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In this paper, we analyze the error of a fictitious domain method with a Lagrange multi-
plier. It is applied to solve a non homogeneous elliptic Dirichlet problem with conforming
finite elements of degree one on a regular grid. The main point is the proof of a uniform
inf-sup condition that holds provided the step size of the mesh on the actual boundary is
sufficiently large compared to the size of the interior grid.

Dans cet article, nous étudions ’erreur d’une méthode de domaine fictif avec multipli-
cateur de Lagrange. Nous ’appliquons a la résolution d’'un probléme elliptique avec con-
dition de Dirichlet non-homogéne au bord par une méthode d’éléments finis conforme de
degré un sur une grille uniforme. Ceci repose sur la démonstration d’une condition inf-sup
uniforme qui est satisfaite lorsque le pas de la discrétisation sur la frontiere du domaine
d’origine est suffisamment grand comparé au pas de la grille intérieure.

Key words: Lagrange multiplier, finite elements, boundary mesh, uniform interior mesh,
inf-sup condition, approximate boundary

1. Introduction

This paper follows two preceding articles of Glowinski, Pan and Périaux [11, 12]
that describe a fictitious domain method and discuss its practical implementation
when applied to several elliptic problems with non homogeneous Dirichlet boundary
conditions. The principle of this method is to solve the problem in a larger domain
(containing the domain of interest) with a very simple shape, the fictitious domain,
and to impose the boundary condition by the introduction of a Lagrange multiplier
on the boundary. Its advantage is that the problem in the fictitious domain can
be discretized on a uniform mesh, independent of the boundary, thus skipping the
time-consuming construction of a boundary-fitted mesh. This approach is discussed
in [11, 12], where the problems considered are discretized with conforming standard
finite elements of degree one on a uniform triangular grid in the fictitious domain
and the Lagrange multiplier is discretized by piecewise constant functions on a
regular grid on the boundary. The interesting point is that the two grids are chosen
independently of each other, except that the boundary mesh size is larger than
the mesh size in the domain. The purpose of the present paper is to derive error
estimates of this method, provided that the ratio between the boundary mesh size
and the mesh size in the domain is approximately two or three. The crucial step is
the proof of a uniform discrete inf-sup condition via the construction of a suitable
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restriction operator.

The idea of imposing a boundary condition by means of a Lagrange multi-
plier is not new. It dates back to the work of Babuska [3], Aziz and Babugka [2],
Babuska, Lee and Oden [4], which established error estimates when the ratio be-
tween the boundary mesh size and the mesh size in the domain is greater than some
constant depending on the domain. Unfortunately, the constant can be large and
its dependence on the domain is not straightforward. Their results were refined by
Pitkdranta in [15] and recently by Agouzal in [1], but in both papers, the boundary
mesh points are directly related to the mesh points of the interior grid, whereas in
the present paper these mesh points are independent. In addition, we do not use the
same argument to establish the discrete inf-sup condition. In the last two references,
the negative boundary norm is replaced by the L? norm on the boundary through
an inverse inequality and the discrete inf-sup condition is replaced by a sufficient
condition that must be checked in the applications. In this paper, this negative
boundary norm is eliminated by constructing an adequate restriction operator, the
existence of which is equivalent to the discrete inf-sup condition.

This paper is organized as follows: Section 2 describes the fictitious domain
formulation of the problem and it discusses its general approximation. Section 3 is
devoted to the numerical analysis of one of the problems solved by Glowinski, Pan
and Périaux [11], in the simplified case where the boundary is a polygon and the
effect of approximating a curved boundary by a polygon is sketched in Section 4.

We end this section by recalling some Sobolev spaces that will be used in the
sequel. For a domain {2 in R™, we shall mostly use the classical Sobolev spaces,

H@) = fo € @) 7 € @)1 Si <),

2

8
HY(2) = {ve HY(0); 62_(;;. € L*(0),1< i, j <n},
0L

both equipped with their graph norms denoted respectively by || - ||g:(e) and
| - [l z2(). We shall also use their seminorms

n 5 1/2
v
vl (2) = (ZH 9z. ||iz(n)) )
=1 i
1/2

v ar2(2) = Z (R ryor-ye 63: 6:1: “L 2(02)

i,7=1

Finally, we shall also use the fractional Sobolev spaces H'/2(£2) and H3/2((),
obtained respectively by interpolating between L?(f2) and H!(f2) and between
H1(£2) and H2(2). The reader can refer to Lions and Magenes [14] for properties
of these fractional spaces.
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2. A Fictitious Domain Formulation and Its Abstract Discretization

Let w be a bounded domain of R? with a Lipschitz-continuous boundary ~.
We want to solve the following model problem:
For f given in L%(w) and g given in HY/2(y), find u in H*(w) such that

oau—vAu = f inw, (2.1)
u=g on-~, (2.2)

where o > 0 and v > 0 are two given constants. It is well-known that this problem
has a unique solution u.

The fictitious domain formulation of problem (2.1), (2.2) is obtained by in-
cluding w in a larger square or rectangular domain {2, whose boundary I has sides
parallel to the axes, such that w € {2. Next, we let f denote an extension of f in
L?(12), we choose a convenient closed subspace X of H!(f2), equipped with the
norm of H(£2), and we define on X x X the following bilinear form:

Yve X, Yw e X, an(v,w)z/(avw+VVv-Vw)dm.
o

Then we consider the following mixed problem:
Find a pair (@, \) in X x H~Y/2(v) such that

Yoe X, an(dv)= / Fodz + (v, A}, (2.3)
2

Ve HV2(y), (@ 1)y = (9, )y (24)

where (-,-), denotes the duality pairing between H'/2(y) and its dual space
H™12(y).

