BULLETIN

Finite-dimensional Lie superalgebras of Cartan type over fields
of prime characteristic

ZHANG Yongzheng

Department of Mathematics, Northeast Normal University, Changchun, 130024, China

Keywords: exterior algebra, Lie superalgebra, fiitration.

IN this note the infinite-dimensional Lie superalgebras of Cartan type X(m, n) (X=W, S,
H or K) over field F of prime characteristic are constructed. Then the second class of finite-
dimensional Lie superalgebras of Cartan type over F is defined. Their simplicity and re-
strictability are discussed. Finally a conjecture about classification of the finite-dimensional
simple Lie superalgebras over F is given.

Let F be a field and charF = p >2. Let n be a positive integer and n >1. A (n) denotes the
exterior algebra over F with generators &, -, &,. U w = (iy, iy, **, 4, ), where

)

16, <4<+ <7, <n, then we set & =§; & &, and | &l =r. Let D,.=a—6, i=1,,n.

Imitating the situation that the characteristic number of basic field is zero, we can get the
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finite-dimensional simple Lie superalgebra of Cartan type over Fl!l,

W(n) =

{iga,-l_)ila,-e /\(n)li; S(n)=(Dy(a)la€Nn), i,j=1,n), where D,
(a)=D;(a)D;+ D;(a)D,, ; H(n) =(Dy( &) | §|<n - 1), where Dy(¢&*) =§I—3,~ (&)
D;s S(n)=(1- £16,§,)D(a)la€ Nn), i,;=1,,n), where n is a positive even
number.

Let L = L&D L7 be a Lie superalgebra over F. If Ljis a restricted Lie algebra and Lj-
module L7 is restricted, then L is a restricted .Lie superalgebral?’.

Theorem 1. W(n), S(n), H(n) and S(n) are restricted Lie superalgebras .

Proof. Because W(n)=der A (n), W{(n) is restricted. Let D,;(&“) € S(n)s. If
| &| >2, then we get (D;(6*))*=0, by direct inspection. So (D,(§*))?=0. If | g] =2,
we can suppose & = £&. Then (D; (§))? = (§D; - §D;)* = &D; - &D, = D; (&)
€S(n)g. If lk, 717 14,51, then (D, (£))2=0. So (D, (&“))?=0.

Let ¢ be any element of S5. Because dege =0, (adc)? = adc?. By the above proof we
know that ¢?€ S(n)5. So S(n)gis a restricted Lie algebra by ref. [3]. Let ¢ € S(n)5. Be-
cause (adc)? =adc?, S(n)j-module S(n )7 is restricted. Then S(n) is a restricted Lie su-
peralgebra. Similarly we can prove that H(n) and S(n) are restricted.

We call W(n),S(n), H(n) and S(n) Lie superalgebras of rigid Cartan type.

Let N be the set of natural numbers and Let N be the set of nongenative integers. Let s
=m+n, where m, n€Nand m, n>1. If §=(8;, =, 8,)ENT, 7=(91, ", 7)) E
N7, then we can let (8; 77) =TI (8i; *

i=1

. Let A(m, n) be the F-algebra with genera-

tors {2 16ENZIUI&li=m+1, -, s} defining relation

&
2200 = ( :; ’7)18“7’ 2% = 820, &6 =- &8,

where 8, n€ N7, i, j=m+1, =+, 5. Let degz®=0, YSENT, degt; =1, i=m+1,
,s. Then A(m,n) is an F-superalgebra. We write %= z;, i =1, **, m, where ¢; =
(3'.]’ 3',2’...’3',")_

Let B(n) =’l:JoB, ,where Bo =10}, B, =1{(i;, =, i) |lm + 1<, <<, <sl|. If u
=(iy,°,1,)€ B,, then & denotes the elements iva ki Assume that £&=1. Then | £°*
&|8EN?, u€ B(n)! consists of an F-basisof A(m, n).

