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Abstract

In this note we establish two theorems concerning asymptotic expansion of Riemann-Siegel integrals
as well as formula of generating function (double series) of coefficents of that expansion (for computation
aims); we also discuss similar results for Dirichlet series (L(s, frn) and L(s, X)), with m odd integer and

X (n)(mod(m)) (even) primitive characters (inappendizB).
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1 Preface

C. L. Siegel found in Riemann’s private papers a work relating to asymptotic expansion of

Riemann’s zeta function on the critical line o = 1/2.
With general notations in [1] b, p. 79 (for ¥(t), also cf. (1.7), Lemma 2 below), let
; 1 cos(¥(t) — tlog(n))
Z(t)=e"D¢(Z4it) =2 R.
(t) ="M ( 5 +i > 7 +
n<y/ 5=

More detail asymptotic expansion of remainder R is given in [2], p. 154. i. e.

_q, b1 t . _1 t _2 t _s t  _a
RN(fl)m 1(%) 1 [Co+01(27_r) 2+Cz(%) 2 Cg(%) 2+C4(%) 2, (1.1)

*This paper is that of a talk on the {International Conference at Analysis in Thory and Applications)held
in Nanjing, P. R. China, July, 2004.
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where m is the integral part of 2 = (t/27)*/2, p the fractional part, and
cos(2m(p? —p—1/16 1 iU /A +2pu g,
Co=Y(p) = @rp”—p—1/ )) _mi/8—2mip? / S L
cos(2mp) 2mi 0 et —1
\1;(3)( ) @(6) (p) v (p)
1= 27 = 32 4 26 2 1 2
935 \11(5 () v (1.2)
Cs = — _

916, 34 6 28 . }57r4 962
w02 ()" 1Te®() 1900 () w(p)

9223 .3578 217 . A6 213 . 34 2772

4 =
The coefficients in (1.2) have a remarkable property that seems not be proven yet. Rewriting
(1.1) as

k
1-2~(—1)””f1(%)’1/4 > (V) (ﬁ;) W(p), (1.3)
0<j<o0

then we see that the coefficients ¢;  # 0 implies 4|(j + k).

Our investigation shows that (Theorem A below) replacement of the function ¥(p) in (1.1)
by

exp(27i(p? — p — 1/16)) + iv/2sin(7p) g / M
2 cos(2mp) 2¢ sin 7w
0,/ w

will also give an asymptotic expansion (with same coefficients c¢; ) of the remainder R; of

Riemann-Siegel integral (in the form given by Levinson,[6], p. 387):

52),—1/2—it g,
(0t —1/2-it / exp(miz”)z : 1.1.1
exp(i Z " m 2 sin(mz) ( )
n<m
Our investigation also shows that, if we replace ! i by u = ( d b 6) Cik b

bjre ™ UTR/4 and t; by ()2, respectively, in (1.3) then we obtain a double (formal) series,

F(a,B8) = Z Z bj’k;ajﬁk = exp(a?/48 — 7a° /5760 + - - -)

0<j<oo0 0<k<3j (1.4)

x exp((1/4)(0/06)?) [(1 I aﬂ)fl/z exp(af®/3 — 2844+ o35 /5 — - )],

Theorem B, (4.2), (4.5), (4.6) below and remark in Appendix A), then the property mentioned

above is in turn the following property of the function (1.4):

F(a, B) — F(ia,iB) ~ 0. (1.5)
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This note also gives a proof of (1.5) by showing the asymptotic functional equation

ew(f’)eﬁ%{(l + u)—1/2eit(log(1+u)—u+u2/2)}

) (1.6)
o—i0(t) =117 2oz {(1 _ u)fl/Qefit(log(lfu)+u+u2/2)} ~0
(the meaning of (1.5), (1.6) will make more accurate later), where (cf. [2], p. 154)
t t t w =1 (2*»'-1)B,
= Zlog(—) — = — = — = L.
I =3loel3) 5~ 3 ~=2 53 n(2n — 1)(2t)2n 1 (L7)

n=1
(cf. Lemma 2 below), B,, being n-th Bernoulli number ([4], p. 3).

In appendix A we use (1.4) to obtain new datii of coeflicients up to Cs. Note that (1.4) also

guarentees directly that the coefficients b; j are real and rational.