By applying the Babuska-Brezzi's Theorem (cf. Babuska [3] or Brezzi [5]), it
is easy to prove that Problem (2.3}, (2.4) is well-posed. Indeed, define the bilinear
form

Vo e HY2(y), Vue H2(y), bv,n) = —(v, 1)y
and let V denote the kernel of b:
V={veX; v=0on~}.

Then Problem (2.3), (2.4) is well-posed if ag, is elliptic on V: there exists a constant
k > 0 such that

YoeV, aq(v,v) 2 klv ||2;11(n), (2.5)

and if b satisfies the inf-sup condition: there exists a constant 8 > 0 such that

b
Yu € HY2(y), sup (v, 1)

2 > _ . 2.6
veX I'U”H?l(_()) —ﬂ”p’“H 1/2(vy) ( )
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On one hand, owing to the Poincaré Inequality, the bilinear form ag, is elliptic on
V for all values of nonnegative o and strictly positive ». On the other hand, the
inf-sup condition (2.6) (with 8 > 1/+/2) is an easy consequence of the fact that on
H~'/2(~), the mapping

ﬂ — sup (lu" v)"/
vEX || v ||H1(n)

is a norm equivalent to the norm

<IJ’56>'Y
lpllg-rraqy = sup —2tr
B = iy 181/

Hence, Problem (2.3), (2.4) has a unique solution pair (%, A). It is easy to check
that

ot — vAT = f in w and in Nw,
and
2 =gon~.

Thus the restriction of ¥ to w is the (unique) solution of (2.1), (2.2). Furthermore,
the Lagrange multiplier A satisfies

ou
]
where [%] denotes the jump of % across v, i.e.:
¥
617] du ou
— | == —— , (2.8)
[871, y Onj, onjg,

and n denotes the unit normal to v exterior to w.

Depending upon the extension f of f, the regularity of v and the boundary
conditions imposed on the functions of X, the solution % of (2.3), (2.4) may or may
not belong to H2(2). Nevertheless, if «y is of class C1'! and if X = H'(£2), H}(2) or
has periodic boundary conditions (that are the three most common choices), then
4 restricted to w (resp. 2\w) belongs to H%(w) (resp. H2(2\w)) and X belongs to
H'?(y).

To discretize Problem (2.3), (2.4), we introduce two parameters h > 0 and
1 > 0 that will tend to zero and two families of finite-dimensional spaces X, C X
and M, C H ~1/2(y); it is convenient to assume that M,, contains the constant
functions. Consider the discrete problem:

Find a pair (up, Ay) in Xp x M, such that

Von € Xn, an(un,vn) = / Fonda + (vn, M)y (2.9)
2

Vll-n € M‘m (uh;/"'f])‘y = <.q;p’71>"/' (210)
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It follows from the abstract discretization theory of mixed problems (cf. for instance
Girault and Raviart [10] or Brezzi and Fortin [6]) that good error estimates can
be established for the solution of Problem (2.9), (2.10) if the bilinear form ap
satisfies an ellipticity condition and b satisfies an inf-sup condition, both uniform
with respect to h and 7. More precisely, let

V= {’Uh € Xp; (’Uh,,u,,,)—y =0, V[,L,, € M,,}.

Then ay, is uniformly elliptic on V}, if there exists a constant £* > 0, independent
of h and 7, such that

Yoy € Vi, ag(un,vn) > K" vn ||2;11(n)v (2.11)

and b satisfies a uniform inf-sup condition if there exists a constant 8* > 0, inde-
pendent of h and 7, such that

b(vp, .
Viin € My, sup 2RI s e (212)
wneXn || v |l (2)

On one hand, the ellipticity condition (2.11), for all nonnegative o and strictly
positive v, follows readily from the assumption that M, contains the constant func-
tions. Indeed we have

VhC{vEX;/vdazo},
v

and it is easy to prove that for the space in the right-hand side, the mapping
v+ |v|g1 (@) is a norm equivalent to || v || g1(0)-

But on the other hand, the inf-sup condition (2.12), which is a compatibil-
ity condition between the spaces X, and M,, will not necessarily hold for every
choice of spaces. Besides, it is usually not easy to establish in practical examples,
in particular because it involves the norm of H~1/2(y), and this norm is hard to
handle. The following result proved by Fortin [9] in an abstract situation, allows to
eliminate this norm.

LEMMA 1. Assume that b satisfies the inf-sup condition (2.6). Then the dis-
crete inf-sup condition (2.12) holds if and only if there exists a restriction operator
II, € L(X; X}) with the two properties:

Voe X, | () | < Cllo s, (213)
where C > 0 is a constant independent of h and 1, and
Ywe X, VYup,eM, blII(v)—v, py)=0. (2.14)

The next two paragraphs will be mainly devoted to the construction, for a
particular choice of spaces, of an operator IT; satisfying (2.13) and (2.14).
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3. An Example: the Case of a Polygonal Boundary

To simplify the discussion, we assume on one hand that the boundary v is
polygonal, with the restriction that its angles at corners are not too small, and on
the other hand that X = H(£2). The finite element spaces chosen here are the
same as in Glowinski, Pan and Périaux [11]. Namely, we subdivide {2 by a uniform
square grid and we divide each square (along the same diagonal) into two triangles,
as in Figure 1. Let h denote the length of the longest side of these triangles (i.e.
the diagonal) and let 7, denote the corresponding triangulation of 2. We take

nl
®
N
r
Figure 1.
Xy, = {vn € CO@;VT € T, vnlr € P1}, @Y

where P, denotes the space of polynomials, in two variables, of degree less than or
equal to one. As far as M, is concerned, we divide each side of ~y into straight line
segments S, not necessarily with equal length, but with length not less than 3 and
not more than Lh, where L is fixed once and for all. Let 7 be the maximum length
of these line segments and denote by S, the corresponding subdivision of «. Then,
we set

My, = {; VS € Sy, pm)s € Po}, (3.2)

which indeed contains the constant functions.

