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IN this note the infinite-dimensional Lie superalgebras of Cartan type X(m, n  ) ( X  = W, S, 
H or K )  over field F of prime characteristic are constructed. Then the second class of finite- 
dimensional Lie superalgebras of Cartan type over F is defined. Their simplicity and re- 
strictability are discussed. Finally a conjecture about classification of the finite-dimensional 
simple Lie superalgebras over F is given. 

Let F be a field and charF = p >2. I3t  n  be a positive integer and n > 1.  A ( n  ) denotes the 
exterior algebra over F with generators E l ,  . . a ,  En. If u = ( i l ,  i 2 ,  ..., i r  ), where 

- a 
1 < i l < i 2 < . . . < i , < n ,  thenweset Q = ~ i , [ i 2 . . . ~ i r ,  and / P I  = r .  LetDi=-, i = l , - . . , n .  a Ei 

Imitating the situation that the characteristic number of basic field is zero, we can get the 

Chinese Science Bulletin Vol .42 No. 9 May 1997 



finite-dimensional simple Lie superalgebra of Cartan type over F [ ' ]  : 

w ( n )  = I i = ~  k a ~ i ~ a ~ ' E  ~ ( n ) : ;  S ( n ) = ( D , , ( a ) I a E A ( n ) ,  i .  j=l:. .n),  where Dij* 
I 

( a ) = b i ( a ) Q + Q ( a ) z ) , ,  ; H ( ~ ) = ( D ~ ( E Y ) ]  IE" l<n - I ) ,  where DH(E")=$z),  , = I  (EY)* 

ni; S ( n ) =  ( (1 -  E1€2. . .€n)Di j (a) IuE A(n) ,  i , j= l , . - .  , n )  , where n is a positive even 

number. 
Let L = LTi@Li be a Lie superalgebra over F. If L s  is a restricted Lie algebra and La- 

module L i  is restricted, then L is a restricted Lie ~ u ~ e r a l ~ e b r a [ ~ I .  
Theorem 1. W ( n ) , S ( n 1, H (  n ) and  3 ( n ) are  restricted Lie superulgebras . 
Proof. Because W ( n ) = d e r A  ( n ) ,  W ( n )  is restricted. Let T), i (C)E S ( n ) a .  If 

I E " ~  >2, thenweget  ( D ~ ~ ( E " ) ) ~ = O ,  by direct inspection. So (D, , (E") )P=O.  If I € " I  =2, 

wecan suppose Eu = titj. Then ( Dij ( ? ) I P  = ( € j j  - = (Pj - € p i  = D,, ( E " )  
E S ( n ) i j .  If { k ,  r t f l  i ,  j 1, then ( D ~ ~ ( E U ) ) ~ = O .  SO (Dkr(EU))P=O. 

Let c be any element of Sfi. Because degc = G, (adc ) = adcP. By the above proof we 

know that cP E S ( n )a. So S ( n )jj is a restricted Lie algebra by ref. [3 ] .  Let c € S ( n )a. Be- 
cause (adc)  = adcP, S ( n )a-module S ( n )i is restricted. Then S ( n ) is a restricted Lie su- 
peralgebra. Similarly we can prove that H (  n ) and 3 ( n ) are restricted. 

We call W ( n ) , S ( n ) , H (  n ) and ( n ) Lie superalgebras of rigid Cartan type. 
Let N be the set of natural numbers and Let No  be the set of nongenative integers. Let s 

= m + n ,  where m ,  n E N a n d  m ,  n > l .  If 6 = ( a 1 ,  ..., 6,)€ NF, 1 = ( 1 ~ ,  ..., 7,)E' 
S + l  = a i + ~ l i  

N r ,  then we can let ( ) = [rl ( , ] . Let A ( m , n ) be the F-algebra with genera- 

tors { xs I 6 € w / IJ { & 1 i = m + l ,  ... , s f defining relation 

where6,  q E N r ,  i ,  j = m + l ,  a * . ,  s .  I ,etdegx8=G, V 6 E N r , d e g € i = i ,  i = m + l ,  

s . Then A ( m ,  n is an F-superalgebra. We write xe% = x i ,  i = 1, . e 0 ,  m , where E ,  = 
(ail ,  6i2,...,6i 1. 

= ( i ,, , i, ) E B, , then E" denotes the elements 5,  , -.. , ti . Assume that to = 1 . Then I xb 

FI8€N;;, u E B ( n ) t  consistsof an F-basisof A ( m ,  n ) .  

