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In this paper, we reformulate Kermack’s and McKendrick’s variable susceptibility model
for infectious diseases as a nonlinear age-dependent population dynamics model, then
we prove an existence and uniqueness result for the endemic steady state. Subsequently
we discuss the local stability of the endemic steady state. Finally we show that Pease’s
evolutionary epidemic model can be seen as a special case of the variable susceptibility
model and discuss possible extensions.
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1. Introduction: Kermack’s and McKendrick’s Epider.nic Models

It is well known that Kermack and McKendrick were most important pioneers
in the field of mathematical epidemiology. Between World War I and II, they pub-
lished a series of papers about deterministic structured population models for the
spread of infectious diseases, which have been so far referred by many authors again
and again as an important origin of idea. Nevertheless, in my opinion, possibilities
and implications of their epidemic models have been not necessarily fully examined.

The first paper published in 1927 [10] was especially famous among researchers,
in which they developed, what we call, SIR (susceptible-infected-removed) epidemic
model with duration dependent (variable) infectivity, that is, the infection rate de-
pends on the duration in the infected and infectious status and the infection happens
only one time in the life of host individual. So let us call this early Kermack’s and
McKendrick’s model as the variable infectivity modeb. If the infectivity is assumed
to be constant, this structured SIR model is reduced to the well known ordinary
differential equation model. Even now, unfortunately most people keep referring to
the simplest ODE case of this Kermack’s and McKendrick’s SIR epidemic model
as if it were the only Kermack and McKendrick model. But this leads a historical
misunderstanding, and should stop (Diekmann, Heesterbeek and Metz [4]). Re-
examination of the variable infectivity model has been started by Metz [14] and
Diekmann [3] (see also Metz and Diekmann [13], Iannelli [6]), and up to now its
mathematical features are well understood. The importance of this kind of struc-
tured SIR model is now widely recognized, since it can be used to formulate models
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for epidemic with long incubation period and variable infectivity such as HIV/AIDS
epidemic (Thieme and Castillo-Chavez [19]). During the past two decades SIR-type
epidemic models have been well studied and extended to various kind of epidemic-
demographic situations (Anderson [1], Anderson and May [2]).

On the other hand, as far as I know, Kermack’s and McKendrick’s more gen-
eral complex models developed in two papers written in 1932 [11] and 1933 [12]
have been still neglected. In those papers they have proposed a kind of duration-
dependent epidemic model, where the transmission rate depends on both duration
of infected host (disease-age/infection age) and duration of susceptible host. The
total population is decomposed into three compartments, the never infected (com-
pletely susceptible), infected and recovered (partially susceptible) populations. The
host population is structured by duration variable in each status, but the chrono-
logical age is neglected. The demography of host population is introduced through
birth rate, death rate and migration. We call this model as the variable susceptibil-
ity model, since the infection rate from infecteds to recovered population depends
on not only the disease-age but also the duration variable of recovered host. That is,
in this model, recovered individuals can be reinfected repeatedly, and their reinfec-
tion probability depends on how long it takes since the last infection. Kermack and
McKendrick concentrated to the problem of endemicity of this model, that is, they
examined conditions under which existence and uniqueness of the endemic steady
state could be established. Though from modern mathematical point of view their
treatments for the problem were not necessarily rigorous, it is possible to complete
their proofs.

Why so far has their variable susceptibility model been paid less attention and
neglected? Though one reason would be that their model was too complex to be
analyzed analytically, another important reason would be that they did not give
an answer to the question what kind of real epidemic could be well described by
this type of model and whether it is worth while studying this complex model.
However, today we can recognize that their idea of variable susceptibility is very
much important, since their formulation is so flexible that we can take into account
the genetic change of virus or the variation of host immunity structure. In fact their
exists at least two main reasons that the host immunity will decay as time passes,
one possibility is that there is a natural decay of host immunity, another reason is
the antigenic change in virus. The second reason is now becoming more and more
important, because we are confronting with difficulty to control epidemic in which
by the genetic changes in virus the vaccination and the host immunity becomes
less effective. The evolutionary mechanism would be one of most important factors
which reemerge infectious diseases at the present day.

In this paper, we reformulate Kermack’s and McKendrick’s variable suscepti-
bility model as a nonlinear age-dependent population dynamics model, by which
its well-posedness will naturally become clear to the reader, since the reduced non-
linear age-dependent model can be studied by the well known technique developed
by Gurtin and MacCamy [5]. Next we prove an existence and uniqueness result for
the endemic steady state. Thought this result was the main theme of Kermack’s
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and McKendrick’ papers, their proof is loosely stated. Hence we will complete their
original proof with mathematical rigor. Subsequently we study the stability of the
endemic steady state. Finally we show its applications to the evolutionary epidemic
model and discuss possible extensions.

