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Abstract

We introduce modified Post-Widder operators in polynomial weighted spaces of differentiable func-

tions and we study strong approximation for them.
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1 Introduction

1.1. Approximation properties of Post-Widder operators

Pn(f ;x) :=
∫ ∞

0

pn(x, t) f(t)dt, x ∈ I, n ∈ N, (1)

pn(x, t) :=

(
n
x

)n
tn−1

(n− 1)!
exp

(
−nt

x

)
, (2)

I = (0,∞), N = {1, 2, · · · }, for real-valued functions f continuous and bounded on I were

examined in [2] (Chapter 9).

It is known that Pn are well defined also for fr(x) = xr, r ∈ N , and

Pn(1;x) = 1, Pn(t;x) = x for x ∈ I, n ∈ N. (3)

Generally, for n, r ∈ N and x ∈ I, we have

Pn (tr;x) =
n(n + 1) · · · (n + r − 1)xr

nr
, (4)
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which implies that

Pn

(
(t− x)2;x

)
=

x2

n
(5)

and for every 2 ≤ r ∈ N there exists a positive constant M1(r) depending only on r such that

Pn

(
(t− x)2r;x

) ≤ M1(r) n−r x2r (6)

for x ∈ I and n ∈ N [2]. Moreover, from theorems given in [2], Chapter 9, we deduce that

|Pn(f ;x)− f(x)| ≤ M2 ω2

(
f ;

x√
n

)
, x ∈ I, n ∈ N (7)

for every f continuous and bounded on I, where ω2(f) is the second modulus of continuity of f

and M2 =const.> 0.

1.2. The problem of strong approximation related with Fourier series was investigated

in many papers, e.g. [4].

For example, if Sn(f ; ·) and σn(f ; ·) are the n-th sum and (C, 1)-mean of trigonometric

Fourier series of f , respectively, i.e.

σn(f ;x) :=
1

n + 1

n∑
k=0

Sk(f ; x),

then

σn(f ;x)− f(x) =
1

n + 1

n∑
k=0

(Sk(f ;x)− f(x)) , x ∈ R, n ∈ N0 = N ∪ {0}.

The strong approximation of f by (C, 1)-means of Fourier series is connected with the

following strong differences

Hq
n(f ;x) :=

(
1

n + 1

n∑
k=0

|Sk(f ;x)− f(x)|q
)1/q

, x ∈ R, n ∈ N0,

where q > 0 is a fixed number. It is easily verified that

|σn(f ;x)− f(x)| ≤ H1
n(f ;x)

and

Hp
n(f ;x) ≤ Hq

n(f ;x), 0 < p < q <∞
for x ∈ R and n ∈ N0. These inequalities show that the consideration of strong differences Hq

n(f)

for Fourier series of f is useful.

1.3. The purpose of this note is to investigate the strong approximation of functions by

their Post-Widder operators. We shall define certain modified Post-Widder operators in poly-

nomial weighted space of r times differentiable functions and we shall examine their strong

differences.
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Analogous to [1] let r ∈ N0,

w0(x) := 1, wr(x) := (1 + xr)−1 if r ≥ 1, x ∈ I, (8)

and let Cr be the set of all real-valued functions f defined on I for which wrf is uniformly

continuous and bounded on I and the norm is given by

‖f‖r ≡ ‖f(·)‖r := sup
x∈I

wr(x) |f(x)| . (9)

Moreover, denote by Cr, r ∈ N0, the class of all f , r times differentiable on I with the derivatives

f (k) ∈ Cr−k for 0 ≤ k ≤ r. Obviously C0 ≡ C0, Cr ⊂ Cs if r < s and ‖f‖s ≤ ‖f‖r for f ∈ Cr.

Definition. Let r ∈ N0 be a fixed number. For f ∈ Cr we define the following modified

Post-Widder operators:

Pn;r(f ;x) :=
∫ ∞

0

pn(x, t) Fr(x, t)dt, x ∈ I, n ∈ N, (10)

where pn(x, t) is defined by (2) and

Fr(x, t) :=
r∑

j=0

f (j)(t)
j!

(x− t)j , x, t ∈ I. (11)

If r = 0 and f ∈ C0, then we have

Pn; 0(f ;x) =
∫ ∞

0

pn(x, t) f(t) dt = Pn(f ;x), x ∈ I, n ∈ N. (12)

In Section 2, we shall prove that Pn is a positive linear operator acting from the space Cr

into Cr and Pn;r is a linear operator from Cr into Cr.

