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In this paper the nonnegative splitting theory, playing a fundamental role in the conver-
gence analysis of iterative methods for solving large linear equation systems with monotone
matrices and representing a broad class of physical and engineering problems, is formu-
lated. As the main result of this theory, it is possible to make the comparison of spectral
radii of iteration matrices in particular iterative methods.
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1. Introduction

The nonnegative splitting theory provides many comparison theorems as useful
tools in the convergence analysis of iterative methods for solving large linear equa-
tion systems with monotone matrices represented by different types of splittings.
Many physical and engineering problems with monotone matrices are characterized
by so called M-matrices and H-matrices which properties were studied by many
authors. The results presented in the paper are related to monotone matrices rep-
resenting a broader class of matrices.

The nonnegative splitting theory based on the Perron-Frobenius theory of non-
negative matrices is a generalization of the regular splitting theory originated by
Varga [1] and improved later in developments of prefactorizationing methods known
under the name the AGA two-sweep iterative methods (2, 3, 4, 5, 12, 13, 14]. In
the next section the background material, well known in the theory of nonnegative
matrices [1] and frequently used, is given for completeness of description. In Sec-
tion 3 the main results of the nonnegative splitting theory proven under natural
hypotheses easily verifiable in practice are presented. Section 4 demonstrates the
application of some results of this theory in the convergence analysis of iterative
methods. Section 5 deals with the author’s comments on his earlier regular theory
splitting results [2], finding a continuous interest in the literature [7, 8, 9, 10, 11, 15,
16], in relation to other developments [7, 15] as well as new extensions of nonnega-
tive splitting theory results proven under weaker conditions but more cumbersome
in its verification. In Section 6 further extentions of nonnegative splitting theory are
presented. Reference [16] is one of not a few works which uses the earlier author’s
results in immediate applications.

The previous version of this paper (consisting basically of the material in
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Sections 2, 3 and 4) prepared in 1989 was presented in internal seminars and re-
cently in The Second Conference of International Linear Algebra Society (Univer-
sity of Lisbon, August 1992, Lisbon, Portugal), The 1992 Shanghai International
Numerical Algebra and its Applications Meeting (Fudan University, October 1992,
Shanghai, P.R. China) as well as in International Workshop on Nonnegative Ma-
trices, Applications and Generalizations (Technion, 31 May—4 June, 1993, Haifa,
Israel). Its preprint have been distributed among many people (among others Pro-
fessors G. Alefeld, G.H. Golub, Erxiong Jiang, Keisuke Kobayashi, M. Neumann, G.
de Oliveira, R.S. Varga). The author is indebted to people who by their criticism,
comments and suggestions encouraged the author to further studies of nonnegative
splitting theory. Referring to results of other authors [7, 15] discussed in Section 5
was also inspired by the suggestions of Professor G.H. Golub.

Thus, in last few years this work was under a continued development and
the present paper is supplemented by many new comparison theorems included in
Sections 3, 5 and 6, and the extension of Section 4.

2. Theoretical Background

Throughout the paper all matrices will be square with the order of n in R™*"
where R™*™ denotes the vector space of all n x n real matrices. For a matrix
A = (a;j) € R™ " the set of indices ¢,j = 1,2,...n will be denoted by S. In the
assumed notation a matrix A is nonnegative or A > 0 if a;; > 0 for each ¢,5 € S
and there exists at least one pair of indices k,[ € S for which ay; > 0. If a;; > 0 for
eachi,7 € S, A is positive or A > 0. Let A and B be two matrices, then A > B (or
A > B) is equivalent to A —B > 0 (or A —B > 0). In the case of a vector x € R"
with n components, R™ denotes R™*! because column vectors are n x 1 matrices,
the same notation and meaning for the terms nonnegative and positive are used.
Thus, according to the above definitions of nonnegativity, with the notation A > B
and x > y the equality is excluded.

However in the case of multiplication of a nonnegative and singular matrix A by
other nonnegative and singular matrix B or by a nonnegative vector x it may occur
that the product will be the null matrix or the null vector, respectively. Such a case
is included by the following notation AB > (=) 0 or Ax > (=) 0 which means that
AB (Ax) may be either a nonnegative matrix (vector) or the null matrix (vector).
Thus with the notation A > (=) B and x > (=) y the equality is not excluded.

DerFiNtTION 2.1. A matrix A is monotone if A is nonsingular and Al >0.

DEFINITION 2.2. A matrix A is reducible if there exists a nonvoid index set
R, R C S and R # S such that a;; =0 for ¢ € R and j € S — R, otherwise the
matrix A is ¢rreducible.

It is evident that each positive matrix is irreducible.

DeFINITION 2.3. For a matrix A with eigenvalues A;, ¢ € S, the quantity

p(A) = max || foralli e S
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is the spectral radius of the matrix A.

LemMMA 2.1. Let A and B be two matrices. Then

p(AB) = p(BA).