2. The Variable Susceptibility Model

Here we formulate the variable susceptibility model as an initial-boundary
value problem of McKendrick partial differential equation system. Then we discuss
the existence and uniqueness of the nonnegative solutions. For simplicity, we do not
present the variable susceptibility model in its most general formula. That is, we
neglect the (chronological) age structure of host populations and migration effect.

Let s(t, 7) be the density of susceptible population without experience of infec-
tion (which is also called as virgin population in the terminology of Kermack and
McKendrick) at time ¢ and duration (the time elapsed from entry into the s-state)
7. Let i(t,7) be the density of infected and infectious population at time ¢ and
duration (the time elapsed from infection) 7, which is often called as disease age
or infection age, and let 7(¢,7) be the density of recovered population (partially
susceptible population) at time ¢ and duration 7 (the time elapsed from the last
recovery). The duration 7 in each state is also called as class age.

Let m and p denote the crude birth rate and death rate, v(7) the recovery rate
at class age 7, B1(7)B2(c) the infection rate from infected individual at class age &
to recovered host at class age 7. For the transmission rate, we adopt the following
intuitively reasonable assumption:

ASSUMPTION 2.1. We assume that v,3; € LY(Ry), (7 = 1,2) and Bi(7)
is a monotone non-decreasing function, and the infection rate from infecteds at
class age o to never infected individuals is given by (1(c0)B2(0), where By(00) :=

sup,>q B1(7).

Biologically speaking, 82(7) reflects the variable infectivity of infected individ-
uals and (3;(7) denotes the variable susceptibility of recovered individuals, and its
monotonicity reflects the relative decay of immunity level of recovered population.
Since here we assume that there is no correlation between those two forces, the
transmission rate is assumed to be given by the ;;roportionate mixing assumption.
Then the variable susceptibility model is formulated as follows:

ds(t, 1) + Os(t, 1)

= —us(t,7) — s(t, 7)B1(0) /000 B2(a)i(t,o)do, (2.1)

ot or
ai((;;T) + 6ig;T) = —(u+(7))i(t, 1), (2.2)
argz ™) + argf) = —ur(t,7) —r(t,7)61(7) /0 - B2(0)i(t,0)do,  (2.3)
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s(t,0) = m /0 (st 7) + (2, ) + r(t, 7))dr, (2.4)
i(t,0) = /0  (Bu(00)s(t, 7) + Bu(r)r(t, T)}dr /0 " B()i(t,dr,  (25)
r(t,0) = /0 L (n)itt, r)dr, (2.6)

5(0,a) = so(a), i(0,a) =1io(a), 7(0,a)=ro(a), (2.7)

where (sg,i9,70) denotes an initial data. Let N(t) be the total size of host popula-
tion given by

o0
N(t) = / (s(t, ™)+ i(t, 7) + r(t, 7))dr. (2.8)
0
If we are concerned with the classical solution, it is reasonable to seek the

solution in the positive cone of the Sobolev space W1, hence we can assume that
s(t,00) = i(t,00) = r(t,00) = 0. Therefore it follows from (2.1)—(2.6) that

so if m = pu, the total size of the host population is constant given by
N(t) =N = / (s0(r) + o(7) + ro(7))dr. (2.9)
0

Let us define a population vector p(t,7) := (s(t, 7),i(t,7),7(t,7))T (T denotes
the transpose of a vector) and the state space F as the positive cone of a Banach
space E := L'(Ry) x L'(R4) x LY(R4). For ¢ = (q1,92,93)T € E,, define the
aging function Q(7;¢) and the birth function M(7;q) as

w+ B1(00)( B2, 42) 0

Q13 q) := 0 p+(T) 0 ,
0 0 p+ (1) B2, q2)
m m m
M(r;q) := | f1(o0){B2,92) 0  Bi(7)(B2,q2) |,
0 (1) 0

where (2, ¢z ) is defined by

(B2,q2) := /000 Ba2(7)g(T)dr.
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Then the system (2.1)—(2.7) can be written as the following well known formula of
non-linear age-dependent population dynamics:

(% + aﬂ) p(t,7) + Q(ri p(t, ¥)p(t, ) =0, (2.10)
p(t,0) = /O M plt, )p(t, )i, (2.11)
p(0,7) = po(T), (2.12)

where po(T) := (50(7),30(7),70(7))* € E+ is an initial data.

For this type of non-linear age-dependent population dynamics model, there
are several kind of well known methods to establish its well posedness (Gurtin and
MacCamy [5], Iannelli [6], Thieme [18], Webb [20]). Hence instead of repeating
general approach to existence and uniqueness of system (2.1)—(2.7), here we give
a brief sketch of elementary classical treatment for this problem with a condition
m = p. In this case, the boundary condition (2.4) can be replaced as s(t,0) = uN.

