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Abstract Diffusion coefficient of natural sediments and
effects of lift force and gradient in particle velocity fluctua
tions were investigated through using a closed kinetic model.
Comparison against experimental data of Einstein & Chien
(1955) validated the model. The diffusion coefficient bYy of
medium and large sediments distinctly exceeds fluid eddy
viscosity vI' while Eyy of fine sediments approximately equals
vj. In the measured region of O.03<yIH<0.4, bYy IVI increases
with the distance from the wall decreasing. Combined effects
of lift force and gradient in particle velocity fluctuations
change sediment gravitational settling remarkably below
yIH=O.2, and need to be accounted for describing sediment
diffusion in this region.
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Sediment diffusion is of basic interest in mechanics
of sediment transport, in which specification of sediment
diffusion coefficient clY is crucial. So far, Cyy has been as
sumed in conventional advection-diffusion (AD) equation
to equate fluid eddy viscosity vj in practical applica
tions. Using measured concentration data, however, the
determined Cyy from the AD equation is usually greater
than vj il2l. Although many efforts have been devoted to
explain this inconsistency, e.g. Ni et alY-5J related Cyy

directly to fluid vertical fluctuating velocity and Czer
nuszenkol§lproposed a concept of sediment drift diffusion,
it still remains in understanding the context of sediment
diffusion theory. Based on two-phase flow formulation, it
is found that the AD equation neglects effects of gradient
in sediment velocity fluctuationsill and lift force exerted
by fluidlli2l, which not only determines formation of the
upward non-monotonic-decreasing concentration profile,
i.e. pattern I in Wang et al.J.:L[l, but also results in the
calculated Cyy from the equation of an inaccurate one.
Employing a kinetic model for two-phase flows, the au
thorsil.Ql demonstrated that Cyy of fine sediments approxi
mately equals vj, but the calculated one is slightly
greater. This study focuses on the diffusion coefficient of
both fine and coarse sediments as well as the effects of lift
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force and gradient in particle velocity fluctuations.

1 Kinetic model for particle phase

The kinetic model for two-phase flows, due to its
unique advantage in supplying a theoretical closure for
macroscopic balance equations of the particle phase, has
been developed and widely used in recent years[S-12l. This
study is based on a kinetic model. A brief overview is
given here. In turbulent two-phase flows, the Lagrangian
equations for single particle motion read

~;/dt = vp;' dVp;/dt = (u; -vp;}/rp + F; + W; , (1)

where Rp; is particle position, vp; is particle stochastic ve
locity, u; is fluid velocity at Rp;, r p is particle relaxation
time, t is the time, F; is the sum of the gravity and inter
phase forces except the drag, W; is the force due to inter
particle collisions, and i denotes the tensor index.

To transform Lagrangian variables in eq. (1) to Eule
rian variables, particle probability density distribution
function (PDF) is introduced in terms of the coordinates X;

and velocities Vi in phase space

f =< o(x; - ~;}o(v; - vp;) >, (2)

where <. >denotes averaging over an ensemble of all
turbulence realizations and 0 ( • ) is the Delta function.

Ensemble-averaged concentration and velocities of
particle phase are expressed through PDF as

C =f fdv, C <v; >= fvJdv. (3)

Differentiating eq. (2) with respect to t, using a gen
eralized Fokker-Planck diffusion operator for modeling
interactions of a particle with fluid turbulence eddies
along its path and a revised BGK model with corrected
Prandtl number for particle-particle collisions, and con
verting the velocity coordinates from V; to the fluctuating
velocities v; = v; - <v; > in the phase space, a closed

PDF-evolution equation is obtained

df +V' df _ df{d<V; >_<u; >-<v; >+TpF;
dt 1 dX; dV; dt Tp

_df 'd<V;>}_ < "> d
2
f _fJ<u;ui>-TO;k d

2
f

Vk a U;Uk , , ,
dV; dXk dX;dVk Tp dV;dVk

+fo (vivi _~)v;dlnT
2 2T 2 dX;

=!- d~f, +~ dV;! -((1 _ fa), (4)
Tp dV;dV; Tp dV;

where d/dt = dldt+ <v; >djdx;, <U; > andu; are fluid mean

and fluctuating velocities, respectively, T =..!. <v;v; > is the
3

pseudo-temperature of particles, ( = 96 Cd;l.JTjn is colli
S
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(6c)

(6a)

(6b)

tive gravity and a lift force F L acting on particles

<Fy >= FL - (1- Pf I Ps)g, (8)

where g is the gravitational acceleration, and Pr and Ps are
fluid and particle densities, respectively.

