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We propose a stable, convergent, conservative and linear finite difference scheme to solve
numerically the Cahn-Hilliard equation. The proposed scheme realizes both linearity and
stability. We show uniqueness, existence and convergence of the solution to the scheme.
Numerical examples demonstrate the effectiveness of the proposed scheme.
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1. Introduction

The Cahn-Hilliard equation [2]

8u _ 82 (5G\
xE(O,L)CR, 0<t	 (1.1)

át	 8xz Öu 
z

= pu +rui f q áx '6u 
(1.2)

with initial condition u(x, 0) = u0(x), where p, q and r are constants with p < 0,
q < 0 and 0 < r, is a model equation to describe a phase separation phenomenon
called the spinodal decomposition. The decomposition phenomenon occurs when
binary solutions such as alloys, polymer mixtures are cooled down [19]. Here u(x, t)
is a distribution function of the concentration of one component of the binary
mixture. Boundary conditions for the equation are

áuáu_
= 0,	 (1.3)

rex ^_0 	8x =r,

88C1 0 öG

räx óu	 = 8x su	
= 0,	 (1.4)

x_o 	x=L 
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i.e.,

	au	 _ au
0,	 (1.5)

8x0 ax x=L

	a 3 u	 a3u
	3 	 3	

0.	 (1.6)
	Cix x 	Óx x_L

The functional G means a local free energy called the Ginzburg- Landau free energy.
The notation 	 defined by (1.2) is consistent with the variational derivative of

G(u(x,t)) = 2pu2 + 4ru4 — 2 q (áx) 2

with respect to u(x, t). In fact, a relation between G of (1.7) and ó of (1.2),

l ö 1{ J L G(u + ev)dx —f L G(u)dx) = J L v dü dx,
l o	 o	 111	 0

is derived through integration by parts under the boundary condition (1.3).
It is known that the solution u(x, t) of the Cahn-Hilliard equation possesses

the properties that the total mass f0'  u(x, t)dx is conserved and that the total free

energy f ó G(u(x, t))dx decreases with time. Steady state solutions of the Cahn-
Hilliard equation were studied by Carr, Curtin and Slemrod [3] and Novick-Cohen
and Segel [17]. Elliott and Zheng [9] proved that if the initial data u(x, 0) belongs
to

H(Q) _ 
{i E H2(,fl); Dv = 0 on áQ} ,	 ( 1.9)

then the Cahn-Hilliard equation has a unique solution u(x, t) E H4 " 1 (Q x (0, T))

where S? is a bounded domain in R (n < 3) and á/áv is the outward normal
derivative to ó,f2. In spite of these studies, there remains a lot to be investigated,
e.g. how the solution u(x, t) evolves and attains to a final state.

Since we cannot hope for analytical solutions, we must resort to numerical
methods to solve the Cahn-Hilliard equation. Even numerical solutions are not
easy to obtain because this equation is a nearly ill-posed problem when p < 0. To
overcome this difficulty, some numerical methods have been considered in several
papers. Langer, Bar-on and Milners made a pioneering study [15] based on a simple
ansatz for the two-point distribution function. Some finite element schemes were
studied with mathematical rigor by Elliott and Sonqmu [9], Elliott and French [5],

Elliott, French and Milner [7], Elliott and French [6] and Elliott and Larsson [8]. Du
and Nicolaides [4] proposed an interesting finite element scheme and a finite differ-
ence scheme with the property that the total energy decreases with time under the
Dirichlet boundary conditions. Furihata, Onda and Mori [14] proposed a practical
nonlinear stability analysis method for finite difference schemes and applied it to

(1.7)

(1.8)
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the Cahn-Hilliard equation. Sun [18] proposed an interesting linearized finite differ-
ence scheme which is uniquely solvable and L2-convergent, not necessarily stable.
In [11] Furihata proposed another difference scheme for the Cahn-Hilliard equation
based on the discrete variational derivative technique [10]. The scheme in [11] is
conservative, stable and L 2-convergent, but implicit with nonlinearity.