Although S, and T4, are constructed independently of each other, the fact that
the length of each segment of S, is not less than 3h and the assumption that the
angular points of  are not too sharp, imply that for each S, we can find a node
ag of T; such that the macro-element Ag consisting of the six triangles of 7;, with
common vertex ag satisfies the following properties:
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(i) S intersects at least one interior segment of As at a distance from as that
is not larger than half the length of this segment; in other words, ag is the
nearest end point of this segment to S;

(ii) the end points of S do not belong to the interior of Ag;

(iii) if S and S’ are any two segments of S,,, AgN A’ is either empty or reduced to
a node or a segment of Tj; in other words, the macro-elements related to Sy
do not overlap.

e
SJ
7 Iy
A7
¥ a Xy S
Figure 2.
T 0"'..'

AT
Figure 3.

As it is not necessarily unique, let us choose one such node ag for each segment
S of S,. Figure 2 shows an example of the intersection of a segment S and its
macro-element Ag.

Now, let Ry be the regularizing operator, associated with X3, introduced by
Clément in [8]. Recall that for any v in H*(2), Rx(v) belongs to X, and Ry
satisfies the following local error estimates for any T in 7Ty, for n = 1 or 2, and for
all v in H™(Dr), where Dr denotes the union of the triangles of 7; that share a
vertex or a side with T' (Dr consists of 13 triangles when T is far from the boundary
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I, as in Figure 3):

| Ra(v) = v llz2(ry £ C1h™[v|lm(Drys (3.3)
IRh('U) - 'UIHI(T) < Czhm_ll’UIHm(DT). (3.4)

Then for any v in H(£2), we propose the following restriction ITy(v):
I, (v) = Ru(v) + 3 cs@as, (3.5)
ses,

where @, denotes the basis function of X}, with support Ag, that takes the value
1 at the node ag and 0 at all other nodes of 7, and each constant cg is chosen
(bopefully) so that

/;Hh('u)dozfs'uda. (3.6)

Owing that the functions of M,, are constant on S, this last equality implies that
IT1 (v) satisfies (2.14).

It remains to show that such constants cg exist and to establish the stability
inequality (2.13). First, by substituting (3.5) into (3.6), condition (3.6) reads:

/(Rh(u) —v)do + Z cU/ Py do = 0.
s ves, YS

But, owing to properties (ii) and (iii), for any U in S,

/goaudazo if $#£U,
s

and owing to property (i)

/ Pagdo > 0.
5

Therefore, the above sum reduces to a single term and it is easy to explicit the
expression of the constant cg:

cs = —L‘pt—sda /S (Rn(v) — v)do. 3.7)

To derive an upper bound for the numerator of (3.7), we require the next two
lemmas.

LEMMA 2. Let T denote the reference unit triangle and let ? be any straight
line segment that intersects T. Then, there exists a constant C, independent of £,
such that

vd e HD), 119l < CI D, (38)
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o1

00 (a,0) 1,0)

Figure 4.

Proof. By the trace theorem, we know that there exists a constant, say K,
such that if £ is any side of T, (3.8) holds with the constant K. Therefore, we can
assume that £ does not coincide with any side of T. Moreover, there is no loss of
generality in supposing that, in f, € has the parametric representation:

g=aZ+pBforZ€[0,a], with|g/ <1,

otherwise, we interchange T and 7. Then for any smooth function , we have

112, 5 = (02 + D2 /0 B(, 02 + f)*dz.

But
ai+p a
(T, 0T + ﬂ)2 = w(Z, 0)2 +/ a('&?(ﬁ, t)z)dt,
o )
and
= < -
500 < 10@E D) + | Z0(E0
Hence

G2 2 250 12 ~ 12

w”Lz(é) < (a +1) {”w”L"’(fl)+”w”H1(ﬁ)}’
where 21 denotes the orthogonal projection of 7 on the side ¥ =0 of T and T}
denotes the trapezoidal region of T bounded by £ and ¢;, as in Figure 4. Thus
applying the trace theorem and using the fact that |a| < 1, we derive for all smooth
functions &:

19 zagay < 2/4R2 + 12 8,



496 V. GIRAULT and R. GLOWINSKI

By density this inequality carries over, with the same constant, to all functions @
in HY(T). O

Note that the statement of Lemma 2 still holds when £ intersects partially f,
i.e. its end points need not lie on the boundary of T.

LEMMA 3. Let £ be a straight line segment that intersects a non degenerate
triangle T' and let 7 be its image on the reference unit triangle T by the affine
transformation that maps T ontoT. Let Br denote the matriz of this transformation
and let || By || be its Euclidean norm. Then,

< B (3.9)

We skip the proof, because it is straightforward. The above remark concerning
the statement of Lemma 2 is also valid for Lemma 3, namely the end points of ¢
need not lie on the boundary of T'. The next lemma derives a lower bound for the
denominator of (3.7). This lower bound is not optimal but it is sufficient for our
purpose and it has a simple proof.

=)=

LEMMA 4. We always have:
/ do > 1 h (3.10)
S(pas Wi .