First we consider the control variable

C(t) := /000 Ba(T)i(t, T)dr, (2.13)

as a given function of ¢ so that the system (2.1)—(2.7) can be viewed as an non
autonomous linear problem. Integrating along the characteristics, we obtain

uNLs(r,t —7;C), t—7>0

s(t,7) = (2.14)
so(t —t)Ls(t,0;C), 7—t>0
B;(t — ) Io(7), t—7>0

i(t,7) = I (2.15)
, o(7) _
io(T t)Fo(T—t)’ T—t>0
B.(t - 1)L (1,t—T7,0;C), t—7>0

r(t,T) = (2.16)
ro(r —t)L.(t,0,7—;(C), T-t>0

where L, and L, and Iy are survival rates for individuals in each state defined by

Ly(h,t;C) i= e #h=P1() g’ Clt+o)de (2.17)
Fo(T) = e_’”—~f0‘r 'y(a)da, (218)
L.(h,t,7;C) := e~Hh=Ig Bi(r+0)C(t+o)do (2.19)

and B;(t) := i(t,0) and B,(t) := r(¢,0) are unknown boundary values satisfying
the following integral equations:

t

Bit) = G(t:C) + / W(t,7;C)By(t — T)dr, (2.20)
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t
B.(t) = H(t) +/ ~¥(r)o(7)B;(t — 7)dr, (2.21)
0
where G, ¥ and H are given by

GtC) = Ct) [ﬂl(oo) /0 " st 7)dr

+ /oo Bi(T) L (8,0, 7 — t; Cyro(T — t)dr |, (2.22)
U(t,7;C) = C(t)B1(1)Lp(1,t — 7,0; C), (2.23)
H(t) = /t ” 7(7)%_—)51-0(7 ~ tydr. (2.24)

Note that s(t,r) can be seen as a known function determined by (2.14) if C(t) is
a given function. From (2.20) and (2.21), we obtain a single integral equation for
Bz(t)

Bi(t) = F(t;C) + /t &(t, 7;C)B;(t — T)dT, (2.25)
0
where F' and @ are given by
F(t;C) := Gt C) + /t (t, 7 C)H(t — T)dr, (2.26)
0
&(t,1;C) := /T U(t,o;C)y(T — o) [o(1 — 0)do. (2.27)
0

That is, if once C(t) is given, (¢, 7) is determined by (2.15) and (2.25), subsequently
r(t,7) is given by (2.16) and (2.21).

From the above argument, we can conclude that our problem (2.1)-(2.7) can
be reduced to the following pair of coupled integral equations for C' and B;:

Bi(t) = F(t;C) + / t &(t, ;C)B;(t — 7)dr, (2.28)
0

Ct) = / B2(7)Io(7)B;(t — 7)dT, (2.29)
where J(t) is a given function as

Fo(T)
J(t): / Ba(T ) io(T — t)do.

Existence and uniqueness of continuous solutions for this type of coupled inte-
gral equations system is already well studied by Gurtin and MacCamy [5]. Though
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we omit the proof, under the Assumption 2.1, using the fixed point technique as
given by Gurtin and MacCamy it can be shown that the integral equation system
(2.28)—(2.29) has a unique nonnegative continuous solution for all time ¢ > 0. If
once B;, B, and C are determined, (2.14)—(2.16) will give a classical solution for
(2.1)-(2.7) under appropriate consistency conditions and differentiability of initial
data.

3. Endemic Threshold

For many epidemic models for infectious diseases, it is known that the basic
reproduction number Ry plays a role as threshold value. That is, if Ry is less than
one, the disease-free steady state is a unique steady state which is stable in some
sense, otherwise it will be unstable and endemic steady state appears.

In the following we show that this threshold phenomena holds for the variable
susceptibility model under simple condition that m = u, that is, the total size of
host population is constant.

Let (s*(7),2*(7),7*(7)) be the steady state for system (2.1)-(2.6). Then we
have

s*(7) = uNe—uT—i'(O)(ﬂzJ"o)ﬁ1(°°)"" (3.1)
i*(r) = i*(0) To(r), - (3.2)
(1) = i*(0)(, T )e #7=¢ (O B2T0) Jg Br(0)do (3.3)

where (, ) is defined by

o0
(u,v) := / u(z)v(z)de.
0
Then corresponding to ¢*(0) = 0, there exists a disease-free steady state as
(s*(r),e*(7),r*(7)) = (uNe™*",0,0). (3.4)
In the initial invasion phase at the disease-free steady state, it follows from

(2.5) that the linearized equation is given as follows:

B(t) = f1(c0)N /000 Bao(7)i(t, 7)dr, (3.5)

where B(t) =: i(t,0) is the number of newly infected individuals per unit time.
Then we obtain the following renewal integral equation for B(t):

B(©) = Npi(oo) [ OB - Ode + NBy (o)), (36)

Then we know that the basic reproduction number for this epidemic system is
defined by

Ro = N, (o0) /0 ~ B0 To(C)dc. (3.7)
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Then it is easily seen that the following global stability result holds:

PROPOSITION 3.1. If Ro < 1, then the disease-free steady state is globally
asymptotically stable.

