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WE have obtained the convergence theoremsr'* of the iteration of Halley family by the point 
estimate of  male[^]. In the point estimate, map f which is desired to be solved is presumed to 
be analytic in some proper neighborhood at the initial value zo .  From the viewpoint of litera- 
ture in numerical functional, this is a hypothesis of the strong conditions although it is neces- 
sary in the study of real computational complexity. For an iteration containing the kth deriva- 
tive (or difference) in the iterative map, what the weak condition means is that f is assumed 
to have a continuous ( k  + 1) th  derivative in some neighborhood at zo, as well as 

Kantorovich's classical workr4] on Newton method. The biggest difficulty to establish a con- 
vergence theorem with weak conditions is the determination of the existence of the positive 
root of the dominating mapping. This is a completely resolved problem[51 in the theory of algo- 
rithms because the dominating map is often chosen as a polynomial. But for a successful con- 
vergence theorem it is required that the convergence condition be expressed clearly and explic- 
itly, while it is not sufficient to give a determining algorithm only. This is very obvious by 
contrasting the .success of ref. [6 1 to the disadvantage of ref. [7 1 . This is also the main diffi- 
culty why the convergence theorem of iteration of Halley family has not been established with 
the weak conditions for a long time. Some convergence theorems have been established for the 
original Halley iteration but we cannot say which is better. 

I t  is unexpected that the theory of the point estimate results in our weak condition which 
makes the iteration of Halley family converge. This weak condition is not only harnionical and 
natural, but also the convergence result obtained under this condition is very straightforward. 

1 Y-condition of order k 

Let E and F be real or complex Banach spaces. For zo E E and a positive number p, let 
B ( zo, p )  denote a p-neighborhood at zo, i. e. the set of z € E satisfying )I z - z0 11 < p and 

B ( zo , p ) denote its closure. Suppose f is a map from a domain containing B ( zo,  p ) to F . 
Definition 1 .  We say that f satisfies y- condition of order k about B( zo,  p )  at zo .  If f 
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has a continuous ( k  + 1)-derivative in B ( z o ,  ,o), l3f (z0)- l  exists ( i .e .  D f ( z o ) - '  is a con- 
tinuous linear operator) and satisfies 

II ~ f ( z ~ ) - ' o ' f ( z ~ )  II < i! Y'-l ,  i = 2, -.., k ;  

II ~ f ( z ~ ) - l ~ ' f ( ~ )  II < ( k  + I ) !  YC(1 - Y I I  z - zo II ) -k -2 ,  V z E B ( z 0 ,  ,o) 

Naturally, if f is analytic in B ( zO,  ,o) and satisfies 

then we say f satisfies 7-condition of order about B(zo ,  p)  at zo. 
We have 

Theorem 1. For any k > j 2 1,  i f f  satisfies Y-condition of order k about B ( zo,  p )  at 

zo, then f certainly satisfies 7-condition of order j about B(  zo,  ,o) at  z i .  

Proof. Suppose that f satisfies Y-condition of order k about B(z0,  ,o) at zo .  For 

z E  B ( z o ,  p ) ,  we have 

Hence, 

That is to say, f satisfies 7- condition of order k - 1 about B ( zo, ,o ) at zo . So the theorem is 
proved for integer k . As to the case k = 00, this theorem has been proved in reference [ 8 ] .  

2 Iterative map 

The k th iterative map of Halley iterative family is defined by 

H k ,  f ( z )  = Z f 8k(z ) ,  

8 , ( z >  = - D f ( z ) - ' f ( ~ ) ,  

\ j = 2, ..., k .  
The first two elements of Halley iterative family are Newton and Halley methods: 

HI, , (z)  = z - D f ( z ) - ' f ( z ) ,  

When E = F = C  or = R .  

which is the zero of Pade approximation of order [ l /  (k - I ) ]  of f at zo .  When f is a polynomi- 
al, { Hk, , ( z )  1 is a Bernoulli sequence approaching the zero of f which is nearest to z ,  provid- 
ing that is single and unique. 

We call iteration 
zL!+)l = H ~ ,  f (z( ,k) ) ,  n = 0, 1, ..., 2 i k )  = 2 o 

the iteration Hk of f with initial value zo. The sequence produced by it is denoted by 1 z y )  I y-0. 
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The sequence { z y )  defined by 
z ln )  = Hn, , - ( z o ) ,  n = 1, 2 , . - . ,  21') = z o 

is called (generalized) Bernoulli sequence. 

3 Convergence theorem 

When f satisfies y- condition o f  order k , let 
a = a(  f ,  zo) = /3 Y, 

P = 11 ~ f ( z o ) - ' f ( z o >  11 . 
The real map h defined by 

h ( t )  = / 3 -  t + yt2(1 - yt) - l  
is called the dominating map of  f under iteration H A .  For the dominating map h and the initial 

value t i k )  = 0 ,  the sequence 1 t (,'I 1 := 0 defined bjr 
t(,Yl = Hk, , , ( t kk ) ) ,  n = 0 ,  1, t i k )  = O 

is a domiqating sequence of  I z y )  I :=o. Similarly, I t i k )  l is a dominating sequence correspond- 

ing to Bernoulli sequence { z I n )  } . When a<3 - a, the dominating map h has two zeros 

Both satisfy the inequality 

Theorem 2. Suppose that f satisfies )'-condition oj'order 1 about B (  zo, p )  at zo, i .  e .  f 

has a continuous second derivative in B (  zo, ,o) and satisfies the inequality 

II D ~ ( Z ~ ) - ~ D ~ ~ ( Z )  11 < 2 y 2 ( 1  - Y I I  Z -  2011 I - 3 .  
T h e n a s a < 3 - 2 f i  and r l G p < r 2 ,  o r a = 3 - 2 a  a n d p = r l ,  f hasa  uniquezero 

CE B ( z o ,  r l )  in B ( z 0 ,  p ) .  

Theorem 3. Suppose that f satisfies Y-condition of order k about B ( zo, p )  at zo. Then 

as a < 3 - 2 f i  and r l  < p ,  for all 1 < j < k , iteration Hj is well defined for all f and the 

initiul vulue zo und the sequence 1 2:) y=o produced by it converges to r .  Moreover, for 
n > no),O, we have 

I 1 - yr2 
where q = (37, E = - ' -1 

l - y r 1 9  I =  
For k = 00, besides every iteration of Halley family being convergent for f and zo, 

Bernou lli sequence z$  ") 1 is also convergent and for n > 0 we have 

Moreover, for the smuller zero r l  and the dominating sequences 1 t j J )  1 := 0 and { t i " )  1 , 
the equalities hold in the corresponding inequalities above. 

Remark 1.  The error estimates given in the above two inequalities are the relative ones. 
In the relative error estimates, the absolute error estimates can be obtained i f  we notice that C 
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E 3 ( zo, rl 1. For example, for the former inequality, letting no = 0 and substituting it by 

1 1  c - zo 1 1  < r l ,  we obtain 

Remark 2.  The proof of two theorems uses the control principle. Generally speaking, 
they can be obtained by taking h as the dominating map here in Theorem XIIX . l .  4 in refer- 
ence [ 4 ] .  
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