Proof. Previously, we have assumed that S is a straight line segment, but
this proof can be easily derived in the more general case where S is a broken line
segment with end points on the sides of the triangles of Ag; this will be useful in the
next section. Then, using property (i), there is no loss of generality in assuming that
the intersection point of S nearest to ag is either on an oblique side as in Figure 5 or
a vertical side as in Figure 6. Consider the case of Figure 5; the argument is similar
but somewhat more intricate in the case of Figure 6. Let T) and T3 denote the two
triangles sharing the oblique side, let £, and ¢, denote the portions of S intersecting
respectively T3 and T3 and let (8, ¢) denote the coordinates of the intersection of S

©,1) (L) (LD ©,1)

~)>
)

A A
a a
(0,0) (1,0) (0,0) (1,0)

Figure 5. Figure 6.
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with the oblique side. First, since ¢, > 0, we have

/ ‘pasda Z / ‘Pasda-
s 2,08,

Next, switching to the reference element, we obtain

£ -~ o~ || [ .
/ Pasdo = l,\—ll  PagdT + |A—2| Pasdo. (3.11)
£1U8o |21| £ |e2| 52

Then, using parametric representations of Zl and 2\2, we easily derive that for i =1
and 2,

1mn
| Basts > 53
A 2

where § > 1/2, since ag is the segment’s end point nearest to the intersection of S.
Thus

a oy 1z
/ (past 2 Zlella
£;
and (3.10) follows by substituting this lower bound into (3.11). O

Now, we are in a position to establish the inf-sup condition (2.12) for the pair
of spaces (3.1) and (3.2).

THEOREM 5. Assume that the length of the segments of Sy, is not less than
3h and that n < Lh. Then, there erists a constant 3* > 0, independent of h and 7,
such that (2.12) holds.

Proof. Let us show that the operator IT;, defined by (3.5) satisfies the stability
estimate (2.13) with a constant C independent of k and #; (we have already checked
that it satisfies (2.14)). We can write the proof in the more general case where the
segments S are broken line segments, as in the proof of Lemma 4. For any v in
H(£2), we have

I Tn(0) i) < |1 Ba() ey + 1| Y cs@as ey
S€s,

As each @, has support Ag and these supports are all disjoint, the above sum
reduces to
1/2

I Z csPas ||H1(02) = Z les? [l Pas ”%P(As)

Ses, Ses,

Let T be any triangle in Ag and, as in Lemma 3, let Bt be the matrix of the affine
transformation that maps T onto T'. Then

| Pas ”L’(T) = |det(BT)|1/2|| Pas ”Lz(f) < 61}":
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where C) is a constant that depends only on T. Similarly,

!QDas|H1(T) < Idet(BT)|1/2” B;l ” |<T5as|m(f) < 62,

where 52 is also a constant that depends only on T. Hence there exists a constant
Cs, independent of S, h and 7, such that

| Pasll #ras) < Cs. (3.12)

Next, let us find a bound for cs. From (3.7) and (3.10), we have

sl < 22| [ (o) — o)

Let £; denote the straight line segments of S and T; the element of 7;, intersected
by ¢;. Thus

los] < 2Y2 E/{Rh( )—v ldﬂ < —— Zle 12| Ra(v) = vlir2(e,-

Then switching to the reference element and applying Lemmas 2 and 3, we obtain
les| < —@Z |72 By, |2l Bu(v) - 9| HAT)

where C is the constant of Lemma 2. Now, switching back to T}, we have
| Ra(v) — ﬁ"}{l(f)

< 1 det(Br) |72 (I Ru(o) = v ary + 1 B, 21 Bae) = rsgry) -
Hence

les! < ———CZIL’ /)| Br, ||'/?| det(Br, )| /2
(3.13)
(Il Rr(v) — v ”%2(7’,-) + || Br, | Rn(v) — Uliﬂm))l/z-

As the triangulation 7}, is trivially regular (cf. Ciarlet [7]), (3.13) and (3.12) yield

1/2
(3 teslllvas I an)

ses,

}'6 \/—(z(" Rh(’v) -—v ”L?(T) + hZIRh(‘I)) - vlin (T))) 1/2,

T

&>
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where in the above sum, T runs over all the triangles of 7} intersected by v and
Cy is another constant independent of h and 7. Then the estimates (3.3) and (3.4)
with m = 1 yield

/2 .
(X leslll 0as Brqas)) < Cslolincan,
SeS,

and (2.13) follows from this bound and another application of (3.2) and
(3.3). &

The lower bound of the ratio between 7 and h in the first assumption of The-
orem 5 ensures that the macroelements Ag do not overlap and this simplifies sub-
stantially the stability proof of II;. Indeed, when the macroelements overlap, the
constants ¢g are not defined explicitly by (3.7), but instead they satisfy a system
of linear equations which does not easily yield a bound for |cg|. But of course, this
condition is only sufficient and good numerical results (cf. {11,12]) are obtained
when this ratio is approximately 3/2.

Since ag; is uniformly elliptic and b satisfies the uniform inf-sup condition, we
have immediately the following error bound.

PROPOSITION 6. Under the assumptions of Theorem 5, problem (2.9),
(2.10) has a unique solution (un,A,) and there ezists a constant C, independent
of h and n, such that

1% —un ey + 1A=y ”H-1/2(~,)

<C( inf |@—vnlme + ot A= o |l r-1/24))-

Thus, the error estimates depend solely upon the regularity of the solution
(&, ). In the worst case, & belongs to H3/2~¢(£2) for any £ > 0 and in the best
case, U belongs to H2(£2). In either case, since the triangulation 7}, is regular, the
estimates for u are standard:

inf || @ - v |lmre) < CR°|| U] gst(a), (3.14)
vh€Xp
where s=1/2—ecors=1.
As far as the Lagrange multiplier is concerned, ) belongs at least to L2(7), but
since we have assumed that - is a polygon, in the best case, A does not belong to

H'Y/2(%); it belongs instead to H'/2(v;), for each straight line segment ~; of . To
derive an estimate for A, we first prove the following auxiliary result.

