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Abstract This review introduces the history and present
status of data envelopment analysis (DEA) research, par
ticularly the evaluation process. And extensions of some DEA
models are also described. It is pointed out that mathematics,
economics and management science are the main forces in
the DEA development, optimization provides the fundamen
tal method for the DEA research, and the wide range of ap
plications enforces the rapid development ofDEA.

Keywords: data envelopment analysis, non-dominated solution,
production frontier.

Data envelopment analysis (DEA) is a new research
area which synthesizes operations research, management
science and econometrics. It was first proposed by Char
nes et al. in 1978[1]. DEA is a mathematical programming
approach to provide a relative efficiency assessment
(called DEA efficient) for a group of decision making
units (DMU) with multiple number of inputs and outputs.
In addition, the input and output vectors of the DMUs
expand the production possibility set. Determining
whether a DMU is efficient from the observed data is
equivalent to testing whether the DMU is on the "frontier"
of the production possibility set. The concept of the pro
duction frontier is extended from the production function
to the case of multiple outputs. The methods and models
of DEA can be used to comprehensively describe the
structure of the production frontier. Therefore, DEA is
also recognized as a non-parametric statistical estimation
method. To evaluate the relative efficiency of a set of
DMUs by DEA methods, we can obtain some insightful
management information with the economic background.
Therefore, the research and applications of DEA attract a
great amount of interests from both academic field and
industrial practice[2].

This review introduces the history and the current
status of DEA research. In particular, we aim to describe
the development process of DEA research. Extensions on
some DEA models are discussed. It is pointed out that
mathematics, economics and management science form
the solid foundation of DEA research, optimization theory
provids the major methodology, and a wide range of ap
plications is the driving force of the rapid development of
DEA. We can see the profound influence on the DEA
studies from the effort and research results of Charnes et
al. in different fields such as operations research, man
agement science and economics since the 1950s.

A research field or branch is formed from a new
"starting point" by the long-term and j oint effort of many
people. In the field of DEA research, Charnes, Cooper,
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their research co-investigators, their students, and other
scholars working on DEA conducted a series of funda
mental works. These works mainly include the following
aspects: ( i ) A large amount of application cases in dif
ferent industries are implemented. The work comprehen
sively shows the broad applications of DEA. ( ii ) Various
numerical methods on DEA models and related softwares
are developed. The work significantly supported the ap
plication of DEA. (iii) Different DEA models are ex
tended and thoroughly discussed. This includes the addi
tive model, Log-type DEA models, DEA models with a
cone ratio of decision makers' preference, semi-infinite
programming DEA models with infinitely many DMUs,
stochastic DEA models, etc. (iv) The economic and man
agement background of DEA models and methods are
extensively investigated. The research established the po
sition of DEA in economics and management science. (v)
The mathematical theories for DEA research are discussed.
The work involves convex analysis, mathematical pro
gramming, game theory, etc.

The research of DEA in China was started from 1986.
The research of the Chinese scholars on the DEA theory,
model, and related softwares have been well recogni
zed[2-4]. In 1988, the first book on DEA research, DEA

Methods for Relative Efficiency Evaluation--A New
Area in Operations Research, was published in Chinese[5].
The book systematically described DEA methods and
models. From an initial estimation in our "China
Mainland Index of DEA Research", there are more than
300 research articles or books published in either Chinese
or English up to the date of January, 2000[6]. We will
comprehensively introduce and survey the research results
on DEA from Chinese scholars in the next paper.

1 The first DEA model, C2R model

In 1978, Charnes et al. proposed the first DEA model
in their work[l]. Assume that there are n departments or
organizations (called decision making units, denoted as
DMUs), each DMU has m types of inputs and s types of
outputs, given as in the following:

1 2 n

I Xl X2 Xn I

... Ynl

In above, Xj = (Xlj, X2j, "', Xmj)T > 0, Y; =( Ylj, Y2j, "',

Y~ )T> 0, x!J= the amount of the ith input to DMU-j, YIJ=
the amount of the rth output of DMU-j, for j = 1, 2, "', n; i

= 1, 2, "', m; and r = 1, 2,.··, s. For convenience, denote
the inputs and outputs of DMU-jo by Xo = x· and

10

Yo = y. , l0o~n, respectively. The DEA model (C2R
10

model) for evaluating DMU-jo is given by
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T
U Yo

max-
T
-,

v Xo

n

LXjAj +s- =e xo,
j=1

where

e= (1 ,1 , ... , 1)TEEm, e = ( 1,1 , ... , 1)TEEs.

We then have the following theorem (that is, there exists a
positive value &, such that the following theorem holds
(see ref. [5])).

Theorem 1. If (D~2R) has an optimal solution

/1 ° 1° }. =1 2 ... n such that
u ,AJ ' " "

eO=l, s-o=O, s+o=O,

then DMU-jo is DEA efficient.

2 Postulate system of production possibility set and
extension of DEA models

In the research on econometrics, it is often needed to
introduce some postulates for investigating the structure
of an economic system. Denote the production possibility
set by

T ={( x, y) lyE E~ is a possible output while x E E';

is an input}.
For production possibility set T, we have the follow

ing postu1ates[8, 9].

n

(D~2R) LYjAj -s+ =Yo,
j=1

Aj :::::O,j=l, 2, "', n,

s+::::: O,s-::::: 0,eEE1
,

The DEA models (p 2 ) and (D 2 ) above extend
CR CR

the method of efficiency evaluation on single input and
single output given by economist Farrell in 1957 to the
case with multiple inputs and outputs, by mathematical
programming models.

