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Abstract This review introduces the history and present
status of data envelopment analysis (DEA) research, par-
ticularly the evaluation process. And extensions of some DEA
models are also described. It is pointed out that mathematics,
economics and management science are the main forces in
the DEA development, optimization provides the fundamen-
tal method for the DEA research, and the wide range of ap-
plications enforces the rapid development of DEA.
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Data envelopment analysis (DEA) is a new research
area which synthesizes operations research, management
science and econometrics. It was first proposed by Char-
nes et al. in 1978, DEA is a mathematical programming
approach to provide a relative efficiency assessment
(called DEA efficient) for a group of decision making
units (DMU) with multiple number of inputs and outputs.
In addition, the input and output vectors of the DMUs
expand the production possibility set. Determining
whether a DMU is efficient from the observed data is
equivalent to testing whether the DMU is on the “frontier”
of the production possibility set. The concept of the pro-
duction frontier is extended from the production function
to the case of multiple outputs. The methods and models
of DEA can be used to comprehensively describe the
structure of the production frontier. Therefore, DEA is
also recognized as a non-parametric statistical estimation
method. To evaluate the relative efficiency of a set of
DMUs by DEA methods, we can obtain some insightful
management information with the economic background.
Therefore, the research and applications of DEA attract a
great amount of interests from both academic field and
industrial practice!?!.

This review introduces the history and the current
status of DEA research. In particular, we aim to describe
the development process of DEA research. Extensions on
some DEA models are discussed. It is pointed out that
mathematics, economics and management science form
the solid foundation of DEA research, optimization theory
provids the major methodology, and a wide range of ap-
plications is the driving force of the rapid development of
DEA. We can see the profound influence on the DEA
studies from the effort and research results of Charnes et
al. in different fields such as operations research, man-
agement science and economics since the 1950s.

A research field or branch is formed from a new
“starting point” by the long-term and joint effort of many
people. In the field of DEA research, Charnes, Cooper,
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their research co-investigators, their students, and other
scholars working on DEA conducted a series of funda-
mental works. These works mainly include the following
aspects: ( 1) A large amount of application cases in dif-
ferent industries are implemented. The work comprehen-
sively shows the broad applications of DEA. (ii) Various
numerical methods on DEA models and related softwares
are developed. The work significantly supported the ap-
plication of DEA. (iii) Different DEA models are ex-
tended and thoroughly discussed. This includes the addi-
tive model, Log-type DEA models, DEA models with a
cone ratio of decision makers’ preference, semi-infinite
programming DEA models with infinitely many DMUs,
stochastic DEA models, etc. (iv) The economic and man-
agement background of DEA models and methods are
extensively investigated. The research established the po-
sition of DEA in economics and management science. (v)
The mathematical theories for DEA research are discussed.
The work involves convex analysis, mathematical pro-
gramming, game theory, etc.

The research of DEA in China was started from 1986.
The research of the Chinese scholars on the DEA theory,
model, and related softwares have been well recogni-
zed® ™. In 1988, the first book on DEA research, DEA
Methods for Relative Efficiency Evaluation——A New
Area in Operations Research, was published in Chinese'”.
The book systematically described DEA methods and
models. From an initial estimation in our “China
Mainland Index of DEA Research”, there are more than
300 research articles or books published in either Chinese
or English up to the date of January, 20001, We will
comprehensively introduce and survey the research results
on DEA from Chinese scholars in the next paper.

1 The first DEA model, C’R model

In 1978, Charnes et al. proposed the first DEA model
in their work!l. Assume that there are n departments or
organizations (called decision making units, denoted as
DMUs), each DMU has m types of inputs and s types of
outputs, given as in the following:

1 2 e g
| x| P
b v

In above, x;= (X1, Xo > *** X )' > 0, ¥ =( Vij» Vos» "

Vi y'>0, x;= the amount of the ith input to DMU-j, y,;=
the amount of the rth output of DMU~j, forj =1, 2,--, n; i
=1,2,--,m;and r =1, 2,---, s. For convenience, denote
the inputs and outputs of DMU-j, by x,= X5 and

vy =y;,» josn, respectively. The DEA model (C’R
model) for evaluating DMU-j, is given by
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\v* 0, ue O, v=0, u=0.
In this model, v = (vq, v2, ***, v,,,)T, u=(uy, ta, **, uS)T are
the weighting parameters for m inputs and s outputs re-
spectively. Using Charnes-Cooper transformation, the
fractional programming is transferred into an equivalent
linear programming problem. Let
1

vix,
The corresponding linear programming problem of C’R
model is

= , @=tu, u=tv.

max p' yo =h°,

a)ij—,uTyj *0,j=12,---, n,
(PCZR)

® x5 =1,

w* 0, u+ Q0.

And its dual programming,
min &,

n
Z x;A;e Oxg,
j=1

(DCZR )

2. Ve Yo,
j=1

Ayt 0,j=1,2,-,n, 0k

Definition 1> 7, If ( PCZR) has optimal objective
value 1° = 1, then DMU-+j, is called weak DEA efficient.
h° is called efficiency index.