Proof. Observe that
B;(t) =C(t) /Ooo{ﬂl(oo)s(t,T) + Bi(7)r(t, 7)}d7 < B1(c0) NC(2).

Therefore we know that the birth rate satisfies the integral inequality as

Bi(t) < Nﬂ1(00)/0 B2(O)To(S) Bi(t — )dC + N (00) J (t). (3.8)

Then we can conclude that B;(t) < B(t), and if Ry < 1, it follows that
lim, B;(t) = 0, which implies the global stability of the disease-free steady state.
O

Next in order to investigate existence and uniqueness of endemic steady state,
we prepare the following technical lemma due to Kermack and McKendrick:

LEMMA 3.2. If i*(0) # 0, it follows that

* . _ 1=(y1To)(1 - p®(:*(0)))
/0 SO = B o) (39)
where
&(x) := /00 e #T=2(B2.l0) [T Br(o)do g, (3.10)
0

Proof. From (3.1)-(3.3), we can observe that

/000 s*(r)dr + /000 i*(r)dr + /000 r*(r)dr

_ uN . - -
- ,LL+(ﬁz,P0)ﬁ1(OO)l*(O) +1 (O)”F0“L1 +1 (O)(IY’FO>¢(Z (0)) (311)

N

If i*(0) # 0, we can solve the above equation for uN, hence we obtain that

_ B+ (B2, I )B1(00)i*(0)
uN = (B2, I'o)B1(o0)

If we note that

#{lllollLr + (v, Io ) (:%(0))}. (3-12)

uN
p+ (B2, I'o )Br(00)i*(0)’

plllollzy =1 - (v, Ip), /Ooos*(r)drz

then we arrive at the expression (3.9). O
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It follows from (3.9) and (3.11) that

— 1- (77 FO)
M= 1B T (o)
(7? F0> ™ ™ -
+ mﬂl (0){n +77(0)( B2, I ) B1(00) } + 7 (0) || To|l 1 -
(3.13)
Now we define a function F'(z) by
— 1_(77F0> (77['0) x z X
F@) = Ry (e0) T (B T 0 @) +ellollen (319
where G(z) is defined by
G(z) := ®(z){p + (B2, [0 )B1(c0)}. (3.15)

Then we know that if the equation F(z) = N has a positive solution z* €
(0, N/||Io]l], the endemic steady state is given by (3.1)-(3.3) with ¢*(0) = z*.
Since F(z) is a continuous function and it is easy to see that F(0) = N/R, and
F(N/||Io||r1) > N. Therefore we can conclude that

PROPOSITION 3.3. If Ry > 1, there exists at least ones endemic steady state.

Note that we so far do not use the monotonicity of 8;(7) to show the above
existence theorem of endemic steady state. If we adopt the Assumption 1.1 and im-
prove the original proof by Kermack and McKendrick, we can show the uniqueness
result as follows:

PROPOSITION 3.4. Under the Assumption 1.1, if Ry > 1, there ezists a
unique endemic steady state.

Proof. It is sufficient to show that under the Assumption 1.1, F(z) is mono-
tone increasing for z € (0, N/||Io||z:]- Integrating by parts, we can observe that

p&(z) =1—x(f2 Io) /Ooo Bi(r)e w2t Palo) i Bul@)de g,
Then we have
G(z) =1+ (B2, Io) /0 m(ﬂl(oo) — By(r))e HT—(Balo) [T Bulo)o g (3.16)
Here we can assume without loss of generality that there exists a number 79 > 0
such that 8;(r) =0 for 7 € [0, 79] and B:1(7) > 0 for 7 > 79. That is, the recovered

individuals can keep a complete immunity for the time interval [0, 7). Let h > 0
be an arbitrary small number. Then we have

/ (Bu(00) — By (7)) #r=(PaTo) [T Fr(@)de g
0



282 H. INABA

ap ag+h 00
= — —pr—z(B2,10) [y Bir(o)do
{/0 * /ao * /ao+h}(ﬂ1 (OO) /Bl (T))e ’ ar
= Jl(II:) + JQ(.’L’) + Jg(z'),

where each integrals are calculated as follows:

1 — g~ Hao0

I(e) = alpaTo) [ Ba(ooe " dr = fa(oo)a o, o)

ao+h .
Jz(x) 1= :1,'( B2, Iy )/ (ﬁl(oo) -5 (T))e—u-r—z(ﬂz,l’o)fao ﬂl(a)da‘dT’

e o]

Ja@) i= 2B o) [ (Bilo0) — Ga(m)e 70 iy r(@hin gy

a0+h

_ 7 BuU00)=Bi(T) _ur O —a(palo) ] Br(o)do
S W et T

- ,81(00) - [ (aO + h) e—u(ao+h)—z(ﬂz,f‘o ) f:(?-'-h Bi(o)do + H(.Z‘)
ﬂl(ao + h) '

where H(z) is defined as

[T O [Hi(0) = i) —ur | ~a(al) 7, Br(o)de
= o e e i

It follows from the monotonicity of §8;(7) that

£{ﬂ1(00)—ﬁ1(T) —m} <0.