LEMMA 2.2. Let A and B be two matrices, with A > |B| > 0. Then
p(A) > p(B)

with the strict inequality sign when the matriz A is irreducible.

THEOREM 2.1. If G is a matriz with p(G) < 1. Then I — G is nonsingular

and

I-G)'=I+G+G*+-.. (2.1)

the series on the right hand side is converging. Conversely, if the series on the right
hand side converges, then p(G) < 1.

The Perron-Frobenius theory of nonnegative matrices provides many theorems
concerning the eigenvalues and eigenvectors of nonnegative matrices. The most
important results are contained in the two following theorems [1].

THEOREM 2.2. If A > 0 then

1. A has a nonnegative real eigenvalue equal to its spectral radius.
2. To p(A) > 0 there corresponds an eigenvector x > 0.

3. p(A) does not decrease when any entry of A is increased.

THEOREM 2.3. Let A > 0 be an irreducible matriz. Then

1. A has a positive real eigenvalue equal to its spectral radius.
2. To p(A) there corresponds an eigenvector x > 0.

3. p(A) increases when any entry of A increases.

4. p(A) is a simple eigenvalue of A.

3. Nonnegative Splitting Theory

All considerations are referred to the iterative solution of the following linear

equation system

Ap=c (3.1)

where A € R"™™ is a given n x n nonsingular matrix, ¢ € R"™ and ¢ € R™ are
column vectors with n components, with unknown ¢ and c being given.
The iterative solution of Eq. (3.1) can be expressed in the following form

Mot = Ng® ¢, t>0 (3.2)
where ¢t) denotes the successive iterates and

A=M-N (3.3)
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represents the single splitting of A (iterative methods based on the double splitting
of A are analyzed in [5]). The above iterative scheme is convergent to the unique
solution

é=A""c (3.4)

for each ¢ if and only if M is a nonsingular matrix and the corresponding iteration
matrixz

G=M"'N (3.5)

has the spectral radius p(G) < 1. Eq. (3.2) can be written in the following equivalent
form

D = Go® 4 M te, t>0. (3.6)

The rapidity of convergence in a given iteration method is defined by the
(asymptotic) rate of convergence

R(9) = —Inp(G). 3.7)

The rate of convergence increases as the value of the spectral radius decreases. The
reciprocal of R(G) can be used as a practical measure of the number of iterations

required to reduce the norm of the error vector () = ¢(t) — ¢ (¢ denotes the exact

solution) by a factor e~ !.

Thus, the spectral radius of an iteration matrix plays an important role in the
comparison of the efficiency of different iterative methods.

DeriNiTION 3.1. For matrices A, M and N the following decomposition
A=M-N

is called a convergent splitting of A, if A and M are nonsingular matrices and
p(M™IN) < 1.

THeEOREM 3.1. Let A =M — N be a splitting of A. If A and M are nonsin-
gular matrices, then

M INA'=A"'NM™!

the matrices M™'N and A"'N commute, and the matrices NM™! and NA™?
commute too.

Proof. From the definition of the splitting of A, it follows that
M'=A+N)'=AT"I+NA ) '=I+A7'N)'A™" (3.8)
or
A7'=MT'+M 'NA'=M'+ A INM™! (3.9)
which implies that
M™INA™!' = A7'NML, (8.10)
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Hence MTINA™IN = A"'NM 'Nor NM"'NA! = NA-'NM~ . n

The following concepts of the splittings of monotone matrices A will be central
to the subsequent discussions.

DerFiniTION 3.2.  For matrices A, M and N the following decomposition
A=M-N

is called a regular splitting of A, if M is a nonsingular matrix with M~! > 0 and
N >0

DerFiNiTION 3.3. For matrices A, M and N the following decomposition
A=M-N

is called a nonnegative splitting of A, if M is a nonsingular matrix with M~ > 0,
and M™'N > 0 and NM~! > 0.

DeFINITION 3.4. For matrices A, M and N the following decomposition
A=M-N

is called a weak nonnegative splitting of A, if M is a nonsingular matrix with
M~ > 0 and either M™'N = G > 0 (the first type) or NM™! = G” > 0 (the
second type).

The definition of the regular splitting has been introduced by Varga [1] and
Definition 3.3 is equivalent to the definition of the weak regular splitting due to
Ortega and Rheinboldt [6]. However it should be mentioned that M™! > 0 and
only M™'N > 0 (without the condition NM ™! > 0) is defined as the weak regular
splitting of A =M — N by other authors, but in this case it is necessary to use
additional assumptions in comparison theorems [10, 11].

It is evident that with the above definitions the following corollary holds.

CoROLLARY 3.1. Any regular splitting of a matrix A is a nonnegative split-
ting of A and any nonnegative splitting of A is a weak nonnegative splitting of A,
but the converse is not true.

Thus the above corollary tells us that the properties of (weak) nonnegative
splittings apply to regular splittings. The properties of weak nonnegative splittings
are summarized in the following theorem.