However, applying models (PC 2R) and (DC2R) to

determining the efficiency often faces the problem that all
weight OJ and j.1 are not guaranteed to be positive, and the
corresponding slack variables in dual programming to be
0. In 1952, when Charnes dealt with the issue of degen
eration in linear programming, he introduced the concept
of non-Archimedean value EF For DEA model (DC2R ),

Charnes et al. gave a DEA model (D~2R) with non

Archimedean value & as follows:

. [/1 ( , T - T +)]mm u -& e s +e s ,

n

LYjA~ =Yo,
j=1

n

eO =1, LXjA~ =eoxo'
j=1

T
U Yj 0 1 2

T ol,j=, ,"',n,
v x j

v 0 V, u 0 {), v 7' 0, U 7' 0.

In this model, v = (VI, V2, ••• , Vm)T, U = (Ul, U2, ••• , us)T are
the weighting parameters for m inputs and s outputs re
spectively. Using Charnes-Cooper transformation, the
fractional programming is transferred into an equivalent
linear programming problem. Let

1
t OJ=tu, I/=tv.=-T-' r

V Xo
The corresponding linear programming problem of C2R
model is

OJ T Xj - j.1 T Y j 0 00, j =1, 2,"', n,
(PC 2R)

OJ T Xo =1,

n

LYjAjo oYo,
j=1

A j O °0,j=1,2,"',n, eEE 1
•

Definition 1[5, 7]. If (p 2 ) has optimal objective
CR

value hO = 1, then DMU-jo is called weak DEA efficient.
hO is called efficiency index.

Definition 2. If (p 2 ) has an optimal solution (OJo,
CR

j.10) such that OJo>O, j.1°>0 and j.1°Yo=l, then DMU-jo is
called DEA efficient.

From the dual theorem and complementary theorem
of linear programming, we have the following equivalent
definition of the DEA efficiency.

Definition 3. If any optimal solution of (DC2R ),

eO and AOj, j = 1, 2, ... , n, satisfies

n

L XjAjo fho,
j=1

OJ 0 00, j.1 0 {l.

And its dual programming,

min e,

1) The non-Archimedean value is a small amount such that Va >0 and V N>O, we have N· &<a. That is, "&>0" is a number which is

smalleJ=J:hal/c filLy lJositiy" Il\l~r. ff' .men UMu-jo lS ca leU DEL-\. e lClent.
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or

n

L YjA j ?Yo,
j=1

n n

LXjAj :'(X'LYjAj ?Y,
j~1 j~1

n n

LXjAj :'( x, LYjAj ? Y,
j~1 j~1

n

L XjAj:'(eX o ,
j=1

min e,

(P)

f A j :'( 1, A j ? 0 , ) =1 ,2 , ... , n }.
j~1

(iv) When T satisfies Postulates 1, 2, 3, 4.3 and 5

(correspondingly 51 = 52 = 53 = 1), then

A j? O,} = 1, 2, ... , n, n + 1, e EEl.

And its dual

max (j..LT Yo -51j..Lo),

(D) OJ T X j - j..L T Y j +51 j..Lo ? O,} =1 , 2 , ... , n,

OJ T Xo =1,

OJ?O,j..L ?0,515 2(-1)53 j..LO?0.

Given different values of 51 , 52 and 53, the corresponding
models (PC2R ) ,(DC2R ); (PBC2 ) ,(DBC2 ); (PPG), (DpG); and

(PST), (DST) could be obtained. For the generalized DEA
models (P) and (D), we can similarly define the weak
DEA efficiency and DEA efficiency for a particular DMU,
and the DEA model with non-Archimedean value s.

Theorem 2. The following results hold[12].

( i) Weak DEA efficiency (C2R) => Weak DEA effi
ciency (FG) => Weak DEA efficiency (BC\

(ii) Weak DEA efficiency (C2R) => Weak DEA effi
ciency (ST) => Weak DEA efficiency (BC\
where "weak DEA efficiency (C2R)" means that DMU-)o

f Aj ? 1 , Aj ? 0 , } = 1 ,2 , ... , n }.
j~1

These results represent the four most typical DEA models:
C2R model given by Charnes et al. in 1978[1], BC2 model
given by Banker et al. in 1984[81, FG model given by Fare
et al. in 1985[10] and ST model given by Seiford et al. in
1990[11]. These models can be given in a unified form.

{
min e,
(B.xo,Yo)ET,

{

n n

TBe2 = (x,y) ~XjAj :'(x, ~YjAj?Y'

Aj ? 0 , ) =1, 2 , ... ,n }-

(iii) When T satisfies Postulates 1, 2, 3, 4.2 and 5

(correspondingly 51 =52 = 1, 53 = 0), then

Postulate I(Convexity postulate). If (x,y) E T,

and (x, y) E T, then (Ax +(1- A)X, (AY +(1- A)Y) E T, for

A E [0,1].

Postulate 2 (Inefficiency postulate). If (x, y) E T,

and x?x, y :'(y, then (x, y) E T .

