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We consider a linear Abel integral operator A, : L?(0,1) — L2(0, 1) defined by
t
1
(Aa®)(t) = —— [ (t—s)*" K(t,s)y(s)ds, 0<t<1, O0<a<l
r'(a) Jo
We construct a scale {Xg}per of Hilbert spaces of functions in (0, 1) and relate it with
a Hilbert scale of Sobolev spaces. Under suitable assumptions on K, we prove that
[lAaul{z2(p,1) gives an equivalent norm in X_o. On the basis of this equivalence, we
find a lower and upper estimate for the singular values of Ay and, furthermore a Holder
estimate for [lullL2¢p,1) by [|Aauliz2(o,1) provided that ||lu||x, with ¢ > 0 is uniformly
bounded. Finally we discuss convergence rates of regularized solutions obtained by a

Tikhonov method.

Key words: Abel integral equation, Ill-posedness, singular values, conditional stability,
Tikhonov’s regularization

1. Introduction

In this paper, we consider a linear Abel integral operator A, : L?(0,1) —
L%*(0,1), defined by

(1.1) (Auy)(®) = I—"(l_a_) /Ot(t—— 8)* 1K(t,s)y(s)ds, 0<t<1, O0<a<l.

The function K = K(t, s) is assumed to satisfy the conditions

(KiscontinuousonD:{(t,s)eRz:OSSStSI}, )
K(s,s)=1 for 0<s<1

o

(12) { there exists a decreasing function k € L%(0, 1) such that

0K

g(t,s) <k(s) for 0<s<t<l.

\ /

In particular, the third condition of (1.2) is satisfied if 3% € L°°(D). Moreover,
in the case K(t,s) = 1, (¢,s) € D, the operator A, is the classical Abel integral
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operator J* : L2(0,1) — L?(0,1), defined by

¢
(J*)(t) = fé?)/o (t — 8)* y(s)ds, 0<t<1, O<a<l
For treatises on theory and applications of Abel integral equations, we refer to
Gorenflo and Vessella [11], Samko, Kilbas and Marichev [25].

The purpose of this paper is twofold. First we treat the linear Abel integral
operator (1.1) by methods of operator theory and establish an isomorphism within
a framework of a Hilbert scale which is closely related to a scale of Sobolev spaces
over the interval (0,1). Second, by this isomorphism, we study the asymptotic
behaviour of the singular values of 4, and a method of Tikhonov regularization.
For estimation of the singular values, there are many papers. For example, Dostanié
(6], Faber and Wing (7], Gorenflo and Vu Kim Tuan (10], Hille and Tamarkin [17],
Vu Kim Tuan and Gorenflo [27]-[29]. Our method is not by “hard analysis”, but on
the basis of the min-max principle for singular values (e.g. Baumeister [4], Hofmann
[18]). Our estimate is not sharper than one given by Vu Kim Tuan and Gorenflo
[29], but it is applicable to operators in a class which is a little wider.

For the regularization, we apply results by Natterer [23] (see also Baumeister
[4]). See also [24] where the application to the Radon transform is considered and
the isomorphism in the Sobolev space of order —1/2, is essential.

As for other methods of regularization for general linear Abel integral equa-
tions, we refer to Dang Dinh Ang, R. Gorenflo and Dang Dinh Hai [3].

This paper is composed of six sections. §2 provides preliminaries. In §3 we
obtain the result concerning the isomorphism. In §4 we prove a lower and upper
estimate for the singular values of A,. Finally in §5 and §6, conditional stability
and a Tikhonov type method of regularization are discussed with convergence rates.

2. Preliminaries

Throughout this paper, all functions are complex-valued. As usual, Z denotes
the complex conjugate of z € C. L?(0, 1) is a Hilbert space over C with the scalar
product (-,-)2 and the norm || - ||2:

1
(u,v) 2 :/0 u(t)v(t)dt.

For convenience, we also introduce the operators D*, k =0,1,2,3, ... according to

d*y(t)
DFy)(t) = :
(DRy)(t) = 2
Then D* is left-inverse to J*, that is, D*J* = I = the identity operator.

In this section, we form a Hilbert scale which is adequate to the mapping
properties of J!. Let us set

1
unz(n—§>7r, Bn(t) = V2 cos pnt, 0<t<1l, neN.
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By N, we denote the set {1,2,3,...} of natural numbers. Since {u2},.cn is the set
of all the eigenvalues of the boundary-value problem,

(D?u)(t) = —Au(t), 0<t<l

du
—(0) = u(1) =0,

L (0) =u(1) =0
and ¢, is an eigenfunction for p2, n € N, it is known (e.g. Theorem 6.2 of Chap-
ter 1 of Levitan and Sargsjan {20]) that {¢n }nen is complete in L?(0,1). Moreover,

(Iny dm)rz = 0if n £ m, (bn, ¢rn)r2 = 1. We conclude that
(2.1) {én }nen is an orthonormal basis in L2(0,1).

Now for 8 € R, we form a Hilbert scale Xg on this basis (e.g. Chapter 5 in Baumeis-
ter [4], Louis [22]). Let 8 € R. In span {¢n, }nen, we define scalar products and norms
by

(2'2) (ua v)X,g = Z ﬂg.ﬁ(u’ ¢n)L2 (’U, ¢n)L2’ u,v € span {¢n}n€N
n=1
lullx, = (w,w)¥2,  u€ span{dn}nen.

The completion of span {¢n }nen in the norm || - || x, is a member Xz of a Hilbert
scale. By (2.1), we see that

Xo = L?%(0,1).

We note that {1;%¢, }nen is an orthonormal basis in Xg. Further characterization
of Xz, B> 0, in terms of Sobolev spaces is given at the end of this section.

