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1. Introduction

For the theoretical understanding of spatial patterns arising in population dy-
namics, several free boundary problems have been proposed. They model the dy-
namics of patterns such as segregation and aggregation of biological individuals
[7, 15, for instance]. Among them, Mimura, Yamada and Yotsutani [13, 14] pro-
posed a free boundary problem for two competing species which are regionally
segregated. The problem can be stated as follows: Let u(z,t) and v(z,t) be respec-
tively the densities of the competing species at position z and time t and let 2,(t)
and 2,(t) be the habitats for u and v in a bounded region £ in R”, that is,

2,(0) ={z € 2| u(z,t) >0 and v(z,t) =0} (1.1)
and

2,(t) ={x € 2 |v(z,t) >0 and u(z,t) =0}. (1.2)
The evolution equations for u and v are given by

{u,:dlAu-ir f(u) in 2,(t),

vy =doAv +g(v) in §2,(¢), (1-3)
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where f(u) and g(v) are the growth terms for « and v, respectively. An example of
fis f(u) = r(1 — u/K)u with the intrinsic growth rate r and the carrying capacity
K, which are both positive constants. The function g is defined in a similar way.
Let I'(t) be the interface between (2,(t) and §2,(t), namely

I(t) = 2\ (u(t) U (1)),

which is a free boundary (also called a segregating boundary). On the interface, it
is assumed that

u=v=0 on I'(}) (1.4)
and that the normal velocity of the interface V,, from 2,(t) to £2,(t) is given by

v, = —:—ig—z - Z—zg:—i n I(t). (1.5)
Here k; and ko are some positive constants which indicate respectively the mag-
nitude of the competition through fluxes onto the interface; n is the unit normal
vector on I'(t) oriented from §2,(t) to £2,(t) and du/dn (resp. dv/dn) is regarded
as a boundary value on 842,(t) (resp. 82,(t)).

One can interpret the problem (1.3)-(1.5) from an ecological viewpoint as
follows: Suppose that the competition between two species is very strong, then one
can expect that the regional segregation occurs for two competing species u and
v so that the habitat will be divided into two subregions £2,(t) and §2,(t) by an
interface I'(t) where (1.4) holds. It is plausible that the dynamics of u (resp. v) in
2,(t) (resp. £2,(t)) is described by (1.3). The remaining problem is to formulate
the equation describing the motion of I'(t). They assumed that the struggle of
the two species for obtaining their habitats is represented by the difference of the
normal fluxes of u and v onto the interface, which can be understood as a kind of
competition effect for two species on the segregating boundary. In particular when
k1 = k2 = ), the equation (1.5) is known as the classical two-phase Stefan condition
which describes solidification, if © — v is regarded as the temperature, where the
constant A is the latent heat. For the one-dimensional problem corresponding to
(1.3)—(1.5), qualitative behavior of solutions was almost completely analyzed by the
authors [13, 14].

Apart from (1.3)—(1.5), a well known reaction-diffusion (RD) equation model
for two competing species is proposed in mathematical ecology. It is described by

u = diAu+ fu) — slzw, T €N, t>0,

sy (1.6)
vy = dalv + g(v) — > € 7, t>0,

where s /€, s2/€ are the interspecific competition rates between v and v. If s, /82 is
small, for instance, the influence of competition on u is weaker than that on v. From
a modelling viewpoint, the following question arises: Is there any relation between
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(1.3)—(1.5) and (1.6)7 If € > 0 in (1.6), the two species coexist everywhere in 2 by
the effect of diffusion. However, if the competition rate is so large (e is so small),
one can expect that the two species hardly coexist and are spatially segregated.
Recently, taking the limit € — 0, Dancer, Hilhorst, Mimura and Peletier [4] have
shown the following: these systems (1.3)-(1.5) and (1.6) are quite close. That is,
in the limit where ¢ tends to zero, the habitats of u and v are completely separated
by an interface I'(t) and that (1.3) and (1.4) truly hold, but (1.5) is replaced by

diOu  dy Ov
= e — — — — e F . .
0 s10n sy 0n on I'(t) (17)

They have concluded that the free boundary problem (1.3), (1.4) and (1.7) is an
approximation to the competition-diffusion system (1.6) when the interspecific com-
petition is very large. Conversely speaking, the RD system (1.6) is a good approxi-
mation to the classical two-phase Stefan type free boundary problem with reaction
terms when the latent heat vanishes.