In this paper we design a new linear finite difference scheme for the Cahn-
Hilliard equation based on a combination of the discrete variational derivative
technique in [12], [10] and the linearization technique in [16]. The proposed linear
scheme is stable and L2-convergent, and inherits the conservation of mass and the
decrease of the total energy from the Cahn-Hilliard equation. From the mass con-
servation and the energy decrease properties, we show that the scheme is stable in
the sense that the numerical solution is bounded with respect to max-norm. It is
proven that the proposed scheme has a unique solution under a certain mild condi-
tion for At. It is also proven that the numerical solution by the proposed scheme
converges to the true solution of the Cahn-Hilliard equation with the convergence

rate of 0 ((,Ax) 2 + (,At) 2 ) if u(x, •) E C3 [0, T] for any fixed x and u(., t) E C6 [0, L]
for any fixed t, where u(x, t) is the true solution. Finally some numerical examples
are shown to demonstrate the effectiveness of the proposed difference scheme. It is
observed that the proposed difference scheme is stable even when zit is 1000 times
as large as the stability upper limit of At in the conventional schemes reported in

[14].

2. Discrete Symbols and Discrete Calculus

In this section we introduce a consistent set of discrete operators.
We suppose that the space mesh size Ax and the time mesh size zit are uniform.

First, we define a general rule to compose the m-th operator o(m> from a given pair
of commutative operators o+ and o as follows:

O (o) def
1 ,	(2.1)

0 ( 1 > def - (o
+ + o-),	 (2.2)

0 (2) def O+^	 (2.3)

0 (2m+ 1) def O
(1> O (2m >	 m > 1,	 (2.4)

0 (2m+2) def o(2)o(2m)	 m > 1.	 (2.5)

Next, we define some basic operators, the shift operators s+, s, the average
operators j, µ and the difference operators S+, S- with respect to subscript j.

sf(j) 
def 

f(j + 1)	 sf(j) 
def 

f(j — 1 ),	 (2.6)

	

+ def Sj + 1	 def 3j + 1
µj =	 2 '	 t j =	 2 ‚	 (2.7)
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s+ def Sj - 1	S_ def Sj - 1
	(2.8)

3 Qj ,	 _Lj ,

where Oj is a generic notation for the mesh size. We use n for time subscript and
k for space subscript and define

	Qn 
= 

At,	 (2.9)

	z k def Qx.	 (2.10)

The generic rules (2.1)—(2.5) applied to ot = s} , pt and b} , yield s(m>, µ (m) and
5 (m) , respectively.

As a discretization of the integral we adopt the summation E" defined by

N	 N-1
ii fk def 

2 f0 +	 Ik + 2 fN.	 (2.11)
k=O	 k=1

Two relationships between difference operators and summations are mentioned.
The first is the inverse relationship between difference operators and summation
operators for any h > 0, h E N. This reads

N	 Nr it (5(h)ƒk)Qx=	
(

k 	k-0 '	
(2.12)

k=0	 L

where

	[fkIk=0 
= 

IN - b,	 (2.13)

0 : h is even

	

h mod 2 = 1
	 h is odd.

(2.14)

The second is "summation by parts" that corresponds to integration by parts:

N	 N
)

^^ A (bk9k) ax + E ll (6k- A) 9kx = 
fk(S49k

\
 + (S ik )k 9k

	(2.15)
k=0	 k=0 l	

2

	k=0

3. The Proposed Scheme

We define Ukn) (k = —2,-1,0,.. . , N, N + 1,N+2; n = 0, 1, 2, ...) to be the

approximation to u(x, t) at location x = k/ax and time t = n/it, where N def L/Ax
The concrete form of the proposed linear scheme for (1.1)—(1.2) is

	U k l — uo (k x) _ 82	 ÖG(uo(x))
at	 áx2	Sit	 ) I
	

(3.1)
=kom

^ (l) U (-) - (^k2) Vk n> ,	 n = 1, 2, ... ,	 (3.2)
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	V^ ni — pUkni +r(s l̂) U1 )(U, ) 2 +gbk2i (s,(»U, ti ),	 (3.3)

where U^°i = uo (kax), k = 0, 1, . .., N. The discrete boundary conditions are

- i = U1^^ , 	UN+1 = 
U(n )

 1 ,	 (3.4)