LEMMA 7. There exists a constant C, independent of n such that for all X in
L*(),

s IA = tin llg-1r20y) < Cvi inf A = tin [ L2(y)- (3.15)
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Prgof. On each segment S of S, let us choose

iy =ps(A) = *%;L/\da,

the orthogonal projection of A on the constant functions. Then, we prove (3.15) by
a straightforward duality argument. For this choice of pu,, we write

||/\—ll/” 1/2(y) & sup M
" @ wEH/2(v) ”‘P”HUZ(,Y) )

But
fs (A= ) pdo = fs (A = )@ — ps(p))do.
Obviously, for all ¢ in L(S),
o —ps() lLz2csy < e llacs),
and an easy calculation yields for all ¢ in H(S):
Il —ps(9) 2y < Cunlelmss),

with a constant 61, independent of n. Now, take any segment +; of v and let
L) = [ = hyliode.
e

Then-on one hand
IL@) < TA = pg lr2¢vyll @ L2 (o).

and on the other hand
{L(‘P)' < 0177“ A= py HLZ(')';)N @ “Hl(%)"
Hence, by interpolating between these two results, we obtain

L) € Cin/nl| A = g L2ty @ L1724y,

where the constant C; is independent of 1. Thus, summing over all segments «y; of
v, we obtain

1/2
| [ o] < sup Culr — s sz (SN elncry)
and for ¢ in H/2 (), this gives

|| = n)odo| < sup Gl A= i llsacpl 0 vy
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whence (3.15). &

Obviously, when A belongs to L?(vy), the above choice of u, yields

X = bin =125 < CVAll M-

and when X belongs to H/2 (:), for each straight line segment <y; of v, the same
choice of p, and the argument of Lemma 7 yield

1/2
| A= pn ll2(y) < sup Ci\/ﬁ(z [ A ||%11/2(1.-)) .

Therefore, in the worst case, when % belongs to H3/27¢(£2) and X belongs to
L?%(«), we obtain

1% —un llgr(e) + 1A = Aq | g-1/2
( n ™) (3.16)

< O(R* Tl gsraeqay + VAl Mo )

But, as mentioned in Section 2, it may frequently occur that the restrictions of &
to w and 2\w are both smooth, even though % does not belong to H2(£2). In this
case, X belongs to H'/2(~;) and Proposition 6 and Lemma 7 yield

1% —un 22y + 1A = Ag [l -1/2(4
e 1/2
< C(R2) @ gasa-eqay + "(Z 1A 22 72) )

Finally, when % belongs to H?({2), the jump of its normal derivative vanishes across
v and A = 0. In this case, Proposition 6 gives the estimate

1%~ wun () + A= Mg lr-3/2(y) < ChIE 2.

Except in this last case, Proposition 6 does not yield optimal estimates con-
sidering that the solution u of the original problem may belong to H?(w) while the
extended solution % belongs only to H3/2~¢(£2). This remark is strongly supported
by the numerical results obtained in [11], where the error of the discrete solution
up, restricted to the interior of w is indeed of the order of h in the H! norm and
h? in the L™ norm, while the normal derivative of the exact solution has a jump
across the actual boundary . It is likely that in the interior of w, uy, satisfies local
error estimates that involve only the values of u in w. This behaviour has been ex-
tensively studied and established by Schatz and Wahlbin (cf. Schatz and Wahlbin
[16] and Wahlbin [17]) in the case of an elliptic problem. Of course the situation
here is more complicated because we are dealing with a saddle-point problem, but
it is conjectured that the arguments of [16] carry over to our problem. This would
account for the good numerical results observed for this fictitious domain method.



502 V. GIRAULT and R. GLOWINSKI

4. The Case of a Curved Boundary

When « is a curve, we must approximate it by an adequate polygonal line in
order to apply the fictitious domain method described in the preceding sections.
The error analysis of this method is somewhat long and technical and we shall only
sketch the most salient results.

< |8 <.

»n

Y/

Figure 7.

Throughout this section, we assume that v is at least of class C1'! (cf. Grisvard
[13]). We take the same parameters h and 7, satisfying the relation of Section 3.
Let S, be a partition of v into curved line segments S such that for some fixed
constant 7 > 0, independent of 7,

™m < |5 <.
We assume that 7 is sufficiently small for S to be parametrized either by
y=uys(z) for z € [ag,bs] or z=1=zg(y) fory € [as,bs]. (4.1)
To simplify the discussion, we shall only consider the first case, otherwise, we in-
terchange = and y. As v is Cb1, each derivative y% is Lipschitz-continuous, with a

Lipschitz constant k that can be bounded independently of S. As a consequence,
there exists a constant B, independent of S, such that

Vz € [as, bs), lys(z)| < B, (4.2)
and
bs —as < |S] < (bs — as)(1 + BY)Y2.

Now, let us choose a segment S of S,,. We approximate S by a polygonal line
S inscribed in S (possibly reduced to a chord), made of Ny straight line segments
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¢; for 1 £ j < Ng, as in Figure 7. In the present case, each segment ¢; has the
parametric representation

Vz € [aj,b5], y = a;z + f;.

(Strictly speaking, these four parameters also depend upon S, but we suppress the
index S to simplify the notations.) As yj is Lipschitz-continuous, we can easily
prove on one hand that

Vz € [ajabj]a |y5(.’1}) - (Otj.’t + ﬂ])l < kﬂz, (43)
and on the other hand,
Ve € [a;,b;], 1(1+ys(@)®)/? = (1+ o)/ < kBn. (44)

We denote by §,, the set of all such segments S and by 7 the corresponding inscribed
polygonal line that approximates ~.

REMARK 8. More accurately, we should assume that the length of £; is
bounded by some constant §; then (4.3) and (4.4) would hold with § instead of
7. However, to avoid a multiplicity of notation, we have preferred not to introduce
this extra constant. O

With the same notation, the curved segment S can be parametrized on the
reference interval [0,1] by

Fs(t) = (x(t), ys(z(t))) where z(t) = (bs — as)t + as.
The Jacobian of this transformation is
Js(t) = (bs — as)(1 +y5(z(t)))/2,
and it satisfies
vt € [0,1], (bs — as) < Js(t) < (bs —ag)(L + B*)Y2.
Similarly, each straight line segment £; of S is parametrized by
Fs(t) = ((t), az(t) + B).
Besides M,,, we define on v the finite element space
6, = {v, € C®(y);VS € S,, v, 0 Fs € P},

where P; denotes the space of polynomials (of one variable) of degree one. Similarly,
we define on ¥ the finite element space

6, = {v, € C°(});YS € §,, V¢, C S, v, 0 Fs € P1}. (4.5)
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p(A) =ps(N).-
S

Figure 8.