Definition 2. If ( Py ) has an optimal solution (&”,

/) such that ©”>0, #°>0 and 4y, =1, then DMU-j, is
called DEA efficient.

From the dual theorem and complementary theorem
of linear programming, we have the following equivalent
definition of the DEA efficiency.

Definition 3. If any optimal solution of ( Doy ),

0%and 2%, j=1,2, -, n, satisfies
0" =1, D x,45=0", D v, =y,
7=l j=1

The DEA models ( Py ) and ( DCZR) above extend

the method of efficiency evaluation on single input and
single output given by economist Farrell in 1957 to the
case with multiple inputs and outputs, by mathematical
programming models.

However, applying models ( PCZR) and ( DCZR) to

determining the efficiency often faces the problem that all
weight @ and u are not guaranteed to be positive, and the
corresponding slack variables in dual programming to be
0. In 1952, when Charnes dealt with the issue of degen-
eration in linear programming, he introduced the concept
of non-Archimedean value &"”. For DEA model ( Dag ),

Charnes et al. gave a DEA model (DézR)with non-

Archimedean value ¢ as follows:

(( min[@—¢ (@ s +e'sT)],

n
ijij +5 =6 xq,
j=l

(DSZR) Zy]ﬂ’] s =Yo,
=1
21'207.]:17 27 7n7
\ "> 0,5 =0,0ekE",

where
e=(1,1,-- DOV eE™, e=(1,1,---, )" e E*.

We then have the following theorem (that is, there exists a

positive value g such that the following theorem holds
(see ref. [5])).

Theorem 1. If (DézR)has an optimal solution
90,2(]). ,j=1,2, *+, n,such that

0°=1,5"=0, s"=0,
then DMU-j, is DEA efficient.

2 Postulate system of production possibility set and
extension of DEA models

In the research on econometrics, it is often needed to
introduce some postulates for investigating the structure
of an economic system. Denote the production possibility
set by
T={(x,y) |yekE;is a possible output while xe £”
is an input}.

For production possibility set 7, we have the follow-
ing postulatest™ *.

1) The non-Archimedean value is a small amount such that Vg >0 and ¥ N>0, we have N * g<Ca. That is, “£>0” is a number which is

fﬁ‘é‘ﬁeﬂﬂﬁ’tﬁ% P UNFSY B efficient.
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Postulate 1(Convexity postulate). If (x,y)eT,
and (x, p)e T, then (Ax+(1-A)x, (y+(1-A)y)eT, for
Le[01].
Postulate 2 (Inefficiency postulate). If(x,y) eT,
and x =x, p <y, then (x,p)el.
Postulate 3 (Ordinary postulate).
(x;,v)el, foralj=1,2,---,n.

The observed

Postulate 4.1 (Ray unboundness postulate). If (x,
yyeT, then g(x,y)eT,forall a= 0.

Postulate 4.2 (Contraction postulate). If (x,y)
el , then a(x,y)eT, forall0<a=1.

Postulate 4.3 (Expansion postulate). If (x,y)

el, then a(x,y)eT, forall « = 1.

Postulate 5 (Minimum extrapolation postulate). 7
is the intersection set of all 7 satisfying Postulates 1, 2
and 3 or satisfying Postulates 1, 2 and 3 together with one
of the postulates from Postulates 4.1, 4.2 and 4.3.

Now, we introduce three 0-1 binary parameters &, &
and &;. The production possibility set has the following
unique form.

T=1(xy)

n n

>
Z xjﬂ’j <x , Z y].ﬂj =Y,
J=1 J=1

5 [2,1]. +3,(-1)% AMJ =5, 4; =0,
j=1
j=1, -, n,n+l }

In particular,
(1) When 7 satisfies Postulates 1, 2, 3, 4.1 and 5
(correspondingly &1 = 0), then

Teog = {(x, v)

j:l,2,~~~,n}.

(ii) When 7 satisfies Postulates 1, 2, 3
(correspondingly 6, =1, 5, = 0), then

Zn:xjﬂj <x, Zn:yjﬂjéy , Zn:ﬂj =1,
J=1 J=1 7=l

ijﬂj < x,Zyj)Lij, A;,Z0,
J=1 7=l

and 5

TBCZ :{(x’y)

J

A =0,j=1,2,.n }

(iil) When 7 satisfies Postulates 1, 2, 3, 4.2 and 5
(correspondingly &, =5, =1, §; =0), then
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Teg = {(an’)

n n
ij;bjgxazyjﬂjzya
7=l J=1

sz.gl,zj. >0,/j=1,2,-,n }
J=1

(iv) When 7 satisfies Postulates 1, 2, 3, 4.3 and 5
(correspondingly &, =65, =5, =1), then

Tgr = {(an’)

n n
ijﬂjg x, Zy]ﬂ]; v,
J=1 J=1

sz =1,4;, =0,/=1,2 ,-,n }
J=1

These results represent the four most typical DEA models:
C’R model given by Charnes et al. in 1978, BC* model
given by Banker et al. in 1984'®], FG model given by Fire
et al. in 19851 and ST model given by Seiford et al. in
1990, These models can be given in a unified form.