Motivated by the results above, we naturally address the following question:
Are there any RD system approximations to the Stefan problem with positive la-
tent heat (1.3)—(1.5) which was proposed in [13, 14]? The aim of this paper is to
answer this question. We propose here the following RD system for three unknowns
(u,v,w) with a small positive parameter e:

_ suv k(1 —w)u

uy = diDu + f(u) . - , TENR, t>0,

k
ve = daAv + g(v) — 82:“) - 2:)”, z €N, t>0, (1.8)
wt:—(l_w)u—%, €N, t>0,

€ €

where k; = As; (¢ = 1,2) for some positive constant \. When A = 0, (1.8) is
obviously reduced to (1.6). The third variable w is regarded as an approximation
of the characteristic function of the habitat of the species u. We suppose that the
initial distributions for v and v are completely segregated and impose

w(z,0) = W(z), z € 12, (1.9)

where W(z) = 1 if u(z,0) > 0 and W(z) = 0 if u(z,0) = 0. We numerically
demonstrate in Figure 1 how solutions of (1.8) depend on . We expect that w
just becomes the characteristic function of §2,(t) as ¢ — 0 and then show that
(1.3)—(1.5) can be derived from (1.8). We emphasize that, when f = g = 0, the
two-phase Stefan problem can be derived from (1.8). It should be noted that the
RD system (1.8) with small e can be regarded as a variant of penalty methods to
solve the two-phase Stefan problem [12].

It is interesting to interpret (1.8) from the ecological viewpoint. Let us intro-
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Fig. 1. Dependence on ¢ of the spatial profiles of one-dimensional solutions of
(1.8); solid curve: u, dotted curve: v, grey curve: w.
duce a fourth variable p into (1.8) and rewrite it as
( S1uv  As pu
'utzdlAU‘f'f(U)——e——T, xef2, t>0,
SuU  ASqwv
vw=dAv+glv) - 2— -2 zen, t>0,
< € € (1.10)
U WU
wt=p———, e, t>0,
€ €
TV
pg=—p—+—, re N, t>0.
\ € €
The initial condition for p is
p(.’L‘,O) = P(z), z € £,

where P(z) =1 if v(z,0) > 0 and P(z) = 0 if v(z,0) = 0. Because of the complete
segregation of initial distributions of v and v, one knows that W(z) + P(z) = 1
for each z € 2. (Here we assume that the initial segregating boundary I'(0) is a
smooth hypersurface with one codimension in £2.) Obviously (w + p); = 0, so that

w(z,t) + p(z,t) = w(z,0) + p(z,0) = W(z) + P(z) = 1.

Therefore it turns out that (1.10) coincides with (1.8). The system (1.10) can
be ecologically interpreted as follows: u and v are the densities of two competing
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species with their own habitats 2,(t) and 2,(¢), whose shapes are respectively
described by the characteristic-like functions w and p (in fact, as € tends to zero,
both of them become the corresponding characteristic functions of the habitats
2,(t) and (2,(t)). There are two different types of interactions between u and v.
One is the directly competitive interaction (due to the term uv), for obtaining their
common resource. The other is the struggle interaction (due to As;pu and Asswv),
for constructing their own habitats, where As; (resp. Asg) is the cost rate when u
(resp. v) attacks the habitat £2,(t) (resp. §2,(t)). For this reason, we may say that
(1.10) is not a conventional competition-diffusion model, but a new RD equation
of two competing species which move by diffusion.

To state our main result, we impose the assumptions on f, g and the initial
datum (ug, vo, wp)-

Al (Assumption on f and g) )
There exist C-functions f(u) and §(u) and positive constants K; and Ko
such that

f) = f(u)u, g(u) = §(u)u,
f(u) <0 for u>Kj, g(u)<0 for u> Ko.

A2 (Assumption on the initial datum)

(10, vo,wp) € C(R) x C(2) x L*°(R),
0<up(z) <, 0<wp(r) <P, 0<wo(z) <1 in £,

upVp = (1 —wg)ug = wovo =0 in
for some positive constants o and 8.
Set
Io := {z € 2| uo(x) = vo(x) = 0},
Qr =N x[0,T].

THEOREM 1.1. Let T be any positive number and 2 a bounded domain in
RN (N > 1) with C%-boundary 802. Assume Al and A2. Denote by (u,v,w®)
the solution of (1.8) in QT with

Ou _ Ov
v
u(z,0) = uo(z), v(z,0) =uve(z), w(z,0)=wo(z) in N2, (1.12)

=0 on 92 x(0,T], (1.11)

where v is the outward normal vector to 0§2. Then there exists (u,v,w) €
L?(0,T; HY(2)) x L?(0,T; HY(2)) x L*(Qr) such that
ut —u, v°—v n L2(QT),

wt — w weakly in L*(Qr)
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as € = 40, and