For simplicity, we write J, not J!. That is, the operator J : L?(0,1) —»
L%*(0,1) is given by

(Jy)(t) = /0 y(s)ds, 0<t<1

First we establish

LEMMA 1.
IJullpz = ullx_,
for all w € L%(0,1).

Proof. Let us set ¢n(t) = V2sinp,t, 0 < t < 1, n € N. Similarly to (2.1),
we see that {1, }nen is an orthonormal basis in L?(0,1). Therefore, by Parseval's
equality, we get

ITulfz = D 1(Juvn) 2l
n=1
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On the other hand, by integration by parts and ¢,(1) = 0, Ju(0) = 0, we have

1

1 S 1
(Juy )2 = /0 Tty = — | u(t)5. Bt
1

= /Tn-(u’ ¢n)L2,

so that
[o o]
Iullfa = un %), ¢n) 2 = llullk_,
n=1

by the definition of X_;. Thus the proof is complete.
Next
LEMMA 2. Re(Ju,u)rz >0, u € L?(0,1). That is, J is accretive in L*(0,1).
Proof. With Re Ju(t) = ¢(t) and Im Ju(t) = ¢(t), we get

Re (Ju,u)r2 = Re / 1 Ju(t) D* (Ju(t))dt
0

t=1

(46 + v()?]

t=0

N =

- [0 ($(&)(D*$)(t) + $()(D')(1)) dt =
= %l]u(1)|2 >0.

This completes the proof. We refer to Tanabe [26] for the notions of accretivity.

LEMMA 3. R(I + J) = L?%(0,1). Here R(I + J) is the range of I + J :
R(I+J) = (I + J)L2(0, 1).

Proof. By a standard iteration argument, for an arbitrarily complex A # 0,
(2.3) (M + J) " Lu(t)

t —
= A"lu(t) - )\_2/ exp (——t 3 s) u(s)ds, 0<t<l.
0

Therefore, setting A = 1, we see that for every u € L2(0,1) there exists an element
v € L?(0,1) such that (I + J)v = u. This implies that R(I + J) = L?(0,1). Thus
the proof is complete.

By Lemmata 2 and 3, we see that J is m-accretive (e.g. Tanabe [26]).
LEMMA 4. J:L%(0,1) — L2(0,1) is m-accretive.
Consequently we can define the fractional power J(a) of J for 0 < @ < 1 by

J(ogu = 22T / AL+ J)"LJud, e D) = L2(0,1)
0
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(§3 and §4 of Chapter 6 in Fattorini [8]). For fractional powers of closed operators,
we further refer to Henry [16], Tanabe [26]. In the context of the Abel integral
operator, we refer to §5 and “Notes to §5.7” in §9 in Samko, Kilbas and Marichev
[25]. Let us prove that the definition of J(a) is equivalent to that of J°, the classical
Abel integral operator. That is,

LEMMA 5. (J(@)u)(t) = (Ju)(t), 0 <t <1, for ue L2(0,1),0 < a < 1.
Proof. By (2.3), for 0 <t <1, we get

AT+ D71 Ju(t) = u(t) = AO + J) " tu(t)

= A" / exp( ) u(s)ds,

so that by the change of variables n = 32,

S‘“""‘/ A=A + J)~ Ju(t)dA

smm/ o2 (/ exp <_t—TS) u(s)ds> )
s1n7r7ra /0 u(s) (/Ooo X2 exp (—t —_ s) d)\) ds
_ sinT:ra /Ot u(s) (/Ooo n‘“e"’dn> (t—s)*"lds

= I -a)sinma O;r) sin ma /0 u(s)(t — s)* tds.

Now the well-known formula I'(1 — a)I'(a) = '— yields the conclusion.

Thus the fractional power J(a) coincides with J¢, and henceforth we write J¢

for denoting the fractional power of J on L2?(0,1).
For later use, we further characterize the norm in X_g, 8 > 0. Let us define
an operator S : L?(0,1) — L%(0,1) by

(Su)(t) =Y ' (u, dn)r2da(t),  we L3(0,1).

Obviously |lullx_, = ||Sullz2 and D(S) = L%(0,1). Then
LEMMA 6. S is m-accretive in L%(0,1).

Proof.  Since (Su,u)rz = Yoo, prtl(u, én)r2|?> > 0 for all u € L%(0,1),
by the orthonormality of {¢n}nen, it follows that S is accretive in L2(0,1). Next
we have to prove that R(AI + §) = L?(0,1) for some A € C with ReXA > 0.
Since S is bounded from L%(0,1) into L%(0,1), we can take a sufficiently large
A > 0 such that ;||S|| < 1. Here and henceforth ||S|| denotes the operator norm of
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§:L%0,1) — L?(0,1). By the Neumann series, I + 1 is surjective from L*(0,1)
onto L?(0, 1), namely, R(AI + S)L?(0,1) = L?(0,1) for such A > 0. By Proposition
2.1.4 in Tanabe [26], S is m-accretive in L%(0,1).

By Lemma 6, we can define the fractional power §¢, 0 < a < 1, which is

explicitly given by

LEMMA 7.

Su = pr*(u,¢n)r26n,  uw€L*0,1).

n=1

Proof. By [26], we see that

§ou = T / A=A + §)~SudA
0

for all u € D(S) = L?(0,1). By the definition of S, we have

(e o) 1
-1 — E -
I+ 5750 = 2 Aan + 7 (U Pn)126n, X >0,

so that

S’“:a / A®~Y(AT + S)~'SudA
0

=~ sinma a1 _1
_; - {/0 AN+ Apy) d)\}(u,¢n)L2¢n

oo . 1

sinTta _ 1 —a

= Z p ll‘na {/ (1 - n)a 177 dTI} (’U, ¢n)L2¢n’
n=1 0

by the change of variables 7 = (1 + Apuy,)~!. The integral occurring in this sum

is equal to B(a,1 — a) = /. See, for example, Abramowitz and Stegun [1] for

properties of the beta function. We have completed the proof of the lemma.
Combining Lemma 7 with (2.2), we get
(2.4) 18%ullz2 = |ullx_., welL?0,1), 0<a<l.