ar Bi(r)  ©
Then we have H'(z) > 0. Observe that
' _ ('Ya FO) 1 / ! L
F(@) = 5 s S (i(@) + J5(@) + (@) + Il

1 — e~ Hao
= ||lollzr + (v, To)

7F do+h —-ur—2x T o)do
+ Gy 0>/ (B1(00) = Bu(T))e™* (62,70} Jg, milo)do g

;81(00) ao
T 2 aoth
B (%Iﬂ‘(izioﬂ) FO)/ (B1(00) = Bu(T))

T _ B . F )
x o)do b e HTH BT [, Birdo g (1 To)
{ e e } Br(00){ B2, o)

y {_/31(00) — Bi(ap + h)
ﬂl(ao + h)

ag+h -

ao

(B2, I)




The Variable Susceptibility Model for Infectious Diseases 283

For z € (0, N/||Iollr], the minus parts of the above expression can be estimated
as follows:

ao+h
z(v, o) 52,F0)/ (B1(00) = B1(7))

B1(0c0)
x {/ ﬁl(a)dU}C—MT_I(BZ’F")f;O ﬁl(U)dadT
ao

2
Br(o0)

N{~,T0){B2,10)
I 7ol 21 B1(oc0)

’—ﬂl(OO) e (B2, T0) [/ o B (a)da] o~ H(ao+h) =z (B2.T0) [20*" By (0)do

Bi(ao + h)
< B1(o0)( B2, I'o )h.
Therefore if we choose a h > 0 small enough in advance, we can conclude that

F'(z) > 0, hence that F(z) is a monotone non-decreasing function. Thus the
endemic steady state exists uniquely. a

Qo

4. Local Stability of the Endemic Steady State

In this section, we consider the stability of the endemic steady state. Again
we assume that the total size of host population is constant*(m = u) and Ry > 1,
so there exists a unique endemic steady state (s*,i*,r*).

Let us introduce new variables x, ¥ and z as

s(t, ) = s*(7) + z(t,7),
i(t, ) = i*(7) + y(t, 1), (4.1)
r(t,7) =r*(7) + 2(¢, 7).

Then the basic system (2.1)-(2.7) can be rewritten as follows:

xt(ta"') + x‘r(tv T) = ‘(l‘ + /Bl(ooxﬂ?’i* >)‘T(t’ T)

- (S* (T) + .’L‘(t, T))ﬁl(oox :82, y(t’ *) >’ (4'2)

yt(t’ T) + y‘r(t, T) = _(/J' + ’Y(T))y(tv T)a (43)
z(t,7) + 2 (8, 7) = —(p + Bu(7)(B2,1" ))2(¢, 7)

= (r*(1) + 2(t, 7)) B1(7)( B2, y(¢, %) ), (4.4)

z(t, 0) =0, (4.5)

y(£,0) = [Bu(oo)(L,z(t, %)) + (Br, 2(t, %) ) ( B2, 1" + y(t, %))
+ [B1(00)( 1,5 ) + (B, " )( B2, y(t, %) ), (4.6)

2(t,0) = (7,y(t, %)) (4.7)
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Since the total population size is constant, it must follow that

(1,z(t, %))+ (1, y(t, %)) + (1, 2(t, x) ) = 0. (4.8)
Then the system (4.2)—(4.7) can be reduced to (y, z) system as

Ye(t,7) + 4 (t,7) = —(u+(7)y(t, 7), (4.9)

2(t,7) + 20 (,7) = —(p+ Bu(7)( B2, 8"))2(t, 7)
= (r7(7) + 2(8, 7)) B (T)( B2, w(t, %) ), (4.10)

y(£,0) = —[B1(oc0)(L,y(t, %)) + (B1(00) — B1, 2(t, %) )( Ba, 1™ + y(t, %))
+ [B1(00)(1,8™) + (B1, ) B, i" + y(t, %) ), (4.11)

2(t,0) = (7, y(t, ). (4.12)

If we find the solution for (y,z) system, z(t,7) is determined by (4.2) with
(4.5) and it satisfies the condition (4.8) as long as the initial condition satisfies
(4.8). That is, instead of (z,y, z) system with condition (4.8), it is sufficient to
consider (y, z) system without condition.