{ min &,
(Exq,v0)eT,

or
min &,
Z x ;A ,;<0x, Z Yid; =V,
j=1 j=1
(P) )
Si| D Ay +8,(-1) A, | =6,
j=1
A;=0,j=1,2,~,n,n+1,0eE"
And its dual
max (,“TJ’O =1 Mg ),
(D) O)ij_/'lTyj—i_gl/uO; 0,]21,2,"',1’1,
a)Txo =1,
0 =0, 1 20,80,(-1)% 1= 0.

Given different values of 6;, J, and J3, the corresponding
models (PCZR) » (DCZR ), (PBCZ ) » (DBCZ ), (PFG)u (DFG): and
(Pst), (Dst) could be obtained. For the generalized DEA
models (P) and (D), we can similarly define the weak
DEA efficiency and DEA efficiency for a particular DMU,
and the DEA model with non-Archimedean value ¢.

Theorem 2. The following results hold"*.

( 1) Weak DEA efficiency (C*R) = Weak DEA effi-
ciency (FG) = Weak DEA efficiency (BC?);

(ii) Weak DEA efficiency (C*R) = Weak DEA effi-
ciency (ST) = Weak DEA efficiency (BC?);
where “weak DEA efficiency (C*R)” means that DMU-j,
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is weak DEA efficiency under the C’R model, and others
have the similar meaning, “= " means “implies”.

3 Additive model and Log-type model

In 1961, Charnes et al. introduced goal programming
when they studied a linear programming problem with an
application background, where no feasible solution ex-
isted. The goal programming involves both positive and
negative error variables. Later on, the error variables are
introduced into the objective function, and the model is
used to deal with the problem with multiple objectives.
Based on the results, Charnes et all™ proposed their
C’GS® model. In the model, the objective function simply
consists of the sum of all error variables. The model is
then called an additive model. For the generalized DEA
model, we can also give the additive models for deter-
mining the DEA efficiency and the weak DEA efficiency
in the similar way. Consider the following additive model,

max (é's +els™),

n
ijij +5 =Xxq,
j=l1
n
+
Zyjﬂj—s :yo’
j=l

5 [Z A; 4851 ﬂ“nHJ =91,

j=1

A; 20, j=1L2,-,n,n+l,

st =0, s = 0;

and its dual

min (O)Txo — 4y Jr51#0),
(—) a)Tx]._#Ty]_+51#0 =0, j=1, 2,---,n,

0=0, u=0
818, (-1)% pg = 0.
Theorem 3. DMU-j, is DEA efficient if and only if
(Pyand (D)have the same optimal objective value 0.

Using the additive model to determine the DEA effi-
ciency of a DMU, the computational inconvenience due to
the non-Archimedean value ¢ can be avoided. Similar to
model ( D(E:ZR ), we can obtain the projection of the DMU
on the production frontier of 7. The corresponding models
for determining the weak DEA efficiency can be con-
structed in the same way. It can be shown that DMU-j, is
weak DEA efficiency if and only if the following linear
programming problem has optimal objective value 0.

1) fmatrix C = (cij)1 <i<m> 0, denoe LogC = (logcij)l <i <
1<j<n l<i<n
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maxf,

n n
Zx].ﬂ,].-}-te:xoy Zyjﬂ“j_te:yO’
J=1 J=1

(r) .
5 [Z A +8,(=1)* ﬂ“nHJ =01,

j=1

A;=0,j=12,nn+l, 1=0, teE".
In 1983, Charnes et al. investigated a Log-type DEA
model"*, The model transfers the original data X = (xi,

Xy, =, %) and ¥ = (yy, o, -+, y,) into (logX; logh)", and
then implements the corresponding C°R or BC? additive
models. The following is a Log-type generalized additive
model

max(ATs* +eTs+) ,

Z(Long JA; +s =Logxg,

j=l1
A Z(Logyj)ﬂ’]'_er:LogyO)
(P) 5=
5 [Z Ay 48, (1) 4, J =01,
j=l1

11207 j:1727“‘7n7n+17

s =0, 5" =0,
and its dual
T T
min (a) Logx, —u Logy, +6, 1 ),
A a)TLong —/,tTLogyj +8 o= 0,7=1,2,---,n,
o =0, =0,
818,(=)% uy = 0.
If DMU-j, is DEA efficient under the Log-type models,
then there exist »° >0, x° >0, 5,40, such that

o Logxy — u" Logy, +8,ud =0,
that is,
- u s = @)
Hy”o =e” OHxiO )
r=l1 i=1
In particular, when s=1, we have ( f=u /u’,

o =
Wzo //uloa 121,2,,171)
m
5 ;
Yo =¢ lﬂHxZ :
i=t
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Therefore, the Log-type DEA model is the local approxi-
mation of the Cobb-Douglas production function.

