (28) for 0 < ¢ ¢ N.
Moreover, the formulas (10),(11) and (1) imply that

wy () [ Pryr (f32)] < wr(2) Py (|Fr(2,1)] 5 2)

12 (- D)5

IN

for every f € C", x > 0 and n € N. Now using (28) with ¢ = 1, we obtain (29) and complete
the proof.

3 Theorems

3.1. First we shall prove two theorems on HI(f) (defined by (14)) for f € C,.

Theorem 1. Suppose that ¢ > 0 and r € Ny are fized numbers. Then there exists
M7(q,r) = const. > 0 such that for every f € C,. having the derivative f' € C, we have

we(2)H(fix) < Mr(q,r) £l zel, neN. (32)

xT
vn'

Proof. Let g € N. Then for f satisfying our assumptions we can write

) — f2)] = /f’(u)du < 11l / j(“u)
i U N
< W0 (g + o) -0k wtel

Using the above inequality to (14) and next by Minkowski and Hoélder inequalities, we get

wy (@) H(fi2) < ||f’|r{wr(x) ( <(|;_(;|>x>)1/

+ (Pa (It = of% )7}
< 170 o) (P (G072 50)) ™ (P (= 050
(P (6= 2)52)) " (Pa(132)) /2 |
which by (3),(5),(6) and Lemma 2 gives the immediately (32) for ¢ € N.

If 0 < g & N, then by (17) we have

Hi(f;z) < HOY(f;2),  2>0, n€N,
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and by (32) with the power [q] + 1 we get (32) for 0 < g & N.
Thus the proof is completed.

Theorem 2. Let g > 0 and r € Ny be given numbers. Then there exists Mg(q,r) =
const. > 0 such that for every f € C, we have

wdﬂﬂﬂﬁf)éﬂ&@ﬂ0w<ﬁcmj%>, zel, neN (33)
and
VS, < 4w&<%rouz(f;c»;\}n) . neN (34)

Proof.  First let ¢ > 1. Similar to [5] we apply the Stieklov function fj, of f € C,:

h
(@) = %/0 f@+0dt, k>0,
This formula and (20) imply that
If = fall- < w(f; Crih), (35)
Ifalle < BT w(f; Crsh), (36)
for h > 0. Thus f, and f; belong to C, if f € C,. Now, using the inequality
[f() = f(@)] < |f(&) = Fu@)] + [fa(t) = fu(@)] + [ fulz) = f()],

the Minkowski inequality and (3) we get from (14)

HI(f;2) < (P (1f(8) = fu(@)]"52)"*
+ (P (1 fa(6) = fa(@)|52) T+ |fule) — f(2)]

3
ZTn,k(ac)7 z,h >0, ne N.
k=1

Next, by (26) and (35) we have

[ Toall, < Mag,r) If = full, < Mulg,r)w(f;Crih)

and

| Tnsll, < w(f;Crih) for h>0, neN.

Applying Theorem 1 and (36), we get

wy(x) Ty 2(x)

IN

MMmmﬁmf%
w(f; Cr; h),

xT

< M7(q77n) h\/ﬁ
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for ,h > 0 and n € N. Summarizing, we obtain
x
w o) E(f52) < Malaor)fiCit) (14 57 (37)

for x,h > 0 and n € N. Setting h = = to (37), we obtain (33) for ¢ > 1.
n

7

If 0 < g < 1, then by (17) we have
Hi(f;2) < Hy(fiz), x>0, neN,

which by (33) with ¢ = 1 gives (33) for 0 < ¢ < 1.

Choosing h = we get from (37):

1
\/ﬁ?

4Ms(q,7) w (f;Cr; \/15>

for z > 0 and n € N, which by (9) implies (34) for ¢ > 1. The proof of (34) for 0 < ¢ < 1 is

IN

analogous to that of (33).
3.2. Now we shall give the analogues of (33) and (34) for H{ .(f) defined by (15).

Theorem 3. Assume that ¢ > 0 and r € N. Then there exists Mg(q,r) = const. > 0 such
that for every f € C" we have

wye(z) HL (f;2) < My(q,r) n~"?w (f(r);CO; }) , >0, neN, (38)
’ n
and
-Tr T 1
|EE (D], < AMo(g,r) n™ /2w (f< %00;\/5), neN. (39)

Proof. Let ¢ € N. Analogous to the proof of Lemma 4 we apply the Taylor formula (30)
of f € C". From (15),(11),(30) and (31) it follows that

1
(r—1)

Next, by (20) and properties of w(f"); Cy;-), we get from (31)

(P, (|t — 2| | I (z, )| ;2))/?, >0, neN.

Hy, (fiz) <

1
Lt = [ =t (£ Coulo —t]) du
0

1
< w(f(r);00;|t—x|)/ (1 —wu)""tdu
0

1
oW <f(r);C0;;ﬁ) (\éﬁ|tx| +1>

IN
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for x,t > 0 and n € N. Applying the above results, Minkowski inequality and Lemma 1, we can

write

H (fiz) < %w (f(T);Co; \%) {\fl (Pn (\t - x|‘1(7"+1);x)>1/q
(P (|t = ;a1

< Mio(g;r)w (f(r);Co; n"/22", x>0, neN.

2
NG
This inequality, (8) and (9) immediately yield (38) for ¢ € N.

Now let 0 < ¢ ¢ N. Then by (19) we have

Hfm,(f;m) < HL‘I;]TH(f;x), x>0, n€N,
and by (38) with the power [q] + 1, (38) follows for 0 < g & N.
The inequality (39) for f € C” is easily t obtain from (38), by applying the inequalities:
(1 + 2)wpy1 () (we(z))~! <4 and
1
.00 L) < 1 ™). 0
(.U(f ) Oa\/ﬁ>(‘r+ )w f ) O’\/ﬁ
forx >0 and n € N.

3.3. From Theorem 2, Theorem 3, (16) and (18) we derive the following corollaries:

Corollary 1. Let f € C, with r € Ny. Then for every g > 0 we have

T [[HA()]sy = 0,

which implies

lim HI(f;z) = 0 atevery z>0.

n—oo

Corollary 2. Let f € C", r € N. Then for every q > 0

lim "2 ||HL,.(f)]| ., = 0.

n— 00 5 r+1

Consequently, we have

lim n"/?HZ (f;z) = 0 atevery x> 0.

n—oo

Corollary 3. Let f and r satisfy the assumptions of Theorem 2. Then

T

w(2) |Pa(fiz) - F(2)] < Ms(l,T)W(f;Cr;\/ﬁ) for 250, neN.

If f and r satisfy the assumptions of Theorem 3, then

Wy (2) |Payp(f32) — f(2)] < Mo(1,7)n " ?w (f“);co;fﬁ)
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forx>0andn e N.

Remark. By (16)—(18) we see that the results concerning strong differences HI(f) and
H,(f) imply direct approximation theorems for operators P,(f) and P,..(f) and functions f

belonging to spaces C,. and C" respectively.

The above corollaries and (7) show that the operators P,..(f) for f € C", r > 2, have
approximation properties better than the classical Post-Widder operators P, defined by (1).

Finally we mention that similar theorems can be obtained for the Stancu beta operator

1 e o] tnx—l
B, (f; = t)dt
(f52) B(nx,nJrl)/o (E A
introduced in [6].
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