Note that the functions of M, have a natural extension on ¥: since they are constant
on each segment S of S,, we give them the same constant value on the inscribed
segment S. We also denote this space by M,, without distinction.

Recall the projection operator defined on M, in the proof of Lemma 7: for all
S € Sy, and for all A € L)(S), we define ps()) € R by

1
ps() = o7 [ Mo, (46)
15| Js
and on each segment S € S, we set

p(A) = ps(A).

Next, on 6,, we define the following regularizing operator analogous to the reg-
ularizing operator of Clément [8]. Let Sy, S; and Sy be three consecutive segments
of Sy, let A and B denote the end points of S; and let S4 and Sp denote the
curved segments of v “centered” respectively at A and B, i.e. S4 is the union of
the portion of Sy parametrized by t € [1/2,1] and the portion of S; parametrized
by ¢ € [0,1/2], as in Figure 8. Then for any function g € L(v), we define 7,(g)|s,
as the restriction to Sj of the function of ©,, that interpolates the two values pg, (g)
and psy(g)- Clearly, the function r,(g) with such restrictions belongs to ©,,.

Finally, we define the following interpolation operator on é,,: for any function
g € C%(7), we define T,(g) € 6, by

I,(9)(a;) = g(a;),

for all end points a; of £;, for all segments £; of S and for all S € Sy.
As noted in the proof of Lemma 7, p satisfies

VA€ L*(7), 1p(A) = Allza(yy < 1| A L3y
and

VA € HY(v), Ip(A) = M|z2¢y) < Crnl N mrigq)- (4.7)
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Then by interpolating between these two bounds, we derive

VA€ H'2(y), [|p(0) — Mo < Cov/ll Mgy (4.8)

Next, it can be easily proved that r,, satisfies the local estimate

Vg € L*(), |ra(9) lzxs) < Csll 9llL2(sauss)s (4.9)

and the global estimate

Vg € L2(y), lr4(9) lz2(v) < Callgllzagy)- (4.10)

Although this appears to be a trivial estimate, it serves to prove the following
important inverse inequality.

THEOREM 9. There exists a constant C, independent of 71, such that
Vg € My, gy |l < —=lpmll (4.11)
L2 H —-1/2 . .
n 7 ] (G))] \/ﬁ M UH m

Proof. The negative norm in the right-hand side suggests to prove (4.11) by

duality. Thus we write

[, ngdo
| g llL2¢yy = sup 2 (4.12)

ger2(y) N gllLaeyy

Let us conmstruct an operator II, defined on L?(v), with values in a finite-
dimensional subspace of W1:°°(y), such that on one hand, there exists a constant
C}, independent of 7, with

Vg € L*(v), I Ta(9) ll2(vy < Cill 9 llz2¢y)s

and on the other hand,

Hn(g)ﬂnda':/gll'nda)

v

Yu, € My, /

Y

L€,
VS €Sy, fﬂn(g)da:/gdo.
5 5

This construction is similar to that of the operator 17}, of the preceding section. On
[0,1] define the “bubble” function

b=4t(1-1),
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and in each S, set bg =%o Fs_l. Then take

IT,(g) = n(g) + Z csbs,
s

where each constant cg is chosen so that

/SHn(g)dU:/sgdU-

This condition is fulfilled by

s = Thods [ @ =ra(@)de.

Then an easy calculation yields

3
les| 110 [lz2s) < 5(1+ B*)Y?| g = 1,(9) Il L2(s)»
and with (4.10), this in turn implies

1 Tn(9) llz2¢yy < Cill g llz2(y)-

On the other hand, an inverse inequality in each S gives

o~

d

1+ B2)1/2
I gﬂn(g) l2(sy £ 5 a+B)"

1 2(9) sy < € I Iy (9) |l £2(s)

s —as
where C is an equivalence constant independent of S, and in turn, this implies
d Cs
I 25 n(9) llL2(y) < 7“ 9Lz

Thus, IT,, € L(L%(v); L2(v)) N L(L?(7); H' (7)) and by interpolation between these
two spaces, IT, € L(L?(y); HY/?(7)) with

I 1, ||£(L2('7);H1/2('7)) <

I8

Hence, we have the inverse estimate

Cs

Vg € L*(y), || ITy(g) lf1/2¢e) < NG

” g ”Lz('y)-

Finally, going back to (4.12), we can write

Vinliay < sup G2 Jrbrtln(@)de.
] ) = geL2(v) VT || In(9) ||H1/2(7)
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and from this, we easily deduce (4.11). O

Now, let us discretize the surface integrals in (2.9), (2.10). For any v, € X}
and A, € M, we approximate [ vpA,do by

(VRs An)ym = Z /J)h/\ndo.
5edy”®
Similarly, for any g € H(v) and gy, € M,,, we approximate A [, wngdo by
Ta) = 3 [ Tolodunde.
es, "

Thus, we replace (2.9), (2.10) by:
Find a pair (un, Ay) € Xp X My, such that

Yo, € Xp, ag(uh,vh) = / fvhda: + (vh,)\,,),y,,,, (4.13)
n

Yy € My, (un, tin)y,n = (I~n(9),ﬂn)~/,n~ (4.14)
The kernel of the constraint (4.14) is the space
7‘7}1 = {vn € Xn; Viun € My, (vn, Pln)'y,n =‘0}-