2 Asmptotic Expansion of Riemann-Siegel Integral

The Integrals in the seventh proof of functional equation of Riemann’s zeta function {(s) in
[1]. (b), (2.10.6) are called Riemann-Siegel integrals; for convenience we also use the form given

by N. Levinson [6], p. 387:

.2 iz2
1 dw= Loy e P |
ez ()8 eGm T2% =8 dw 1 e (m) 727557y
C(s) = (27) / " __ / o (2.1)
271 ev —1 ['(s)(1+ e—mis) e —1
w 0 ZN\0
I(ls 1 miw? - —miz? yo-1
L) r<3s>/ e wtdw | anp ] 8)/ A dE (g9
728 2% Jow 2i sin Tw 2 N 2isinwz

By Theorem of residue we have

.2 22
e =S dw X(S)efﬂzz Zsfldz
¢(s) Z + Z nl s /m/w 2isinTw /m\z 2isinmz

nl n=1

(x(s) = 257710 (1 — s) sin(nws/2),m = [\/(t/27)]). In view of [1] (b), 4. 15 we see that

eﬂ'zw2 =5 dw e—7rzz s— le
—_—+x ) -~
myw  20SInTw mNz 2isinmz

B —Trtél" 1—8 (/ / / / ) ws™ 1 e~ dw
Cy Ca Cs Cy -1 ’

where the straight lines Cy, Cs, C3, Cy join oo, en+in(1+c¢), —en+in(l —c), —en— (2m+ 1) wi
and oo (0 < ¢ < 1/2, n=+/(27t)).

(2.1.3)

In this section we use the technique in [1], (b).4.16 to investigate the asymptotic expansion

o e~ ps=1, I'(1—s)sinZ2 ear Wit gwy 51,
Ry = X(S)/ = — = / : (2.1.4)
m\,z

2sinmz ez ev —1
w " 2wim
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We need the following

Proposition 1.

e—2mib’+7i/8 / eiw?/(2m)+2bw+w/2 gy,

273, ew — 1
w0
ri/8 / e—2mi(z=b)? 1, o=2mi(b=b=1/16) _ ;. /9 ¢in b (2.1.5)
= —e _
2isinmz 2 cos(2mh)
o\ z

Proof. Let

1

edr iTz2+uz
P(u, ) = / ﬁdza (Re (1) > 0)
z,/0

where u, 7 are complex parameters. In [7], p. 3, the case for 7 = m/n has been worked out, i. e.

o, —Lii S i (u—p)? = —mi 2 _2mivuy
VEerini B erintuit UY ooni
p=1 v=0

1 m
— —) = - 2.1.6
o) 1— (—1)mne—2minu (2.L.6)
. l
(m,n =1,2,3,---). Moreover, if m,n are relatively prime and 2" = (—1)™" i. e. u =

%a
2|(l — mn), then the numerator of right side of (2.1.6) vanishes and we may obtain ”Reciprocal

relation” of Gauss sums (2|(I — mn)):
1 om 21 1 oz ono,2 1
— E —mi(Rrttay) — o T G D) E TG k= )
Tn 2 )e = \/564 e Hommt) (2.1.7)

pn(mod m)

Setting 7 =2, u =1/24 2b in (2. 1. 6), we may obtain

2mi / ew —1 - 14 g—4mib
w0

B /1/26271'1'[)2—%(6—#% _ e—37r’ib) -1 ’L\/ibln 7T.b(6271'i(b2—1—16)) _ eQﬂ'ib

2e=2mb cog(2mbh) N 2 cos(2mb)
Multiply both sides by — exp (—2mi(b*> — 1/16)) we obtain (2.1.5).

Note Setting 7 =1, m = 1,n = 1,u = a, we re-obtain [1],(b), (2. 10. 4).
We also need some properties of the special function ¢(z) defined by ([1],(b), 4.16)
6(2) = exp { (s = D) log(1 + 2/v) — iz +i2%/2 (2:2)
where s =0 +1t,0 <0 <1, t — oo.