Our succeeding arguments are carried out within the Hilbert scale {Xg}ger,
but another characterization of the spaces Xg, 8 > 0, in terms of Sobolev spaces,
may be useful, for example, in order to specify the boundary conditions which
u € Xg should satisfy at t =0 and ¢t = 1.

Henceforth H?(0,1) and Hg (0,1) denote the usual Sobolev spaces for 8 >
0. For details, the reader may consult Adams [2] or Lions and Magenes [21], for
example. As norm in H?(0,1) with ¢ € N we simply take

1/2
lullere = (JlullZ2 + | D%u|22)

¥
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in place of the more complicated expression
q 1/2
k
(IIUH%z +y_ D U!I%z) :
k=1

This is allowed by the interpolation inequality (e.g. Theorem 4.14 in [2]). For 8 =

m +~ with m € N and v € (0,1), the norm in H?(0,1) is defined as follows (e.g.
[2]):

m 1/2

lellzrs = (Il + D™ ul3) "

where

1 1 t) — 2
(% =/ [o®) —voI 4.
0 JO

[t — s[T+27

Moreover, for all ¢ € N, there exists a constant C; = C1(g) > 0, independent of u,
such that

(2.5) Cr M ID%ll2 < Nlullge < Crl| Dl zs

for all w € H{(0,1) (e.g. Corollary 4.16 in [2]). Therefore we adopt ||Dul|.2 as
norm in H{(0,1). In particular, H}(0,1) = {u € H' : u(0) = u(1) = 0} and
lulle = IIDIUIIL2

For 8 > %, the norm ||u||x, determines the asymptotic behaviour of the Fourier
coefficients (u, ng,,) 12 as n — 0o, which automatically implies that u must satisfy
boundary conditions and belong to a Sobolev space. In fact, we establish

LEMMA 8. (i)
X5 = HP(0,1), 05ﬂ<%
Xipp={ue HY%(0,1) : /01(1 — )" Hu(t)|?dt < oo}
X = {u € H?(0,1) : u(1) =0}, % <B<1.
Moreover there exists a constant C = C(8) > 0 such that

C_lll’ullxﬂ < ”u“Hﬁ < C“u”X[ia U € XB:

if B€[0,1) and B # 1.
(i) Let B#m+ 1, meN. Then

HE©,1) c X,
and there ezists a constant C = C(8) > 0 such that
lulx, < Cllullas,  ue Hg(0,1).

We prove this lemma in Appendix L.
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3. Isomorphism between X_, and L%(0,1) by A,
In this section, we establish

THEOREM 1. Let K satisfy the condition (1.2) and 0 < o < 1. Then there
ezists a constant C = C(a) > 0 such that

C M ullx_o < lAeullzz < Cllullx_,,  uwe L?(0,1).

REMARK. Identifying the space L2(0, 1) with its dual, we consider the triple
HZ(0,1) ¢ L*(0,1) C (HE(0,1))’
(e.g. [21]). Here (HP(0,1))’ denotes the dual of HZ(0,1). Then since
H2(0,1) = H*(0,1) if 0<a< %
(Theorem 1.11.1 in [21]), according to the usual notation, we have

1
X_a=H™(01) if0<a<sg,

we can restate the conclusion of Theorem 1 as
CY|ullg-= < [|Aqullz2 < Cllullg-«, ue€ L*(0,1)
provided that 0 < a < % However, if -;— < a < 1, then Lemma 8 implies that
Xa 2 H§(0,1), so that X_, and H~%(0,1) do not coincide for < a < 1.
For the proof of the theorem, we first show

PROPOSITION 1. There egists a constant C = C(a) > 0 such that, for 0 <
a<ll,

CMlullx_. < IV°ullzz < Cllullx_.,  ue L*(0,1).

REMARK. In the case of 0 < a < 1/2, we can directly prove this proposition
by Fourier transform since X_, = H~%(0,1) by Lemma 8 (i).

Proof of Proposition 1. By Lemma 1 in §2 and (2.4), we have ||Ju|rz =
|Su|| L2, w € L?(0,1). By Lemmata 4 and 6, we can apply the Heinz-Kato inequality
(e.g. Theorem 2.3.4 in [26]), so that D(J*) = D(S®) for 0 < a < 1 and there exists
a constant C = C(a) > 0 such that

C7H8%ullLz < | J%ullr2 < CllS%ullzz,  we D(JI).

Since D(S®) = L%(0, 1), noting (2.4), we have proved Proposition 1.
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Proof of Theorem 1. Let us define an operator L : L?(0,1) — L?(0,1) by

o = -222 [ -y

X %((t — s)a_l(K(t, S) - K(t, t)))ds}y(T)dT, 0<t<1.

Then similarly to Lemma 1 in D.D. Ang, R. Gorenflo and D.D. Hai 3], L and
(I — L)~! are bounded from L2(0,1) to L?(0,1). Moreover by Lemma 2 in [3] we
get

(3.1) Aqu= (I —L)J*,  u€ L*0,1)
and
Ju=(I-L)"'Aqu, wue L*0,1).

See also the proof of Theorem 8.3.2 in [11]. Consequently by Proposition 1, for
u € L2(0,1), we have

lAaulLz <1 — LI |/ 2 < C|IT = L flullx o
and
lullx_o < CllT%ullzz < CI(I — L)~ Aqullzz < ClI(T = L)7H| | Al z2.
Thus the proof of Theorem 1 is complete (trivilally, by ||(I — L)7!|| # 0).