The formulas (1)−(3) and (10)−(12) imply that

Pn;r(f ;x) = Pn (Fr(x, t);x)

and

Pn;r(f ;x)− f(x) = Pn (Fr(x, t)− f(x);x) (13)

for every f ∈ Cr, r ∈ N0, x ∈ I and n ∈ N .

1.4. Let q > 0 and r ∈ N0 be fixed numbers. For f ∈ Cr and Pn(f) we introduce the

following strong difference with the power q:

Hq
n(f ;x) :=

(∫ ∞

0

pn(x, t) |f(t)− f(x)|q dt

)1/q

(14)

≡ (Pn (|f(t)− f(x)|q;x))1/q
, x ∈ I, n ∈ N.
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Analogously, the strong difference of f ∈ Cr, r ∈ N , and Pn;r(f) is defined by

Hq
n;r(f ;x) :=

(∫ ∞

0

pn(x, t) |Fr(x, t)− f(x)|q dt

)1/q

(15)

≡ (Pn (|Fr(x, t)− f(x)|q;x))1/q
, x ∈ I, n ∈ N, q > 0.

From (1)−(3) and (13)−(15) it follows that

|Pn(f ;x)− f(x)| ≤ H1
n(f ;x) (16)

and

Hq
n(f ;x) ≤ Hs

n(f ;x), 0 < q < s <∞ (17)

for every f ∈ Cr, r ∈ N0, x ∈ I and n ∈ N . Moreover, if f ∈ Cr, r ∈ N , then

|Pn;r(f ;x)− f(x)| ≤ H1
n;r(f ;x), (18)

Hq
n;r(f ;x) ≤ Hs

n;r(f ;x), 0 < q < s <∞, (19)

for x ∈ I, n ∈ N and q > 0.

In Section 3, we shall give theorems on strong differences Hq
n(f) and Hq

n;r(f), using the

modulus of continuity of f ∈ Cr defined by

ω(f ;Cr; t) := sup
0≤h≤t

‖Δhf(·)‖r , t ≥ 0, (20)

where Δhf(x) = f(x + h)− f(x) for x ∈ I and h ≥ 0.

In this paper we shall denote by Mk(a, b), k ∈ N , suitable positive constants depending

only on indicated parameters a, b.

2 Auxiliary Results

2.1. First we shall give some properties of operators Pn in the space Cr.

We shall use the following inequalities derived from (8):

(wr(x))q ≤ wrq(x), (wr(x))−q ≤ 2q (wrq(x))−1
, (21)

for x > 0 and r, q ∈ N0.

Applying the Hölder inequality, (3) and (6), we immediately obtain

Lemma 1. For every r ∈ N there exists M3(r) =const.> 0 such that

Pn (|t− x|r;x) ≤ M3(r) n−r/2xr , x ∈ I, n ∈ N.
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Lemma 2. Let q > 0 and r ∈ N0 be fixed numbers. Then there exists M4(q, r) = const. > 0

such that ∥∥∥∥(Pn

(
(wr(t))

−q ; ·
))1/q

∥∥∥∥
r

≤ M4(q, r) for n ∈ N. (22)

Proof. The inequality (22) is obvious for r = 0 and q > 0.

Now let r ∈ N . If q = 1, then by (1)-( 4) and (8) it follows that

wr(x)Pn

(
(wr(t))

−1 ;x
)

=
1

1 + xr
Pn (1 + tr;x) (23)

≤ 1 +
n(n + 1) . . . (n + r − 1)

nr
≤ 1 + r! for x ∈ I, n ∈ N.

If 2 ≤ q ∈ N , then by (1),(2),(21) and (23) we get

wr(x)
(
Pn

(
(wr(t))

−q ;x
))1/q

≤ 2
(
wrq(x)Pn

(
(wrq(t))

−1 ;x
))1/q

(24)

≤ 2 (1 + (rq)!)1/q
, x > 0, n ∈ N.

Let 0 < q �∈ N and let [q] be the integral part of q. Then s := [q] + 1 belongs to N and

q < s. Applying the Hölder inequality, (3) and (4), we get

wr(x)
(
Pn

(
(wr(t))

−q ;x
))1/q

≤ wr(x)
(
Pn

(
(wr(t))

−s ;x
))1/s

(25)

≤ 2(1 + (rs)!)1/s for x > 0, n ∈ N.

From (23)−(25) and (9) the inequality (22) follows.