2,802, =0,
1 in £2,,

w =
0 in §2,

where

2 = {(z,t) € Qr | u(z,t) > 0} = {(z,t) € Qr |z € Lu(t), 0 < t < T},
2, := {(z,t) € Qr | v(z,t) > 0} = {(z.t) € Qr | z € Q(t), 0 <t < T}

Moreover, if
F=Qr\(2UR)={(z,t) €Qr|zel(t), 0<t<T}
is a smooth hypersurface satisfying I'(t) € 2 for 0 < ¢t < T and if u {resp. v) is

smooth on £, (resp. 2,), then (I',u,v) is the unique solution of the free boundary
problem

u = diAu+ f(u) in 2,(t),

vy = daAv + g(v) in 2,(t),

u=v=0 on I'(t), (1.13)
aw, =B B r(t)

$10n  sy0n

under the boundary condition (1.11) and the initial conditions

r(0) = Iy, (1.14)
(u(z,0),v(z,0)) = (uo(z), vo(x)) in L. (1.15)

This theorem is derived as a corollary of Theorems 3.6 and 3.7 which deal with
more general situations.

REMARK 1.2. The conclusion of the latter part of Theorem 1.1 holds true
even if I'(t) transversally intersects 812 for 0 < t < T'. On the other hand, the triple
of functions (u,v,w) is always a weak solution to (1.13), whether I’ is a smooth
hypersurface or not. See Section 3 (especially Definition 3.3) for the definition of
weak solutions.

This theorem implies that we can derive the classical two-phase Stefan problem
from the RD system (1.8) in the absence of the reaction terms f and g, taking the
limit € tends to zero. The parameter A in (1.13) corresponds to the latent heat in
the Stefan problem. For sufficiently small €, one can expect that u and v exhibit
corner layers on the interface I'(t), while w has a sharp transition layer, which
clearly indicates a segregating boundary between u and v. It is noted that no
transition layer appears in (1.6) (see [4]). These results seem to indicate that the
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latent heat vanishes without transition layers. Along the same line, the one-phase
Stefan problem can be discussed. We refer to the papers by Hilhorst, van der Hout
and Peletier [9, 10, 11] and by Eymard, Hilhorst, van der Hout and Peletier [6].

2. Formulation of the Problem and Some Basic Properties

In this section we formulate the reaction-diffusion system which we study and
derive a number of basic properties of the solutions. As was announced in.the
introduction, our problem is

4 1_
utzdlAu-i-f(u)—Sl:v—)‘sl( . w)u, e, t>0,
vtdeAHg(v)-s—?eﬂ—“iw”, zeN, t>0,
4wt=(1_‘€“ﬂ_%, ze t>0, @D
Ou Ov
5,7‘%‘0’ Tz €N, t>0,

{ u(2,0) = uj(2), v(,0) = v5(z), w(z,0) =wj(z), =€,

where v denotes the outward normal vector to 8f2. Note that the initial data depend
on a small positive parameter €: hereafter we consider a mote general setting than
that stated in Section 1. In what follows we impose A1l on the functions f, g and
make the following hypotheses about the initial data uf, v§ and w§ instead of A2.

A2

us, v € C(R), wf e L°(2),
0<uf(z)<a, 0<viz)<pB, 0<wi(z)<1l in £,
u§ — ug, V5 — vy, w§ —> wy weakly in L*(2) as e — 0
for some positive constants «, 8 and for some functions ug, vo, wo € L*(£2).

REMARK 2.1. In A2’ we do not assume ugug = (1 — wp)ug = wovg = 0. In
particular, we do not impose that the supports of ug and vy are disjoint.

Hereafter A1 and A2’ are always assumed.
By a solution of (2.1) in Q7 (T > 0) we mean a triple of functions (u,v,w) €
C([0,T);C(R2) x C(2) x L*=(R)) such that

u,v € CH((0, T];C(2)) N C((0, T W*P(£2)), w € C([0,T}; L=(£2))

for each p € (1,00) and (u, v, w) satisfies the equation (2.1).

LEMMA 2.2. There ezists a positive number T = T(||[u§llcmm) Ivillc@)
lw§ll Lo (2)) such that (2.1) possesses a unique solution (u®,v¢,w) in Q.
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The result of Lemma 2.2 does not immediately follow from the theory of an-
alytic semigroups because of the lack of diffusion for w. In particular, if w§ is
discontinuous at some point, w* as well as Au® and Av¢ may be discontinuous at
that point at later times as well. We refer to Appendix for a sketch of the proof of
Lemma 2.2.

LEMMA 2.3. Let (uf,v¢,w*) be a solution of (2.1) in Qr. Then
0 < u(z,t) < max{o, K1}, 0<v(z,t) <max{8, Kz}, 0<w(z,t)<1

for (z,t) € Qr.