THEOREM 3.2. Let A=M — N be a weak nonnegative splitting of A. If
A~ >0, then

1. A'>M!
p(M™IN) = p(NM ™) < 1
If M7!N > 0, then AT'N > M™'N and if NM™! > 0, then NA™! >
NM ™!

w
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-1 _ P(A—IN)
4, p(M™'N) = 1o o AN " p(A'lN) (3.11)

5. Conversely, if p(M~'N) <1, then A™! > 0.

Proof.
(1) From Theorem 3.1 it follows

A7'=MT'+MINAT' =M"'+AT'NM
and since M™!N > 0 or NM ™! > 0 by hypotheses then
MINA'=A"'NM'>0

which gives us immediately that A7l >M™1
(2) Let us assume that M™'N > 0. Then one can write
A'=MI1+MINA =M+ M INM '+ M'NATY)
= [I+M7INM '+ (M 'N)ZA!
—[I+M7 N+ M INZM™ + (M 'N)*A™!
=I+MIN+MIN?Z 4.+ (MINF M
+ (MTIN)* AL (3.12)

The existence of nonnegative matrices A~!, M ™! and M~IN implies that the series
I+M7'N+ (M IN)Z+--

is convergent and by Theorem 2.1 p(M_lN } < 1. Similarly, when only NM'!>0
one obtains

I+NM '+ (NM )2 4.

Using the result of Lemma 2.1 one obtains p(M~!N) = p(NM™}) < 1.
(3) In Eq. (3.12) for k — co (M™'N)* — 0 and

I+ M AN+ M IN?+...=I-M'N)"'>1>0 (3.13)
and
Al=1I-MIN)"'M! (3.14)
or
AT'N=I-MN)"MIN>M"'N. (3.15)

In the case when NM ™! > 0 it can be similarly shown that

NA!'>NML



Nonnegative Splitting Theory 295

(4) Commutative properties of M™'N and A™'N imply that both matrices
have the same eigenvectors, that is,

M_lei = )\ixi

A_lNXi = T;X;
for all i € S and from Eq. (3.15) one can write

(I-M"'N)"'M™'Nx; = 1;x;

or .
M_lNX,‘ = : X
1+7
but this gives us the eigenvalue relationship
-
A= ——. 3.16
¢ 147 i ( )

Since from the assumption M !N and A™!N are nonnegative matrices, then by
Theorem 2.2 one obtains the relationship for the spectral radii that is

p(ATIN)

AMN) = AN

(5) The nonnegative character of the matrix (I-M™'N)~! when M™'N > 0
with p(M™*N) < 1 (or (I - NM~!)~1 > 0 when NM™! > 0 with p(NM™') < 1)
implies that A~ > 0. [ ]

The result of Eq. (3.11) has been proved by Varga [1] in the case of regular

splitting of A. As a consequence of this theorem the following corollary can be
stated.

COROLLARY 3.2. FEach weak nonnegative splitting of a matriz A with A"l'>0
is a convergent splitting of A and conversely, for each convergent weak nonnegative
splitting of A, A~ > 0.

Now the following theorems will be proven.

TueoREM 3.3. Let A = M; — N; = My — Ny be two weak nonnegative
splittings of A where A~ > 0. If one of the following inequalities

(a) ATIN,>A7'N; >0 (or M;'N, >M,'N, >0)

(b) AN, >N;A7'>0 (or M;'N, >N,M;'>0)

() N AT!'>N;A7'>0 (or N,M;! >N, M;!>0)

(d) NzA'>A7'N; >0 (or N,M;'>M;'N, >0)
18 satisfied, then

p(M7'N,) < p(M;'N,) < 1. (3.17)
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Proof. By Lemmas 2.1 and 2.2 and Theorem 3.2 where p(M 'N) is mono-
tone with respect to p(A~'N) the result (3.17) follows immediately. In the case of
inequalities given in parentheses the proof is obvious by Lemmas 2.1 and 2.2.

THEOREM 3.4. Let A = M; — Ny = My — Ny be two weak nonnegative
splittings of A of the same type, that is, either M;lN1 > 0 and M2_1N2 >0 or
N;M;! >0 and N,M;"' > 0, where A™! > 0. If Ny > Ny, then

p(M{'N;) < p(M;'N,) < 1. (3.18)

Proof. The inequality N, > N implies that either A"'Ny > A™'N; > 0 or
N;A™! > N;A™! > 0. Using the same argument as in the proof of Theorem 3.3
the result follows immediately. | |

The same result of Theorem 3.4 has been proven by Varga [1] for the regular
splitting of A and with the strict inequality in (3.18) when A~' > 0. It is evident
that by Corollary 3.2 the case of nonnegative splittings of A is included in both the
above theorems.

In iterative methods it is not always possible to compare matrices N (except
the Jacobi and the Gauss-Seidel methods), but very often matrices M™' can be
compared. One might expect that the “closer” M is to A, the faster the method
will converge. Now the nonnegative splitting theory will be discussed from the
viewpoint of the influence of M ™" on the behaviour of p(M_lN ).