Therefore, instead of (2.11), we must check the following discrete ellipticity condi-
tion: there exists a constant K > 0, independent of h and 7, such that

Vo € Vi, aq(vn,vn) > Bl vn I3 gy, (4.15)

and instead of (2.12), we must check the following discrete inf-sup condition: there
exists a constant 3 > 0, independent of h and 7, such that

VN’I) c Mm sup (Uh7l'l‘71)’}’»77

> Bl Nsg-2s2(s)- 4.16)
SO0 o Ty > Pl lar-2s2) (

In order to establish these two properties and adequate error estimates for the
scheme (4.13), (4.14), we shall make the following assumption: there exists a con-
stant B, independent of # such that

VS e S,, 18] -S| < Bp®/2. 417
n

REMARK 10. Assumption (4.17) is not very restrictive. Indeed, without this
assumption, we always have

0<|S| - 18] < (bs — as)kBn = O(7?).
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Moreover, when v is a circle, |S| — |S| = O(?). Therefore, assumption (4.17) holds
when the radius of curvature of + is not too large, or also when S consists of
sufficiently small straight line segments. O

To derive some error estimates, we shall use the following lemma. Note that
its proof does not require (4.17).

LEMMA 11. Let T, denote the set of triangles of Tj, intersected by v and by 7.
There exists a constant C, independent of h and n, such that for any A € Hl/z('y),
we have

Yo, € Xp,

/vh/\da — (Vhy P(A)),n
y (4.18)

< C@llvn el Mmsagy + 021 Vor iz I M z2e))-

Proof. Let us split the left-hand side of (4.18) into

8]

/vh/\da — (Vh, P(A)) g = /vh(x\ —p(A))do + / vpp(A)do — (Vh, P(A)) .-

Considering that p is a projection operator and applying (4.8), we easily derive an
upper bound for the first term:

[ on8 =)o < Cunll o s | Moy
:

As far as the second term is concerned, its contribution to an arbitrary segment S
of S, has the form

b;
Sps) [ {on(a,us @)1 + (@) - va(e 053+ 5)(1 + o)/},

Each integral in this sum can in turn be split into

b;
ps() / un(2,ys(@){(1 + ys (@22 — (1 + 022} da

b;
425 [ (un(2,us(0) — vnla. o + B)}1 + o) 2.
Owing to (4.4), the sum of the first integral over the index j is bounded by

kBl Ml z2csyll vn [l L2(s)-

To simplify the estimate of the second integral, we assume that for all z € [a;, b;],
the points (z, ys(z)) and (z, o;z+08;) belong both to the same triangle T (otherwise,



Error Analysis of a Fictitious Domain Method 509

we split the path between these two points). Then vy, is a polynomial of degree one:

. . a’Uh
vp = Vo + 11T + vay where in particular ve = —6?’

and as v is a constant, we can write

1 vy,

[vg| = TARE H ”L'«’(T)

Therefore, in view of (4.3), summing over j, we find

b;
P Y [ (oo, us(0)) — vnla, e + 511 + @) 2
i e

Oy,
< Can®?| Mlzas) rn |l L2(zs)>
where Tg denotes the union of all triangles of 7, intersected by S and S. We easily
derive (4.18) by collecting the above estimates. &
A variant of Lemma 11 permits to prove the discrete ellipticity condition (4.15).

COROLLARY 12. There ezists a constant ng > 0 such that (4.15) holds for all
7 < 7o-

Proof. For all vy, € 17;,, we have in particular

/Uhd0=/vhd0 (Vhy 1)y -
v v

Therefore, the argument of Lemnma 11 with A = 1 implies that
’/ ’Uhda! < Cr(nllvn L2y + 03| Vou z2er,y) < Canllva Lm0y
v

Then {4.15) follows from this inequality and the fact that the mapping

v (MHI(Q)“*‘ l/ ‘vda 1/2

is a norm on H'(12) equivalent to || - [|g1(p). <

As in the preceding section, the proof of the discrete inf-sup condition (4.16)
can be achieved by constructing an adequate restriction operator II,. In addition,
it will be convenient to use ITj, for deriving error estimates. Therefore, instead of
proving the analogue of (2.13), we shall prove a sharper error estimate for . And
of course, we shall construct IT; so as to satisfy the analogue of (2.14):

Vun € My, (ﬁh(’*’)?“v})mn :/”P‘mdff;
v
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i.€.
v e 3, /~ Tin(w)do = / vdo. (4.19)
5 s
This can be achieved by an operator of the form

Mu(v) = Ra(v) + Y cz¢as>
Ses,

where the node ag is chosen as in Section 3 and the constant cgis chosen so that
(4.19) holds, namely

s = Ei:d_a ( fs vdo — [g R,,(v)da) . (4.20)

The following lemma gives a lower bound for the denominator in the above expres-
sion. Here again, this bound is not optimal but it has a simple proof.

LEMMA 13. There exists a constant ny > 0, such that for alln <,

h
/.S,sa.,sda > (421)

Proof.  This lower bound can be derived directly, but it is simpler to take
advantage of Lemma 4. To this end, let § denote the polygonal line whose end
points are the intersections of S and the triangles crossed by S. Then we can write

/JPasda':'/_‘Pasda"' ([,¢asw-l_¢asdd).
s 5 s g

In view of (4.3) and (4.4), using the arguments of Lemma 11 and the fact that
0 < @qs <1, it is easy to prove that

oo
s K

Then (4.21) follows immediately from Lemma 4 and the fact that I < L. <&

< Cnl.

As far as the numerator of (4.20) is concerned, let us prove the following
auxiliary lemmas.