Proposition 2. ¢(z) is reqular in the region [Imlog(v/t + 2)| < m. If we write it as

N—-1
On(2) +rn(2) = Y an2" +7n(2), (an = an(o,t) = Ot~ 215, (2.3)
n=0
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then
rn(z) = O(|2|N (5¢/ (2N V) ¥/?) (2.3.1)
27t 20 (2N Vi
forN<50,|z|<21( 3 ) ; and
rn(z) = O(exp{14|2|>/29}) (2.3.2)
for |z < \/t/2.

Let n = +/(27t) (m = [n/(27)]). Since

e(s=1) log(w/in) _ e(n/27r)(w7in)+(i/4ﬂ)(wfin)Q¢((w —in)/(iV2r))

and since . _ .
o —i2 e L S Y B I
= in)? + 5w — i) + 0 = o (w i)

we have

dw = e~in*/(4m) (in)*

/ ws—lei11)2/(47r)+w/2

e —1
w /" 2mim
(i/27) (w—in)?+w/2 [N=1 o iy
e w — 47, w—1
</ . an (2 g (U
o amim e? —1 = i/ (27) i/ (27)
and since along the integral path, the contribution of the part where
has the estimation O{e~(A+7/2)t} we have
Corollary.
(i/2m) (w—in)+w/2 —
o el e w —1in
e~ /(4m) in)® 1 / r dw
(in e ()
w /" 2wim
-0 {nolegt(AtN)’g} L0 {ef(AJr%)t} — g le 5t {O {(AtN)Ig} " O(eAt)} ,
(2.4.1)
with different small constant A.
We have finally the sum
—it)2(: \s—1 ~ an eli/2m (w=in)* +w/2 . \n

n=0 w /" 2mwim
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The integral may be expressed as

i — i)
w}(w—l— mmi — i) dw,

1
—_1)y™ 9 s s0)\2
(-1) /exp{%r(w—i— mmi — in) +5 ]
w, /0

this is n! times the coefficient of £" in

(=™ / exp{;(w+2mm‘—in)2+§(w+2mm_m)+w} dw
T

2)ev—-1
w 0
1
.2 ] 3%
= (—1)me™E /2 / exp i(w + (2m — &)mi —in)? 6; v
2 ev —1
w0 .
. ] W d
_ (_1)me7rz§2/2 / exp {27:]1_(11) — (2p + f)ﬂ'l)Q} Zi 711}
w0
1 e2 727”(Zp2§)d2 12 1 f
_ —_1)m 5 mi& = (-1 m—1 27 5T —sTh S
Ol el e M O i T )
0Nz
where
B i i — 1 —-m /] (b) _ 6_2ﬂi(b2_b_T1fi) - i\/isin(ﬁb)
b o om| "2 Y L 2 cos(27D) 7
2
_ m 7571'2/8 (M) 7”’5
- 3 a5 0

pn=0

Hence we obtain

iri(s—1) L(s—1) Tit—3mi Cl,n'fl"t” " d/dp n—2v
e2 (2mt)>2 2n(—=1)"e™2 E E ( ) Uy(p). (2.4.3)
l — 19n
"0 v nr2) viin —2v)120* \/2r

Since when ¢ — oo, 2isin(rs/2) = —e~™/2(1 + O{e~4!}), denoting the last sum by Sy,

we have the following result.
Theorem A. If0<o <1,m=[y/(t/27)], and N < At, where A is a sufficiently small

constant, then the integral Ry is

(—1)mlem Bl == it 5T 95y 5 P(l—s){SN+O{< Moy @aa

Some similar discussion will lead to the asymptotic expansion of R, the first part of left

hand side of (2.1.3), so we skip it.