Let r:{1,2, -+, s}—>Z, be a mapping such that (i) =0 (1<i<m),z(i)=1 (m<
i<<s5). Suppose that D, are the linear mappings, i =1, ***, s such that

IG—Eleu’ l — 1',,.’m’
D.(z%") = 163_5'1 ;

Geri=mr L,
Then D; is a superderivation of A (m, n) and degD,; = r(i), i=1,-,s. Furthermore
DD; - (- 1)"*PDppD, = [D;,D;] =0, 1< i,j<s. (1)
d

_ L |
By direct inspection we know that W{(m, n) ‘ ga,D,- la; € A(m,n)|is an infinite-di-
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mensional subalgebra of Lie superalgebra der( A (m,n)).
If degx occurs in some expression, then it is assumed that x is a homogeneous element
about Z,-grading. Using equality (1) we obtain the following equality:

[aD;, 6D;] = aD;(b)D; = (— 1)%(D)debD)pp (¢) D, . (2)
Let 1<<i, j<s, a€ A(m,n). Suppose that D;: A(m,n)>W(m,n) is a linear map-
ping such that D;(a) = aD; + a;D;, where a; = — (- 1)d°g“(’(i)+r(j))Dj(a),aj=

(_‘ 1)r(i)t(j)Di(a) . Let
S(m,n) = <Dij(a)‘a €EAN(m,n), i,7 =1,,85).
Using equality (2) we can prove the following lemmas.
Lemma 1. LetDij(a):aiDi+aiDj€§(m, n),, D,(b)=5bD,+bD,€ S(m, n)g
where a, BE Z,. Let A, = (—1)7er e+ ) " wpere r& {4, jt, €k, t}. Then
[Dy(a), Dp(b)] = AuDy(aby) + XDy (ab,) + 2;3Dp(apy) + A;,D;,(ab,).
Let m =2k be an even number. And let

i+ E, if1<C i<k, 1, if1<<:i<Eek,
i=<i—k, k< {2k, a(i)={—1,ifk<i<2k, (3)
i, f2r < i1 <s, 1, 2k < i<s.

Suppose that a € A(m, n),,a€ Z,. Let Dy: A(m,n)=>W(m, n) be a linear mapping
such that Dy(a) = Z@Di’ where a; =0 (i’)(-1)"%7*D, (a), i=1,,s. Then dega; =«
+ 7(i). By direct inspection we have the equality:
Di(aj') = (- 1)r(i>r(j)+(r(i)+r(j))“a(i)a(j)Dj(ai'), (4)

where i, j=1, s, Let H(m,n)={(Dy(a)la € A (m, n)). Using equalities (2)—(4)
and by calculation we can prove

Lemma 2. Let Dy(a) = éaiDiE?I(m, n)g Dy(b)= ébiDiEITI(m, n)g, where
a, BEZ,. Then

[Dy(a), Dy(b)] = DHZa< (= 1)" Vg
Let m =2k + 1 be an odd number. The defmltlons of i and o(7) are the same as equali-

ty (3), where 1<i<ls. Let a€ A(m,n),,a € Z,. Let Dy: A(m,n)>W(m,n) bea
linear mapping such that

Di(a) -Z(w (a) + o(i") Dy (a)) D, +Z(—1) (&D,.(a) + Di(a))D;
+12a — ZED ZxD(a)

i=m+1

Lemma 3. LetaE/\(m,n)a, bE/\(m,n)p,a,BGZz. Then [Dy(a), Dy(8)]=
Dy(Dy(a)(b) —2D,,(a)b).

Let K(m,n)={(D;(a)la€ A(m,n)). By lemmas 1—3 we have

Theorem 2. S(m,n), H(m,n) and K(m, n) are infinite-dimensional subalgebras
OfW(m, n).