4 The equivalence between (weak) DEA efficiency
and (weak) Pareto solution

The problem of evaluating the relative efficiency of
n DMUs with m inputs and s outputs can be described by
a multiobjective programming problem with m + s objec-

tives. That is,
V-min (x,—y),
(VP) { ( Y

(x,v)eT,
where T is the production possibility set expanded by the
observed inputs and outputs, and x=(xy, xa, ***, %), y=(v1,

V2,5, ¥5)'. A natural question is that when DMU-j, is
(weak) DEA efficient, whether the corresponding (xo, Vo)
is the (weak) Pareto solution of multiobjective program-
ming problem (VP).

In 1962, when Charnes et al. studied the multiobjec-
tive programming problems, they developed the necessary
and sufficient conditions for testing whether a feasible
solution is a Pareto solution. The condition is called
Charnes-Cooper Test. For BC® model, Charnes et al.l"]
showed the equivalence between the DEA efficiency and
the Pareto solution of (VP) by the Charnes-Cooper Test.
This work linked the concept of DEA efficiency to Pareto
solution which is a well established and fundamental
concept in multiobjective programming. As a matter of
fact, if the concept of DEA efficiency would have a dif-
ferent meaning from the concept of Pareto solution in the
multiobjective programming, then the definition of DEA
efficiency, as well as the overall research of DEA field
would loss its theoretical and practical ground. The fol-
lowing theorem shows the results.

Theorem 4. For the generalized DEA model (P)
and (D), the following hold.

( 1) DMU~j, is DEA efficient if and only if (xo, ¥o) is
the Pareto solution of the multiobjective programming
problem (VP)> ',

(1i) If DMU+j, is weak DEA efficient, then (xo, 3o) is
the weak Pareto solution of the multiobjective program-
ming problem (VP)™ ',

(iii) For C’R DEA model (5,=0) and ST DEA model
(0= 6= =1), if (x, 1o) is the weak Pareto solution of
(VP), then DMU-j, is weak DEA efficient!').

5 Cone ratio DEA model, C*WH model and its ex-
tension

In conventional DEA models (CZR, BC?, FG and ST),
m inputs and s outputs are treated as the same important
when they are used in evaluating DMUs. There is no re-
striction on the weighting scales @ = (@1, @»,***, a)m)T and
= (m, w, -, i)' . Since the publication of the first
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DEA model, it has been pointed out that this is a weak
point of DEA efficiency assessment. Such a DEA model is
short of the concern on the decision maker’s preference on
some input-output attributes. In 1974, Yu introduced a
concept of nondominated solution for multiobjective pro-
gramming problems. The work extended from Pareto so-
lution to nondominated solution which can represent the
decision maker’s preference. It has been shown that the
concept of DEA efficiency is equivalent to the Pareto so-
lution of a multiobjective programming (see Theorem
4( 1)). However, there were no corresponding results in
DEA research reflecting the decision makers’ preference
up to then.

To deal with this, Charnes et al. extended the C*R
model in 1989. They proposed a “cone ratio C*WH
model” that can represent the decision maker’s preference

on attributes!'®,

max 1 Yo ,
5 VoXg
(C*WH) VTX—MTYEK,
vel’\{0}, u e U\{0},
where
X=(x1,%, 7xn)T7

Y=(y17y27 "':J’n)T:
V c E isaclosed convex cone, and Int}) =%,

UckE;
KcE}

is a closed convex cone, and Int U # 9,
is a closed convex cone,
x; €—Int V*, y; €—Int U*, j=L2,--, n

It is clear that when V=" U =F? and K =FE7, the

above model is reduced to the C’R model. Using Char-
nes-Cooper transformation, model C*WH is transferred
into a linear programming cone ratio DEA model,

max 4" yg,
o X - ,uTY ek,
(P C*WH )
@ xy =1,
welV, uel.
The dual programming problem of this is given by

min &,

XA—6x, eV,

(D gy ) .
W -YA+y,eU,

Ae-K".

Definition 4. If ( PCZWH) has an optimal solution
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(0°, uysuch thatp® eIntV, u° elntU,and 4"y, =
1, then DMU-j, is called DEA efficient (C°WH).
The cone ratio DEA model also has the correspond-
ing additive model. We have the following theorem.
Theorem 5. Under the “constraint qualifica-
tion”!'*"") DMU-j, is DEA efficient (C*WH) if and only if
(xo0, ¥o) is a non-dominated solution of the following mul-
tiobjective programming problem respect to V" x U,
V-min (x, - y),
(x7 y) € TCZWH »
where the production possibility set
Loy =1, 0| (6, ») € X2, Y +(F7, U),Ae-K}.
When J” and U are polyhedral cones given by the
“sum-form” (linear combinations of a set of points), and

when K = 7, thatis (4=4,,.,, B=B,.,),
V={A'we" =0}, U=(B"u|u =0},

then
V' ={v|Av <0}, U" ={u|Bu=0}.
Thus, ( PCZWH) and ( DCZWH) are rewritten into the fol-

lowing polyhedral cone ratio DEA model™ '™

max x'" (Byy),

Far) o' (AX)- " (BY) =0,
o' (dxg) =1,
o'=0, u=0,

and the dual programming problem

min &,

(4x) 2 =0(4x,),

(BY) 2z (BJ’O),

AZ 0.