The state space of the epidemic system (4.9)—(4.12) is given by X := L1(R) x
L'(R;). Hence the above initial boundary value problem can be written as a
semilinear Cauchy problem on X as

%u(t) = Au(t) + F(u{t)), u(0) = up, (4.13)

where u(t,7) = (y(t,7), 2(t,7))T, up := (o — i*, 70 — r*)T and the first order differ-
ential operator A and the nonlinear perturbation F' are defined as follows:

—8u (1) — (1 +¥(T))us(7) ) (4.14)

Au)(T) =
(Au)tr) <—67U2(7')—(M+51(7’)<52,i*>)uz(7')
D(A) = {u = (UI,U2)T € X: u1(0) = —[,31(00)(1,U1>

+ (B(00) = Br,u2))( B2, 1" +ur)

+ [Bi1(00){1,8™) + (b1, 7" ) Ba, 3™ + w1 ), uz(0) = (7,u2)},

where D(A) denotes the domain of the operator A, and the bounded operator F is
given by

0
F(u)(T) := 4.
w)(r) (—(r*(f)+U2(T))ﬁ1('r)(52,u1))’ (4.15)

for u = (uy,u2)T € X.
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Since the principle of linearized stability for this type of Cauchy problem has
been proved by the semigroup method (Webb [20], Thieme [18]), let us consider
the resolvent equation for the linearized operator A + F:

A=A+F))u=f, veD(A), feX, AeC, (4.16)
where A and F denote respectively linearization of operators A and F' defined by

—0ruy () — (1 + ¥(7))ua(r) )

, (4.17)
—0ruz(7) = (1 + By (7){ B2, * ))ua(7)

(Au)(r) = (

D(A) = {(u;,uz) € X: ul(O) = —[ﬁl(oo)( I,U1> + (ﬁ(OO) — ,31,'11,2 >](ﬁ2,i*>
+[B1(00)(1, 5™ ) + (Bu, 7" ) B2, ur ), u2(0) = (v, u2)},

0
Fu)(r) := <—r*(’r)ﬂ1('r)(52,u1> ) . (4.18)

By formal integration, we can solve the resolvent equation (4.16) as follows:

ur (1) = w1 (0) (1) + /0 ggi fi(o)do, (4.19)

) = [ )+ [ 2 [ 2D 5 oo

x =) T=(B2,i") f§ Bi(0)do

+/T ~Otu)(r=0)=(B2:8" ) J7 B1(0)do §, () gy

it [ [ 2D porana]

X/ —(Atp)(r—0)—(B2,i*) f] B1(o)do *(G),B1(0')dU, (4.20)
0

where
Iy(7) 1= e~ BHNT=f (oo

and u;(0) is determined by inserting (4.20) into the boundary condition for u,(0),
then we have

(1 - A))ui(0)
= [B1(00)(1,8" ) + (f1,7" )]/ ,82(7)/0 f:ig; fi(o)dodr

— (o, )[,31(00 / / I’A fi(o)dodr +/ ~(7) /0’ }’igﬁfl(a)dadr
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x [ (Bi(o0) = Bu(r)em e i A gy
0
+ [ B0 = a(r) [ eI 12BN
0 0

- /w(gl(oo) — Bi(1)) /T e~ A tu)(r—o)—(B2,i") f7 ﬂl(a)dar*(o-)ﬁl(o-)do-d,r
0 0

y /O ~ () /O ’ 1’:18 fl(a)dadT]. (4.21)

In the above expression, complex function A(A) is defined as follows:

A(A) = f(i*(0), A) + g(i*(0), A), (4.22)
where f(z, ) is given by
f(z,A) == R(z)K()), (4.23)
where
K(\) = / ” e~ K(r)dr, (4.24)
0

R(z) := (B2, Io) [IJ'N,Bl(OO)/ o= B+ ( B2,T0 ) B (00))7 g
0

+ (7, To) / emhT=a(Palo) I B@agr| - (4.26)
0

and g(z, ) is given by

9(z,A) := =2( B2, 0 )B1(00)( 1, In) — (B2, To ) {7, Ix)
X /00(51(00) — (7))~ OFmT=a( 2.0} [§ Bi(0)do g
0

+$2</B2,F0)<ﬂ2,FA><'Y,FO>

X / (B1(00) — By (T))e—ﬂf—z(ﬁz,Fo)foT ﬁl(()dC/ e')‘('r“’)ﬂl(a)dad'r.
0 0
(4.27)
PROPOSITION 4.1. In the half plane R\ > —pu, all of the spectrum of A+ F

are the point spectrum, and they are given as roots of characteristic equation A(X) =
1.

Proof. Since F is a one-dimensional operator, it is a compact perturbation.
Hence it follows that w; (A+F) = wi(A), where w; (A) denotes the a-growth bound
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of e!A. It is well known that operator .A generates a strongly continuous semigroup
T(t) such that T'(t) = U(t) + V(t), where V(¢) is a compact operator for all t > 0
and ||U(t)|| < e~#* (Priiss [16] [17], Webb [20]). Therefore we obtain that

. logaet?
i (A) = Jim BT
< lim k’—gag—U(f)_) < lim log [UMI _ _, (4.28)

Then it follows that wi(A + F) < —p and all of the spectrum of A + F in the
half plane RA > —p are the point spectrum and they are poles of the resolvent
(A= (A+F))~! (Webb [20, p. 166]). Poles of the resolvent (A — (A + F))~! are no
other than isolated zeros of finite order of a holomorphic function A(A) in R\ > —pu.
This completes our proof. O