Postulate 3 (Ordinary postulate). The observed

(xj ,Y) E T, for all} =1,2, ... , n .

Postulate 4.1 (Ray unboundness postulate). If (x,

y) E T, then a(x, y) E T , for all a? 0.

Postulate 4.2 (Contraction postulate). If (x, y)

E T, then a (x, y) E T, for all O:'(a?l.

Postulate 4.3 (Expansion postulate). If (x, y)

E T, then a (x , y) E T, for all a ? 1.

Postulate 5 (Minimum extrapolation postulate). T

is the intersection set of all T satisfying Postulates 1, 2
and 3 or satisfying Postulates 1, 2 and 3 together with one
of the postulates from Postulates 4.1, 4.2 and 4.3.

Now, we introduce three 0-1 binary parameters ~, ~

and 53. The production possibility set has the following
unique form.

T~{(X'Y) ~X]A]~X, ~Y]A] "'y,

O{~A] +0, (-I)'" A",,] ~ 0" A] "'0,

}=l, ···,n,n+l }.

In particular,
( i) When T satisfies Postulates 1, 2, 3, 4.1 and 5

(correspondingly 51 = 0), then

Tei , ~{(X'Y) t, XfA] ~ x, t,YfA f '" y, Af "'0,

} = 1, 2 , ... ,n }.

( ii) When T satisfies Postulates 1, 2, 3 and 5
(correspondingly 51 = 1, 52 = 0), then
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n

LXjAj +s- =xo,
j=1
n

LYjAj -s+ =Yo,
(P) j=1

0'[t. Aj +0, (-I)'" A",,) ~ 0"
Aj ::::: 0, j =1, 2, ... , n, n +1,

s+ ::::: 0, s-::::: 0;

515 2 (-1)53 fLo ::::: 0.

Theorem 3. DMU-jo is DEA efficient if and only if
(P) and (D) have the same optimal objective value 0.

Using the additive model to determine the DEA effi
ciency of a DMU, the computational inconvenience due to
the non-Archimedean value [; can be avoided. Similar to
model (D C

z ), we can obtain the projection of the DMU
on the pr~d~ction frontier of T. The corresponding models
for determining the weak DEA efficiency can be con
structed in the same way. It can be shown that DMU-jo is
weak DEA efficiency if and only if the following linear
programming problem has optimal objective value 0.

m

5 f3 TI IX·Y =e 1 X.'
10 '0

i=t

that is,

TI
s y'u~ = e51,Ug TIm xw,o .

Yo 10

r=1 i=1

In particular, when s=1, we have ( f3 = fLg / fL?, a i =

w? /fL?, i =1, 2, ... , m )

n

L (LogYj )Aj -s+ = Logyo,
(P) j=1

0'[t. Aj +okl)" A"" ) ~ 0, ,
A j :::::0, j =1, 2, ... , n, n +1,

s-:::::O, s+ :::::0,

n

L(Logxj)Aj +s- =Logxo,
j=1

maxt,

and its dual

min (ill TLog Xo - fL TLogyo +5I fLo),

(D) ill TLog x j - fL TLog Yj + 51 fLo::::: 0, j = 1, 2,,,, , n,

ill ::::: 0, fL ::::: 0,

515 2 (-1)53 fLo ::::: 0.

If DMU-jo is DEA efficient under the Log-type models,

then there exist ill 0 >°,fL 0 > 0, 51 fLg, such that

illOTLogxo - fLOTLogyo +5l fLg = 0,

(P)

n n

LXjAj +te=xO' LYjAj -te=yo,
j=1 j=1

A j ::::: 0,j=1,2,"',n,n+l, t::::: 0, tEE
I

.

In 1983, Charnes et al. investigated a Log-type DEA
model[14]. The model transfers the original data X = (x],

X2, ..., xn) and Y= (Yl,Y2, ···,Yn) into (logX, 10gy)1), and
then implements the corresponding C2R or BC2 additive
models. The following is a Log-type generalized additive
model

min (ill TXo - fL TYo +5I fLo),

ill TXj - fL TYj + 51 fLo ::::: 0, j = 1, 2"", n,

ill::::: 0, fL :::::0,
(D)

and its dual

is weak DEA efficiency under the C2R model, and others
have the similar meaning, "=> " means "implies".

3 Additive model and Log-type model

In 1961, Charnes et al. introduced goal programming
when they studied a linear programming problem with an
application background, where no feasible solution ex
isted. The goal programming involves both positive and
negative error variables. Later on, the error variables are
introduced into the objective function, and the model is
used to deal with the problem with multiple objectives.
Based on the results, Charnes et al.[13] proposed their
C2GS2 model. In the model, the objective function simply
consists of the sum of all error variables. The model is
then called an additive model. For the generalized DEA
model, we can also give the additive models for deter
mining the DEA efficiency and the weak DEA efficiency
in the similar way. Consider the following additive model,

max (e T s- +e Ts+),

I) If matrix C = (Cij)l C i Cm > 0, denoe LogC = (IOgCij)l Ci em·
l:::;j~n 10:::;n
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Therefore, the Log-type DEA model is the local approxi
mation of the Cobb-Douglas production function.