U( 2) =UN+2 — N-2' (3.5)

for n = 0, 1, 2..... These conditions correspond to (1.5) and (1.6). Note that these
conditions satisfy

6(1) Ukni 	= (Sk' > Ukni 	= 0,	 (3.6)
k=0	 Ik=N

5 (1) V (n) — ö (1 ) V (n) I	 = 0	 (3.7)k k k_0 — k k k=N

which correspond to (1.3) and (1.4).
From the concrete form of the proposed scheme (3.1), (3.2) and (3.3), it is

easy to see that the scheme is linear in the new time step. The proposed scheme is
implicit in that we must solve simultaneous linear equations per iteration to obtain
numerical solutions. However, the computation time to solve them is proportional
to N since the coefficient matrix, which is described in (6.3), is a band matrix.

4. Properties Inherited by the Proposed Scheme

We first note two well-known properties [9] of the solution of the Cahn-Hilliard
equation, which are mentioned in the introduction. Namely,

fL	 f L

J u(x, t)dx = J u(x, 0)dx,	 (4.1)
0	 0

d IL
d	 G(u(x, t))dx < 0. 	 (4.2)

We call (4.1) the conservation of mass and (4.2) the decrease of total energy. The
conservation of mass (4.1) can be shown easily as follows:

d L	

fo
L 8u 	L a2 bG _ a 6G L

dt I u(x, t)dx = 
	8t

(x, t)

 d^ 
_
— fo 8x2 6u d^ — [áx Su) X_0 

_ 
0, (4.3)

in which the boundary condition (1.4) is used. The decrease of total energy (4.2)
can be shown similarly under the same condition:

d
dt f L G(u(x, t))dx = f L ^u 8t dx — .f L { áx öu }2 dx <_ 0.

	 (4.4)
0	 0	 0
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The main purpose of this section is to show that the proposed scheme (3.1)-
(3.3) has properties corresponding respectively to (4.1) and (4.2), i.e.,

I N
N 	Err Uk0) ^x, : n is even

^^ U (n)ax = kN	 (4.5)

k=O 	E" Uk l) zAx, : n is odd
k=O

N	 N
El/ Gd(U(n+i) U (r) ) k OX - r" Gd(U (n) U(n-1))k^x < 0,	 (4.6)
k=0	 k=0

where

Gd(f, g)k 
= 

-pfkgk + 4r(.fk) 2 (gk) 2

1 	(akfk)2 + (6k fk) 2 + (8kgk) 2 + (Skgk)z
	(4.7)

2 4 (	 4	 )

is the discrete local free energy defined for a pair of vectors f = { fk}, g = {9k}.
We call (4.5) the conservation of discrete mass and (4.6) the decrease of discrete
total energy. The conservation of discrete mass (4.5) can be shown as

^^ /i_Uk^+l)'Ax - ^^^ Uk^ -1)ßx = En {8 (1) UUn) } xx
2Tt

k=0	 k=0	 k=O
N

_ [iii r6(2)V(n)}'AxjJ l k k
k=O

= L 	 Nk=0

= 0	 (4.8)

because of (2.12) and the boundary condition (3.7). The decrease of discrete total
energy (4.6) can be shown as

 {^ 11

 Gd(Ukn
+i)' Ukn) ) k 'Jx — El/ Gd (Uk(7) Uk^-1)) kz x l

k=0 k=0 1
N

_ [" {V( ^ ) (^nl) Ukn) }Qx
k=O
N

l
J V (n) j (2) V (n) } zixL  k k k

k=0
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	N
	[ {6tV,(n)}2 1

=1 (1) V (n) S(1) V (n) J N - 1 +S l
6kVin)}2

]

ax
L	 k=o 2 k_0  

N
_ —_ 	 [2 + {Sk V^n) } 2 1 Qx

2 k=0
< 0,	 (4.9)

because of a relation between Gd and Vlg) given by

where

N
E" Gd ( U ln+l) U

k=0

N
_ ^ii V(n)

k=0

N
_ [iii V(n)
E k
k=0

N
n)/k0x — 2" Gd(U (n) , U (n-1) ) k^x

ku=0

C U (n+1) — U(n-1) 1	 r	 1 N
k 	2 	 J áx + I ÓV^n) J k=0

C Ukn+1) — Uk(
n-1

)2	ax,	 (4.10)

ÔV(n)def 8 1k (
S(1) Ukn)1 Sk (Uk^+l) — Uk^-1))

l + ók(sn1)Ukn) 1 .SklUkn+l)—Ükn-1) )

+ 26(1) ( s (1) Ukn)) ( Ukn+l) _U_1))}. 	 (4.11)

The boundary terms in (4.9) and (4.10) vanish because of (3.4) and (3.7). It is
noted that the summation by parts (2.15) is used repeatedly in (4.10).