Lemma 3. Let q and r satisfy the assumptions of Lemma 2. Then for every f ∈ Cr and

n ∈ N, we have ∥∥∥(Pn (|f |q; ·))1/q
∥∥∥

r
≤ M4(q, r) ‖f‖r (26)

and

‖Pn(f ; ·)‖r ≤ M4(1, r) ‖f‖r , (27)

where M4(q, r) is given by Lemma 2.

The formulas (1), (2) and (27) show that Pn, n ∈ N , is a positive linear operator from the

space Cr into Cr, r ∈ N0.

Proof. By (1),(2) and (9) we get

‖ (Pn (|f(t)|q; ·))1/q ‖r ≤ ‖f‖r‖
(
Pn

(
(wr(t))

−q ; ·
))1/q

‖r

and

‖Pn(f)‖r ≤ ‖Pn(|f |)‖r ,
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for every f ∈ Cr, q > 0 and n ∈ N . Applying (22), we obtain (26) and then (27).

2.3. Now we shall prove the analogues of (26) and (27) for Pn;r.

Lemma 4. Suppose that r ∈ N and q > 0. Then there exists M5(q, r) = const. > 0 such

that for every f ∈ Cr and n ∈ N we have

‖ (Pn (|Fr(·, t)|q ; ·))1/q ‖r ≤ M5(q, r)
(
‖f‖r + ‖f (r)‖0

)
(28)

and

‖Pn;r(f)‖r ≤ M5(1, r)
(
‖f‖r + ‖f (r)‖0

)
. (29)

The formulas (10), (11) and (29) show that Pn;r, n, r ∈ N , is a linear operator from the

space Cr into Cr.

Proof. First let q ∈ N . Analogous to [3] and [5] we apply the following modified Taylor

formula of f ∈ Cr at a fixed point t > 0:

f(x) =
r∑

j=0

f (j)(t)
j!

(x− t)j +
(x− t)r

(r − 1)!
Ir(x, t), x > 0, (30)

where

Ir(x, t) :=
∫ 1

0

(1− u)r−1
(
f (r)(t + u(x− t))− f (r)(t)

)
du. (31)

By (11),(30) and (31) we have

Fr(x, t) = f(x)− (x− t)r

(r − 1)!
Ir(x, t), x, t > 0,

and next by (1)-(3) and the Minkowski inequality we get

wr(x) (Pn (|Fr(x, t)|q ;x))1/q =

= wr(x)
(

Pn

(∣∣∣∣f(x)− (x− t)r

(r − 1)!
Ir(x, t)

∣∣∣∣
q

;x
))1/q

≤ ‖f‖r +
wr(x)

(r − 1)!
(Pn (|t− x|rq | Ir(x, t)|q ;x))1/q

for x > 0 and n ∈ N . But for f ∈ Cr, r ∈ N , we have f (r) ∈ C0 and from (31) we deduce that

|Ir(x, t)| ≤ 2
∥∥∥f (r)

∥∥∥
0

∫ 1

0

(1− u)r−1du =
2
r
‖f (r)‖0 for x, t > 0.

These inequalities, (21) and Lemma 1 imply that

wr(x) (Pn (|Fr(x, t)|q ;x))1/q ≤ ‖f‖r +
2
r!

∥∥∥f (r)
∥∥∥

0
(wrq(x)Pn (|t− x|rq;x))1/q

≤ ‖f‖r + M6(q, r)‖f (r)‖0 n−r/2

for x > 0 and n ∈ N . From the above estimate and (9), (28) follows for q ∈ N .
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If 0 < q �∈ N , then arguing as in the proof of Lemma 2, we have

wr(x) (Pn (|Fr(x, t)|q ;x))1/q ≤ wr(x) (Pn (|Fr(x, t)|s ; x))1/s

for x > 0, n ∈ N and s = [q] + 1. Using (28) with the power s, we obtain (28) for 0 < q �∈ N .

Moreover, the formulas (10),(11) and (1) imply that

wr(x) |Pn;r(f ;x)| ≤ wr(x)Pn (|Fr(x, t)| ;x)

≤ ‖Pn (|Fr(·, t)| ; ·)‖r ,

for every f ∈ Cr, x > 0 and n ∈ N . Now using (28) with q = 1, we obtain (29) and complete

the proof.