Proof. We deduce from the maximum principle that u¢, v¢ > 0. Let z € 2
be such that w§(z) is defined. Then the condition 0 < w§(z) < 1 implies that
0 < we(z,t) < 1 for all ¢ > 0. Indeed suppose that at a time ¢ = f, wé(z,f) = 0,
then w§(z,?) > 0; similarly if at a time #, w(z,f) = 1, then w{(z,f) < 0. Finally
we apply again the maximum principle to deduce that u* < max{e, K;} and v¢ <
ma.x{ﬂ, K2} a

Without loss of generality, we can assume that
a>K;, and (> K,

by choosing o and 3 so large that the above inequalities hold. Lemmas 2.2 and 2.3
ensure that the solution (u¢,v¢, w¢) exists globally in time and satisfies

0<u’(z,t) <a, 0<v(z,t) <P, 0<wi(z,t)<1 for (z,t) € 2 x [0,00).
(2.2)
Set

Mj:=max{f(u) |[0<u<a}, M,:=max{g(x)|0<u<p}

LEMMA 2.4. For any positive number T there exist positive constants C; (i =
1,...,5) independent of € and X\ such that

// (s1 + s2)ufvédzdt < Che,
T

/ As1(1 — wubdzdt < Cae,

Qr
// Asowvidzdt < Cae,
T

/ / di|VuPdzdt < Cy,

T

// do|Vv¢|2dzdt < Cs.
T

In this paper, positive constants which do not depend on € are denoted by C;
for simplicity of notation.
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Proof. Integration of the equation for u in Qr yields

€,,€ 1 — wus
// (sluv +)\sl( welu )dxdt
r € €

_ / (ut(z) — u(z, T))dz + / fu)dedt < (o + TM;)|2],
2 Qr

which implies the second estimate. The first and third ones can be shown similarly.
Next we multiply the equation for u€ by u¢ and integrate by parts on {2. This yields

1 €\2,,€ h — an€ €\2
_i/ (U€)2d$+d1/ |Vu€|2d:p+/ (Sl(u ) v + 51(1 w )(’LL ) )d$ < |.Q|aMf,
2dt I} n n € €

which we integrate on (0,T) to deduce the fourth estimate. The last estimate can
be proved similarly. O

LEMMA 2.5. Let T be any positive number and set
Qe={xecR|z+r€€N for 0<r<1}

with € € RN. Then there ezists positive constants Cs and Cy7 independent of € and
A such that

T C
/ / (ué(z + €,t) — us(z,t))2dzdt < = ¢?, (2.3)
o Ja d
T C
/ / (5 (z + £,8) — v (z, £))2dzdt < SBIe?, (2.4)
0o Jo da
/T_T/ (us(x,t + 7) — us(z, t))?dxdt < Cer, (2.5)
0 2
/T_T/ (v¥(z,t + 7) — v(x,t))%dzdt < Cor (2.6)
0 2

for £ € RN and T > 0. Here

Cg = 2C, + aMfTI.QI + aly + aCs,
Cy = 2Cs + BM,T| 2| + BCy + BC:s.

Proof. The first and second inequalities (2.3), (2.4) can follow immediately
from Lemma 2.4. Indeed, we have

/OT /ﬂe (u(z + &,t) — u(, t))2dzdt

=/0T/Q {/OIVue(:c+r§,t)'§dr}2dxdt
3
Cy
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Similarly the second one can be shown. Next we prove (2.5) and (2.6). We have

[ [ - atot)Paaa
- /OT_T /Q(ue(z, t+7) —u(z,1)) /OT ui(z, t + r)drdzdt

=/OT_T/Q(u€(:v,t+T)—ue(x,t))/OT {dlAué(m,t"'T)+f(u€(x,t+r))

sjuf(z,t + r)v(z, t + 1) + As1(1 — wé(z, t + r))u(z,t + 1)
€

} drdxdt.

We estimate the three terms on the right-hand side. The first term can be estimated
as follows:

T—1 T
l / / (uf(z,t + 1) — u(z, 1)) / dy Duf(z,t + r)drda:dt’
0 Q 0
T pT—7
= d1‘/ / / (Vus(z,t + 1) — Vu(z,t)) - Vu(z,t + r)dwdtdr’
o Jo 2

T

§2d11'/ / |Vus(z, t)|*dzdt
0o Jo

< 2047'.