5. Stability of the Proposed Scheme

The purpose of this section is to show that, if the proposed scheme has a
solution, it is bounded in the maximum norm. The proof consists of two lemmas.
The first lemma shows that the discrete semi-norm of the solution of the proposed
difference scheme is bounded. The second shows that if the discrete semi-norm of
a discrete function is bounded, so is the maximum norm.

LEMMA 5.1. The solutions Uk^` ) , n = 0,1, ..., of the scheme (3.1)-(3.3) un-
der the boundary conditions (3.4), (3.5) satisfy:

(8^Ukn))x <_ (4 1 j>" Gd(Ui l) , U (°) ) k ax + p4r } .
	 (5.1)

k=0	 \ q /  k=0
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Proof. Applying (r/4)x2 + (p/2)x > —p2/4r to the discrete local free energy

in (4.7) we obtain:

N	 /

E ll G (U(n+1), U`
n) ) QxV V	 k

k=o

N
> E" 

{-4r 	
+ (S^ Uk^+i))2 + (Su)2 + (6, Ukn) ) 2 ) } ^x

N	

JJJ

> ^^^ f _??2 _ q ( (6t () ) 2 + (Sk- UUn) )2) } ^x
l 4r 8 `	 J J

k=0

2 	N-1

4rL — 4	 (8kUk^` ) ) 2 ^x,	 (5.2)
k=0

since
N	 N-1

^ 11 l 
(or

^^ ))2 + (Sk U)2)1 ^x = 2
	 (5.3)

k=0	 k=0

under the discrete boundary conditions (3.4), (3.5). The inequality (5.1) follows
from the above inequality and the decrease of total energy (4.6).	 q

LEMMA 5.2. For any f = { fk}N o and 0 < dm < N, the following inequality

is satisfied:

L t .fm — L J 2 <—
 E

( fk) 2 Zx,	 (5.4)
\	 /	 k=0

where
N

	M  ' Eu f/Xx.	 (5.5)
k=0

Proof. For any in such that 0 < in < N we have

N	 N

fmL — M = E ll (fm — fk) ^x = ^^'Yk,m(f)QX,	 (5.6)
k=0	 k=0

where
Tn-i

	E(Sifl)/x	 : k<m,

'fk,m(f) 
=	 1	 (5.7)

— 	 (bl fl) L7x	 : m < k.
l=m

This implies
N-1

Ifn —M/LI <	 ISkf	 x,	 (5.8)
k=o
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since

N

jfmL - MI < y^^ ^ryk,n(f)j ax,	 (5.9)
k=0

N-1

I7k,n(f)I	 jc fkl Qx.	 (5.10)
k=0

Finally, applying the Schwartz inequality to (5.8) we obtain the inequality (5.4).

REMARK. The inequality (5.8) corresponds to the Poincaré-Wirtinger in-
equality [1, p. 146].

Applying Lemma 5.2 to (5.1) we obtain the following theorem. The inequality
(5.11) in the theorem implies that the proposed difference scheme (3.1)-(3.3) is
stable for any time step n since the constants U, U- and L\U are determined by
the initial state.

THEOREM 5.3. The solutions U ni , n = 1, 2, ..., of the scheme (3.1)-(3.3)
under the boundary conditions (3.4), (3.5) satisfy

UC - zu < Uk^` l < Uc + 4U,	 (5.11)

where

def ^	
N	 N

Uc	 L max s" UU°i ax, ^" Uk liáx	 (5.12)
k=0	 k=0

N	 NUc def 
1 min	 " Uk°l ix, E" Uk l) ,ix	 (5.13)

(k=0 	k=0

N 	1/2
2

áU 
= ̂(4L) E l,

Gd(Ui l) , Uil) k `1x+4r (5.14)
q 	 k=o

Theorem 5.3 is essentially independent of both Ax and t except for the
dependence of the constants Uc, U, and QU on /x and at. This means that the
proposed scheme (3.1)-(3.3) is unconditionally stable.