3 Theorems

3.1. First we shall prove two theorems on Hq
n(f) (defined by (14)) for f ∈ Cr.

Theorem 1. Suppose that q > 0 and r ∈ N0 are fixed numbers. Then there exists

M7(q, r) = const. > 0 such that for every f ∈ Cr having the derivative f ′ ∈ Cr we have

wr(x)Hq
n(f ;x) ≤ M7(q, r) ‖f ′‖r

x√
n

, x ∈ I, n ∈ N. (32)

Proof. Let q ∈ N . Then for f satisfying our assumptions we can write

|f(t)− f(x)| =
∣∣∣∣
∫ t

x

f ′(u)du

∣∣∣∣ ≤ ‖f ′‖r

∣∣∣∣
∫ t

x

du

wr(u)

∣∣∣∣
≤ ‖f ′‖r

(
1

wr(t)
+

1
wr(x)

)
|t− x|, x, t ∈ I.

Using the above inequality to (14) and next by Minkowski and Hölder inequalities, we get

wr(x) Hq
n(f ;x) ≤ ‖f ′‖r

{
wr(x)

(
Pn

(( |t− x|
wr(t)

)q

;x
))1/q

+ (Pn (|t− x|q;x))1/q
}

≤ ‖f ′‖r

{
wr(x)

(
Pn

(
(wr(t))

−2q ;x
))1/2q (

Pn

(
(t− x)2q;x

))1/2q

+
(
Pn

(
(t− x)2q;x

))1/2q
(Pn(1;x))1/2q

}
which by (3),(5),(6) and Lemma 2 gives the immediately (32) for q ∈ N .

If 0 < q �∈ N , then by (17) we have

Hq
n(f ;x) ≤ H [q]+1

n (f ;x), x > 0, n ∈ N,
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and by (32) with the power [q] + 1 we get (32) for 0 < q �∈ N .

Thus the proof is completed.

Theorem 2. Let q > 0 and r ∈ N0 be given numbers. Then there exists M8(q, r) =

const. > 0 such that for every f ∈ Cr we have

wr(x)Hq
n(f ;x) ≤ M8(q, r) ω

(
f ;Cr;

x√
n

)
, x ∈ I, n ∈ N (33)

and

‖Hq
n(f)‖r+1 ≤ 4M8(q, r) ω

(
f ;Cr;

1√
n

)
, n ∈ N. (34)

Proof. First let q ≥ 1. Similar to [5] we apply the Stieklov function fh of f ∈ Cr:

fh(x) :=
1
h

∫ h

0

f(x + t)dt, x, h > 0.

This formula and (20) imply that

‖f − fh‖r ≤ ω(f ;Cr;h), (35)

‖f ′h‖r ≤ h−1 ω(f ;Cr; h), (36)

for h > 0. Thus fh and f ′h belong to Cr if f ∈ Cr. Now, using the inequality

|f(t)− f(x)| ≤ |f(t)− fh(t)|+ |fh(t)− fh(x)|+ |fh(x)− f(x)|,

the Minkowski inequality and (3) we get from (14)

Hq
n(f ;x) ≤ (Pn (|f(t)− fh(x)|q ;x))1/q

+ (Pn (|fh(t)− fh(x)|q ;x))1/q + |fh(x)− f(x)|

:=
3∑

k=1

Tn,k(x), x, h > 0, n ∈ N.

Next, by (26) and (35) we have

‖Tn,1‖r ≤ M4(q, r) ‖f − fh‖r ≤ M4(q, r)ω(f ;Cr;h)

and

‖Tn,3‖r ≤ ω(f ;Cr;h) for h > 0, n ∈ N.

Applying Theorem 1 and (36), we get

wr(x)Tn,2(x) ≤ M7(q, r) ‖f ′h‖r

x√
n

≤ M7(q, r)
x

h
√

n
ω(f ;Cr;h),
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for x, h > 0 and n ∈ N . Summarizing, we obtain

wr(x) Hq
n(f ;x) ≤ M8(q, r)ω(f ;Cr;h)

(
1 +

x

h
√

n

)
(37)

for x, h > 0 and n ∈ N . Setting h =
x√
n

to (37), we obtain (33) for q ≥ 1.

If 0 < q < 1, then by (17) we have

Hq
n(f ;x) ≤ H1

n(f ;x), x > 0, n ∈ N,

which by (33) with q = 1 gives (33) for 0 < q < 1.

Choosing h =
1√
n

, we get from (37):

wr+1(x) Hq
n(f ;x) ≤ M8(q, r)ω

(
f ;Cr;

1√
n

)
(1 + x)wr+1(x)

wr(x)

≤ 4M8(q, r) ω

(
f ;Cr;

1√
n

)

for x > 0 and n ∈ N , which by (9) implies (34) for q ≥ 1. The proof of (34) for 0 < q < 1 is

analogous to that of (33).