That is, the polyhedral cone ratio DEA model is a
DEA model with the following input and output data,
transformed from the original data.

(5 C*WH )

1 2 n
| Ax, Ax, «ee Ax,
| BJ/1 Byz ces Byn

When the polyhedral cone is given by the “intersection
form” (a set of facet describing linear inequalities), it is
easy to be transformed into the “sum form™'*!,

Yu et al. gave a generalized DEA model with cone
structure in 19961 (e = (1, 1, -+, )T e EM,
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max(,uTyo —Oypg) = hy,
a)TX—,uTY—i-,uoé'leT ek,

a)Txo =1,

(P GDEA )

weV,uel, 8,5,(-1)% uy, =0.
And the dual programming problem

min &,

X1-0x, .
el ,

YA+,

61 (eTﬂ’ +62 (_1)53 ﬂ’n+1 ): 51 >

(D GDEA )

Ae-K*,2,, =0, OeE".
In the models above, &,,5,,5;are 0-1 parameters. For

different values of §,,5,,5;, the above model can be

transformed into different models with a cone structure,
C’R, BC?, FG and ST. In particular, when ¥ = IV’X U and
o =0, it is the C*WH model. Furthermore, when
V=E" U=E} and K=E", it is transformed into
the regular DEA model.

Wei et al. conducted a series of researches on the
cone structured DEA model (Pgpga) and (Deppa)’ 2271,
They showed the equivalence of the DEA efficiency
(GDEA) and the non-dominated solution of a multiobjec-
tive programming problem respect to J¥, investigated the
corresponding additive model and the DEA model with
polyhedral cone. It is clear that the research on the gener-
alized DEA model incorporated research results on all
other DEA models.

Denote the production possibility set by

Xl-x .
TGDEA: (x’y) —Yﬂ,-‘ry EW’

5, a+5,(-1)"1,)=6, re-K", 2 >0}}.

n+l

The above DEA model can be written into

min &,

(GDEA-I)
(9 xo:)’o)eTGDEA: OekE".

This model is called an input-oriented generalized DEA
model. Similarly, we can obtain the following output-
oriented generalized DEA model:
max z,
(GDEA-0O) )
(x0,2v0) € Topea, Z€E .
Model (GDEA-O) can be discussed parallelly to the
model (GDEA-I). For the research on discret DEA models
with cone structure, see ref. [22].
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6 DEA models with infinitely many DMUs

In 1988, Charnes et al. discussed semi-infinitely
multicriteria programming DEA models with infinitely
many DMUs C*W!' and C*WY™!. The semi-infinitely
multicriteria programming is a branch of mathematical
programming started by Charnes et al. C*W model is the
first nonlinear DEA model. It reveals the mathematical
and economic background of DEA. It was recognized as
“a perfect research framework which provides a base for
statistical analysis”. Denote Z as the set of DMUs. Con-
sider

max (1" y(z4) =Sy o) = hy,

a)Tx(z)—,uTy(z)—i-é'l,uo =0, zeZ,
(Prayy) T
@ x(ZO):L

weV, uel, &§8,(-1)% u,=0.

And the dual programming problem

[ mind,
D x(2)A(z)=x(zg) eV,
zeZ
(Deryy) < =D MDA +Mz0) €U,
zeZ
5 {Z Az)+8, (1) zo] =4y,
zeZ

\/1(2)20, zeZ,Ayg=0, k.
The corresponding production possibility set is

Z x(z2)A(z)—-x€e a8

zeZ
D WAz -ye-U",
T s = (x,y) zeZ

6{Zﬂ<z>+62<—1>%]=61,

zeZ

A(z2)=0, 1,=0, zeZ.

Definition 5. If ( PCZWY) has the optimal objective
value 1, then (x (zp), ¥(z0)) is called to be on the produc-
tion frontier of Teoyy (that is, DMU-Z, is weak DEA
efficient).

In particular, when &, =1, §, =1, 5, =0 (that is,
this is an FG DEA model with infinitely many DMUSs),
V=E"U=E, and Z =E" ={x|x=0}, we can de-
scribe the production function background of the DEA
model. Consider the format of DEA model given as be-
low!*!:
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| /&) o ]

where f{x) is a continuously differentiable production
function, and flx) is concave homogeneous function of

order &, k<1. From DEA model ( PCZWY) and ( D ayy ),
we can obtain the following results.
Theorem 6. Let (xy,y;)e Ty, and x, >0,

then
(1) Tayy ={x )] f(x) = p,xcEM}.

(ii) Assume that (x,y,)e 7, then (xo, yo) 18

ZWY >
on the production frontier Teogy if and only if yy = f(xo).

(iil) If (xo, »o) is on the production frontier of

T then we have 5T

cwy?
0 0,0y : :
(@”, 1, py ) 1s an optimal solution of (PCZWY ), and

xo— vy =—p ., where

0% = flx)", 1 =1, ud =(1-k)f(x,). In addition, s
>fand only if (xo, o) has a decreasing return-to-scale,
ug =0 if and only if (xo, yo) has a stable return-to-scale.