REMARK. The influence of rounding-error is not considered in evaluating the
stability of the numerical solution.

6. Unique Existence of the Solution to the Proposed Scheme

This section is to prove that the proposed scheme (3.2) has a unique solution
under a certain condition on at and fix.
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The equation (3.1) has a unique solution without any condition. The equations
(3.2), (3.3) can be rewritten as simultaneous linear equations

(1— 2zt [2x2 l(Uk+)1J2Sk — 2 (Ukn ) ) 2 + (U) 2 s} + Zö^4) ])

= 2^tb^2) {pU  + (U^n) ) 2 U —i) } + (1 + AtgSk4) )U^ .	 (6.1)

Under the discrete boundary conditions (3.4), (3.5), the above simultaneous linear
equations are written as

A U(n+I) = 20, 	 (6.2)

where A is an (N + 1) x (N + 1) matrix and w = {wk}k o is a vector with Wk def

RHS of (6.1). The elements Aij (0 < i, j < N) of the matrix A are

where

1 +

b(n)
7

C

A= 1 + ain) + e

2b
7

2c

0

: i =j, i1, i #N-1,

i =j±1, i540, i N,

i =j±2, i0, iyN,

(i,j) = (1,1),(N— 1,N— 1),

(i, j) _ (0 , 1 ), (N, N — 1),
(i, j) _ (0, 2), (N, N — 2),

: otherwise,

(6.3)

(n) def 	2r 	(n) 2 	6q
ak 	 (Uk ) — (Qx)4 	k = 0, 1, . .., N

rbkn) def t{__ (ix
)2(u) 2 +  (ax)4 	k = 0, 1, ..., N,

def —q 
c = (Qx)4 .

We obtain the following theorem.

THEOREM 6.1. When

,At < 	—4q
r2 max { (Uc — DU) 4 , (UU +u) 4 }

(6.4)

(6.5)

(6.6)

(6.7)

the proposed scheme (3.1)—(3.3) has a unique solution.

Proof. Suppose that Au = 0 for a non-zero vector u = {uk}k o . Note that
Au = 0 is equivalent to the following equality through (6.1):

Uk —rit 82) { (Uk Th) ) tuk } — q 1t Sk4) Uk = 0, for k = 0, 1, ... N,	 (6.8)
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where u_s = us, uN+s 
— 

UN—s for s = 1, 2. Multiplying by uk, summing from 0

to N, and using summation-by-parts we obtain

E" (u) 2 x = r0t Eil (Ukn) ) 2
ukl^k2) ukAx + qt Err (6

(2) uk) 2^x. (6.9)

k=0	 k=0	 k=0

The formula of summation-by-parts used above is

N	 N

E" fk 6(2) 9k 0x = ^ ' t gkök2)fk^x for f, g satisfying (3.4). 	 (6.10)
k=O	 k=O

For the first term of RHS(6.9) we obtain

N

rLt ^^^ (U,n))ZUk6(2)ukaxk
k=0

N	 l
_ k=O 	r2q (Uk Zuk } { —2gök2) uk } ^x

	k=0 l	 l	 )))

l	 21< ^t	 ,, [{ r2q ^U^a))zuk } +{ —2gó(2) uk} J ux
k=0 ll	 »)

N
N

< r
2 
4qt N 11 (Ukn) ) 4 (uk) 2 4x — qt	 11 (6

(2) Uk) 2 ^x.	 (6.11)
	k=0	 k=0

From Theorem 5.3, (6.9) and this inequality (6.11) we obtain

N N

	E" (uk)x < 
r2 L t 	 (Ukn))4(uk)2.x

k=O	 — q k=O

2	 N< r ^t
 max { (UC — ^U) 4 , (UC + ^U) 4 } >" (uk) 2 ^x.

—4q 	 k_0

(6.12)