4. Upper and Lower Estimate for Singular Values

Since A, is injective and compact from L?(0, 1) to L?(0,1) (e.g. Theorem 4.3.3
in Gorenflo and Vessella [11]), the inverse AZ! is not continuous with respect to the
topology of L?(0,1). That is, there exists a sequence { }nen in L2(0,1) such that
|znllz2 =1, n € N, but ||Aazn||zz — 0 as n — oco. This means that the problem
of solving A,u = f with respect to u € L%(0,1) for a given f € L*(0,1), is ill-
posed. Let us recall that (A% A,)/2 : L?(0,1) — L?(0,1) is a selfadjoint compact
operator. Its eigenvalues {s,(As)}nen, enumerated in decreasing order with taking
account of their multiplicities, are called the singular values of the operator A,:

$1(As) > 82(A0) > ... , lim $n(Aq) =0.

For the discussion of ill-posedness, the knowledge of the properties of the sequence
of the singular values is useful. For general presentations, the reader may consult
Baumeister [4], Chapter 4 in Colton and Kress [5], Hofmann [18], Kress [19], Louis
[22].
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For several types of Abel integral operators, Gorenflo and Vu Kim Tuan {10],
Vu Kim Tuan and Gorenflo [27], [28], give explicit forms of singular values with
corresponding eigenfunctions in weighted L2-spaces. For the Radon transform, see
Natterer [24]. However, for concrete ill-posed problems, it is in general not only
extremely difficult to determine the singular values, but also is not easy to give
even upper and lower estimation or asymptotic behaviour. For one-sided upper
estimates, we refer to Dostanié [6], Faber and Wing [7], Hille and Tamarkin [17],
Gorenflo and Yamamoto [13], Yamamoto [30]. For determination of the principal
term in the asymptotic behaviour of singular values of Abel integral operators, the
reader may consult Vu Kim Tuan and Gorenflo [28], [29] which are most closely
related to our result:

THEOREM 2. Let K satisfy the condition (1.2) and 0 < a < 1. Then there
exists a constant C = C(a) > 0 such that

Cln o< sn(Aa) £ Cn™°, n € N.

REMARK. We should compare this theorem with Theorems 2—4 in Vu Kim
Tuan and Gorenflo [29]. There, for a more general Volterra integral operator
(Lu)(t) = (t7PAqu)(t) where the kernel function K satisfies extra conditions, it
is proved that

ClnTe < sn(t_ﬁAa) <Cn™ ¢

if > 0and 0 < B8 < § (Theorem 2). Moreover, under a stronger condition on K
and suitable restrictions on a and §, they prove

sn(tPAq) = (nm)~*(1 + o(1))
(Theorems 3 and 4). By our method, we cannot determine the principal term as
precisely as these authors .

Proof. The keys are Theorem 1 in §3 and a comparison property of singular
values (e.g. Lemma 2.46 in Chapter 2 in Hofmann [18]): Let Hy, Hy, H3 be separable
infinite-dimensional Hilbert spaces, A : H; — Hj be a linear compact operator
such that dim R(A) = oo, and let H; C Hj such that the embedding E : H; — H;
is a compact operator with singular values s,(FE), n € N. If there exist constants
C3,C3 > 0 such that

C2I|$HH3 < “A‘T“-"fz < 03”'77“H3’ z € Hy,
then

C28,(F) < sp(Aq) < C38,(E), n € N.
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To proceed further we state

LEMMA 9. Let 3 > 0. The embedding Eg : Xo — X_g is compact. Moreover

sn(Es) = <<n— %) w)_ﬂ, neN.

Proof of Lemma 9. For the compactness, see, e.g. Lemma 5.1 in Baumeister
[4]. Trivially,

Egon = l‘;ﬂ(#g¢n)a n €N,

and from the facts that {¢,}nen is an orthonormal basis of Xo and {2y }nen is
one of X_g it follows that {u,;?, ¢n, 42 ¢dn }nen is a singular system of Eg. Thus the
proof of Lemma 9 is complete.

Now the proof of Theorem 2 is straightforward. In the comparison property of
singular values, we set H; = Hy = L?(0,1) and H3 = X_, and we apply Lemma 9
to complete the proof of Theorem 2.

5. Conditional Stability

Because of the compactness of 4, : L2(0,1) — L?(0,1), we cannot give an
upper estimate of ||uf 2 by ||Aqu| 2 for all w € L2(0,1). However if we assume
that u lies in a compact subset of L?(0,1), then we can restore the continuity of
AZ!. This is meant by the notion of the conditional stability, here of the problem
Aqu = f, and it is important to discuss the order of the restored continuity. In this
section, assuming u to lie in a bounded set in X4, ¢ > 0, we derive such orders:

THEOREM 3. Let 0 < a <1. For given q >0 and M > 0, set
Uniq = {u€ Xy : Jullx, < M}.
Then there ezists a constant C = C(q) > 0 such that
lullz2 < C(QM T Aqu| T, w e Upyg.

REMARK. Let 0 < ¢ <1 and q # -;— By Lemma 8 (i), we can replace the
definition of Ups 4 in this theorem by

1

{UEHq((Ll):”u“H‘? SM}, 0<q< 5

Unm,g = 1
{u€ HI0,1): Julms < M, u(1) =0}, 5<g<L

Moreover, by Lemma 8 (i), if ¢ # m + %, m € N, then we can similarly replace
Um,q by

Unt,g = {u € HY(0,1) : [lul| g« < M}.
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Proof. The proof is based on the the argument in p. 100 of Baumeister [4].
That is, by the interpolation inequality (e.g. Theorem 5.3 in [4]), we see that

+ +
lullze <l Nl E 9, we X,

Noting that v € Ups,q, we apply Theorem 1 in §3, so that the proof is complete.