Secondly, we see that

T—1 T
’ / / (u(z, t +71) — uE(:I;,t))/ fu(z,t + r))drdzdt| < aM;T|2|r.
0 P’ 0

Finally we have

’/()T_T/Q(u‘(x,t+'r)—uf(z,t))

y /T s1us(z, t + r)ve(z,t+ 1)+ As1(1 — wé(z,t + r))u(z, t +7)
0 €

drdxdt

T pT—1 € € € €
< a/ / / s1us(x, t+r)ve(z, t+7) + As1(1 — we(z, t+7))u (x’t+r)dmdtdr
0o Jo 0 €

T € € € €
< m_/ / syus(z, t)ve(z,t) + /\361(1 we(z, t))us(z,t) drdt
o Jo

< a(C’1 + 02)7'.

Thus we have shown that

T-7
/ / (u(z,t + 7) — u(z,t))3dzdt < (2C4 + aMfT|2| + aC1 + aCo)T. (2.7)
0 2
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Similarly, we can prove the following estimate:
T-7
/ / (W (@, + 7) — vz, £))dzdt < (2C5 + BM,T|2| + BC1 + BC)r. (2.8)
0 o)

Thus, all the inequalities in this lemma are proved. |

3. The Problem Obtained as the Singular Limit

Choose a positive number T arbitrarily and fix it. We deduce from Lemmas 2.3
and 2.4 that the families {u¢} and {v¢} are bounded in L?(0,T; H'(§2)) and that
the family {w¢} is bounded in L*°(Qr). Furthermore it follows from Lemma 2.5
and the Riesz-Fréchet-Kolmogoroff theorem {3, Theorem IV.25 and Corollary IV.26]
that the families {u¢} and {v°} are precompact in L?(Qr). Therefore there exist
subsequences {u®"} and {v"} and {w*"} and functions u*,v* € L?(0,T; H'(12))
and w* € L%(Qr) such that

u —u*, v — ot

strongly in L?(Qr), weakly in L%(0,T; H*(2)) and a.e. in Qr, (3.1)
and
w — w*  weakly in L*(Qr) (3.2)

as €, — 0. It follows from (2.2) that
u* >0, v*>0, 0<w*<1 on Qr. (3.3)
Hence we deduce from Lemma 2.4 that
u* = (1 - w")u* =w*v* =0. (34)

In what follows we will show that (u*,v*,w*) given above is uniquely deter-
mined by the unique solution of a Stefan type problem — see (3.6).

LEMMA 3.1. Let T be an arbitrary positive number. The triple of functions
(u*,v*,w*) given in (3.1) and (3.2) satisfy

JIAGE G- -50)

+ (Lu) - g<v*)>§}dmdt

$1 S2

= - /n(@ Ny ,\wo) (z,0)dz (3.5)

81 89

for all functions ¢ € C®(Qr) such that ((z,T) = 0.
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Proof. We deduce from (2.1) that
(af ve e) _ didut dplof + fwf)  g(v)
t

— = — 4w
S1 S2 81 82 $1 89

and multiply it by a test function ¢ € C*°(Qr) with ((z,T) = 0 and integrate by
parts to obtain the identity

JLAEgomors (8 -) v
(£ o) N

=/(@_@+m0mmm
n\S1 82

Letting € = €, — 0, we deduce (3.5). O

We will formulate (3.5) as a weak form of the following parabolic boundary
value problem:

= Ad($(2)) + M#(Z)), z€R, 0<t<T,

) _ o, r€dR, 0<t<T,  (36)
Z(z,0) = Zy(z), x € 12,
where
d]'I" )7
d27’ )7
r—XA (r>2A),
0 0<r<A),
r (r <0),
fon 5o,
S1
g( 827‘) ( < 0)
S2
We also use the following notation:
1 r > 0),
H(r):=¢[0,1] (r=0),
0 r < 0),
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LEMMA 3.2. If w € H(2), then ¢(z + Aw) = z. In particular, the functions
u*, v* and w* which are given in (3.1) and (3.2) satisfy

w = 80(Z), v =592 and wi=ZTHE) )
where
7= 2% ow (3.8)
8 S92

Proof. The former claim of this lemma follows from the definitions of ¢ and

H. We can deduce
wég(i_z)
81 82

from (3.3) and (3.4). Hence we have

* *

ut v
Z)=———,
W) =5 "5,
which, together with (3.3) and (3.4), implies (3.7). O

DEFINITION 3.3. A function Z € L®(Qr) is a weak solution of (3.6) with
an initial datum Zo € L*°(R2) if

d(¢(2)) € L*(0,T; H(R2)),
and

//TZ(tda:dt+/QZo(m)C(:E,O)dx=//QT{Vd(qs(Z)).vg_h((z,(z))c}dxdt
(3.9

for all functions ¢ € C°(Qr) such that {(z,T) = 0.