The vertical momentum equation for particles reads

-CTp(l-PfJg+CTp(FL -~<v~ >J=cyy dC. (9)l Ps dy dy

The lift force on a spherical particle is comprised of two
parts, one is due to fluid shear and the other the particle
rotation. The shear-induced lift is usually more important
than the latter oneD..:ll. Thereafter, only the shear lift is
considered. McLaughlinilll extended Saffman's lift
formula by removing the limitation of Rep =

dp Iu - v I / vf «Re~2 and involving the effect of the

presence of a wall, where ReG is the Reynolds number
defined in terms of dp and local velocity gradient,

R _~Pf:l ~d<ux>«u >-<V »J (10)
L- 2 d d x x'

21C Ps p vf L)J

where Vf is fluid kinematic viscosity; J is a function of
particle slip velocity, fluid velocity gradient and the dis
tance of particle center from the wall, with its maximum
value of 2.225 corresponding to Saffman's formula (see
McLaughlin for detailsilll). Lataste et al. !l2l demonstrated
its good performance for heavy particle in a turbulent
boundary layer.

Particle relaxation time 1p isilll

T = 1 Ps d; (Rep < 1000). (11)
p 18pf vf(1+0.15Reg 687

)

Following its definition, Eyy in eq. (9) is written as

cyy =TLp (U;)[l+St((v;)j(u;)- fJ)J (12)

sion frequency, fo= C(21CT)-3/2 exp(_V'2 /2T) is the Max

wellian velocity distribution, dp is the particle diameter,
and a and fJ are two parameters describing particle-eddy
interactionsilll

a= srI (1 + St)-l, fJ = (1 + St)-l (5)

where St is the Stokes number defined as St = Tp ITLp '

and TL TLp is the Lagrangian integral time-scale seen by a
p

particle.
Integrating eq. (4) over the whole velocity space, the

conservation equations of mass, momentum and fluctua
tion kinetic energy of particle phase are derived

dC +C d <Vi> =0,
dt dXi

d <Vi > <Ui >- <Vi >+TP <F; >
dt Tp

d<v;vi> CikdlnC_O+ +---- ,
dXk Tp dXk

d3 Id(l "')--T+-- C-<vivzvz >
dt2 CdXi 2

<
I I > d <Vi > 3T - fJ <uiui > 0

+ vivz ---+ = ,
dXz Tp

where cik = Tp«v;vi >+a<u;ui » is particle diffusion

tensor. The corresponding closure relations are ill1

I I TpT (d <Vi > d <Vk > 2 d <Vz >" J<vvk >=T5k ---- ---+--------uik
1 1 2+(Tp dXk dXi 3 dXz

+-fJ--«u;ui >+ <uiu; >-~<uiui>5ik ),
2+(Tp 3

(7a)
(7b)

(7c)12 I 5Tp ( 3 I I ) dT<v Vi >=---- -T5ik +a<uiuk > -.
3 + (Tp 2 dXk

Eqs. (6) and (7) form a closed kinetic model for par
ticle phase in turbulent two-phase flows. It accounts for
both effects of fluid velocity fluctuations and interparticle
collisions, and is close to that of Zaichik et al.illl. As
St ~ 00, a -0, and fJ -0, the model reduces to that for
rapid granular flows with interstitial fluid effects. As St

0, aTp~ T~' fJ - 1, and (Tp « 1, particle motion is

controlled by fluid turbulent fluctuations and eq. (7) cor
rectly approaches the closure for fluid turbulence.

2 Sediment diffusion equation

Consider two-dimensional steady, uniform open
charmel flows, i.e. dldt = 0, dldX = 0, and <vy >= <uy >= 0,
where x, y denote the streamwise and vertical directions,
respectively. The vertical force <Fy>consists of the effect

3 Comparison with experimental data
Eq. (9) is compared with experimental data of Ein

stein et al.M for further analysis of the vertical diffusion
of natural sands with different sizes. The balance equa
tions of x momentum and fluctuation kinetic energy are
solved simultaneously. Profiles of fluid velocity and eddy
viscosity are determined with established empirical func
tions for clear-water because fluid turbulence modulation
is dependent upon sediment concentration. The relations
for the fluid structure proposed by Nezu et al.lJ..[l are
used[§}. Due to the difficulty in precisely specifying TL ,

p

it is approximated with TLl.l2.l.

Boundary conditions, formerly developed by Jen
kinsUQl and used by Fu et al. llil in a horizontal duct flow,
are assumed

(13a)
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Fig. 2. Profiles of sediment concentration C under the flow conditions of
Einstein et al[111

Fig. 3. Profiles of FL-a(v~2)jdy to the effective gravity ratio under the

flow conditions of Einstein et al.WI

FL - a(vi:) jay to the effective gravity does not exceed

2%. For 0.03< 17 <0.2, however, the ratio becomes dis

tinctly large in magnitude, especially for the medium and
coarse sediments. For the fine sediments,

FL -a(vi:)jay<o occurs below 17=0.1, while for the

larger sediments F L - a<v~ >lay? 0 holds. As a result,

FL - a<v~ >I ay enhances the gravitational settling of the

fine sediments in this region, but still reduces that of
medium and large sediments. Moreover, the calcul
ation shows that F L is negligible compared with

-a <v~2 >lay above the reference level, which agrees

with the previous argument that shear lift force only plays
an important role close to the wall where strong velocity
gradient existsml. It implies that particle-wall interactions
change the vertical velocity fluctuation of the medium and
large sediments far from that of the fluid in the near wall

region. Accordingly, FL - a<v~ >lay need be accounted

for describing sediment diffusion below 17 = 0.2 in the
flows considered.