Notice for example that v € Up,; implies u(1) = 0. In cases of ¢ = 1 and
g = 2, we should compare this theorem with Theorems 8.3.2 and 8.3.4 in Gorenflo
and Vessella [11], where no boundary conditions at ¢ = 0, 1 such as 4(0) = u(1) =0
are assumed for u. The advantage of this theorem is, however, that we can derive
conditional stability also for “nonsmooth” functions which are not covered by the
above-mentioned theorems in [11)].

Ezample. For given M >0 and NV € N, let us set

N
VN,M = {ZVJX[aj,bj] : ij‘ <M, 0< a; <bj <1,1<5< N}
Jj=1

where X[o,4) is the characteristic function of the interval [a,b]. Let us estimate
lX(a,61llx, for 0 < g < 3. By (2.2) we have

00 b 9\ 1/2
X2l x, = (Z #ﬁ"-( / V2cos untdt) )
n=1 a
=2 (Z 12972 (sin ppb — sin pna)?
n=1

oo 1) 202 vz
< 2v2rit (Z <n - 5) ) = C(q) < oo.

n=1

1/2

N———

Here we note that C/'\(;}’) <ooby2¢—2< -1, and C,E) is independent of a,b € [0, 1]

and C(g) — oo asq? %
Thus for fixed g € (0, 3), we see that X[o4) € Xq and [X(a4)l|x, is uniformly
bounded for all a,b € [0, 1]. Therefore

lur — w2l x, < 2MNC(q)

if u1,u2 € VN, so that Theorem 3 is applicable: for ¢ € (0, %), there exists a
constant C(g) > 0 such that

lus — uzllzz < C@)MY )| Agur — Aaua|| 9, ui ug € V.

In particular,

I[a1,51] © [az, b2]|Y/? < C(@) | AaXfar,br] — AcX[agba | LT
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if0 < a; <b <land0 < ap <b; <1. Here [a;, b;]O[as, bs] denotes the symmetric
difference between [a1, b1] and [az, bo], namely, [aq,b1]6[az, bs] = ([a1, b1]\[az, be])U
([az, 2] \ [a1,b1]), and | - | is the sum of lengths of intervals.

Now what is the meaning of conditional stability within our framework if for
u € H?(0,1) we cannot assume any boundary conditions at ¢ = 1? Unfortunately
for general u € H9(0,1), Theorem 3 cannot give results as good as those presented
in Theorems 8.3.2 and 8.3.4 of Gorenflo and Vessella [11] for special cases ¢ = 1
and g = 2. It yields, however, an interior estimate.

THEOREM 4. Let 0 < a <1 and € € (0, %) Then for q > 0 there exists a
constant C(g) > 0 such that

"u“Iﬁ(e,l_e) < C(q)e—[Q]—lMa/(q+a)”Aau||1/2(<1+a)

provided that uw € H9(0,1) and ||ul|ge < M. Here [-] denotes the greatest integer
not ezceeding q.

Proof. First we state a lemma that we shall prove in Appendix II.

LEMMA 10. Take a function x € C*°(0,1) and set u(t) = x(t)u(t),0<t <1
for uw € HI(0,1). Then there exists a constant Cy = Ca(g,x) > 0, independent of
u, such that

|l zre < Calq, x)||ull re-

Let us now carry out the proof of of Theorem 4. We set
I=[g+1, x(®)=t(1-1t"

Then (D*x)(0) = (D*x)(1) =0, 0 < k < [g]. Let & = xu for u € H9(0,1) satisfy
l|#||ge < M. Then by Lemma 10, we see

(5.1) u€Hj(0,1), [fillgg < Calg)M.

On the other hand, by integration by parts, we have
t
(Ju)(t) = J(xu)(t) = x(t)Ju(t) - /0 Ju(s)(D'x)(s)ds.

By induction, noting that (J*u)(0) = 0, u € L?(0,1), k € N and (D**+!x)(t) =0,
0<tL1, we get

21
(5.2) (JA)E) =Y _(-D* DO (), 0<t<L
k=0

Since J : L2(0,1) — L?(0,1) is bounded, the relation (5.2) implies

T2 < Csl|Jullpz.
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Let us define B : L2(0,1) — L?(0,1) by (Bu)(t) = x(t)u(t), 0 < t < 1. Then B is
bounded from L?(0,1) into itself. Moreover, since J is an m-accretive operator in
L?*(0,1), we can apply the Heinz-Kato inequality (Tanabe [26]). Therefore we get

17l 2 = [[J*Bul| 2 < Co(a)|J*ull2,  u € L*(0,1).
On the other hand, by (3.1),
lAatllz = (T — L)J*Ul|z2 < ([T = L] [|J*@]| 2
and
I7%ullzz = (1 = L)  Agullz2 < [|(Z = L) 7! [|Aqull2
follow, so that
Il Aatil| 22 < Co(e) I — L] | %ullz2 < Co(e)[| I = L|| (I — L)~*|| || Al 2.
Moreover by (5.1) and Lemma 8 (ii), we can apply Theorem 3 to obtain

]|z < C(q)M"‘/(‘H’a)||Aa5“%(q+a)
< C@)(CellI — LI I(I - L)—lII)"/("+°‘)M°‘/(4+")||A,,u||‘i/z("+“),

Recalling that %(t) = t/(1 — t)'u(t), 0 < t < 1, we see that
[a(t)] > €(1 - e)'|ut)] > 27 |u(t)], e<t<1l-—c¢,
and so
la@llL20,1) = 27 € lull L2(e,1-0)-
Thus the proof of Theorem 4 is complete.
6. Tikhonov Type Regularization
As we have already observed, the problem of determining « from the equation
Aqu = f,

f € L*(0,1) given, is ill-posed. We now discuss recovery of u € L2(0,1) from an
approximate equation

Aqu = @, ¢ € L*(0,1),

which means that instead of the true right hand side we have at our disposal only a
perturbed right hand side ¢, the perturbation happening within L2(0, 1) and being
bounded by the “noise level” § > 0 as follows:

If = ¢llz < 6.
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As a-priori information about the true solution u, we assume
(61) uc th Hu”Xq <M, q>a,

with given positive numbers M and g. The number g contains information on the
smoothness (or regularity) of u.