From the discussion above, we can see that a pro-
duction possibility set generated from a finite number of
DMUs is an approximation to the epigraph of production

function {(x,y)|f(x) =y,xe E}, and the DEA pro-
duction frontier is a piece wise linear approximation of the
production function surface. Therefore, parameter #8 in

the DEA model can be used to determine the re-
turn-to-scale of a DMU. We can thus use DEA model for
the assessment of technological progress of organizations
or companies’®™ **). DEA models can be also used to es-
tablish non-parametric micro-economic modelst'® "

7 Chance constrained DEA models

Chance constrained programming is an important
and useful area in stochastic programming, and is pro-
posed by Charnes and Cooper in 1959. The stochastic
DEA model and the DEA model with a cone structure
have been recognized as two important branches in the
research of DEA models”®. Sengupta in 1987 and Land
et al. in 1993 studied the stochastic DEA models. In
1996, Huang et al.®"! investigated the model again. They
considered that all inputs and outputs are stochastic vari-
ables, proposed the concept of stochastically nondomi-
nated point, and obtained a chance constrained DEA
model.

Denote JNC]- the input vector of dimension m, ;].

the output vector of dimension s, of DMU-+j, for j=1, 2, -,
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n. We have the following definition.
Definition 6. Denote

n n
T =3G9 54 <% D 5,4, 2y,
j=l1 j=l1

5 [Z A 48, (-D)% zm}

J=1
=01, /1]-20, j=L2,....n,n+1 }

Then 7 is called a stochastic production possibility set.
For a given closed convex cone / and a number 0<<a<1,
if V(x,y)el, italways has P{¥, —3)e (7, —7)+I"}
< a, then (;0,}0) is called an a-stochastically nondo-
minated point respect to /7, and DMU-j, is called «-
stochastically nondominated efficiency respect to 7.

Using the concept of a~stochastically nondominated
point respect to 7, we can further define the o~stochasti-
cally efficient frontier of T.

For convenience, assume that /'is a convex polyhe-
dral cone given by “intersection form”:

I=vxU, V={|dv <0}, U={u|Bu <0}.

ThenV/(¥, 7) e T, P{(X,~5) € (¥,~¥)+'} Sa is equi-
valent to

P{Z (AZ))2; < (A%g), D (BY )4, = (B )} <a
j=1 j=1
where A, **, A1 ,, A+ satisfy

3 [Z Ay +8,(-)% AMJ =68,, 4=0,j=1,, n, n+l.
j=1

The chance constrained DEA model is given by (stochas-
tic Charnes-Cooper test),

o éT[i (7, %}_J[i (5,) %} :

<é' A%, —e' By, },

Pla, sz,ijé?co =1-¢, i=12,...,m,
(PCC) j=1
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In (Pcc), a,is the ith tow of 4, i =1, -+, m', and p, is

the rth row of B, » =1, -+, s', and ¢is a non-Archimedean
infinitesimal.
Theorem 7. If DMU-j, is a~stochastically nondo-

minated efficient respect to 7, the (Pcc) has its optimal
objective value not greater than o.
Huang et al. ! pointed out that when JNC]- and )7]. ,

j =1, -+, n, follow the normal distribution, (Pcc) can be
rewritten into a nonlinear programming model.

8 DEA model and two-person constrained game

In 1953, Charnes et al®”!. proposed and solved a
constrained game. They introduced a concept of chance
constrained game by transferring the concept of chance
constrained programming into game theory. In 1980,
Banker et al. discussed the relationship between the DEA
and the two-person, finite, zero-sum game®>>*!, In 1986,
Charnes et al. discussed the relationship between C*W
DEA model with infinitely many DMUs and game mod-
els?*!. In early 2000, Wei investigated the relationship
between the generalized DEA model and game model,
both with cone structures”™. They established different
game models according to the input and output data, and
showed that the game value is the efficiency index in the
DEA model.

In 1995, Roussean et al.’”**! gave a ratio efficiency
games model, and studied its equivalency with DEA mod-
els. In 2000, Hao et al. discussed the equivalency of the
ratio efficient cone constrained game and the DEA model
with cone structure™. Consider a two-person, infinite and

0-sum game (denoted by G),
,uT Ya }

G=11,11; 51,5,
{ b a)TX/1+61,uO

where
Sy ={(4, 8,6,2,,1) |01 (eT A+3,(-D% 4,.,1)

=5,,,e-K",2

> Ut

=03,
S :{ (@, 1,6, 0)|@ €V, uel,

_Ew
a)Txo + 0, 1g ’

X:(x17x27"'7xn)7 Y:(y17y27"'7yn)'
The pay-off function is given by

f‘l(ﬂ“ﬂé‘lé‘zﬂ’ml’a)’ﬂ’é‘lﬂo)
YA
o' XA+ 3, u,
:_fz(2951522“;1“90)9#951/“0)'
Definition 7. Let (1°,5,5,2%1)es,, (°, u°,

016, (-1, Ho=0,
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51#8)652: If v(ﬂ“aglgzﬂ“nﬂ)esla V@, p, 61 49) €555
the following holds
fl(ﬂﬁlé‘zﬂnﬂaw():/"o@/"(?)