Let r :  1 1 , 2 , - . ~ , s t + ~ ~ b e a r n a ~ ~ i n ~ s u c h  that r ( i ) = G  ( l & i < m ) ,  r ( i ) = T  ( m <  
i < s ) .  Suppose that Di are the linear mappings, i = 1 ,  a * . ,  s such that 

Then Di is a superderivation of A ( m , n ) and degDi = r ( i ) , i = 1,  s . Furthermore 

DiDj - ( -  l ) r " ) r ' l ' ~ , ~ i  = [D,, Dj] = 0, 1 < i , j  < s .  ( 1  

d I 
By direct inspection we know that W ( m , n )- / ~ U ~ D ,  I ai E A ( m .  n )  / is an infinite-di- 

, = I  
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mensional subalgebra of Lie superalgebra der( A  ( m  , n  ) ) . 
If degx occurs in some expression, then it is assumed that x is a homogeneous element 

about Z2-grading. Using equality (1 )  we obtain the following equality: 

[ a D i ,  bD,] = aDi( b )  Dj - ( - l )deg(QD~)deg(hD~) bDj ( a )  Di . (2) 
Let l<i, j<s, a €  A  ( m ,  n ) .  Suppose that Di,: A  ( m ,  n ) + W ( m ,  n )  is a linear map- 

- ping such that Dij ( a  ) = aiDi + ajDj ,  where ai = ( - l ) d e g " ( r ( i ) + r ( j ) )  D, ( a  ), aj = 

( -  l ) + c i ) r ' j ) ~ . ( ~ )  1 . Let 

S ( m ,  n )  = ( ~ ~ ~ ( a )  1 a  E A ( m ,  n ) ,  i ,  j = I , . . . ,  S ) .  
Using equality ( 2 )  we can prove the following lemmas. 

Lemma 1. ~ e t ~ ~ ~ ( a ) = a J I ~ + a , D , € S ( m ,  n ) , ,  D k t ( b ) = b k D k +  b t ~ t E S ( r n ,  n I 8 ,  

wherea , /3€Z2 .  Let h , h = ( - l ) r ( r ) ( a + r ' r ) + r ( h ) ) ,  w h e r e r c  { i ,  j l ,  h € { k ,  t t .  Then 

[ Dij ( a  ) Dk, ( b  ) 1 = hikDik ( aibk > + AitDi, ( aib, ) + hjkDjk ( ajbk ) + AjtDjt ( ajbt ) . 
Let m  = 2  k  be an even number. And let 

., {: ,+ k ,  if 1  < i < k ,  r 1 ,  i f l < i < k ,  
z = i - k ,  if k  < i < 2 k ,  a ( i )  = - 1 ,  if k  < i < 2 k ,  ( 3 )  

if 2k < i  < s ,  1 ,  i f 2 k < i < s .  
Suppose that a €  A ( m ,  n ) , ,  a € Z 2 .  Let D H :  A ( m , n ) + W ( m ,  n )  be alinearrnapping 

suchthat ~ ~ ( a ) = & a , ~ ~ ,  ~herea~=o(i')(-l)'(")"~~,(a), i = l , . - . , s .  Thendega i=a  
i = 1  

+ r ( i  ) . By direct inspection we have the equality: 
D ~ ( ~ , , )  = ( -  l ) r ( i ) r ( ~ ) + ( r ' i ) + r ( ~ ) )  " c ~ ( i ) a ( j ) D ~ ( a i , > ,  (4)  

where i ,  j  = I ,  ... s ,  Let H ( m ,  n ) =  ( D H ( a ) [ a C  ( m ,  n ) ) .  Using equalities (2)-(4) 
and by calculation we can prove 

Lemma2. ~ e t ~ ~ ( a ) = k a ~ ~ ~ ~ ~ ( m , n ) , .  i = l  D H ( b ) = k b J l i € ~ ( m , n ) p ,  , = I  where 

a ,  pEZ2.  Then 

[ D H ( a ) ,  D H ( b ) ]  = ~ ~ x a ( i ) ( -  l )T ( i )pa ib , , .  
* = 1  

Let m  = 2  k  + 1  be an odd number. The definitions of i' and o( i  ) are the same as equali- 
ty ( 3 ) ,  where l<i<s. Let a €  A ( m ,  n).,  a E Z 2 .  Let E k :  A ( m ,  n ) + W ( m , n )  bea 
linear mapping such that 

Lemma 3. Let a €  A  ( m ,  n) . ,  b E  A  ( m ,  nip, a, p E Z 2 .  Then [ E k ( a ) ,  E k ( b ) ] =  

E k ( E k ( a ) ( b )  - 2 D m ( a ) b ) .  
I-et K ( m , n ) = ( b k ( a ) ) a €  A ( m , n ) ) .  By lemmas 1-3 we have 
Theorem 2.  3 ( m  , n  ) , H ( m  , n  ) und K ( rn , n  ) urr in finite-dimensional subalgebras 

o f ' W ( m ,  n ) .  
Equalities I x , I = I f , l = l  ( i = l ,  a*., m ,  j = m + f ,  s), I D i I = - l  ( i = l ,  ..., 

S )  define a 2-gradingof X ( m ,  n ) :  X ( m ,  n ) =  @ X ( m ,  n ) l i ~ ,  where X =  W ,  S or H. 
1 ,  1 

Itinducesafiltration { X ( ? n ,  , I ) , \ , , - , o f X ( m ,  n ) .  Equalities I x , ( = ( f , I = l ,  I D , I =  
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-1  ( i # m ) ,  ) x m  1 = 2 ,  I D ,  1 = - 2  definea 2-gradingof K ( m ,  n ) .  Itinducesa filtration 
/ K ( m ,  n ) i t i z - 2 ~ f  K ( m ,  n ) .  