Our Tikhonov type regularization method for recovering u consists of minimiz-
ing the functional

lAar — 8[1Z2 +7llvll%,

by appropriate choice of v in X,.

Here p > 0 is fixed and the positive number + is the regularization parameter. It
is known (see e.g. Baumeister [4], Groetsch [14]) that there exists a unique minimizer
ubVP for given ¢ € L2 (0,1). The next question then is the convergence of u®7?
towards the true solution u as the noise level § tends to zero and v is properly
chosen in dependency on é and M. Of course, we want this convergence to be as
fast as possible. There are several possible strategies to achieve this aim (see e.g.
[4] and [14]). We follow the idea of Natterer [23] (see also §3 of Chapter 6 in [4]) to
get the convergence rate.

THEOREM 5. Assume (6.1) and take

g—a 5 \ 2e+p)/(a+a)
o (3)

with a constant c; > 0. Then
lu—ubP|j2 =0 (511/(a+q)Ma/(a+q))

as § — 0.

CoMMENTS. This theorem gives the optimal convergence rate
0 ((;q/<a+q) Ma/(a+q))

by the proposed choice of . The larger we can take g (that is, the more we know
the degree of smoothness of u), the better this rate is. However, the exponent ;i—q
cannot reach the ideal (“best thinkable”) value 1.

Proof of Theorem 5. This theorem is, by Theorem 1, an immediate conse-
quence of Natterer’s Theorem 1 in [23] (or of the arguments presented in Baumeister
[4], Section 6.3). This ends the proof.

Ifg > %, then u € X,, by Lemma 8, implies that u(t) must vanish at the
boundary t = 1. What can be said about the convergence of the regularized solutions
ub7P if u € H9(0,1) but u ¢ X,? In this case, as in §5, our method does not give
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the best result. As for overcoming the constraint of the zero boundary condition at
t = 1, we can, in the special case ¢ = 1, refer to Dang Ding Hai and Dang Dinh Ang
[15] and to Gorenflo and Yamamoto {12]. Now, by a method different from theirs
we shall derive a local estimate.

Let us set

=gl +1, x(t)=t(1-t)! for 0<t<1

and

21
Ri¢=(I-L)) (—1)*D'"*(D*xJ*1=*(I - L) '¢).
k=0

Here and henceforth we define the operator DP of fractional differentiation by
(6.2) DPy=DJ* Py, for 0<pB<1,

as long as the right hand side is well-defined. Concerning the operator I — L that
is a bounded operator from L2(0,1) onto itself, the reader should recall formula
(3.1), namely, A, = (I — L)J®. In order to obtain convergence rates of regularized
solutions in a compact subinterval of (0,1), we modify the regularizing functional,
so that we have to minimize

[[Aav — Rigll72 + 7IlvlI%,

by appropriate choice of v in X,. We denote the uniquely existing minimizer by
8,v,p

Uy
THEOREM 6. Assume
uve HY0,1), |ullga £ M, g¢>a,

with given numbers M > 0 and q > a, and take

2(a+p)/(a+q)
g—a )
> = —
Pz 7=« (M)
(as in Theorem 5). Then for every ¢ € (0, %), we have

4,7,p
u;" "

% — =0 (E—Iq]—lgq/ (atq) pre/ (a+q))

X L2(e,1—¢)

as 6 — 0.

Proof. Set Aqu = f and u(t) = x(t)u(t) = t'(1 — t)'u(t) for 0 < t < 1. By
(6.2) and the semi-group property of the powers of J, we have

D'=*J = (DJ*)(J'"*J®) = D(J*J'7%)J* = DJJ* = J°.
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Hence (5.2) implies

21
Jou = Z(_l)le-—a(DkXJk+lu)
k=0

2!
— Z(_l)le—a(DkXJk+1—a(I _ L)—lf)
k=0

For the last “=" we have used
Jk+lu — Jk+1—a(I_ L)—I(I _ L)J“u
— Jk+1_a(.[ _ L)_lAau — Jk+1—a(I _ L)_lf.
By (3.1) we now see that

2l
Al = (I- L)) (-1)*D'=*(D¥xJ*1=*(I - L)~ f),
k=0

so that

2l
Agli— Rip = (I - L) Y (-1)*D'~*(D*xJ*'=2(I = L) (f - ¢)).
k=0

Since I — L is bounded, we get

21
|l Aaii — Rig|l 2 < Cs . | D= *(D*xJH+1=29) | 1a

k=0
with 9 = (I — L)"}(f — ¢). For the estimation of the terms
|DY=(DE XT* oY) e, 0< K< 2

we use the Leibniz formula for the fractional derivative (see e.g. (17.11) in [25]),
and we obtain

DI ((DFx)()(J* 1 y)(t))
= (D'72T*172y) () (D))
} F(al——l) /0 (t = 9)* (I 1729)(s) (D*)(8) - (D*x)(s)) ds
= (J*9)())(D*x)(t)
1

" Te-1 /0 (t = 8)* (T 79)(s) (D*x)(8) = (D*X)(5)) ds.