The Stokes number St, a parameter describing sedi-
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-As aTI =-'iTb J3T:{2.(l+ew ),u; -(l-ew )}, (l3b)ay b 8 2

15
where Vs = TpT 1(2 + VTp ), As = 4TpT1(3 + (Tp ), the sub-

script "b" refers to the wall; ew= 0.7 and,uw = 0.23 are the
coefficients of restitution and sliding friction for a particle
colliding with the wall, respectively11l.l. Concentration
boundary condition is specified with the experimental data
at the nearest measured point adjacent to the wall, and
zero gradient conditions are set for (vx) and T at the free

water surface.
Einstein et al. il11 conducted three sets of experiments

in an open-channel, corresponding to sand sizes of 0.274,
0.94, and 1.3 mm in diameter, respectively, to explore the
diffusion characteristics of sediments in a region under the
influence of the wall (0.03<yjH <0.4).

Figure 1 illustrates profiles of the predicted
mass-weighted mixture velocity Urn, where u* is the shear
velocity, 17 =Y jH is dimensionless flow depth, H is

flow depth, and Urn is defined as

Urn = PsC <Vx >+Pf(l-C) <Ux >. (14)
PsC +Pf(l-C)

In the low-concentration flows considered, the prediction
of the kinetic model agrees well with the experimental
data through using the log-wake law for fluid mean veloc
ity. Fig. 2 presents the predicted concentration profiles.
For the fine (dp=0.274 mm), medium (dp=0.94 mm) and
large (dp=1.3 mm) sediments, the predictions are also in
good agreement with the measured, respectively.

In eq. (9), the lift force and the gradient in particle
vertical velocity fluctuation affect the characteristics of
sediment vertical distribution. If the sum of them exceeds
the effective gravity, ac I ay > 0, i.e. the profile of pattern

I appears.
Figure 3 shows the relative importance of

FL - a(vi:) jay against the effective gravity above the

reference level. In the region of 0.2< 17 <0.4, the ratio of
22 22~---~

Fig. 1. Profiles of calculated versus measured mixture velocity Urn under the
flow conditions of Einstein et al.WI
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Fig. 5. Profiles of Stunder the flow conditions of Einstein et a1.M .
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4 Conclusions

A closed kinetic model was employed to analyze the
vertical diffusion of natural sands with different sizes in an
open-channel flow. It can be drawn that:

(1) the diffusion coefficient tyy of the medium and
large sediments distinctly exceeds the fluid eddy viscosity

v! especially in the near wall region, while tyy of fine

sediments is approximately equal to v!. In the measured

region of 0.03 < 17 < 0.4, Cyy /v~ increases with the de

crease in 17.

(2) FL - a<v~2 >lay changes sediment gravitational

settling remarkably below ylH = 0.2, and need to be ac
counted for describing sediment diffusion in this region.

With the consideration of <v~2 >I <u~ >"" fJ = (l + St)-l,

for fine sediments, eq. (15) predicts a decreasing cyy Iv!

with the increase in St as dp and flow conditions keep un
changed. It contradicts with the present results and the

statement of cyy Iv! increasing with the increase in aJ1l.
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Fig. 4. Profiles of t)y under the flow conditions of Einstein et a1.M .

In Fig. 5, the profiles of the Stokes number St are
presented. From this figure, St of fine sediments is far less
than that of the medium and large sediments; St of the
largest sediments is greater than that of smaller sediments.
In the region of 0.03< 17 <0.4, St increases with the de-

crease in 17. Considering the corresponding profiles of Cyy

in Fig. 4, it can be inferred that cyy Iv! tends to increase

with St increasing. In contrast, the diffusion coefficient
proposed by Czemuszenkol§l, involving an additional drift
diffusion coefficient, is

Cyy ndp <v~2 >
-=1+ --. (15)
v! 2TL~<u~2 > <u~2 >

ment inertia, affects the magnitude of sediment diffusion

coefficient directly (eq. (12)). Because <v~2 >~

fJ <u~2 > and TLp approach to the Lagrangian integral

time-scale of fluid particles TL as St« 1, tyy is close to

TL <u~2 >= v!, which suggests that sediment particles are

so fine that they follow fluid turbulent fluctuations ade
quately. However, for sediments with finite inertia,

Cyy =v~ does not hold due to <v~ >t- fJ <u~2 > and the

difference between TL and TL . Fig. 4 demonstrates the
p

profiles of sediment diffusion coefficient tyy in a dimen
sionless form. For the fine sediments, Cyy is slightly greater

than v! for 17 <0.1. As a comparison, cyy > v! be

comes distinct below 17 =0.2 for the medium and large

sediments. In addition, in the measured region of 0.03 < 17

< 0.4, cyy Iv! increases with the decrease in 17, which

demonstrates the effects of particle-wall interactions. It
can be noted that the larger size sediments corresponds to

the larger cyy Iv!, which agrees with the general under-

standing of cyy Iv!, increasing with the increment of par

ticle velocity ~.
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