Supposethat t = ( t l ,  ..., t , ) € N m .  Let q = ( q l , . . . , q , ) ,  where q i = p t I - 1 .  Then 

subspace (xu€" I O<P< qi, u E B ( n )) is a subalgebra of A ( m , n ) . This subalgebra is de- 
noted by A ( m ,  n ,  t ) .  Let 

W ( m , n , t )  = { x a i Z I i l a i E A ( m , n , t ) ,  i = l , . . . , s /  . 
. { = I  

Then w ( m , n , t ) is a finite-dimensional subalgebra of w( m , n ) . 
Suppose that L is a Lie superalgebra, i E No.  Then L") denotes the derived algebra of i 

degree of L .  Let L(") = n L") . 
i>O 

Suppose that 40 is an automorphism of W( m , n ) . Let 
X ( m ,  n ,  t ,  9) = 40(X(m, n ) )  fl W ( m ,  n ,  t ) ,  

where X denote W, S , H or K . Obviously the filtration of X ( m , n ) induces a filtration - 
{ X ( m ,  n ,  tr p)iIi>,-(1+Bm). 

Definition 1. If X ( m ,  n ,  t ,  (p)2+am#0, and 

X ( m ,  n , t ,  9 )  + p ( X ( m ,  n),+am) = p(;(m, n ) ) ,  

then we call ( m , n , t ,  p )  ("I the Lie superalgebras of generalized Cartan type. 
Because the and results in sec. 2 of ref. [ 4 ]  hold for Lie superalgebras, we can 

prove the following. 
Theorem 3. Suppose that X = W, S, H or K . Then the finite-demensional Lie super- 

algebras X( m ,  n ,  t , ( D ) ( m )  are simple. 
If Q is the identical automorphism, then we write X (  m , n , t ) instead of X( m , n , t ,  

9). ~ h e n X ( m ,  n ,  t ) = X ( m ,  n ) n w ( m ,  n ,  t ) .  

L e t A = E p i + n , T h e n A ( m ,  i = l  n , t ) = & A ( m ,  I = 1 n , t ) ( i l . L e t W ( m ,  n ,  t )  

= w ( m ,  n , t ) ;  S ( m ,  n , t ) = ( D i j ( u ) 1 a E  A ( m , n , t ) ,  i , j = l , * . . , s ) ;  H ( m , n , t ) =  

( ~ ~ ( a ) ~ a ~ & f i ( r n , n , t ) [ ~ ~ ) .  i = l  1f n - m - 3 d O ( m o d g ) ,  thenlet ~ ( m , n , f ) = ( & ( a )  

l a €  A ( m ,  n ,  t ) ) .  If n - m - 3 = 0  (modp) ,  then let K ( m ,  n ,  t ) =  ( b k ( u )  1 a €  

Theorem4. L e t X =  W, S ,  H o r K .  ~ h e n ~ ( m ,  n ,  t ) ( " ) = ~ ( m ,  n ,  t ) .  Thus 
X( m , n , t ) is the finite-dimensional Lie superalgebru . 

We call X( m , n , t ) the simple Lie superalgebras of Cartan type, where X = W, S , H or K . 
Theorem 5. Let X = W, S, H or K . Then X ( m , n , t ) is a restricted Lie superalge- 

bra if and only if t =1, where 1 = (1 ,1 ,  1 ) .  
Imitating the situation that the characteristic number of basic field is zero, we can con- 

structLiesuperalgebras over F: A ( m ,  n ) ,  A ( n ,  n ) ,  B ( m ,  n), D ( m ,  n ) ,  C ( n ) ,  
P(n), Q ( n ) ,  F ( 4 ) ,  G ( 3 )  and 0 ( 2 , 1 :  a)'']. Because charF>2,  some of them have a 
center which is not zero (for example, A ( m , n ) ) . By constructing quatierit algebra with the 
center, we can obtain the corresponding simple Lie superalgebra. We call them classical Lie 
supedgebras. Finally we give a conjecture about classification of the finite-dimensional simple 
Li superalgebras over F . 

Conjecture. Let charF > 7 .  Besides Lie algebrus ( which are Lie superalgebra with triv- 
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ial Z2-grading) ,  any finite-dimensionul simple Lie superalgebru must be isomorphic to a 
classical Lie superalgebra, or a Lie superalgebra of rigid Cartan type, or a Lie superalgebra 
of generalized Cartan type .  

( Receiwd November 27, 1996) 
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