Equalities | ;| = | &]=1(i=1, =, m, j=m+1, -, 5), |D;|=-1(i=1,
s) define a Z-grading of X(m, n): X(m, n)= EBX(m n)(;], where X=W, Sor H.
It induces a filtration X (m, n);{,>_, of X(m, n) Equalities | x;} =1§|=1, |Di| =
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-1 (iFm), Ixmi =2, |D,,.] = —2 define a Z-grading of K(m, n). It induces a filtration
{K(m,n);l;>-,0f K(m, n).

Suppose that t = (¢, v, t,) € N™. Let ¢=(qy, """, ¢ ), where q; = p“ —1. Then
subspace (r%*|0<<8'<Cq;, u € B(n)) is a subalgebra of A (m, n). This subalgebra is de-
noted by A(m,n,t). Let

W(m,n,t) =2 aD;|a; € N(myn,8), i = 1,5l

Then W(m, n, t) is a finite-dimensional subalgebra of W(m, n).
Suppose that L is a Lie superalgebra, i € Ny. Then L denotes the derived algebra of i
degree of L. Let L™ =L .

i=0
Suppose that ¢ is an automorphism of W(m, n). Let
X(m,n, t,9) = o(X(m,n)) N W(m,n,t),

where X denote W, S, H or K. Obviously the filtration of X (m, 7n) induces a filtration
{X(m' n,t, 9°)i}i>—(1+8_u)'

Definition 1. U X(m,n,t, (p)ﬂax‘#(), and

X(m,n,t,0) + o(X(m,n)1.s) = ¢(z(m,n)),

then we call X (m, n,t, go)(w) the Lie superalgebras of generalized Cartan type.

Because the proof and results in sec. 2 of ref. [4] hold for Lie superalgebras, we can
prove the following.

Theorem 3. Suppose that X= W, S, Hor K. Then the finite-demensional Lie super-
algebras X(m, n, t, ¢)' are simple.

If ¢ is the identical automorphism, then we write X(m, n, t) instead of X(m, n, ¢,
®). Then X(m, n, t)=X(m, n)NW(m, n, t).

Letk=iq,-+n, Then A (m, n,t)= @ A (m, n, t);3- Let W(m, n, t)
=W(m, n,l;l); S(m, n,t)=(Dy(a)la€ /\'(a;n,n,t), i,j=1,,5); Him,n,t)=
(DH(a)|a€A€§/\(m,n,t)[,~]>. If n— m — 3520 (modp), thenlet K(m, n,t)={(D;(a)
la€ A (m, ;t_,lt)>. If n - m—3=0 (modp), then let K(m, n,t)={(Dy(a)la€
:G:B:/\(m,n,t)[.-D.

Theorem 4. Let X=W, S, Hor K. Then X(m, n, t)**'=X(m, n, t). Thus
X(m, n, t) is the finite-dimensional Lie superalgebra .

We call X(m, n, t) the simple Lie superalgebras of Cartan type, where X=W, S, Hor K.

Theorem 5. Let X=W, S, Hor K. Then X(m, n, t) isa restricted Lie superalge-
bra if and only if t =1, where 1=(1,1,---,1).

Imitating the situation that the characteristic number of basic field is zero, we can con-
struct Lie superalgebras over F: A(m, n), A(n,n), B(m,n), D(m,n), C(n),
P(n), Q(n), F(4), G(3) and D(2,1:a)!'). Because charF >2, some of them have a
center which is not zero (for example, A(m, n)). By constructing quatiert algebra with the
center, we can obtain the corresponding simple Lie superalgebra. We call them classical Lie
superalgebras. Finally we give a conjecture about classification of the finite-dimensional simple
Lie superalgebras over F.

Conjecture. Let charF >7. Besides Lie algebras (which are Lie superalgebra with triv-
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ial Z,-grading), any finite-dimensional simple Lie superalgebra must be isomorphic to a
classical Lie superalgebra, or a Lie superaigebra of rigid Cartan type, or a Lie superalgebra
of generalized Cartan type.

( Received November 27, 1996)
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