The following theorems are generalizations of Theorem 3.4.

THEOREM 3.5. Let A =M,; — N; = Ms — N, be two nonnegative splittings
of A where A= > 0. If M{! > M}, then

p(M;'Ny) < p(M3'N,) < 1. (3.19)

Proof. By Theorems 2.2 and 3.2, and Lemma 2.1 one obtains A, = p(N; M)
= p(M7'N;) < 1 and A3 = p(M;'N,) < 1 where the corresponding eigenvectors
x; and xg are nonnegative. Thus

N, M;'x; = A\ x; >0 (3.20)

and
xIM; N, = \,xI > 0. (3.21)

Let us multiply Eq. (3.20) on the left by A™! and Eq. (3.21) on the right by A™!,
one obtains
ATIN M %, = A, (3.22)

and
xIM; "N, A7 = AxT AL (3.23)
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The relation

AT =M+ MINLAT =M+ ATIN MY (3.24)
implies that
M;'N,LA™ - AN M =M -M; ' >0 (3.25)
or
M; 'N,A7L > ATIN M >0 (3.26)

and according to the definition of nonnegativity given in Section 2
M; N, A7 %, > (=) A7TIN,M; %, = A A7 x,. (3.27)

Multiplying Eq. (3.27) on the left by xJ and Eq. (3.23) on the right by x; one
obtains

xITM; N, A7 %, > A xT A x, (3.28)
and
xIM; N, A7 x, = AxI A7 'x, (3.29)
hence
MxTA % < AxT A7 X, (3.30)

As x7T A_lx1 > 0, it follows that A; < As which corresponds to the inequality
(3.19). The case when x2 A7 'x; = 0 is discussed in Remark given at the end of
this section. n

A somewhat stronger version of this theorem is given below.
TueoreMm 3.6. Let A =M; — N; = My — Ny be two nonnegative splittings
of A where A~ > 0. If MT! > M;*, then

p(M'N,) < p(M7'N,) < 1. (3.31)

Proof. It is easy to notice that the assumption Ml_1 > M, ! > 0 implies the
strict inequality in (3.26), that is

M;!IN,ATL > ATIN M >0 (3.32)

but this leads to the change of the non-strict inequality sign into a strict one in all
remaining inequalities of the proof of Theorem 3.5 providing us the result A\; < Az
which with the notation A\; = p(M7'N,) and Ay = p(M;'N,) proves the theorem.

]
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The importance of both the above theorems lies in extending the class of
iterative methods in the analysis of convergence. Both of these theorems have been
originally proven by the author [2, 3] in the case of regular splittings of A, as a
generalization of the results of Varga [1], by means of the Perron-Frobenius theory
using only Theorems 2.2 and 2.3. The proofs from the work [2] are included in
Section 5.

It is easy to verify that in the case of weak nonnegative splittings of a monotone
matrix A, the assumption N, > N; implies Ml_1 > MZ_1 > 0. From N, > N, it
follows that

M;—A>M; — A (3.33)

but this implies that Ml_1 > M; 1 > 0. This result is included in the following
lemma.

LEmMMa 3.1. Let A =M;—~N; = My—N, be two weak nonnegative splittings
of A. If Ny > Ny, then M7> > M;! > 0.

The converse statement need not be true [2, 3]. As will be shown in examples,
N; and N; may have different locations of nonzero entries in spite of the fact that
M;*' > M; . It should be mentioned that these observations were renewed later by
other authors (see, for example [7, 8, 10, 11]). Thus the assumption M;*' > M
is weaker than assumption Ny > N, which motifies the generalization of Theorem
3.4, and in many cases is a verifiable condition only.

Now the case of weak nonnegative splittings of A will be considered.

TueorReEM 3.7. Let A = M; — N; = My — Ny be two weak nonnegative
splittings of A but of different type, that is, either Ml_lN1 > 0 and N2M2—1 >0
or N;M;! >0 and M5'N, > 0, where A~ > 0. If M{' > M, then

p(M'N,) < p(M; 'N,) < 1. (3.34)

Proof. Assuming the case when Ml_lN1 > 0 and N,M; ! > 0, one can write
that
YTMlel = Al)’? (3.35)

and

N,M; 'y, = A, (3.36)

where by Theorems 2.2 and 3.2, and Lemma 2.1 A\; = p(M;'N;) < 1 and \; =
p(M;'N,) = p(N,M5?') < 1 and the corresponding eigenvectors y, and y, are
nonnegative. Multiplying Eq. (3.35) on the right by A™' and Eq. (3.36) on the left
by A~ gives us

yIM{IN;AT = Ay AT (337)

and
A‘1N2M2_1}’2 = ’\2A_IY2~ (3.38)
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From the relation (3.24), (3.10) and the assumption M; ' > M; !, it follows that
ATINM;P>MINJATE >0 (3.39)
or
yTAT'N,M;E > (=) yTMTIN AT = A yTA™h (3.40)