Note If we take 0 = 1/2, then (1.3) is a in principle consequence of (2.4.4), except that
U(p) is replaced by ¥;(p) (resp., R by Ra).
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3 Generating Function of b;

Let 0 <o <1,z =/t/(27),b a small parameter,

J(1—5,b) = / e mEFET®) s qy I(s,b) = / e (w=2b) g, =8, (3.0)
m\,z m,/w

In order to obtain the asympototic functional equation (1.5) or (1.6), we first replace the

"kernel” 1/(2isin(wz)), in the left hand side of (2.1.4), by g2mibz—mib?/2. op e/?/(e® — 1) in the

right by ebw=mib*/2 We denote the new integral by Rb:
mib2 1—s)sin %2
Ry = x(s)e” "5 J(1 - 5,b0) = # / w ' dw. (3.1)
e

w " 2wim

Owing to the properties of (2.2), we have an estimation like (2.4.1) for Rj. So we finally

obtain the sum
N—
—zt/2 Z 27T T / e(i/27r)(w—in)2+b'w—7rib2/2(w _ in)ndw. (32)
- w /" 2mim

The integral may be expressed as

. 2 s 2 ‘b2

/ exp { iw+ T;Lm i) + b(w 4 2mim) — 7722} (w + 2mmi — in)"dw, (3.3)
™

w, 0

this is n! times the coefficient of £™ in

eibn—mib?*/2 / exp {;(w + 2mmi — in)* + (€ + b)(w + 2mmi — m)} dw
71'
w0
— ibn—mib? /24 mi(E+D) /2 / exp {;(w +(2m — € — bymi — in)Q} dw
7r

, w0 , (3.4)
_ eibn"rw / 6i(w_(2p+£+b)ﬂi)2dw _ \/iﬂ'ebin—‘rw—‘rﬂ-i/zl

w0

7r1

= fﬂe

2
2mibmt ol (mig?)
it Sy £ S

2miber - Hence we have

where ®(«) stands for e

Theorem B. If0 <o < 1,2 =+/(t/2r),m = [z], and N < At, where A is a sufficiently
small constant, then the integral \/ﬁe’”‘/SR’2 8

27rzbm67§7ri(sfl)*%it*%ﬂ'z(Qﬂt) 3 F(l*S){SN+O{( N) N}+O(67At)}, (35)

where Sy denotes the sum in (2.4.4), except that ¥ () is replaced by ®(a).
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4 Lemmata and Conclusion

In what follows b is small parameter, ¢ — oo.

Lemma 1. We have, as 0 <o <1, t — 00,

i/ Ai? /(4) / iy s ( :ﬁgzzg )dw _ / i 51 < ﬁ((g)sﬁ(bbj)) )dz; (4.1.1)

o\ w 0,z

7ri/4+ib2/(47r) —miw?, s—1 Ch(bw) _ Tiz2 _—s Xl(l - S)Ch(bz)
e / e w ( dw = e z (1 — s)sh(bz) dz (4.1.2)

o\ w 0,2
(x1(s) = 2°7571(1 — s)icos(ms/2) = x(s)(1 + O(e™™))).
Proof. Since we have
/ eiwz/(47r)+1iw(z+b)/(27r)dw _ 27T€m/4e—i(z+b)2/(47r)_
w0

As in [1] (b), 2. 10, multiplying both sides by 2°"!(¢ > 1), and then integrating from 0 to

ooe~ ™/ we obtain
coe—Ti/4 soe—Ti/4
/ eiwz/(47r)d’w / ei(z+b)w/(27r) Zsfldz _ 27T€7Ti/4 / e—i(z+b)2/(47r) Zsfldz
w 0 0 0
(The inversion on the left-hand side is justified by absolute convergence; in fact w = —c +
pe™/4(c > 0), z = re”™/* 50 that Re(izw) = —cr/v/2.)
Since
00677”/4
izw/(27) sfld _ Tris/ZF g —s
/ e z z=e (s)(27r) ,
0
we have
coe Ti/4
67ris/2F(5) / ei(w2+2bw)/(47r)(2£)fsdw — 271'67”;/4 / efi(z+b)2/(47r)zsfldz.
m
w, 0 0

Hence we have

mis/2 iw?/(47) ﬂ —s 2Ch(1bw/2ﬂ-)
™7 (s) / ¢ (57 (2sh(ibw/27r) dw
w0

coe~ Ti/4

o mi/a —i(z24b?)/(am) s—1 (  2ch(ibz/2m) .
= 2me / ¢ : (—2Sh(ibz/27r) dz;

o
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then by substitution w = 2miw; and z = —27wiz;, we have
: —miw?, —s 2Ch(_bw1)
2mil(s) / ¢ Ht ( 2sh(—bw) duwn
O\ w1
coe™ /4 ( )
—mis/2 7T’L-/477;b2/(47T) s miz? s—1 2ch bzl
‘ ore (2m) / ¢ A ( —2sh(bz1) =
0
— ¢~ is/2 i /4—ib? / (47) mwiz? s 1 2Ch(b2’1)/(1 - 677”5_) .
=€ 2Te 27‘(’ e 1z ( —2sh(bzl)/(1 +677r7,s) lev
0,21

hence (4.1.1). Replace s by 1 — s we obtain (4.1.2).