4 The equivalence between (weak) DEA efficiency
and (weak) Pareto solution

The problem of evaluating the relative efficiency of
n DMUs with m inputs and s outputs can be described by
a multiobjective programming problem with m + s objec
tives. That is,

(Vp) {V-min (x, - y),
(x,Y)ET,

where T is the production possibility set expanded by the
observed inputs and outputs, and x=(xj, X2, ... , Xm)T, Y=(yj,

Y2"··, Ys{ A natural question is that when DMU:!o is
(weak) DEA efficient, whether the corresponding (xo, Yo)
is the (weak) Pareto solution of multiobjective program
ming problem (VP).

In 1962, when Charnes et al. studied the multiobjec
tive programming problems, they developed the necessary
and sufficient conditions for testing whether a feasible
solution is a Pareto solution. The condition is called
Charnes-Cooper Test. For BC2 model, Charnes et al.[13]
showed the equivalence between the DEA efficiency and
the Pareto solution of (VP) by the Charnes-Cooper Test.
This work linked the concept of DEA efficiency to Pareto
solution which is a well established and fundamental
concept in multiobjective programming. As a matter of
fact, if the concept of DEA efficiency would have a dif
ferent meaning from the concept of Pareto solution in the
multiobjective programming, then the definition of DEA
efficiency, as well as the overall research of DEA field
would loss its theoretical and practical ground. The fol
lowing theorem shows the results.

Theorem 4. For the generalized DEA model (P)
and (D), the following hold.

( i ) DMU-jo is DEA efficient if and only if (xo, Yo) is
the Pareto solution of the multiobjective programming
problem (Vp)[5, 12].

( ii ) If DMU-jo is weak DEA efficient, then (xo, Yo) is
the weak Pareto solution of the multiobjective program
ming problem (Vp)[5, 12].

(iii) For C2R DEA model (51=0) and ST DEA model
(~ = ~ = ~ =1), if (xo, Yo) is the weak Pareto solution of
(VP), then DMU-jo is weak DEA efficient[15].

5 Cone ratio DEA model, C2WH model and its ex
tension

In conventional DEA models (C2R, BC2, FG and ST),
m inputs and s outputs are treated as the same important
when they are used in evaluating DMUs. There is no re
striction on the weighting scales OJ = (OJj, OJ2"··, OJm)T and
j.1 = (j.1j, j.12, ••• , j.1s { Since the publication of the first
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DEA model, it has been pointed out that this is a weak
point of DEA efficiency assessment. Such a DEA model is
short of the concern on the decision maker's preference on
some input-output attributes. In 1974, Yu introduced a
concept of nondominated solution for multiobjective pro
gramming problems. The work extended from Pareto so
lution to nondominated solution which can represent the
decision maker's preference. It has been shown that the
concept of DEA efficiency is equivalent to the Pareto so
lution of a multiobjective programming (see Theorem
4( i)). However, there were no corresponding results in
DEA research reflecting the decision makers' preference
up to then.

To deal with this, Charnes et al. extended the C2R
model in 1989. They proposed a "cone ratio C2WH
model" that can represent the decision maker's preference
on attributes[16].

1
uTy

max __0
T '

V Xo
(C 2

WH) T T
v X-u YEK,

VEV\{O}, UEU\{O},
where

X=(Xl,X2' •.• ,Xn)T,

Y=(YI,Y2, ···,Yn)T,

V <;;;; E'; is a closed convex cone, and Int V *0,

U <;;;; E~ is a closed convex cone, and Int U *0,

K <;;;; E~ is a closed convex cone,

x j E-IntV*, Yj E-IntU*, j=1,2,···,n.

It is clear that when V = E';, U = E~ and K = E~, the

above model is reduced to the C2R model. Using Char
nes-Cooper transformation, model C2WH is transferred
into a linear programming cone ratio DEA model,

Tmax j.1 Yo,

OJT X -j.1T yEK,
(PC2WH )

OJ T Xo = 1,

OJ E V, j.1 E U.

The dual programming problem of this is given by

min e,
XA -8:0 E V*,

(DC2WH )

- YA +Yo E U* ,

AE-K*.

Definition 4. If (p 2 ) has an optimal solution
C WH
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then

[
XA-exO] *

EW ,
-YA+yo

51 (e
T
A+52 (-ly3 An+1)=51,

W T Xo =1,

maX(fL TYo - 51 fLo ) = hO,

WTX-fLTY+fLo51eT EK,

W E V, fL E U, 515 2 ( -1) 53 fLo ? 0.

And the dual programming problem

min e,

* ::>: 1A E -K , An+1 :c--' 0, e E E .

In the models above, 51,5
2
,5

3
are 0-1 parameters. For

different values of 51,52 ,53 , the above model can be

transformed into different models with a cone structure,
C2R, BC2, FG and ST. In particular, when W = VX U and
51 = 0, it is the C2WH model. Furthermore, when

V = E';', U = E~ and K = E:, it is transformed into

the regular DEA model.
Wei et al. conducted a series of researches on the

cone structured DEA model (PGDEA) and (DGDEA)[9, 12,20,21].
They showed the equivalence of the DEA efficiency
(GDEA) and the non-dominated solution of a multiobjec
tive programming problem respect to W*, investigated the
corresponding additive model and the DEA model with
polyhedral cone. It is clear that the research on the gener
alized DEA model incorporated research results on all
other DEA models.