< ﬁ(ﬂ°,5l52/12+1,a)0,51u8)

< /i(2°,6:6,28.1,0,6,0).
Then (,10, 515215)”1) and (wo’ u®, 51#8) is called an
optimal strategy of player I and player II in the game,
respectively. Furthermore, the game value

Gv=1, (2, 3,6,2° , 0°, 8,u%):
If Gy=1, DMU+j, is called game efficiency.
Recall the production possibility set of DEA model
with cone structure (7 =17 x U ):

Xﬂ—er*, -YA +yeU*,
Topea=1 (x,¥) |6, (eT,i +8,(-1)% 2, ): 5,
Ae-K" A= 0
The game G can be explained as follows. When DMU-j,

T
—HY 1|, playerl
a)Tx/1+61,uo

can be treated as an evaluator. The evaluator determines
(x,y)= (Xg, Yﬂ) from the production possibility set
TGDEA’ such thatf‘l(ﬂ’a 6162ﬂ’n+17 @, K, 61 /uO) is maxi-
mized. Player II can be treated as DMU-j,. This player
selects a weight (w, 1,5, 1,)€ S, , such that f (4,

has its efficiency index 1[

5,85 Ay s @, 1, 514 )1s minimized. Clearly, if Gy>1,

then DMU-j, is not DEA efficient although player II
selects the most favorable weight, there may still exist a
better production state with a higher efficiency rating Gy
>>1 in the production possibility set).

Theorem 8. Under the constraint qualification””,
the game value G, of game G equals the efficiency index
of the output oriented generalized DEA model with a cone
structure (GDEA-O).

9 Inverse DEA model

In 1999, Zhang et al. proposed a new DEA model
when they investigated the relative efficiency of evalua-
tion subsystems in China’s economic information sys-
tem*’!. Wei et al. studied the model further, and proposed
an inverse DEA model™". In later 1999, Yan et al”. ex-
tended the work to the DEA model with cone structure,
and discussed the issue of resource reallocation and pro-
duction input-output analysis.

A DEA model with cone structure can be given as

below. For DMU-j,, the output oriented DEA model
(GDEA-O) is given as follows:

max z,
XA -x el”, —YA+zy, € U,

9 (eT/1+52 1) A ): 5,
Ae-K"2,,=0,zeE".

Let the efficiency index z,>>1. Along the direction of —V*,
we then increase the input xoto o” = x; + Ax, Ave V",

(GDEA-O)

and the output y, will be increased to 4. Under the condi-
tion that efficiency index is unchanged (this implies a sta-
ble technical conditions), we need to estimate the new
output /. Consider a multiobjective programming prob-
lem

V-max(ﬂl,ﬂz,---,ﬂn)a
Xi-a eV*, —Y/1+Zoﬂ0 eU*,
P=Yo e-U",
51(8Tﬂb+52(_1)53 ﬂnﬂ):gl’

Py

le-K",2,,=0,
where § = (4, §,.... B,)-

Theorem 9. Assumethat o® —x, e 1", g% -y,
e -U", then for the new DMU-j, corresponding to (o,

/), the efficiency index is still z° if and only if / is a
non-dominated solution of (VP)' respect to —Int U".

10 Efficient frontier of production possibility set and
its structure

The concept of production frontier was proposed in
the first DEA article of Charnes et al. We briefly discussed

it further. Consider a production possibility set (K = K7 ):
Xi—er*,—Y/i—i-ye U*,
Tepea=1(x, ¥) |5, (eTﬂ +8,(-1)% A, )= 5, b
Ae-K",2,., =0

Definition 8. Let(z, m)eInt W, 5,8,(-1)% 7, =
0, and

T

@ x; -0y 40 H, =0, j=12,..,n

Denote
L={(xy)|@ x—1" y+5 1, =0}
If Tappa L # @, then L is called an efficient frontier of

TGDEA .

1) Yan, H., Wei, Q. L., Hao, G, DEA models for resource reallocation and production input/output estimation, City University of Hong Kong,

working paper.
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Theorem 10. DMU-j,is DEA efficient (GDEA) if
and only if (xy, Vo) is on an efficient frontier of Tgpga.

The efficient frontier defined in Definition 8 is a
supporting plane of 7gpea. The properly efficient frontier
is a facet of Tgpesa with direction (7, @)eIntW. In

1996, Yu et al. constructed the properly efficient frontier
by using the K-cone, a predilection cone, in the general-
ized DEA model, and obtained constructive theorems of
properly efficient frontier under different DEA models
(C’R, BC?, FG and ST)**,

In 1999, Wei et al.” gave a much simpler method for
constructing the properly (weak) efficient frontier, by ap-
plying a method of extreme point identification*!. It is
clear that to construct the efficient frontiers of a produc-
tion possibility set gives an effective way to analyze the
DMUs. More insightful management information can be
thus obtained.