From the above observation, we know that it is sufficient to see the location of
zeros of the characteristic equation A(\) = 1 in order to judge the local stability of
the endemic steady state. So let us consider the following characteristic equation:

FE*(0),A) + (a7 (0), A) = 1, (4.29)

where i*(0) is the boundary value of the infected populatiom at the steady state.
Note that R(z) denotes the effective reproductive rate, it follows that

R(z*(0))=1 for ¢*(0) #0 and R(0) = R,. (4.30)
That is, for z = 0, we obtain the characteristic equation for eigenvalue A\ at the
disease-free steady state as
RoK()\) = 1. (4.31)
Then if Ry > 1, the characteristic equation has a positive root, so we obtain

PROPOSITION 4.2. If Ry > 1, the disease-free steady state is unstable.

Next for z = i*(0) > 0, we have the characteristic equation for eigenvalue \ at
the endemic steady state as

KO\ +g(z,)\) =1 (4.32)

Mathematical technique to study this type of characteristic equation has been
shown in Tannelli [6]. According to Iannelli’s argument, we can prove the following:

PROPOSITION 4.3. There exists § > 0 such that if z € (0,8), all the roots of
equation (4.32) in the half plane RA > —p have negative real part. Therefore the
endemic steady state is locally asymptotically stable if the size of infected population
at the endemic steady state is sufficiently small.
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Proof. From the expression (4.27) it is easy to see that for some number
a € (—u,0) there exist numbers A > 0 and B > 0 such that for RA > aand z >0

lg(z, M| < (A + Bz)z. (4.33)

For example, A and B can be chosen as

A= ﬂl(m)(ﬂz,F0>{aiu+ (04-2F’—yﬂ)2}7

233 (00) B2

B = (B o) To)o 2y

where ¥ = sup,>ov(7) and B2 = sup, > B2(7). We can choose a € (—4,0) in
advance such that Lotka type characteristic equation

K(\) =1, (4.34)

has the unique root A = 0 in the half plane A > «. Let us choose a positive
number M as

M:= inf [1-K(a+iy)|>0. (4.35)

y€(~00,00)
Moreover it follows from Riemann-Lebesgue lemma that we can take a large number
L > 0 such that for |A| > L, R\ > o,

1 N
5 <IL— RO

Then if z > 0 is sufficiently small such that
. 1
0 < (A+ Bzr)z < min (M, 5) ,

then we obtain
lg(z, A)| < [1 = K(N)],

on the domain {\ € C: |A\| > L, RA > a} and on the vertical line {A € C: R\ =
a}. Therefore it follows from the Rouché theorem, equation (4.32) has one and
only one root in the half plane R\ > a, since equation 1 — K(\) = 0 has only one
zero in this half plane. Let A(z) be the unique root of equation (4.32) in the half
plane R\ > a. Note that A(0) =0 and

dA o ! oy

sy = K — .

2 (]ﬁ r (T)dT) 20,0

z=0
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It is easy to see that
g—i(0,0) = —(B2,10) [,81(00)(1,['0) + (1, I’o)/:o(ﬁl(oo) - ﬂl(r))e—’”dT] .

Therefore we have 8g/0z < 0 at (z,A) = (0,0). Thus the path starting from
A(0) = 0 goes to the left of the imaginary axis as o increases from zero, so we can
conclude that in the half plane R\ > —u all the roots of characteristic equation
(4.32) have negative real parts for sufficiently small positive z. This completes our
proof. |

5. Discussion

Finally in order to show that the variable susceptibility model could be a useful
tool to take into account the effect of changes in the host immunity structure or the
antigenic change of virus, we show that Pease’s influenza model [15] can be seen as
a special case of the variable susceptibility model.

In the type A influenza epidemic, genetic changes in the virus are thought to
play an important role in causing recurrent epidemic. The virus changes genetically,
and hence immunologically from one epidemic to the next. Therefore a descendant
virus strain can infect hosts who are immune to the progenitor strain diseases, and
hence reinvade communities that recently suffered an epidemic of the progenitor
strain. It is also observed that the more a virus has changed genetically from its
progenitor, the more easily it will be able to reinfect a host that is immune to its
progenitor.

In order to formulate the influenza model, Pease makes three major biological
assumptions: First the probability of reinfection is a monotone increasing function
of the number of amino acid substitutions between the immunizing and challenge
virus strains. Though Pease’s original assumption is that the probability is pro-
portional to the number of amino acid substitutions, but we could assume that the
infection rate is upper bounded, since the arbitrarily large susceptibilities seem un-
realistic as Pease pointed out. Second, only one virus strain circulates in a human
community at any one time. Third, random drift, and not frequency-dependent
selection by the host, causes amino acid substitutions to occur in the influenza
virus. Random drift occurs continually and causes gradual changes in the virus
antigens, thereby genetic changes in the pathogen from epidemic to epidemic cause
previously immune hosts to become susceptible.