REMARK 3.4. If Z is a weak solution of (3.6), then ¢(Z) is continuous on
2 x [6,T) for each 6 € (0,T]. Cf. [5].

It is known that the classical two-phase Stefan problem under the Neumann
condition can be formulated as the nonlinear system (3.6) with A = 0. Then Z and
@(Z) correspond to the internal energy and the temperature respectively. We note
that (3.6) can also deal with the case where the interface fattens. We set

2.(t) .= {z € 2] ¢(Z(z,1)) > 0},
0_(t) = {z € 2| (Z(z,1)) < 0}, (3.10)
r(t):= 2\ (2:() U £2-())
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for t € [0,7) and also use the notation

(0= | 2.0 x {1},

0<t<T

) 9= U 2_(t) x {t}, (3.11)

0<t<T

r= J rex{.

L 0<t<T

We could think that 2, (t) and f2_(t) symbolize two distinct phases, and I'(t)
represents a phase boundary (or an interface) at time t.

LEMMA 3.5. The function Z* defined by (3.8) is a weak solution of Problem
(3.6) with an initial datum Zy = ug/s1 — vo/s2 + Awp.

Proof. 1t follows from Lemma 2.3 that Z* € L*°(Qr). We observe that (3.7)
implies
diu*  dav*

AH(Z27) = — - —.

S1 82

In particular, d(¢(Z2*)) € L%(0,T; H'(£2)) holds true. We also notice that

h(&(27)) = fu) g(vr)

81 89

Therefore (3.5) can be rewritten as (3.9) with Z = Z* and Zy = ug/s1 —vo/82+Awp.
This completes the proof of this lemma. |

The uniqueness of the weak solution of the Stefan problem (3.6) for Z €
L'(£2) follows from Hilhorst, Mimura and Schitzle [8]. Thus (uo, v, wo) uniquely
determines Z*, which uniquely gives (u*,v*,w*) by (3.7). Namely the limits u*,
v* and w* in (3.1) and (3.2) do not depend on what subsequence {¢,} is chosen.
Consequently we have proved the following result.

THEOREM 3.6. The function Z* defined by (3.8) is the unique weak solution
of the Stefan problem (3.6) with an initial datum ug/s; — vo/s2 + Awy. As € — 0,
u® — u*, v* —v* strongly in L?*(Qr) and weakly in L*(0,T; H(2)),

w® — w*  weakly in L*(Qr).

Finally we state a result about the relation between (3.6) and (1.13).

THEOREM 3.7. Let Z be the unique weak solution of (3.6) with initial datum
Zy and let 02+(t) and I'(t) be the sets defined by (3.10). Suppose that (each compo-
nent of ) I'(t) is a smooth, closed and orientable hypersurface satisfying I'(t)NAN =
0 for all t € [0,T). Let n be the unit normal vector on I'(t) oriented from 2, (t) to
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2_(t). Also assume that I'(t) smoothly moves with a velocity V;, in the direction of
n and that the functions

u:=s816(Z), and v:=s4(Z)_

are smooth on £2, and 12_ respectively. Then (I',u,v) satisfies

(uy = diAu+ flu) in 2+(t),
vy = doAv + g(v) in £2_(t),
_ di10u  dy ov
§ AVn = “sion spon " F@, (3.12)
u=v=0 on I'(t),
Ou Ov
. % = 8_1/ = on 012

fort € (0,T] and

{ r0) ={z € 2| ¢(Zo(z)) = 0},

u(x, 0) = 81(¢(Z0(:L')))+, U(IIZ,O) = 32(¢(Z0(.Z‘)))_, zEN. (3.13)

Here Ou/0n (resp. dv/dn) is regarded as a boundary value on 3£2.(t) (resp.
on_(t)).

Proof. Tt follows from the definition of u and v that

u=v=0 on [,
HZ)=Z A== in0y, §Z)=Z=—-— in 02,
S1 852
which are used in some of the calculations below.
Next we derive the parabolic equations for u and v as well as the Stefan con-

dition on the interface I'. First we rewrite the first term on the left-hand side of
(3.9). We see that

Jf s [ (2 )i o)

From u|p;) = 0, it follows that

=T T d T
[/ u(da:] = / — (/ qux) dt = / / (ule + usQ)dedt;
2,(1) =0 Jo 4 \Ja, o Ja.m
moreover,
t=T T T
[/ (d:c] =/ / Cedzdt +/ / Va(dodt,
2w Jizo  Jo Ja,e o Jre
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and similarly since v| r() = 0, we have that

t=T T
[/ v(d:r] = / / (vt + veC)dxdt.
2_(t) t=0 0 Jpr_(t)
Therefore we have that for the test functions ¢ which vanish at t =0,T
1 (T
// Z(idxdt = — —/ / u(dxdt
P S1Jo Jap@