Replace b by 27ib, then we may have
V(e 2718 [ (5, —b) + x(5)e™ V2B 1(1 = 5 b)) = O(e™ A1), (4.2.1)

Note that in (3.5), the multiplier before Sy is also > x5~ 1e=#/2=17/8y (5)(1 4+ O(e~4Y)), di-
viding both sides of (4.2.1) by €*** /. /z we also have, under the condition in theorem B, and
oc=1/2,

o=

v T . it _ mi AN
e—27r1bp |:x—zte 5 +§SN — X(1/2 —+ ’L't)xlte_?_§SN:| =0 { <t)

} +0(e™ 1), (4.2.2)

where

N-1 .
S o i 0 )nem(_§+bg+2bp) 1+z’t — o 200(1)
N — § \/Ta& ) X 2 - )

520,0':%
a, is the conjugate of a,, = a,(1/2,1).

Lemma 2. We have another version of Binet first formula

1 1 ) 7 1 u/2 —zu
logT'(z + 5) = zlog(z) —z + log(2m) _ / ( S ) ¢ du (4.3)

2 u er—1 U
0

The proof of (4.3) is almost the same as that for logT'(2) in [4], p. 124.
Note that i6(t) is essential the integral above (with z = it).

Lemma 3. Let P(u),Q(u) be polynomials then the following two equations are equivalent:

F (j§> 39 = 39 Q(ag), Q(u) = e3*E)" P(u). (4.4)

If P(u) = u” then the statement can be proved by induction in k.
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Note that we may have a single identity (a,b, a1 complex, aa; # 0) :
e_%“bzP(al%)e%a(b+5)2|gzo = eﬁa%P(alab); (4.5.1)
and that Sy and §N in (4.2.2) are
sw—exp (2L Y ow/mr), Sy =exp (L) dn(—by/ar2) (4.5.2)
N =P arigp2 ) PNV TS N =P g gp2 ) PNV "
where (cf. (2.3))
N N N—1
b(v) = exp{(—1/2 —it)log(1 + v/Vt) +ivVt —iv?/2}, én(z) = Z anv™.
n=0

Hence the asymptotic functional equation (4.2.2) implies (cf. (1.7), lemma 2),
i0(t) oy 10 on(v) — e 00 ex _iﬁ dn(—v) =0 AN
c P\aigez ) OV € P\ qi002) OV 7 t

Lemma 4. Let

o=

N
} + O(e=4).
(4.2.3)

bp = bp(@) ~ Zaj’naj

be the asymptotic Maclaurin series as « — 0, n=0,1,--- ,N — 1. If
N—1
P) =Y bu"=0(™), M>0
n=0

(uniform in |v| < 1), then so does each coefficient by,.
To prove it by induction in N we only need the formula of difference quotient of high degree.

Proof of (1.6): For fixed s, two integrals in (4.2.1) are entire functions of b, and each
coefficient of Maclaurin expansion, as a function in s, has the asymptotic property describe by

Theorem B, i. e. can be regarded as the asymptotic Maclaurin series in /1/t. Let by\/7m/2 =

v = uvt, and

v N-1 192\ ~ N-1
o (43) on) =Y al" exp <‘4a) on(=v) = > @ ()",
n=0

n=0
etc. then we only need to prove the statement that, fixed n (n = 0,1,---), for any M > 0, the
coefficient of v™ in the left-hand side of (4.2.3), i. e. the difference

exp(i@(t))aﬁfv) - exp(—i9(t))(—1)”5$lN), (4.6)

is O(t~M/2), if N sufficiently large.
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If in addition we let N < A;¢¢ in Theorem B for both J(1 — s,b) and I(s, —b), then the
O-term becomes O(t~N1=9)/6) hence if N > 3M /(1 —¢) then the statement is true (0 < & < 1).