Because the vector u is non-zero, this inequality means

—4q <\t.	 (6.13)
r2 max{(Uc —U) 4 , (U +zlU) 4 }

Hence the matrix A is non-singular under the condition (6.7). 	 0

N	 N	 N

REMARK. For the uniqueness and existence of the numerical solution in The-
orem 6.1, the stability theorem (Theorem 5.3) is essential.
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7. Error Estimates for the Proposed Scheme

The purpose of this section is to establish an L 2 -error estimate of numerical
solutions Uk(n) of the proposed scheme. The L2-error estimate implies that the
solution to the scheme (3.1)—(3.3) converges to the solution to the original equation
(1.1)—(1.2).

We define the following notations for n = 0, 1,... and k = —2, —1, ..., N + 2:

v(x t) def 8G(u(x, t))
(7.1)

^u

(n)
uk

def= (n)	 (n)
Uk	 — Uk

(7 2)

(n)V
k

def
v (" ) — V (n)k	 k (7.3)

rkn) def S (l)	 (n) — S^2)v(n), (7.4)

h (n)
k

def (u(n))3 — /Uk
n+l) + Ukn-1) 1 (U (n)

J
\ 2 ,

)
(7.5)

2 

(n) def

k

02u (2) / Ukn+l) + 2G(n-1) \

0x2 x=kdx, t=nzt k \	 2	 /

where Ukn) is the solution of the proposed scheme (3.1)—(3.3), V(n) is defined in

(3.3), u(x, t) is the solution to the Cahn-Hilliard equation, u(n) def u(kzAx, nat),
Vkn) — v(k x, nLt). We define an extension of u by

u(x t) def u(x — 21L, t) : 21L <x <(21+  1)L,	
(7.7)

u(21L — x, t) : (21 — 1)L <x <21L,

where l E Z. We define the extension of v similarly.
Under the discrete boundary conditions (3.4), (3.5) and above definitions, we

obtain the following inequality from the summation by parts (2.15):

21 ^^^ J (gin+l))2 — (ükn- 1 )1 2 1 ^x = 2 ^^^ (Sn1) , (n) • bnl) ü (n) )^x

k=0 l 	1 J 	k=0

N

= 2 E" ^sn1)ü(n» (6 (2) v(n) + r (n) )^x
k=0

N r
= 2 ^" j vkn) (Ok2) S (1) .(n) ) + S (1) . (n ) • r (n) } jx

k=0

N 

{

	 l
= 2 >" ( v(n) 1 (v (n) — ü (n) — rh (n) 	(n)) + s (1) ü (n) • r (n)  L\xl k	 q k	 P k	 k — qfk	 n k	 k 

JJJk=0
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N

= 2> 	 1 (v (ß` ) ) 2 + 1q k	 _q	 k
k=0

(pü(n) + rh (n) + gfk(n
» + (1) -(n)	 n)• rk],jx

N 	 1 (fl) 2	 1 2 wkk) ) 2 + 1 ^pükn) -F-rh (n) 	(n)+gf
	+sn^2 	(1) u (n) •	 ^x(n)< 2	 [q (vk ) + _q 	2 	k •rk 

k=0

N

< 2r" ^-3 q 	(n)2<2" 	 (rhkn))2+ (gf(fl))21
L^ 	4 l
k=0

+ (ukn+1)) 2 + (ti (^-1)) 2 + (r(2) )ß
] ax.	 (7.8)

4
k	 k	 k 	(

2

With notation
N

(n) = ç,,
(2tk(n) ) 2 Lix	 (7.9)

k=0

the above inequality is written as:

+1E	 ) — e(n-1) <
 3P 2(n) + E(n+l) + 6 (n-1)

Lit	 -q
N

+ 	 " 
{ ()  - 3q(f) 2 + 2(r) 2 } fi 	 (7.10)

k=° 4

Since the solution of the proposed scheme is bounded as shown in Theorem 5.3, we
can evaluate hkn) when u E C° ([0, L] x [0, T]) as follows:

(hkn) ) 2 < 31 4 [Lit4  (a(2> (n) ) 2 + kUkn
+l))^	 (ukn -1 )) 2

 + 4(u(n))2] ,
	 (7.11)

where

`l aef maxsup Ju(x, t)I , !Uc - LiUI , I UC + LiUI	 (7.12)
^O<x<L

0 <t <T

and T> (n + 1)at. Substituting the above estimate into the inequality (7.10) we

obtain

(	 2 4	
(n+l)

{1-^t(1+9r
-2q /JE

< { 1 + Lit (1 + gr 2q4 / E(n-1) + 3 qt (p2 + 12r2A4) E(n)

N 	{9r2A4 Lit4 () () )

+,at^^ 2 - 3q(fk^ ) ) 2 +2(r ^^ ) ) 2 ax. (7.13)
k=0
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We now assume that the time mesh size At satisfies

0<Ot<3	 9r2fl4 ).	 (7.14)1+
29 J

Since

0 < zit< 1/3a	 1 + amt
 < 1 + 3azit,	 (7.15)1 — aLt —

it then follows from (7.13) that

,(n+1)

< (1 + 34t (i + 9r 2q4) } E(n_1) + 
9At (p2 +. 12r2í14) e(n)

N r 27r2A4 4t4+ ^t^^^ Sl 	8	^)^z - 2q (fkn) )^ + 3(r (n) ) 2 } fix. (7.16)
k_0 	- 4 

If u(x, •) E C3 [0, T] for any fixed x and u(., t) E C6 [0, L] for any fixed t, the constant

def	 a2u 1 a3 u	 1 a4u 1 a4V 1 a2 a2 l	
(7.17)CO = su max	 —	 —	 —

P	 (ate ' 6 at3 I ' 12 ax4 ' 12 ax4 ' 2 axe ate u I 

satisfies that

r(n) < Co ((Lix) 2 + (at) 2 ) ,	 (7.18)

ƒ(n) 	Co ((Lix) 2 + (Lit) 2 )	 (7.19)

8(2) ukf) < Co,	 (7.20)

and we can evaluate the remaining term of the last inequality as follows:

N 	27r2A4Lit4Lit"J	
—8q

	(ô(2) ukn)) 2 _ 2q (f^n) ) 2 +3(r^n) ) 2 1 Lix
k= 0 1

<_ LC0 (
27r 2A4

 - 24 + 3) at (ax e + dt2 ) 2 .	 (7.21)
_ 9

Through this evaluation and e (°) = 0 and e (1) < CCLLit4 , we obtain

max(e ( n+ 1) , E (n ) ) < R max(e(n),e	 1))  + RHS (7.21)

< RLC0Lit4 + (	 R8) • RHS (7.21),	 (7.22)
s=0

where

R 
def 1 + (3 +

 9p2 + 
-2q	 J

5r2Á4 1 Qt.	 (7.23)
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Finally, applying

1<RT <exp{(3+ 9p2+ 25r2Á4 IT}	 (7.24)
_ q	 /	 JJJ

to this inequality, we obtain the following theorem, showing that the order of
IIerrorII L2 is 0 ((ix) 2 + ( it) 2 ).

THEOREM 7.1. When u(x,.) E C3 [0, T] for any fixed x and u(., t) E C6 [0, L]

for any fixed t and the time mesh size it satisfies the condition (7.14), the error
of the numerical solutions is bounded as follows:

J
N 	1/2

rr 
l
(ukn) — Uknl ) 2ix	 < Cl e°2T (ax 2 + it2 ),	 (7.25)k =Oll 

where

G1 def 
Co	 1 +

 3q2 — 2q + (9/4)r2A4 	L	 (7.26)1/2
{ (	 3p2 — 2q + 45r2Á4 ) .

C2 def 3 + 9p2 + 135r2 í14

2	 —4q
(7.27)

Comparing the solvability condition (6.7) and the converging condition (7.14),
we see the inequality

RHS (7.14) < RHS (6.7). 	 (7.28)

This implies that when it < RHS (7.14) there exists a unique numerical solution

converging with order 0 ((ax) 2 + ( it) 2 ).