Under the above assumptions, the Pease model is formulated as follows: Let
I(t) be the number of infected hosts at time ¢ and let S(t,a) be the density of
uninfected hosts, so that f:ol S(t,a)da is the number of uninfected hosts that were
last infected by a virus which differed by more than ap and less than a; amino
acid substitution from the virus strain prevailing at time ¢{. We assume that the
number of amino acid substitution is a continuous variable, and it is causing the
antigenic drift in the virus strain. Then the Pease’s evolutionary epidemic model
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is formulated by the following integrodifferential equations:

BS(t, a) aS(t, a) _
3 T, = ~P@SEal), (5.1)
d{j( ) )+ I(t / B(a)S(t, a)da, (5.2)
kS(t,0) = ~vI(t), (5.3)

where 7 is the (constant) rate at which infected hosts recover, k is the (constant)
rate at which amino acid substitutions occur in the virus population and B(a)
specifies how amino acid substitutions affect the probability of reinfection.

On the other hand, in the basic model (2.1)—(2.7) if we assume that m = p =0,
(B2, v are constant respectively and neglect the virgin population, we obtain a
simpler system as

dfi(t) — A I(t) + B (2) / By (P)r(t, T, 5.4)

or(t,t)  or(t,7)
T g = rt)BUT)BIR), (5.5)
T(ta 0) = 7I(t)7 (5,6)

where I(t) := [, i(t,7)dr. Therefore it is easy to see that Pease’s influenza model
is a special case of the variable susceptibility model by Kermack and McKendrick.
Conversely speaking, if we introduce a class of completely susceptible (never in-
fected) population into Pease’s model, it can be extended to take into account the
demography of host population.

As is seen above, the Pease model is a kind of the variable susceptibility model,
but of course it is an important model in its own right and its mathematical proper-
ties are not automatically obtained from our analysis in this paper. From the anal-
ysis of Pease model (Inaba [7] [8]), we know that there exists a correlation between
the prevalence at the endemic steady state and its stability, and the recurrent out-
break (periodic solution) could be produced by the evolutionary mechanism, that
is, the decay of host immunity by the antigenic drift of the type A virus. Though in
the rigorous sense, the question whether the sustained oscillation can be realized for
realistic value of the prevalence is still open, those observations suggest potential
abilities of the variable susceptibility model.

For the general variable susceptibility model, under appropriate conditions we
have proved the endemic threshold criteria, that is, the basic reproduction number
Ry is less than one, the infected population will be eradicated as time passes,
otherwise Ry is grater than the unity, there exists unique endemic steady state.
Moreover as long as the prevalence of the endemic steady state is small enough,
it is locally asymptotically stable. But up to now there are no results for global
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stability of the endemic steady state. Moreover, even in the full model (2.1)-(2.7),
there are many neglected factors, for example, the chronological age, the disease
induced death rate, vaccination term, etc.

Among those factors, to consider the effect of vaccination is particularly inter-
esting, because one of most important reasons to develop mathematical models for
infectious diseases is to clear conditions for control of diseases. Let v be the rate
of vaccination applied to all susceptible populations. If we assume that vaccinated
individuals have the same immunity level just as recovered individuals, then the
basic system is rewritten as follows:

($0(t,7) + 8-(t,7) = —(u+v)s(t, @) — s(t, 7)1 (o0) /0 " Ba(o)ilt, o)do,
i(t, 7) + 1 (t,7) = —(p+ y(7))ilt, 7), N

re(t, ) + (8, 7) = —(n+v)r(t,7) — r(t, T)ﬂl('r)/o B2(0)i(t, o)do,

{ 5(¢,0) = uN, (6.7)

i(t,0) = /0  Bu(00)s(t, 7) + Bu(r)r(t, 7} /0 " Ba(r)i(t, )dr,

oo o0 o0
r(t,0) = v[ / s(t, 7)dr + / r(t, 'r)dT] + / (7)ilt, 7).
\ 0 0 0
In this model, the disease-free steady state is given as follows:
(s*(7),0,7*(7)) = (uNe~ W7 0 yNe~H+v)T), (5.8)

Hence the effective reproductive rate is calculated as
R:= (M +oN / 51(T)e-<ﬂ+v>fdf> / Bo(T)To(r)dr.  (5.9)
u+v 0 0

Then it is easy to see that if v is large enough, the effective reproduction rate
becomes less than one, hence the disease-free steady state is locally stable. But note
that in case that R < 1 < Ry, the disease could invade into the host population if
the ratio of completely susceptible population is high enough. To analyze the effect
of vaccination will be interesting future problem.

In summary, we can say that the possibilities of Kermack’s and McKendrick’s
models have not yet been exhausted, which is the reason why we still have to
continue to revisit Kermack and McKendrick again and again, though even more
than 60 years have passed since their work.
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