LeMMA 14. There erists a constant C, independent of h and n, such that for
all v e H™(£2) with m = 1 or 2, we have the local estimate

lv = Ru(v) llz2(sy < Ch™ V2| v ||l m(ps)» (4.22)

where Dg denotes the set of all neighbouring triangles of Ts.
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Proof. Let T; be any triangle crossed by S. An easy variant of the argument
used to prove Lemma 2 yields

1+BZ 1/4 N R
Vw € HY(T;), ||w IlLa(snzy) < h'/? (“_‘2—‘) 1+ K2)1/2” w Hyl(f“):

where K is the constant introduced in the proof of Lemma 2. Then (4.22) follows
from the approximation properties (3.3) and (3.4) of Ry. &

LeEMMA 15. There exists a constant C, independent of h and 1, such that for
allve H™(2) with m =1 or 2, we have

LRh(v)da—/th(v)do

dm-1ly
<C (712“ vllgpg) + 0™ dom1 HL’(S)) .

(4.23)

Proof. The argument is similar to but sharper than that of Lemma 11. We
have

/SR;L(U)da—/th(v)da

b;
N Z/ (Ru(v)(z, ys(2)) — Ru(v) (=, o5z + B;)) (1 + oF)/2dz
b;
+Z/ (Ba(v) — ps(0)) (@, ys@){(1 + ¥5(2)) /2 — (1 + a2)/*}da

b;
+ 3 [ s {1+ 5@ - (140}
In view of (4.6) and assumption (4.17), the last term has the bound
bs B
X [ s+ s5@H 2 - (1 4+ 0 Y| < o L)
Owing to (4.4), (4.22) and (4.7), we can estimate the middle term
bs
Y [ (Bao) = s )05 @)1+ (@2 = (1+ )2}
< kBP2(|lv — Ra(v) llL2(sy + [l v — ps(v) | a(s))

d™ v
dsm—1 “L“(S))'

< G2 (K™ | gy + 7
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Finally, the first term is estimated as in Lemma 11:

b;
¥ [ {B) o us(e) ~ Ra(w)@, o2+ B5)H01 + ) V2

OR(v
< C*VI|| é?( ) 25y
Y
and (4.23) follows by collecting these three inequalities. &

These two lemmas give the following upper bound for the numerator in (4.20).

LEMMA 16. There exists a constant C, independent of h and n, such that for
allve H™((2) with m =1 or 2, we have

’/S vdo—/th(v)da'

m dm oy
SC(n 10 lam(gy + ™72 um)).

(4.24)

dsm—1
Finally, combining (4.21), (4.24) and the approximation properties (3.3) and
(3.4) of Ry, we derive the following error estimate for ITj.

THEOREM 17. In addition to the hypotheses of Theorem 5, we suppose that
(4.17) holds. Then there ezists a constant C, independent of h and 7, such that for
all p <7, we have for allv e H™(Q2) withm =1 or 2:

v — In() ¢y < Cn™ Y v | gm 2y,

where n; > 0 is the constant of Lemma 13.

The next lemma derives an upper bound for the error on the boundary data.
We skip the proof because it uses the same techniques as Lemma 15.

LEMMA 18. Assume that (4.17) holds and that each segment S of S, is of
class C2. Then there exists a constant C, independent of h and 1, such that for all
g € H3/?(w), we have

Vitn € My, | [ gt = (@) abin| < C12 g sl i 120y (425)
Y

The above results allow us to establish an error bound for the scheme (4.13),
(4.14).

THEOREM 19. Let 1y > 0 denote the minimum of ng and n;. In addition to
the hypotheses of Theorem 5, assume that (4.17) holds and that each segment S of
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Sy, is of class C2. Then there ezists a constant C, independent of h and 7, such that
for allm < mg,

lun — @l Er 2y + | Ag = Al 172
(@ Tl T AR (4.26)
S COl Marraiy + 1l g llereraeyy + || In(@) — T | g2 (@))-

Proof.  For any v, € X and any p, € M,, we can write

an(Iy(),vr) = ap(IIn(@) — @, vs) + /ﬂ Fondz + (vn, p(AN)) v

+ {[y vpAdo — (vh,P()\»%n} )

(@, tinbrin = (Tt { [ ot - (&) tnbn -

As the inf-sup condition (4.16) holds, there exists z, € X} such that

(2hs pin)y,n = /gunda — (Iy(9); kn)~ 7>
¥

and

I zn < 1 sup f,ygunda— (In(9); B)vym
wllie) < =
Y

unEM, [ Hq ”H‘1/7(1)

C1
< ‘E‘TI” g ||H3/2('y)1
owing to (4.25) and the inverse inequality (4.11). In addition, ﬁh(ﬂ) —up — zp
belongs to V;, and satisfies for all v € X3
ao(In(@) — up — 21, vh)

= arz(ﬁh(ﬂ) — U, vp) — aq(2n, va) + (Uh’P(A))%n — {vn, ’\n)%n

#{ oo~ o0}

Let us choose vy, = IT (@) — up — 2zp. Since ayp, is elliptic on Vi, we derive
Rl In(@) — un — 20 Ly < Colll n(@) — @ llarrey + | 2n | aey)

f,y vpAdo ~ (U, P(A))y,n
+ sup

UnEXn | vk | 2 2

Hence

lun = Ellm @) < Co@l Al asaey +nll g llmosacy + I Hn(@) = Tl sga)-  (4.27)
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Finally, to upbound the error on A, we write

{vh, P(N) v = (Uny An)y.n = a(W — un,vp) — {/ vpAdo — (Uh,P()‘))v,n} .
g
Then (4.18) and the inf-sup condition (4.16) yield

Blp(A) = Ayl gr-172¢y) < Callun — &llzr1 2y + Canll Al /2y (4.28)

Then (4.26) follows from (4.27), (4.28) and (3.15). O

Theorems 17 and 19 lead to the conclusion that the order of convergence of this
fictitious domain method is not modified by approximating the curved boundary -y
by an adequate polygonal line.
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