The proof of (1.6) is fulfiled.

Appendix A. New Datii About c;

Rewriting (1.1) as

t . ‘ 1 a\*
R (Y e i () e )
2n 0<4,0<k<3j 2v/2im dp

By the aid of (1.4) and Dos Qbasic program we extend the datii of values of b;x, ¢;r =
(—1)(j+k)/4bj7k:

) 1 1 1 1 2 _ 1
co0 = l;c13 = T300227 55,026 = 57530081 = T55:085 = T5089 = T5 o
1 19 11 1
C. = —.,C = C = C - .
40 = 55,044 = 55 50048 = o3 a5 £ (412 = 53 55
5 17-53 7 . 1
C53= —=—=,057— ——F 5 —5,C511 — — =57 —=3C5.15 — — = ——r =)
S X L S I C Y AR SR T 23.36.5
) 367 13 - 1453 17 c 1
C62 = —=1C66 = =5o——,C610 = mr——7——5——C —_ =
6.2 = 55,066 = 573 526,10 = 55 33 537 (614 = 55 a5 5 618 = 515 38 5
) 11.37 61-109 1
CT1 = —=ryCr5 = ————,019=———1——,C 7,
7,1 56 7175 98 5 79 125.34.5.7 718 = To1 35 527
C7,17=—723.36.5,C7,21 2—724.39.5.7;
41 7-61 5281 _ 88651
€8,0 = 911 ) C8,4 = 910 ,C8,8 = 912.32.7 7,68,12 T 97.35.52. 7
19 .- 587 .
C = =, C = —— ES——"
8,16 28.36.52.7’ 8,20 26 .38 .52’ 8,24 97.310.5.7

Remark. The least common multiple of the denominators M above is 212 - 310 .52 .7 =

42326323200. First find non zero coefficients b;llg in the product of power series
M- (1= (1/2)aB + (3/8)a*B% — ---) x (1 +af°[(1/3) — (1/4)af + - -]

+(1/2)a?8(1/9) = (1/6)aB — -] —---)= Y bilalpF 4 (A.2)

0<j<8,0<k<3j

]. ) J J
(Note that for o = 5 in (2.3), @a5(z Zakz May, = Z b(l) =2 -t~ 2). Then for fixed
E<i<k
j, find b(2) (0 <k < 3j) by the formula

b2 = ) + kk+ 1),y k(k+1)(E+2)(k+3), o)
3k T i, k+2 39 3, k+4
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1
(finite sum, note that Sos in (3.5) with o = 5,1) = (+/2/7i, were
;2
9
i SN ofladst, (A.2.1)

k=0 k/3<j<co

if we had abandoned all non zero bgllz with K > 24 in (A.1)); at last for fixed k(k = 0,--- ,24),
find final b; (k/3 < j <8) in

(1+0?/48+at/4608 —-) x Y bWl = N M-bjad +---. (A.3)
Note that b; 5, only depends on bﬁi’l <jn>k.

Appendix B. About L(s, f)

In order to apply the above we also discuss Dirichlet series briefly. Let m > 1 be a fixed
o0

odd integer, Dirichlet Series L(s, f) be analytic continuation of Z{f(n)/ns}(Re(s) > 1), f(n)
n=1
being a bounded (complex valued) function in integer n such that f(n’) = f(n)(m|(n' — n)).

(Such functions f(n) form a space of dimension m). It is well known that the following Fourier

transform and its inversion are complex linearly:

i

m—1 m—

Z f(n)e—%rink/m’ f(n) _ % Z f(k‘)eank/m; (B.l.l)

k=0

and we may define the “canonical extention of f(n)” as follows:

Fi() = i (milz)/Q f(k)e2mz]€/m _ (m—zl:)/Q ) sin(m(z — n)) . (B.1.2)
’ \/m k=(1—-m)/2 n=(1—m)/2 m Sin(ﬂ-(z - n)/m)

We give examples of functions f(n) such that f(n) = f(n).