Denote the production possibility set by

T
GDEA

= {(x, y) I (XA - x JEW',
-YA+Y

51 (e
T

A+5J-l)'" A"J = 51' AE-K', A"+I? O} }.
The above DEA model can be written into

{

min e,
(GDEA-I)

(e Xo,YO)E TODEA ' e EEl.

This model is called an input-oriented generalized DEA
model. Similarly, we can obtain the following output
oriented generalized DEA model[3]:

{

max z,
(GDEA-O) 1

(xo,zYo)EToDEA , zEE.

Model (GDEA-O) can be discussed parallelly to the
model (GDEA-I). For the research on discret DEA models
with cone structure, see ref. [22].

n2

V* ={vIAv :'(O}, U* ={uIBu? O}.

Thus, (p 2 ) and (D 2 ) are rewritten into the fol-
CWH CWH

lowing polyhedral cone ratio DEA model[5, 18]:

max fL'T (Byo),

w,T (AX) - fL'T (BY) ? 0,

w' ? 0, fL'? 0,

and the dual programming problem

mine,

(AX) A :'(e(Axo),

(BY) A ? (Byo),

A? 0.

That is, the polyhedral cone ratio DEA model is a
DEA model with the following input and output data,
transformed from the original data.

When the polyhedral cone is given by the "intersection
form" (a set of facet describing linear inequalities), it is
easy to be transformed into the "sum form,,[19].

Yu et al. gave a generalized DEA model with cone
structure in 1996[12] (e = (l, 1, "', 1)TEEn),

ev 0, fLo) such that WOE lnt V, fLo E lnt U, and fLOT Yo =

1, then DMU-jo is called DEA efficient (C2WH).
The cone ratio DEA model also has the correspond

ing additive model. We have the following theorem.
Theorem 5. Under the "constraint qualifica-

tion,,[16,171, DMU-jo is DEA efficient (C2WH) if and only if

(xo, Yo) is a non-dominated solution of the following mul
tiobjective programming problem respect to V* x U*,

{

V-min (x, - y),

(x, y) E TC2WH '

where the production possibility set

TC2WH = {(x, y) I(x, y) E (XJe, YA) + (-v*, U*),Je E -K*}.

When V and U are polyhedral cones given by the
"sum-form" (linear combinations of a set of points), and

whenK = E:, that is (A = Am'xm' B = Bs'xs)'

V= {ATw'lw' ?o}, U={BTfL'lfL' ?O},

1326 Chinese Science Bulletin Vol. 46 No. 16 August 2001



6 DEA models with infinitely many DMUs

In 1988, Charnes et al. discussed semi-infinitely
multicriteria programming DEA models with infinitely
many DMUs C2W[7] and C2WY[23]. The semi-infinitely
multicriteria programming is a branch of mathematical
programming started by Charnes et al. C2W model is the
first nonlinear DEA model. It reveals the mathematical
and economic background of DEA. It was recognized as
"a perfect research framework which provides a base for
statistical analysis". Denote Z as the set of DMUs. Con
sider

max (/-? y(Z0) - 5],uo ) =ho,

OJ Tx(z)_,uT y (z)+5],u0 ?o, ZEZ,
(Pc 2WY)

OJ T x(Z 0 ) = 1,

OJEV, ,uEU, 5]52 (-1)53 ,uo?0.

And the dual programming problem

mine,

L X(Z)A(Z) -8:(zo) E V·,
ZEZ

(DC2WY ) - LY(Z)A(Z)+Y(ZO)EU·,
ZEZ

5][LA(Z)+52(-1)53 AO] =5],
ZEZ

A(Z)?O, Z E Z, A 0 ? 0, e E E'.

The corresponding production possibility set is

L X(Z)A(Z) - x E V·,
ZEZ

LY(Z)A(Z)-YE-U·,
ZEZ

5][ L A(Z) +52 (_1)53 AO] =5],
Z EZ

A (z) ? 0, AO ? 0, Z E Z.

Definition 5. If (p 2 ) has the optimal objective
CWY

value 1, then (x (zo), y(zo)) is called to be on the produc-

tion frontier of T 2 (that is, DMU-Zo is weak DEA
CWY

efficient).

In particular, when 5] = 1, 52 = 1, 53 = ° (that is,
this is an FG DEA model with infinitely many DMUs),

V = E';, U = E~, and Z = E'; = {x I x?O}, we can de

scribe the production function background of the DEA

model. Consider the format of DEA model given as be
low[24]:
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XEE';

I x Xo I

I f(x) Yo I

where fix) is a continuously differentiable production
function, and fix) is concave homogeneous function of
order k, k~ 1. From DEA model (p 2 ) and (D 2 ),

CWY CWY

we can obtain the following results.

Theorem 6. Let (xo, Yo) E TC2WY ' and Xo > °,
then

( i) TC2WY ={(x, y) I f(x) ? Y, X E E';}.

(ii) Assume that (xo, Yo) E TC2WY ' then (xo, Yo) is

on the production frontier T 2 if and only ifyo = f(xo).
C WY

(iii) If (xo, Yo) is on the production frontier of

T
C2WY

' then we have OJOT xO -,u°yo =-,ug, where

(OJ o,,u0,,ug) is an optimal solution of (Pc 2WY)' and

OJ 0 = f(xo)T ,,u0 = 1, ,ug = (1- k)f(xo).In addition,,ug

>f and only if (xo, Yo) has a decreasing return-to-scale,

,ug =° if and only if (xo, Yo) has a stable return-to-scale.