1 /T T
+—/ / vth:cdt—/ AV,(dodt. (3.14)
S2Jo0 Ja_@) 0 JI(t)

On the other hand we have that

/ /Q {-Vd(¢(2)) - V¢ + h(¢(Z))¢ dzdt

T
= —-i/ / d1Vu - V(,’d:cdt-i——/ / daVv - V{dzdt
s1Jo Ja,() - (t)
1 [T 1
+ — Ffw)(dzdt — — / g(v)¢dzdt
S1Jo Jau@m (t)
T
d; Ou d28’U} / / { dlau ngv}
SA_ B cdodt + _agu dodt
/o /P(t){ s10n s 0n ¢ sl s10v 520 ¢

1 T
+ :9—1 [) /!2+(t){d1Au + f(uw)}{dzdt — — / / {da v + g(v)}¢dzdt.
(3.15)

We substitute (3.14) and (3.15) into (3.9). This gives

T
R A
o Jr s10n 83 0n

1 /7T
+ —-/ / {—ut + d1Au + f(u)}¢dzdt
S1Jo Jau)

L /T/ {ve — daSv — g(v)}(dzdt

dlc')u d28v
//{m{ sla—y 5, 90 }Cd dt =0 (3.16)

for all { € C*(Q7) such that ¢(2,0) = ¢(x,T) = 0. Considering successively in
(3.16) test functions with compact support in 2, and test functions with compact
support in §2_, we deduce the parabolic equations for u and v. Then, without loss
of generality, we may assume that I'(t) = 82, (t) for t € [0,T). Taking in (3.16)
test functions which vanish on 842 x [0, T] and do not vanish on I', we deduce the
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Stefan condition describing the interface motion. Since 802 N 24 (t) = @, it is clear
that
Ou

W =0 on 002 x(0,T).

Thus, taking in (3.16) test functions which do not vanish on 92 x (0,T), we can
deduce that

% =0 on 01 x(0,T).

Finally consider (3.9) with test functions which do not vanish at ¢ = 0. Then
we can replace (3.14) with

// Z(idxdt
= -/QZ(x,O)C(m,O)dx— é/oT /n+(t) ug(dadt

1 /T T
+—/ / vt(dxdt—/ AV, (dodt. (3.17)
S2 Jo _(t) o Jr

Substituting (3.17) and (3.15) into (3.9) and using the fact that both the partial
differential equations for v and v as well as the Stefan condition for the interface
motion and the Neumann boundary conditions are satisfied, we deduce that

- /n{Z(x’ 0) — Zo(z)}¢(z,0)dz =0

for all ¢(-,0) € L?(£2). Hence
Z(z,0) = Zp(z) a.e. in £2.

Thus we obtain (3.13). a

Proof of Theorem 1.1. Let (ug,vo,wp) be a triple of functions satisfying A2
and let Z* be the unique weak solution of (3.6) with an initial datum ug/s; —vo/s2+
Awgy. We use the notation £2,(t) and 2, (resp. 2,(t) and {2,) instead of £2,(¢) and
24 (resp. £2_(t) and £2_) which are defined by (3.10) and (3.11) with Z = Z*. Set
(u§, v§, w§) := (uo, vo, wp) for all € > 0. Since (u§, v, w§) satisfies A2’, the solution
(uf, v, w*) to (1.8) under (1.11) and (1.12) converges to (u*,v*,w*) in the sense of
Theorem 3.6. It follows from (3.4), (3.7) and the definition of 24 that

'Qunnv'_—w,
. 1 in £2,,
w =
0 in f2,.

Suppose that I' is a smooth hypersurface satisfying I'(t) € 2 for 0 <t < T
and that u* (resp. v*) is smooth on 2, (resp. 2,). Theorem 3.7 ensures that
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(I',u*,v*) satisfies (1.13) and (1.11) with (u,v) = (u*,v*). Observing that wo €
H(uo/s1 — vo/s2) in 2 and applying Lemma 3.2, we can deduce from (3.13) that

uo(z) _ vo(z)
=== } (3.18)

r)= {ze 2

w(2,0) _ (uo(x) _vo(w)> U0 _ (“0(“?) _ ”O(z)) in 2. (3.19)
. _

81 81 S2 S2 81 82
Thus, by virtue of A2, we obtain (1.14) and (1.15) with (u,v) = (u*, v*). O

REMARK 3.8. Our proof of the convergence of (u,v¢,w) to (u*,v*,w*) as
€ — 0 is valid as long as (u§, v§, w§) satisfies A2’. However A2’ is not enough for
deducing (1.14) and (1.15). For instance, consider the case where the support of ug
overlaps that of vp. As the proof of Theorem 1.1 shows, we can still obtain (3.18)
and (3.19) if wo € H(uo/s1—vo/s2). But we can no longer obtain (1.14) and (1.15).