Again multiplying Eq. (3.40) on the right by y, and Eq. (3.38) on the left by y7T,
one obtains
yiATINM; Yy, > Ay AT Y, (341)

and
YTATN,M; 'y, = Ay ATy, (3.42)

and as yT A7y, > 0, it follows that A\; < Mg, which proves the inequality (3.34)
for the case when M;*N; > 0 and N;'M; > 0. The case when N;M; ! > 0 and
M3 1N2 > 0 is discussed in the proof of Theorem 3.5. |

TuHEOREM 3.8. Let A = M; — N; = M; — Ny be two weak nonnegative
splittings of A but of different type, that is, either Ml_lN1 > 0 and N2M2_1 >0
or NlMi‘1 >0 and M;lNQ >0, where A™' > 0. If Ml_1 > M2_1, then

p(My'Ny) < p(M;'Np) < 1. (3.43)

Proof. Similarly as in the proof of Theorem 3.7 it is evident that the assump-
tion M;! > M;* > 0 implies the strict inequality in (3.39), that is,

AN, M > MINAT > 0. (3.44)

The above inequality implies replacing the non-strict inequality sign to the strict
one in the corresponding inequalities in the remaining part of the proof of Theorem
3.7, which proves the validity of the inequality (3.43). [ ]

1t is easy to notice that the case of two mixed splittings of A (that is, when
one of them is nonnegative and the second is weak nonnegative) is fulfilled by the
assumption of Theorems 3.7 and 3.8. For completeness reasons this case is included
in two following theorems.

THEOREM 3.9. Let A = M, — N be a weak nonnegative splitting of A and

A = M, — N, be a nonnegative splitting of A or inversely. If A™! > 0 and if
M;! > M;?, then

p(M7'N;) < p(M;'N,) < 1. (3.45)

TueoreM 3.10. Let A = M; — N be a weak nonnegative splitting of A and

A = M, — Ny, be a nonnegaiive splitting of A or inversely. If A™" > 0 and if
M7 > M; !, then

p(M7'N,) < p(M;'N,) < 1. (3.48)
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Now the question arises whether the inequality p(M;'N;) < p(M;!N,) < 1
is valid when both weak nonnegative splittings of A are the same type, that is,
either M7'N, > 0 and M;'N, > 0 or N;M7! > 0 and N,M;! > 0 with the
assumption that A™! > 0 and M;' > M; ' > 0. To give an answer to this question
it will be interesting to consider some splittings of the monotone matrix A derived
from the following example of 3 X 3 matrix

1 -1 0 2 21
A=|0 1 -1{ where A™'=]1 2 1 (3.47)
-1 0 2 11 1

As can be seen in Table representing twelve splittings of the above matrix A,
the first four splittings are weak nonnegative of the first type (M™'N > 0), the
fifth is also weak nonnegative but of the second type (NM ™! > 0), the next three
are nonnegative and the last four are regular. By the inspection of this table it
follows that for M7! > M3z' > 0, p(M]'N;) < p(M;'N;) but on the other hand
for M;' > M3! > 0 there is p(M; 'N,) > p(M3'Nj,). A similar behaviour can be
observed with strict inequalities, e.g. for M * > M;' > 0 and M3;' > M;' > 0
it can be seen that p(M'N,) < p(M;'N,) and p(M;'N;) < p(M;'N,) but for
My ! > M;! > 0 there is p(M; 'Ny) > p(M;'IN,).

Moreover the inequalities Mié,3,4,5 > Mg! and Mf;s > Msﬁo,ll,u are an
illustration for Theorem 3.10, M1_§3 > Ms_1 for Theorem 3.8, Mgl > M;é for
Theorem 3.6, and M7 ! > Mz ! and Ms;,io,u > My, for Theorem 3.5.

Thus, on the basis of the above examples one can conclude that in the case
of weak nonnegative splittings of A which are of the same type with Al>o0 (or
A~! > 0) the assumption that M;' > M;* (or M > M) is not a sufficient
condition for proving that p(M7'N,) < p(M7!N,) (or p(M[!N;) < p(M;!N,)).

However, as will be pointed out the assumption that A and at least one of M;
and M, are symmetric matrices is a sufficient condition for proving the following
theorems.