Ezample 1. Let X (n)(mod(m)) be a (even) primitive character. Since

TX)X(n) =Y X(k)e 5, (1(X) = Y X(n)e R = Vme™)

k=1 n,mod m

(cf. [3], p. 92, (5)) we see that X (n) = X (n)e’® and X (n)e™ % is such an example.

—rmiv242mihy mip2—2mihp

Ezample 2. Let ep(v) = (—1)Ye= =, ép(p) = (=1)Pe” = . In (2.1.7), if we
exchange the letters m(resp. ) and n(resp. v) we have

1 Cmi(m ety L mia2 g mi(my2— Ly 1
—_ Z e m m _ﬁeék nm Z (&4 n n (217)

p(mod m)
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(2|(I — mn)), then let n = 1,1 = m — 2h + 2k, we obtain

_ 2mikp mi ((m—2h42K)2 wi(m—1) 3 mi(k—h)?
,/]_/ E eh m :e4( m 1):e 1 (—1)k he m ,

pn=1

%(m 1)+ mih2 _

hence the Fourier transform of ey, () is ( ) m e (k). As in example 1, €,e), satisfies

f(n) = f(n), where ¢, = e~ Ti(h/2+%3

m—1

1
Remark 1. The functions Fy(n) = §€h(€h(n)+€—h(n)), h=0,1,---,(m—1)/2 form a base
of subspace of functions F(n) that F(—n) = F(n). Moreover, if in addition that F(n) = F(n),

then F'(n) must be a real linear combination of F},(n).

By a formula of Hurwitz ([4], p. 129-130, cf. [1].b, p. 37) we know that

C(s,a) = 2°7°7!T(1 — s)

M8

n‘g_lsin(%—kam), c<0<a<l1

n=1

(¢(s,a) the analytic continuation of Z %, and ((s,1) = ((s)). Hence if f(n) = f(—n)

n= O )

then we have

1 & 2931F1—ssmE >

5, f —méZf ( =) Z”f (0 <0)
925 s 11“1 TS m n=1 (B21)
Ls ) = 21 ‘f)sm(ﬂ Li-sf), o<0,
msTz
similarly if f(n) = —f(—n) then we have
255710 (1 — s)i cos( %2 ~
L(s, f) = LS 27} (B.22)

Corollary of Remark 1. If F, Fj, are as in Remark 1, then (B.2.1) for F is a real linear
combination of equations (B.2.1) for Fy, h=0,1,---,(m —1)/2.

min?

Theorem 1. Let x(s) = 257 1T'(1—s) sin(ms/2), fu(n) = (=1)"e~“m cos(2rhn/m) and

Xn(s) = Lf); ;2, (cf. example 2), then ﬁ( )= fh( )eh , and

msT2

- fi(k) l<; .
sh) =Y f:és — ()L = s, ) (B.3.1)
k=1
e miw? /mayy=s cos( 2 duy = cos(2xhz) 2514,
- / 2i sin(7w) (s / 2i sin(7z) ' (B.3.2)
ON\w 0,/ 2

Proof. 1f in (2.1.6) we take 7 = 1/m then we have

. —1
=7y rim(u—1)? _ S~ —2miv(ut )
n me e
g, —) = / S - v=0
. e :

27 m 27 -1 1+ e—2mimu
w, 0
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If u=1/2+iz/(2mm) then the above result takes the form

"”(m iz
. i pase 1, —\/me = 4m7r+ 2% 4+ E
4mm 2mm
44,/'3444444fm02 . (B4)

211 ev —1 -1
w, /0

Replacing z by z + 2wih (h=0,%1,--- ,£(m — 1)/2), we obtain

1 eﬁ%+%ﬁ+@fﬁmd
27i ev —1 v
w0
wi(m—1) h2 miv2 | 2mihy (B4h)
—\/m(—l)he mol)_de® ymin? byl 3% 4 Z Ve i
- 1
As in [1].b, p. 27, multiplying both sides by zs_l(a > 1), and integrating from 0 to ooe™™/4,
using
ooe & s—1 ”zd
z°Trem az v
/ R O C gt
ooef% 00
R AW s—1lq, _ B zmyw s=1ldy — 5 v —sT
/ e z=e /e y=-e (2m7r) (s),
0 0
we also obtain
ooe_% 9
e4mw+(27%)“’ izw xi 1 eﬂiﬁr(%’%)ww’s
—d 2em 257z =T 25(2 S — d
/ omi(ew — 1) / ez dz = T(s)e " (2mm) 5 o / v —1 v
w0 0 . w0
ooef% .2
. ) ,L+(1+L)Z s—1
. 3 ﬂz(m—l)+% e 4dmm 2T m/*y
— -y [ N
m—1 2 o 0 m—
+T(s) Y (—1)¥e e m (s, ——)
v=0 m
(B.5.h)