4. Concluding Remarks

We have proposed a reaction-diffusion system with a small parameter € which
describes the competitive interaction between two ecological species. In the limit
where € — 0, we have derived the classical two-phase Stefan problem with reaction
terms. This result implies that the singular limit analysis as € — 0 reveals the
relation between an ecological system for competing species and the solidification
problem for ice and water. On the other hand, our RD system (1.8) is regarded as
a phase field approximation to the Stefan problem where the variable w is an order
parameter which indicates sharp interfaces between two phases. Note that in the
case that u§(z) = uo(z) = 0 or in the case that v§(z) = vo(z) = 0 Problem (2.1)
involves a system where a single parabolic equation is coupled to an ordinary dif-
ferential equation and that Problem (3.12) reduces to a one-phase Stefan problem,
so that (1.8) can be an approximation not only to a two-phase Stefan problem but
also to a one-phase Stefan problem.

5. Appendix

We show Lemma 2.2. For a positive number d let us denote by E4(t; z,y) the
Green function which is associated with the boundary value problem

ou .

i dAu in {2,
ou

5 = 0 on 60

Define a one-parameter family {Eq4(t)}+>0 of linear operators on L!({2) by

(Ea(t)) (z) := /Q Eq(t;z,y)¢(y)dy, t>0,
Y(z), t=0
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for v € L'(£2). Set

Ny, v,w) = Fu) S1uv /\sl(l—w)u’

€

szuv ASwv
NZ(u)v7 ’LU) = g(’U) - € - € )

(I-wju wv

N3(u,v,w) = p —

We consider the system of integral equations

(

u(t) = Eq, (t)ug + /0 Eg4, (t — 7)N1(u(r),v(1),w(7)) dT,

§ v(t) = Eq,(t)v§ + /Ot Eq4,(t — T)Na(u(r),v(1), w(r)) dr, (5.1)

wio) =i + [ ' Na(u(r), v(r), w(r)) dr

in C([0,00); C(2) x C(R2) x L®(£2)). Although {E4(t)}:>0 is an analytic Co-semi-
group on C(f2), this fact is not enough to prove the local existence for (5.1). In
fact the discontinuity of wg causes that Ny (u(7), v(7), w()), No(u(r),v(), w(T)) &
C(92) for T € [0, o), where t, is a positive number. However, the following estimates
of E4(t) as an operator from L*(f2) into C(2) are useful here.

LEMMA 5.1. For ¢ € L™(R2) the function E4(t)y of t possesses the following
properties:
(i) Ea()9 € CH((0,00); C(2)) N C((0,00); W?P(2)), p € (1,00),
AEq4(-)y € C((0,00); C(£2)),

-a—Ed(t)q,{J =0 on 012 for t > 0;

ov
(i) [Ba¥llom) < 1¥li=(2)y, t>0;
@) | 5Ea], g = 15EOWlom < FMliay, t>0,

where the positive constant M s mdependent of t and .

This lemma is a result from some properties of the Green function E4(t; z, y)
such as

E4(t;z,y) >0 (t>0; z,y € 2),

/Ed(t;x,y)dyzl (t>0; z € N),
2

a\* c
'(E) Ed(t;m,y)| < WGXP(—C

where the constants C > 0, ¢ > 0, w € R are independent of ¢, z, y. For these
estimates see, e.g., [16, §5.3 and §5.5].

a2
|z ty' +wt) (k=0,1;t>0; z,y € 2),
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Due to Lemma 5.1 and the fact that
Eq, (-)ud, Eay(-)v5 € C([0,00); C(R)) for u§,vg € C(2),

we can show that the right-hand sides of (5.1) define a contraction mapping on a
closed ball in C([0,T]; C(R2) x C(£2) x L=(R2)) if T is sufficiently small. Thus we
obtain the following lemma.

LEMMA 5.2. For any (u§,v§, w§) € C(2) x C(2) x L=(R) there exists a
positive number T = T(||u§llc(m), 1V§llc(@), Wil (n)) such that (5.1) possesses a
unique solution (u,v,w) in C([0,T);C(2) x C(2) x L>(2)).

With the help of Lemma 5.1 we can derive the regularity of the solution of (5.1)

in a similar manner to the standard application of analytic semigroups. Hence we
can conclude Lemma 2.2.
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