From the discussion above, we can see that a pro
duction possibility set generated from a finite number of
DMUs is an approximation to the epigraph of production

function {(x, y) I f(x) ?Y, x E E';}, and the DEA pro

duction frontier is a piece wise linear approximation of the

production function surface. Therefore, parameter,ug in

the DEA model can be used to determine the re
turn-to-scale of a DMU. We can thus use DEA model for
the assessment of technological progress of organizations
or companies[25,26]. DEA models can be also used to es
tablish non-parametric micro-economic models[lO, 27].

7 Chance constrained DEA models

Chance constrained programming is an important
and useful area in stochastic programming, and is pro
posed by Charnes and Cooper in 1959. The stochastic
DEA model and the DEA model with a cone structure
have been recognized as two important branches in the
research of DEA models[28]. Sengupta in 1987[29] and Land
et al. in 1993[30] studied the stochastic DEA models. In
1996, Huang et al.[3]] investigated the model again. They
considered that all inputs and outputs are stochastic vari
ables, proposed the concept of stochastically nondomi
nated point, and obtained a chance constrained DEA
model.

Denote x. the input vector of dimension m, Y~·
] ]

the output vector of dimension s, of DMU-j, for j=1, 2, "',
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max pliT[~0xJ A}eT[~(BYJ Aj ] ,

:'( P Axo -e T Byo }.

P{b{~ YjAj ;;' Yo]} ;;, I-c, ,~I, 2, "', ,',

O{~Aj+0, (-I)'" AO ,,] ~ 0" Aj ;;, 0,

j =1, 2, ... , n, n +1.

n. We have the following definition.
Definition 6. Denote

I

nn
T = ex,y) LXjAj :'(X, LYjAj ?y,

j=1 ;=1

8, [~A j +8 i (-lr" Ao " ]

=61, Aj?O, j=1,2, ... ,n,n+l }.

Then T is called a stochastic production possibility set.

For a given cl~ed convex cone rand a number 0:'( a:'( 1,
if V(X,Y)E T, it always has p{(x, - Y)E. (x, - y)+r}
:'( a , then (xo, Yo) is called an a-stochastlcally nondo
minated point respect to r, and DMU-jo is called a
stochastically nondominated efficiency respect to r.

Using the concept of a-stochastically nondominated
point respect to r, we can further define the a-stochasti
cally efficient frontier of T.

For convenience, assume that ris a convex polyhe
dral cone given by "intersection form":

r=vxu, V={vIAv:'( O}, U={uIBu :'(O}.

Thenv(x,Y)ET, P{(X,-Y)E(Xo,-Yo)+r}:'(a is equi

valent to

p{~ (Axj )Aj 0 (Axo), ~ (BYj )Aj ;;, (BYo)} 0<>;

where A], ... , A m A n+1 satisfy

51[i Aj +52(_1)53 An+l ] = 51' ~?O,j=l,... , n, n+ l.
;=1

The chance constrained DEA model is given by (stochas
tic Charnes-Cooper test),

OJ T XA + 51~O

= - 12 (A,5152An+I'OJ,~,51~O)'

Definition 7. Let (Ao,5152Aon+dESI, (OJo,~o,

In (Pcc), a; is the ith row of A, i = 1, ... , m ', and b
r

is

the rth row of B, r =1, ... , S', and sis a non-Archimedean
infinitesimal.

Theorem 7. If DMU-jo is a-stochastically nondo
minated efficient respect to r, the (Pcc) has its optimal
objective value not greater than a.

Huang et al. [31] pointed out that when xj and Yj'

j =1 ... n follow the normal distribution, (Pcc) can be
rew;itte~in~o a nonlinear programming model.

8 DEA model and two-person constrained game

In 1953, Charnes et al[32]. proposed and solved a
constrained game. They introduced a concept of chance
constrained game by transferring the concept of chance
constrained programming into game theory. In 1980,
Banker et al. discussed the relationship between the DEA

f· . [33,34] I 1986and the two-person, Illite, zero-sum game . n ,
Charnes et al. discussed the relationship between C2W
DEA model with infinitely many DMUs and game mod
els[35]. In early 2000, Wei investigated the relationship
between the generalized DEA model and game model,
both with cone structures[36]. They established different
game models according to the input and output data, and
showed that the game value is the efficiency index in the
DEAmodel.

In 1995, Roussean et al.[37,38] gave a ratio efficiency
games model, and studied its equivalency with DEA mod
els. In 2000, Hao et al. discussed the equivalency of the
ratio efficient cone constrained game and the DEA model
with cone structure[39]. Consider a two-person, infinite and
O-sum game (denoted by G),

{
~TYA }G = I, II ; SI, S 2, T '

OJ XA+51~0

where

SI = {(A, 5152An+l) 151 (e T A + 52 (-1) 53 An+l)

=51,AE-K*,An+1 ?O},

S2 ={ (OJ,~,51~0)IOJEV, ~EU,

T }~ ~ Yo _5152 (-1) , ~0?0, T -1,
OJ Xo +51~0

X=(xI,x2,''''xn), Y=(YI,Y2,· .. ,Yn)·
The pay-off function is given by

11 (A, 5 15 2 An+1' OJ,~,5d..lo)

~TYA

i =1,2, ... , m',
(Pee)
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5],ug) ES2,If V(,t,5]52An+])ES], V(OJ,,u, 5],uo) ES2'
the following holds

fi (A, 5] 52An+] ,OJ°,,u05],ug)

~ 1] (Ao,5]52Ao ,OJo,5],ug)
n+l

~fi (AO ,5]52A~+], OJ, 5],uo).