11 Economics background of DEA efficiency

From Theorem 10, DMU-j, is DEA efficient if and
only if (xp, 3p) is on a production frontier of the corre-
sponding production possibility set. In general, if a DMU
is on a production frontier of the production possibility set
Tpc? generated from the corresponding (Ppc?) and (D pc?)
models (satisfying Postulates 1, 2, 3 and 5), it is called to
be technical efficient. That is, a DEA efficient DMU under
BC? model is technical efficient. From Theorem 2, a DEA
efficient DMU under C’R, FG and ST models is also
technical efficient. In addition, if a DMU on a production
frontier of the production possibility set 7, generated

CR
from the corresponding (P yand (Do ymodels (sat-
isfying Postulates 1, 2, 3, 4£1%nd 5), it is to be scale effi-
cient. It is clear that a DEA efficient DMU under C°R
model is both technical efficient and scale efficient.

Using DEA models to study the return-to-scale of a

DMU has long been a widely concerned problem. In 1984,

Banker et al. gave conditions for stable, increasing and
decreasing return-to-scale under the BC® DEA model,
provided that the optimal solution is unique'®. In 1992,
Banker et al. gave the necessary and sufficient conditions
for determining return-to-scale by BC* DEA model™. In
1993, Wei et al. studied the generalized DEA model. They
discussed an output oriented generalized DEA (GDEA- O)
with the background of production function, and defined
the stable, increasing and decreasing return-to-scale of a
DMU provided that the DMU is weak DEA efficient un-
der the BC* model with cone structure (we need to point
out that this condition is very important, some articles
missed this condition in their discussion). They then gave
necessary and sufficient conditions for different re-
turns-to-scale of a DMU, when different DEA models
(CZR, BC?, FG and ST models with cone structure) are

applied. Consider
min (a)Txo +61/,10),
o "X —u'Y +pyde’ €k,

GDEA-O)’
( " uTy =1

(e

Let (", 1°, 8, g ) be an optimal solution to (GDEA-O)'.

(GDEA-O)’ has its dual programming problem

max z,
XA —
X0 | W
-YA +y0
51(e%52(— 1)% fum):él,

ie-K i =0,zek.

Let (4°,5,8,4%,,) be an optimal solution to (GDEA-O).
In all theorems below, we assume that DMU-j, is weak
DEA efficient under the BC* model (5, =1, 5, =0).

Theorem 11 (General model).

( 1) The return-to-scale of DMU~j, is stable if and
only if DMU-j, is weak DEA efficient (FG) and weak
DEA efficient (ST).

(1i) The return-to-scale of DMU~j, is increasing if
and only if DMU-j, is weak DEA efficient (ST) and not
weak DEA efficient (FG).

(iii) The return-to-scale of DMU-j, is decreasing if
and only if DMU-j, is weak DEA efficient (FG) and not
weak DEA efficient (ST).

Theorem 12 (C’R model).

( 1) The return-to-scale of DMU~j, is stable if and
only if problem (GDEA-O) has the optimal objective
value z, =1 (weak DEA efficient (C*R)).

(ii) The return-to-scale of DMU-j, is increasing if
and only if problem (GDEA-O) has the optimal objective

(GDEA-O)

0
value zo>1 and 2,1]. <1.
j=l
(iii) The return-to-scale of DMU-j, is decreasing if
and only if problem (GDEA-O) has the optimal objective

- 0
value z,>>1 and 2,1]. >1.
j=l1
Theorem 13 (BC” model).

1) Wei, Q. L., Yan, H., Hao, G, Characteristics and construction method of surface and weak surface of DEA production possibility, The Hong

Kong Polytechnic University, working paper.
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( 1) The return-to-scale of DMU-j, is stable if and
only if problem (GDEA-O)’ has an optimal solution

(0°, u°, ud)suchthat 4 =0.
(ii) The return-to-scale of DMU-j, is increasing if
and only problem (GDEA-O)' has an optimal solution

(a)o’ luo’ /,tg)suchthat ,U(()) <0.

(iii) The return-to-scale of DMU-j, is decreasing if
and only problem (GDEA-O)' has an optimal solution
(a)o’ luo’ ,U(()) ) such that ,U(()) >0.

Theorem 14 (FG model).

( 1) The return-to-scale of DMU+j, is stable if and
only if problem (GDEA-O)’' has an optimal solution

(0, u°, w)suchthat 40 =0.

(ii) The return-to-scale of DMU-j, is decreasing if
and only if problem (GDEA-O)’ has an optimal solution
(a)o’ ,uo’ ,U(()) ) such that ,U(()) >0.

Theorem 15 (ST model).

{ 1) The return-to-scale of DMU-j, is stable if and
only if problem (GDEA-O)’ has an optimal solution

(0, u°, ud)suchthat ) =0.
(ii) The return-to-scale of DMU-j, is increasing if
and only if problem (GDEA-O)’ has an optimal solution

(0, u°, pf)suchthat 4) <0.
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