3.2. Now we shall give the analogues of (33) and (34) for Hq
n;r(f) defined by (15).

Theorem 3. Assume that q > 0 and r ∈ N . Then there exists M9(q, r) = const. > 0 such

that for every f ∈ Cr we have

wr(x) Hq
n;r(f ;x) ≤ M9(q, r) n−r/2 ω

(
f (r);C0;

x√
n

)
, x > 0, n ∈ N, (38)

and ∥∥Hq
n;r(f)

∥∥
r+1

≤ 4M9(q, r) n−r/2 ω

(
f (r); C0;

1√
n

)
, n ∈ N. (39)

Proof. Let q ∈ N . Analogous to the proof of Lemma 4 we apply the Taylor formula (30)

of f ∈ Cr. From (15),(11),(30) and (31) it follows that

Hq
n;r(f ;x) ≤ 1

(r − 1)!
(Pn (|t− x|rq | Ir(x, t)|q ;x))1/q

, x > 0, n ∈ N.

Next, by (20) and properties of ω(f (r);C0; ·), we get from (31)

| Ir(x, t)| :=
∫ 1

0

(1− u)r−1 ω
(
f (r);C0;u |x− t|

)
du

≤ ω
(
f (r);C0; | t− x|

)∫ 1

0

(1− u)r−1du

≤ 1
r

ω

(
f (r);C0;

x√
n

)(√
n

x
| t− x|+ 1

)



L. Rempulska et al : On Strong Approximation Applied to Post-Widder Operators · 181 ·

for x, t > 0 and n ∈ N . Applying the above results, Minkowski inequality and Lemma 1, we can

write

Hq
n;r(f ;x) ≤ 1

r!
ω

(
f (r);C0;

x√
n

){√
n

x

(
Pn

(
| t− x|q(r+1);x

))1/q

+ (Pn (| t− x|qr;x))1/q
}

≤ M10(q, r) ω

(
f (r);C0;

x√
n

)
n−r/2 xr, x > 0, n ∈ N.

This inequality, (8) and (9) immediately yield (38) for q ∈ N .

Now let 0 < q �∈ N . Then by (19) we have

Hq
n;r(f ;x) ≤ H [q]+1

n;r (f ;x), x > 0, n ∈ N,

and by (38) with the power [q] + 1, (38) follows for 0 < q �∈ N .

The inequality (39) for f ∈ Cr is easily t obtain from (38), by applying the inequalities:

(1 + x)wr+1(x)(wr(x))−1 ≤ 4 and

ω

(
f (r);C0;

x√
n

)
≤ (x + 1)ω

(
f (r);C0;

1√
n

)

for x > 0 and n ∈ N .

3.3. From Theorem 2, Theorem 3, (16) and (18) we derive the following corollaries:

Corollary 1. Let f ∈ Cr with r ∈ N0. Then for every q > 0 we have

lim
n→∞ ‖Hq

n(f)‖r+1 = 0 ,

which implies

lim
n→∞ Hq

n(f ;x) = 0 at every x > 0 .

Corollary 2. Let f ∈ Cr, r ∈ N . Then for every q > 0

lim
n→∞ nr/2

∥∥Hq
n;r(f)

∥∥
r+1

= 0 .

Consequently, we have

lim
n→∞ nr/2 Hq

n;r(f ;x) = 0 at every x > 0.

Corollary 3. Let f and r satisfy the assumptions of Theorem 2. Then

wr(x) |Pn(f ;x)− f(x)| ≤ M8(1, r)ω

(
f ;Cr;

x√
n

)
for x > 0, n ∈ N.

If f and r satisfy the assumptions of Theorem 3, then

wr(x) |Pn;r(f ;x)− f(x)| ≤ M9(1, r) n−r/2 ω

(
f (r);C0;

x√
n

)
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for x > 0 and n ∈ N .

Remark. By (16)−(18) we see that the results concerning strong differences Hq
n(f) and

Hq
n;r(f) imply direct approximation theorems for operators Pn(f) and Pn;r(f) and functions f

belonging to spaces Cr and Cr respectively.

The above corollaries and (7) show that the operators Pn;r(f) for f ∈ Cr, r ≥ 2, have

approximation properties better than the classical Post-Widder operators Pn defined by (1).

Finally we mention that similar theorems can be obtained for the Stancu beta operator

Bn(f ;x) :=
1

B(nx, n + 1)

∫ ∞

0

tnx−1

(1 + t)n+1
f(t)dt

introduced in [6].
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