TueoreM 3.11. Let A = M; — Ny = My — N3 be two weak nonnegative
splittings of & symmetric matriz A, where Al>0.If Ml_1 > Mz_1 and at least
one of M and M3 is a symmeltric matriz, then

p(M7'N,) < p(M7'N,) < 1. (3.48)
Proof. Let us assume that both weak nonnegative splittings of A are the
second type, that is, N1M1_1 > 0 and N2M2_1 > 0. Then by Theorems 2.2 and

3.2, and Lemma 2.1 one obtains that A; = p(N;M;") = p(M{!N;) < 1 and
Az = p(N,M; 1) = p(M5'N,) < 1. Thus, one can write

N,M;'x; = A\x, >0 (3.49)

and
NoM; 1%, = Apx, > 0 (3.50)
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where x; > 0 and x, > 0. Multiplying both equations on the left by A™!, one
obtains

AN M'x, =\AT I, >0 (3.51)
ATIN,M; %, = A%, > 0. (3.52)

Let us suppose that My is a symmetric matrix. According to Eq. (3.9) one can

write
A7 =M+ ATINMG =M+ ATIN, M (3.53)

which by the hypotheses Mfl > M 1> 0 implies that
ATIN,M;' > AN, M; ' >0 (3.54)

and
ATIN, M 'x; > (=) ATIN M Ixg = M Ak, (3.55)

Now Eq. (3.52) can be written, as follows
x(ATIN,M; DT = AxF(A )T (3.56)

From Eq. (3.53) it follows that A"'N,M;' = A™!' —M;"' > 0 and as A™! and
M3 ! are symmetric matrices by the hypotheses, one can conclude that the matrix
A_1N2M2' ! is also symmetric and hence Eq. (3.56) can be written, as follows

xTATIN,M; !t = A xI AL (3.57)

Multiplying Eq. (3.55) on the left by x3 and Eq. (3.57) on the right by x;, one
obtains

xTATIN, M %, > A xT AT %, (3.58)

and
xTATIN, My 'x, = MxT A 'k, (3.59)

but this allows us to conclude that A\; < Ag, as x{A_lx2 > 0.
The assumption that only M, is a symmetric matrix provides us with similar
considerations for the following equations

xTATIN, M 'x, = M xFT A x, (3.60)

and
xTATIN, M %, < AxTA ™ 'x, (3.61)

which implies also that A; < Ay as xlTA_lxz > 0.
In the case when M;'N, > 0 and M;'N, > 0, one can write

}’1TM1—1N1 = >\1Y{ (3.62)
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and

Y2TM2_1N2 = /\2}’; (3.63)

Repeating the procedure of the proof described above, one obtains
YIM; N, ATy, > Ay ATy, (3.64)

and
YIM;'N,A Yy, = Ay A Ny, (3.65)

when M; is a symmetric matrix, or
Yng_lN1A_IY1 = /\1Y2TA‘IY1 (3.66)

and
yiM{'N, Ay, < AyTA Yy, (3.67)

when M, is to be assumed a symmetric matrix, which consequently leads to proving
that A\; < g, as yT A~ 'y, > 0.

The cases when both weak nonnegative splittings of A are a contrary type,
that is, either M7 'N; > 0 and N,M;' > 0 or N\M;! > 0 and M; !N, > 0,
have been proven in Theorem 3.7, however without the assumption of symmetry.

THEOREM 3.12. Let A = M; — N; = My — Ny be two weak nonnegative
splittings of a symmetric matriz A, where A~ > 0. If Ml—1 > M2_1 and at least
one of My and My is a symmetric matriz, then

p(M[IN,) < p(M;!N,) < 1. (3.68)

Proof. Using the same arguments as in the proof of Theorem 3.11, it can be
seen that the inequality M;' > M, ' leads to the strict inequality in (3.54), that
is

ATIN, M > ATIN M >0 (3.69)

which implies the change of the inequality sign to the strict one in the corresponding
inequalities in the proof of Theorem 3.11 and provides that A; < A2, and with the
notation that A; = p(M]'N;) and A; = p(M; 'N,) proves the theorem. [ |

The special case of conditions important in applications, discussed in the next
sections, is considered in the following theorems.

THEOREM 3.13. Let A = M; — N; = My — Ny be two weak nonnegative
splittings of A of the same type, that is, either MI_IN1 > 0 and MQ_IN2 >0 or
N, M;! >0 and N,M;! >0, where A™' > 0. If Ng > N,;, then

p(M7'N;) < p(M;'N,) < L. (3.70)
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Proof. Assuming that M7 !N, > 0 and M;'N,, > 0, the inequality N7 > N;
implies that
ATINTATHT > ATINy(ATHT > 0. (3.71)

Let x > 0 and y > 0 be such vectors that
xTAIN; = nxT (3.72)

and
yTATINg = mpy”

or
Nz (A™)Ty =my (3.73)

where 7, = p(A"!N;) and 7, = p(A~'Ny). Multiplying Eq. (3.72) on the right by
A1 (A )Ty and Eq. (3.73) on the left by xT A71(A™H)7, one obtains

xTATTNJATH A Dy = nxTATH (A )Ty (3.74)

and
xTATHAT)IND (AT Ty = xTATH (AT Ty, (3.75)

Both above equations combined with the inequality (3.71) provide us with

onxTA YA )Ty <xTAT'N; AN AT

1A —I\TpT( A -1\T (3.76a)
+AT(AT) N (AT) ]y

xT[A'—lNlA—l(A—l)T 4 A—I(A—I)TNg(A—l)T}y

3.76b
S 2T2xTA—1(A—1)Ty ( )

hence as xTA7'(A™1)Ty > 0, it follows that 7, < 75 which consequently by Theo-
rem 3.2 proves the inequality (3.70). The case when N, M;' > 0 and N,M;' > 0
can be proven similarly by considering

(ATHTNTA ' > (AHTNAT >0

N;A7'v = ;v and N,A~'w = 7w which completes the theorem proof. |

It is evident that by Corollary 3.2 the case of nonnegative splittings of A is
included in the above theorem. In particularity, however the following corollaries
hold.