8. Examples of Numerical Solution

The purpose of this section is to demonstrate through numerical experiments
that the proposed difference scheme is stable and gives reasonable numerical solu-

tions.
Figure 1 shows a numerical result for the Cahn-Hilliard equation with p = —1.0,

q = —0.001 and r = 1.0 obtained by the proposed scheme with ix = 1/50 and

it = 1/1000. The initial state is

u(x, 0) = 0.1 sin(2irx) + 0.01 cos(47rx) + 0.06 sin(41rx) + 0.02 cos(107rx). 	 (8.1)

We can see that the final numerical solutions of Fig. 1 correspond exactly to
the monotone solution that is the global minimizer of the total free energy [3].
The numerical solutions in Fig. 1 stand in virtual agreement with the results in
[13] which were obtained by an explicit finite difference scheme and in [11] by a
nonlinear implicit finite difference scheme. However, we must set it as small as
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Fig. 1. Numerical solution to the Cahn-Hilliard equation (p = —1.0, q = —0.001,
r = 1.0) obtained by the proposed scheme (3.1)—(3.3) with Ax = 1/50 and
,At = 1/1000. The initial state is (8.1).

5.9360656. . . x 10 -7 = 1/1685000 in the scheme of the preceding paper [13], whereas
we obtained a stable solution with a mesh size as large as 4t = 1/1000 by utilizing
the present scheme. We used the same mesh size At = 1/1000 to the scheme in
[11], but the computation time was much larger because the preceding scheme is
implicit with nonlinearity.

Figure 2 shows the discrete total energy of numerical solution

>I-" Gd(Uln+l^  for the solution in Fig. 1. This graph shows that the
decrease of total energy (4.6) is preserved numerically. Figure 3 shows the discrete
total mass of numerical solution ^k o " U, z x for the solution in Fig. 1. This
graph shows that the conservation of the total mass (4.5) is preserved numerically.
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Fig. 2. The discrete total energy of the numerical solution in Fig. 1. The first one

is log-scaled and the second is linear-scaled.
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Fig. 3. The discrete total mass of the numerical solution in Fig. 1.
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O • • • Good
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Fig. 4. Results of numerical solution to the Cahn-Hilliard equation (p = —1.0,
q = —0.001, r = 1.0) obtained by the proposed scheme (3.1)—(3.3) with
various Ax and Lit.

Figure 4 shows the results of numerical solution to the Cahn-Hilliard equation

with p = —1.0, q = —0.001, r = 1.0 obtained by the proposed scheme with vari-

ous Ax and Lit. The initial states are (8.1). The "Good" result means that the
numerical solution has the following characteristics:

• Stable evolution,

• Attainment to the final state of which the shape is monotone,

• Close approximation to the solution of the Cahn-Hilliard equation,

• Decrease of the total energy as (4.6),

• Conservation of the total mass as (4.5).

We are able to estimate whether the obtained numerical solution sufficiently approx-
imates the solution of the Cahn-Hilliard equation or not on the basis of the existing
studies of numerical solutions of the equation as mentioned in §1. The "attain final
state but not approximate" result means that the numerical solution attains the
final state but the evolution does not approximate the solution of Cahn-Hilliard
equation. The "not-attain final state" result is a case worse than the above ones,
which means that the numerical solution is trapped by local-minimum of energy
function and does not reach a monotone solution.

We must note that no numerical solution is observed to be unstable with
these parameters. This confirms the remark of the Theorem 5.3 which means the
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proposed scheme is unconditionally stable.
With these parameter values, the bound of solution is estimated as

A = supmax(1u  UJ r` l 1) < p = 1,	 (8.2)

and the condition for the unique solvability of (6.7) is evaluated as

^t < Zq = 0.004.	 (8.3)
r

9. Conclusion

We proposed a new finite difference scheme to obtain numerical solutions to the
Cahn-Hilliard equation. The proposed scheme is stable, L2-convergent and linear
and has a unique solution. The simultaneous realization of linearity and stability
makes the proposed scheme substantially superior to other known schemes. The
numerical solutions should be obtained by solving simultaneous linear equations
per iteration. However, the computation time is proportional to N because of the
handedness of the coefficient matrix. Numerical examples demonstrated that the
proposed scheme is very effective.

Acknowledgment. We thank M. Mori for discussion at the early stage of this
research and K. Murota and M. Sugihara for helpful advice and discussion.
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