257 1dz,

1 / ch(%)e%f?r%z
3 e’ —1

and using fr(m — k) = fr(k) we at last obtain

2
1 / 2ch(7% )e4mw+§ww75

F(S)eﬂ’? (2mm)* — dw = —(-1 )h\remw e
271 ev —1
w/O
2ch(L2)e R iy in? 2why m—v
e d r —1)"e” " m 2 .
« [ T de ) Y (1) 2eos T g(s, M)

0Nz v=0
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Dividing both sides by 2I'(s)m?, and then let w = 2wiw,, z = 2miz;, we finally obtain

—7i

.2
27rhw1) T s—1

—wiwf mizf
e m W COS( ——— e m z COS
L(s, fn) = / : o dwy + xn(s) / ! (

2 sin(mwy) 2isin(mzy)
0N w1 0. 21

2mh
Trmzl )

le7

and hence (B.3.2). (B.3.1) is consequence of (B.3.2).

We now search Riemann- Siegel integral representation for L(s, X), which is a linear com-

bination of equations (B.3.2), where X (n) is as in example 1, with X (—1) = 1. Let

men(X) = Y XD cos(Z) Xy = Y enX)fuln),

n,mod(m) h,mod(m)

min?

so that v/mcp(X) (in h) is the Fourier transform of f(n) = (—1)"e = X(n) (in n), and (B. 1.

2) implies that the canonical extention of f(n) is

(m—1)/2 (m—1)/2 .2 .

2mhw (=1)"e™ /™ X (n) sinT(w — n)

Xtwy= Y alX) ety = Y DL ;
h=(1—m)/2 n=(1—m)/2 msin ——=x

By Principle of superposition (for (B. 1. 1) and (B. 2. 1)) we also see that v/mcp(X)e,? (in h)

min? S

is the Fourier transform of (—1)"e~ "~ X (n)7(X) = f(n)7(X), and we have

R/ p milm=1) | min? 2whz (m_1)/2 S e 7”;;1”2 sinz

> aX) (=D T cos( )=7(X) > X(n)——=
2 m A msin 2=
h=(1-m)/2 n=(1-m)/2

=1(XN)X*(2)  (1(X)7(X) = m);

L(s,X) = / e~ ™M X# (@) dw L x()7(X) / ™ /M X# ()75 d7
o 2i sin(ww) ms 2isin(7z)
0O\ w 0%z

_ X(m)e ™G dD  x(5)7(X)
B 2mi sin(m(w — n)/m) ms

0ONT [n|<m/2

—miw(mw+2n) —s
_ Z X(n) / e (mw 4+ n)~*dw

2 sin(mw)
In|<m/2 (=n/m)N\w

(in the last step, for each n, let w = mw +n, Z=mz + n).

Since the only zeros of denominator are integers, the path of integration can be changed as
w \, [(1 = n/m)] ([z] being integral part of x); and since the simultaneous replacement of w by
w £ 1 and of n by n & (—m) do not change the integrand, so we may change n to (n + m) for
those n that n < 0 (resp. w to w — 1) and obtain the uniform path w \, 0 for n = 1,2,--- ,m,

and finally we obtain
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Theorem 2. For primitive (even) character X (n)(mod(m)),

L(s, X) = { [ X(k)e ™ 0mes2R) (my 4 )=
k=1 ,% 0

dw
2i sin(mw)

dz
2isin(7z)

+M / X(k)eﬂiz(mz+2k)(mz+k)s—l } (36)

ms
2,0

Similar facts hold for odd functions gn(n) = fr(n)itan(2rhn/m) and odd primitive charac-

ter X (n).

Thanks are given to my teacher Prof. Deng Donggao who gives concerns and supports to

this work.
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