CoroLLARY 3.3. Let A = M; — N; = M; — N, be two weak nonnegative
splittings of A of the same type, that is either MI_IN1 > 0 and M2_1N2 >0 or
NIM;l >0 and Nzl\/I;l > 0, where A™! > 0.

(@) If

ATINTA DT> AN (A HT >0 (3.77)
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then
p(Ml_lNl) < P(Mz_lNz) <1 (3.78)
(b) Moreover, if
ATINT(AHT > ATIN;(ATHT >0 (3.77a)
then
p(M7'N;) < p(M;'N,) < 1. (3.78a)

Proof. 1t is evident that the proof of this corollary follows immediately from
the proof of Theorem 3.13, where the inequality (3.77a) implies the change of the
nonstrict inequality sign in (3.76a) and (3.76b) to the strict one providing the result
{3.78a). ]

CoROLLARY 3.4. Let A =M; — N; = M3 — N3y be two regular splittings of
A, where A™ > 0. If NI > Ny, then

p(M;'N;) < p(M7'N,) < 1. (3.79)

Proof. The assumptions of this corollary imply that
AT'NT(AHT > ATIN;(ATHT >0

but this leads to the strict inequality sign in (3.76a) and (3.76b) providing the result
(3.79). |

It is interesting to notice that in contradiction to the Lemma 3.1, N2T >Ny
need not imply that (M7 )7 > M;' when A~" > 0. Really from

N; >N, (3.80)
it follows that
M7 -AT>M, -A (3.81)
but this gives us
M- ATM;HT] > [1T- M PA) (M )T (3.82)
hence
Mt - (M )T > MTHAT — AJ(M )T (3.83)
The equivalent condition
N, > N{ (3.80a)

provides

(M )T =Mz > (M7)T[A - ATIM, (3.83a)
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It is not difficult to find examples of nonnegative splittings of a monotone matrix
A such that M7 '[AT — A)(M; )T may have positive and negative entries.
However the following theorems hold.

THEOREM 3.14. Let A = M; — N; = My — Ny be two weak nonnegative
splittings of A of the same type, that is, either M;'IN1 > 0 and MZ_IN2 >0 or
N,M;! > 0 and N,M;"' > 0, where A~ > 0. If

M > M;HT >0 (3.84)
then
p(M;'N;) < p(M;'N,) < 1. (3.85)
Proof. As can be seen for the hypothesis (3.84) the following inequality
A HT - HT>A'-M'>0 (3.86)
holds, which by the relation (3.9) gives us
(ATHTNZ(M YT = (M )TNF(ATHT 2 ATIN,M; T = MT'N; AT (3.87)

Assuming that M7 'N; > 0 and M;'N, > 0, and let x > 0 and y > 0 be such

vectors that
xTM7IN, = A xT (3.88)

and
yTMz_IN2 = AzyT
or

N3 (M;1)Ty = Aoy (3.89)

where A\; = p(M™!N;) and A\, = p(M;'N,). Multiplying Eq. (3.88) on the right
by A}(A™Y)Ty and Eq. (3.89) on the left by xTA™'(A™!)T, one obtains

xXITM7I'NJ AT YA DTy = A xTA A DTy (3.90)

and
xTATHATHYINIT(M; )Ty = MxTA ATy, (3.91)
Both above equations combined with the inequality (3.87) provide us with
22 xTA T A Yy <xTM7IN; AN (A™HT
1 W T I\T (3.92a)
+AT(AT) N (M) ]y
T [M; N, AT AT + AN AN (M5 Ty

3.92b
< 20,xTATHA YTy ( )

hence it follows that A; < Xy with xTA™H(A™ )Ty > 0.
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The case when N, M7 ' > 0 and N,M; ' > 0 can be proven similarly. [ ]

The tenth and eleventh splittings in Table illustrate the above theorem. A
somewhat stronger version of this theorem is given below.

THEOREM 3.15. Let A = M; — N; = M,y — Ny be two weak nonnegative

splittings of A of the same type, that is, either Ml_lN1 > 0 and MZ_IN2 >0 or
N,M;! >0 and N,M;"' > 0, where A™! > 0. If

M > (M;HT >0 (3.93)
then

p(M]'N,) < p(M;'N,) < L. (3.94)

Proof. Tt is evident that the condition (3.93) implies the change of the non-
strict inequality sign in (3.87), (3.92a) and (3.92b) to the strict one providing the
result (3.94). |

By an analogy to Theorem 3.3 the following result holds.