Then (AO, 5]52A~+]) and (OJo, ,u0, 5],ug) is called an

optimal strategy of player I and player II in the game,
respectively. Furthermore, the game value

Gv = fi (AO, 5]52Ao ,OJo, 5],u°o).
n+l

If Gv = 1, DMU-jo is called game efficiency.
Recall the production possibility set of DEA model

with cone structure (w =V xU):

The game G can be explained as follows. When DMU-jo

has its efficiency index 1[ ,u T Y =1]' player I
OJ T xA+5],uo

can be treated as an evaluator. The evaluator determines
(x, y) = (XA, n) from the production possibility set

TGDEA, such thatfi(A, 5]52An+], OJ, ,u, 5],uo) is maxi

mized. Player II can be treated as DMU-jo. This player
selects a weight (OJ,,u, 5],uo ) E S2' such that fi (A,

5] 52 An+] , OJ,,u, 5],uo) is minimized. Clearly, if Gv> 1,

then DMU-jo is not DEA efficient although player II
selects the most favorable weight, there may still exist a
better production state with a higher efficiency rating Gv
> 1 in the production possibility set).

Theorem 8. Under the constraint qualification[39J,
the game value Gv of game G equals the efficiency index
of the output oriented generalized DEA model with a cone
structure (GDEA-O).

9 Inverse DEA model

In 1999, Zhang et al. proposed a new DEA model
when they investigated the relative efficiency of evalua
tion subsystems in China's economic information sys
tem[40J. Wei et al. studied the model further, and proposed
an inverse DEA model[4]J. In later 1999, Yan et all). ex
tended the work to the DEA model with cone structure,
and discussed the issue of resource reallocation and pro
duction input-output analysis.

A DEA model with cone structure can be given as

(GDEA-O)
XA-XO EV*, -YA+ZYo EU*,

5Je T A+52(-ly3 An+])= 5],

* ::>: ]AE-K ,An+]:C--- O,zEE .

Let the efficiency index zo> 1. Along the direction of -V,
we then increase the input Xo to aO = Xo +Ax, Ax E -V* ,

and the output Yo will be increased to t. Under the condi
tion that efficiency index is unchanged (this implies a sta
ble technical conditions), we need to estimate the new
output t. Consider a multiobjective programming prob
lem

-T _ -T s: - ::>: ° .-1 2OJ x j ,u y j +v],uo:c--- , } - , , ... , n.

Denote

maxz,

1 ° * "1 0fJ *X/l,-a EV, -Y/l,+Z °EU ,

(VP) I fJ - Yo E - U*,

5] (e T A+52 (-ly3 An+])= 5],

below. For DMU-jo, the output oriented DEA model
(GDEA-O) is given as follows:

L = {(x,y) I iVT x- JiT y+5]Jio = O},

If TODEA nL *- 0, then L is called an efficient frontier of

TODEA'

A E -K*, An+] ? 0,

where fJ = (fJ], fJ2"'" fJJ.
Theorem 9. Assumethat aO -xo E-V*, fJo -Yo

E -U* , then for the new DMU-jo corresponding to (ao,

t), the efficiency index is still ZO if and only if t is a
non-dominated solution of (VP) I respect to -Int U*.

10 Efficient frontier of production possibility set and
its structure

The concept of production frontier was proposed in
the first DEA article of Charnes et al. We briefly discussed

it further. Consider a production possibility set (K =K:):

(

XA-XEV*,-YA+yEU*, I
TGDEA= (x,y) 5](eTA~52(-1)53An+])=5],.

A E -K ,An+] ? °
Definition 8. Let (iV, Ji) E Int W, 5]52 ( -1) 53 Jio ?

O,and

I
XA-XEV*, -YA+yEU*,

5] (e T A+52 (-ly3 An+])= 5],

1) Yan, H., Wei, Q. L., Hao, 0., DEA models for resource reallocation and production input/output estimation, City University of Hong Kong,
working paper.
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applied. Consider

(GDEA-O), T
fL Yo =1,

Let (ill °,fLO, 51 fLg ) be an optimal solution to (GDEA-O) '.

(GDEA-O)' has its dual programming problem

maxz,

[
XA-XO] *EW,
-YA+yo

~ (eTA +52(-1)"3 An+1) =51>

(GDEA-O)

* ::>: 1A E -K ,An+1:C--- 0, Z E E .

Let (AO ,5152A~+I) be an optimal solution to (GDEA-O).
In all theorems below, we assume that DMU-jo is weak

DEA efficient under the BC2model (51 = 1, 52 = 0).
Theorem 11 (General model).
( i ) The return-to-scale of DMU-jo is stable if and

only if DMU-jo is weak DEA efficient (FG) and weak
DEA efficient (ST).