For the last “=" we have used (see (6.2))

Dl—aJk+l—a — DJaJk+l—-a — DJk+1 — Jk_
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By x € C*°[0,1], we obtain
| D'~ ((D*x )(t)(Jk“—“w)(t))l
<o (o + [ ¢ —s)a—l(Jk+1~a|w|>(s)ds)

(J
<G { WO+ e ,m S [e-a () s(s—m"’-‘*w(n)idn) ds}
= s {100 + gty [ 10l ([ - 9o eas) an

k+1-a)
— k t (a / d }
o { 4o + St =2 [ e mfucntan
< Cy(J* + D)l ().
To obtain the last “=” we have substituted & = ‘:T_:’l in the integral. Now we find
DY =(D*xJ** 1= 2y) 12 < Coll9| 2,

because J* and J are bounded operators from L?(0,1) into itself. Consequently,
since (I — L)™! is also bounded and ||f — ¢||.2 < &, we obtain

[Aat — Rigll2 < (21 +1)CsCol9)|| L2
= (20 + 1)CsCo||(I = L)' (f — @)l L2 < Crollf — ¢llz2 < Ciod.

Moreover, by Lemma 10, we get & € H{(0,1) and ||&| gs < Cy4(g)M, and applying
Theorem 5 with u and ¢ replaced by & and R;¢ we find

& — wdP|| 2 = O (5q/(a+q) Ma/(a+q)) _

We complete the proof of Theorem 6 now by recalling that u(t) = x(t)u(t) =
tlalt1(1 — ¢)la+1y(t) for 0 < ¢t < 1.

Appendix I. Proof of Lemma 8
Proof of the part (i). Let

1
pn:(n——>7r, An = 0, n €N,

Zn(t) = cos pint = %qﬁn(t), Yn(t) = sin Apt, 0<t<1l, neN

As is easily seen, {u2 : n € N} U {2 : n € N} is the set of all the eigenvalues of

{ (D?u)(t) = —Au(t), ~-l1<t<1 }
u(-1)=u(1) =0
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and z,, and y, are eigenfunctions respectively for 2 and A2, n € N. Similarly to
(2.2), we see that

(1) B ={z,:neN}U{y,:n €N}

is an orthonormal basis in L?(—1,1).

Now for 8 € R, let us form a Hilbert scale {Y3}gecr over B similarly to {Xg}ger-
Let B € R. In span B, we define scalar products and norms by

(2) (’U,, v)Yg = Z uiﬂ(uv "L‘n)L2 (’U, .CCn)LZ + Z )\ﬁﬁ(u, y'n)L2 ('l), yn)sz
n=1 n=1

1/2
lullys = (u,u)y?,

for all u,v € span B. The completion of span B in the norm || - ||y, is denoted by
Ys. By (1), we see

Yo = L%(-1,1).
Let us define an operator —A in L?(~1,1) by
(—Au)(t) = (D*w)(t), —-1<t<l
and
D(-A) = {u e H*(-1,1) : u(-1) = u(1) = 0}.

Then, as is known (e.g. §3 in Chapter 1 of Henry [16]), the fractional power A7,
~ > 0, is well-defined and

AP2y = Z 1P (u, zp) L2z, + Z M(u,yn)2yn, u€ D(AP/?).

n=1 n=1

Therefore by the definition of (2), we see that

(3) D(AP%) =Y, B0
and
(4) | AP 2u)| 21,1y = |lullys, € Yp.

On the other hand, by Fujiwara [9], we have

D(AP/2) = HP(-1,1), 0<f<g
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DMVﬂ=={ueHV%—anflmmﬂl—u1+ﬂfﬂwwﬁﬁ<«ﬁ

=: E%1/2(-1,1),

D) = Hf(-1,1), <Bs1,
and for 8 # %, there exists a constant Cy; = C11(3) > 0 such that
Cﬁluu”Hﬁ(—l,l) < ”Aﬂ/zu“Lz(—l,l) < Cll“”“Hﬁ(—l,l), u € D(Aa/z)‘

Therefore we have

Ys = HA(-1,1), 0§ﬂ<%
(5) Y.l/? = E0,1/2(_1’1)’
Yﬂ=Hoﬂ(—1,1), %<ﬂ§1

and for some Cy; = C11(8) > 0, we get
_ 1
(6) Cllllu"Yg < ”u“Hﬁ(—l,l) < Clllnu“ng U € Yﬁ’ B # 5

Finally we define an isomorphism L from X onto a closed subspace of Yj:

u(t), 0<t<1
u(—t), —1<t<0.

(Lu)(t) = {

That is, Lu is an even extension of the function in (0, 1) to one in (—1,1). Then we
see: for 8 > 0, u € Xg if and only if Lu € Y3, and

1
V2

In fact, since Lu is an even function, we have (u,yn)r2(~1,1) = 0, n € N, so that

(7) ”u’”xa = ”Lu“YB’ UAS Xﬂ'

ILully, = u2Pl(Lu,2n)r2(—1,1)
n=1

o o]
=2 Zﬂfﬂ(u, $n)r20.))? = 2lulk,-

n=1
Further we need
LEMMA 11. (a) For 0< <1,

(8) lullgeo,1) < NLullas-1,1y < 2lullge), ue HA(0,1).
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(b) We have

1 1
/ (min{1 —t,1 +¢})"" |Lu(t)|?dt = 2 / (1 =)~ u(t)|*dt.
-1 0

Proof of Lemma 11.  The part (b) is easily seen. Let us prove the part (a).
The cases 3 = 0 and 8 = 1 are readily verified. Let 0 < 8 < 1. Then we have

I Lullfe 1,1y = 1Ll Z2(_1,1) + 1 Laulfe 1,1

and
”u”iIﬁ(O,l) = ”U“%z(o,l) + |U|§1ﬂ(o,1):
with
U lu(t) — v(s)|?
[0l 1) = / / e ds
and

Y () - v(s)l
I'vlimo,u:/o | Tt sjas dtds

(e.g. Adams [2]). Therefore [|ul|gs(o,1) < ||Lullgs(-1,1) is straightforward. For the
second inequality, since || Lu(|f2(~1,1) = V2||ul| £2(0,1), it is sufficient to prove

|[Lu|gs(—1,1) < 2lulgs(o,1)-
Noting the definition of Lu, we have
IL"'Z;{ﬁ( 1,1)
2
(/ / / / _/ / / / ) (‘Luit_spwse)’ )dtds

|u(t) — u(s
= 2lul}a 0,1y + 2/ _/ It + sil+26 dt ds.

Here we get

[ [ Ot - [ ([ MO ) a
0 Jo 0

[t + s +28 |t — s[1T28 [t + 5|172P

< [ (] et a) e

so that

|L“|§1ﬂ(—1,1) < 4lu|21’15(0,1)-
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Thus the proof of Lemma 11 is complete.

Now let us complete the proof of Lemma 8 (i). For 3 # 1, the estimates (6)—(8)
imply the estimates in the part (i). Finally we have to prove the relations between
Xp and the Sobolev spaces.

First let 0 < 8 < 1. By (5) and (7), u € Xp if and only if Lu € H?(-1,1),
and by (a) in Lemma 11, we see that v € X if and only if u € HPA(0,1). Second,
let 8 = 1. By (5) and (7), u € Xy, if and only if Lu € E®*/2(—1,1), which, by
Lemma 11, is equivalent to

1
u e HY%(0,1), / (1 — )" Yu(t)|?dt < co.
0

Finally let % < B < 1. By (5) and (7), u € Xj if and only if Lu € Héa(-l,l),
namely, Lu € HP(-1,1) and (Lu)(~1) = (Lu)(1) = 0, which is equivalent to
u € {v € H(0,1) : v(1) = 0} by Lemma 11. Thus we have completed the proof of
the part (i) of Lemma 8.

Proof of the part (ii) of Lemma 8. The cases 0 < 8 < 1 are already proved
in the part (i). Let 1 < 8 < 2. First let u € HZ(0,1). Then, since u(0) = u(1) =
(D'u)(0) = (D'u)(1) = 0, by integration by parts, we have

1
(’U., ¢n)L2 = E(DZU,, ¢‘n)L2a ne N7
so that

> 1
lulk, = ZuiFI(Dzu, ¢n)r2|* = |D?ul3.,  we H(0,1),
n=1 n

by (2.1). That is, noting (2.5), we obtain
lullx, < Cillwllas,  we HF0,1).

Therefore E : H3(0,1) — X, is well-defined and bounded. Moreover, by the part
(i), E : H}(0,1) — X, is also bounded. We denote the intermediate space between
the Hilbert spaces H; and Hs by [Hy, Hs]g, 8 € [0,1] (e.g- Definition 1.2.1 in Lions
and Magenes [21]). If § # £ and 0 < 8 < 1, then

[Hg(()’ 1)7 H(% (09 1)]0 = HS—G(O’ 1)

(Theorem 1.11.6 in [21]). Furthermore by the definition of X3, we can directly see
that

(X2, X1lo = X29, 0<6<L1

Consequently by the boundedness of E : H2(0,1) — X3 and E : H}(0,1) — Xj,
we can apply Theorem 1.5.1 in [21], so that also E : HZ?(0,1) — X, 4 is
bounded if § € [0,1] and § # 1. For B > 2, we can proceed similarly. Thus the
proof of Lemma 8 is complete.
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Appendix II. Proof of Lemma 10

First let ¢ € N. Then for some constant C15 > 0 which is independent of u but
dependent on x, we have

q
la@llfe = (lxullis + 1D (xw)llZ2) < Cm(llUll%z +) IleUII%z>
k=1
< Crallul -
Next let g € N, that is, g = m + v where m € Nand 0 < v < 1. Then
l@l%e = (lElZe + D™ 7 + D™ al%0)
(e.g. Adams [2]). Setting xx(t) = (D*x)(t) and um—(t) = (D™ *u)(t), 0 < k < m,

we get

m
ID™ 3, < Ci3 Y |Xktm—klFo-
k=0

On the other hand, for 0 < k < m, we have

2
Xktum—k[Fry = / ! Xk ()b (£) = Xi(8)umk(5)? o

[t — s|1+27
1 2
D (&)1 [tm—(t) — tm—k(3)|
<a / / o dtds
" xe() = x(s)I 2
+03/ ( A W‘” fum-(s)["ds

[tk () — Um—k (S )|2
< 014/ / = s[+2y dtds

+Cl4/ (/ |t — s|1"2"dt> |um_k(s)|2ds by xx € C*(0,1)
0 0

Cia /1 2
+ Um_k(8)|°ds
g MO

< Cu| D™ Ful%,

< Cusllull%a-

At the first inequality, we have used
Xk () trm—i (£) — Xk (8)tim—i (5)[2
= Xk () (tm—k (t) — tm—k(8)) + (Xk(t) — Xk(8))tim_r(5)|?
< 20Xk () (Um—k(t) — tm—k(8))1* + 2| (xk (t) — xk(5))um—&(s)I,

and at the last inequality, ||u||ggm-r+v < Cis|t)|ggm+~+. Therefore we obtain

ID™ 4 < Crollullira,
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so that we have

[all}e < Cro(lluligz + I1D™ullgz + llull}e) < 2Cisluls,
which is the conclusion of the lemma.
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