( ii) The return-to-scale of DMU-jo is increasing if
and only if DMU-jo is weak DEA efficient (ST) and not
weak DEA efficient (FG).

(iii) The return-to-scale of DMU-jo is decreasing if
and only if DMU-jo is weak DEA efficient (FG) and not
weak DEA efficient (ST).

Theorem 12 (C2R model).
( i ) The return-to-scale of DMU-jo is stable if and

only if problem (GDEA-O) has the optimal objective
value Zo =1 (weak DEAefficient (C2R)).

( ii) The return-to-scale of DMU-jo is increasing if
and only if problem (GDEA-O) has the optimal objective

n

value zo> 1 and L A~ < 1.
]=1

(iii) The return-to-scale of DMU-jo is decreasing if
and only if problem (GDEA-O) has the optimal objective

n

value zo> 1 and L A~. > 1.
]=1

Theorem 13 (BC2model).

min (ill T X o +51 fLo),

ill TX - /I T y + /I 5 e T E Kr rO 1 ,

Theorem 10. DMU-jo is DEA efficient (GDEA) if
and only if (xo ,Yo) is on an efficient frontier of TGDEA.

The efficient frontier defined in Definition 8 is a
supporting plane of TGDEA • The properly efficient frontier
is a facet of TGDEA with direction (iV, Ji) E Int W. In

1996, Yu et al. constructed the properly efficient frontier
by using the K-cone, a predilection cone, in the general
ized DEA model, and obtained constructive theorems of
properly efficient frontier under different DEA models
(C2R, BC2, FG and ST)[9,20J•

In 1999, Wei et al. 1
) gave a much simpler method for

constructing the properly (weak) efficient frontier, by ap
plying a method of extreme point identification[42J• It is
clear that to construct the efficient frontiers of a produc
tion possibility set gives an effective way to analyze the
DMUs. More insightful management information can be
thus obtained.

11 Economics background of DEA efficiency

From Theorem 10, DMU-jo is DEA efficient if and
only if (xo, Yo) is on a production frontier of the corre
sponding production possibility set. In general, if a DMU
is on a production frontier of the production possibility set
TBC2 generated from the corresponding (PBC2) and (D BC2)
models (satisfying Postulates 1,2,3 and 5), it is called to
be technical efficient. That is, a DEA efficient DMU under
BC2 model is technical efficient. From Theorem 2, a DEA
efficient DMU under C2R, FG and ST models is also
technical efficient. In addition, if a DMU on a production
frontier of the production possibility set T 2 generated
from the corresponding (P 2 ) and (D 2 )1n~dels (sat
isfying Postulates 1,2, 3, 4~lRand 5), it i~ fo be scale effi
cient. It is clear that a DEA efficient DMU under C2R
model is both technical efficient and scale efficient.

Using DEA models to study the return-to-scale of a
DMU has long been a widely concerned problem. In 1984,
Banker et al. gave conditions for stable, increasing and
decreasing return-to-scale under the BC2 DEA model,
provided that the optimal solution is unique[8J• In 1992,
Banker et al. gave the necessary and sufficient conditions
for determining return-to-scale by BC2 DEA model[43J• In
1993, Wei et al. studied the generalized DEA model. They
discussed an output oriented generalized DEA (GDEA- 0)
with the background of production function, and defined
the stable, increasing and decreasing return-to-scale of a
DMU provided that the DMU is weak DEA efficient un
der the BC2 model with cone structure (we need to point
out that this condition is very important, some articles
missed this condition in their discussion). They then gave
necessary and sufficient conditions for different re
turns-to-scale of a DMU, when different DEA models
(C2R, BC2, FG and ST models with cone structure) are

1) Wei, Q. L., Yan, H., Hao, G, Characteristics and construction method of surface and weak surface of DEA production possibility, The Hong
Kong Polytechnic University, working paper.
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( i ) The return-to-scale of DMU-jo is stable if and
only if problem (GDEA-O) I has an optimal solution

evo, j.10, j.1g)suchthatj.1g =0.

( ii) The return-to-scale of DMU-jo is increasing if
and only problem (GDEA-O) I has an optimal solution

(ill 0, j.10, j.1g) such that j.1g < 0 .

(iii) The return-to-scale of DMU-jo is decreasing if
and only problem (GDEA-O) I has an optimal solution

(ill 0, j.10, j.1g) such that j.1g > 0 .

Theorem 14 (FG model).
( i ) The return-to-scale of DMU-jo is stable if and

only if problem (GDEA-O) I has an optimal solution

( ill 0, j.1 0, j.1g) such that j.1g =0 .

( ii) The return-to-scale of DMU-jo is decreasing if
and only if problem (GDEA-O) I has an optimal solution

( ill 0, j.1 0, j.1g) such that j.1g > 0 .

Theorem 15 (ST model).
( i ) The return-to-scale of DMU-jo is stable if and

only if problem (GDEA-O) I has an optimal solution

( ill 0, j.1 0, j.1g) such that j.1g =0 .

( ii) The return-to-scale of DMU-jo is increasing if
and only if problem (GDEA-O) I has an optimal solution

( ill 0, j.1 0, j.1g) such that j.1g < 0 .
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