THEOREM 3.16. Let A = M; — Ny = My — Ny be two weak nonnegative
splittings of A where A~ > 0. If one of the following énequaiities
(a) AN > (A ”lN )T>0 (or My'N, > (M;!N)T > 0)
(b) ANy > (N;ATY) (or M;'N, > (N )T 20
(c) NaA™!> (N A™HT (or N2M2 > (N, M‘I)T > 0)
(d) NoA™!'>(AT'N, )T>0 (or ;1> (M;'N)T > 0)
is satisfied, then

p(M7'N,) < p(M7'N,) < L. (3.95)

Proof. Since matrices A"'N and (A™'N)T have the same eigenvalue spec-
trum, then by Lemmas 2.1 and 2.2 and Theorem 3.2 where p(M™'N) is monotone
with respect to p(A~'N) the result (3.95) follows immediately. In the case of in-
equalities given in parentheses the proof is obvious by Lemma 2.2. [ |

It should be noticed that in the case of a monotone matrix A, theorems based
on the hypotheses of Lemma 3.1 allow us to compare weak nonnegative splittings
of A which are different in type, whereas theorems based on the hypotheses (3.80),
(3.84), and (3.93) allow us to compare weak nonnegative splittings of A which are
same in type.

The following result generalizes the comparison theorems presented in this
section.

TueorEM 3.17. Let A = M; —~ N; = My — Ny be two weak nonnegative
splittings of A where A™1 > 0. Let x > 0, y > 0 and z > 0 be vectors such that
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xTMTIN, = A\ xT and M;'Nyy = Ay or NyM5 'z = \yz when M;'N, >0
and M2_1N2 >0 or N2M2_1 > 0, respectively; and letu >0, v >0 and w > 0 be
vectors such that N; M7 u = Mu and vIM; N, = XovT or wIN,M; ! = \wT
when N1M1_1 > 0 and M2_1N2 > 0 or N,M5' > 0, respectively; where A =
p(M7IN),) and Ag = p(M;'N,). If one of the following inequalities

xTM;IN, > x"M{'N, >0 or My;'N,y >M;'Nyy >0 (3.96a)
xTN,M; ! > x"M['N; >0 or N;Ms'z>M{'N;z>0  (3.96b)
M;'Nou> N;M;'lu>0 or vIM;'N,>vIN,M;' >0  (3.96c)

N,M;'u> N\M;'u>0 or wIN,M;'>w/N,M;'>0 (3.96d)

or
xTA N, >xTA7IN; >0 or ANy > A" !Ny >0 (3.97a)
xTNRA 1 >xTATIN; >0 or N2A7'2>A7'Niz>0 (3.97b)
AT'Nobu>NJA 'u>0 or vVATING > vINJAT1 >0 (3.97¢)

NoA lu>NA'u>0 or wINoAT'>wINJAT >0 (3.97d)
1s fulfilled, then

p(M;'N,;) < p(M;'N,) < 1. (3.98)

In particular, if the first non-strict inequality sign in the above inequalities is re-
placed by the strict one, then

p(M;'N;) < p(M;'N,) < 1. (3.99)

Proof. Assuming the case when My 'N; > 0 and M3 'N, > 0 for which the
first inequality is fulfilled, then it is evident that the following inequality

AoxTy = xTM;'Nyy > xTM "Ny = A xTy (3.100)

is satisfied, but this with xTy > 0 implies the result (3.99). Other cases can be
proven in an analogous way. The case of the strict inequality sign in (3.96) implies
the result (3.100) with the strict inequality. Since the matrices M~ !N and A™!N
commute by Theorem 3.1 they have the same eigenvectors hence, e.g. in the case
of (3.97a) one obtains

mxTy =xT AT Noy > xTAT' Ny = nx"y (3.101)

where 71 = p(A_lNl) and 1, = p(A_lNz), which provides 7, > 7 with xTy >0
and 73 > 7y when there is the strict inequality in (3.97a). Hence by Theorem 3.2
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the results (3.98) and (3.99) follow immediately. The remaining cases of (3.97) can
be proved similarly, which is completing the proof. [ ]

CoROLLARY 3.5. Let A = M; — N; = M; — Ny be two weak nonnegative
splittings of A of the same type, where A~ > 0. Let x > 0 and y > 0 be vec-
tors such that xTM['N; = \,x7 and M, 'N,y = Ay when M;'N, > 0 and
M2—1N2 > 0; and let u > 0 and v > 0 be vectors such that NlMl_lu = A\u and
vIN,M; ! = AovT when N;M[! > 0 and N,M; ' > 0; where \; = p(M7'N;)
and Ay = p(MZ,_lNz). If one of the following inequalities

x"Ny > x"N;  or Npy >Nyy (3.102a)
Nou>N;ju or vINy;>vIN; (3.102b)

holds, then
p(M'N}) < p(M;'N,) < 1. (3.103)

Proof. Multiplying the first inequality of (3.102a) on the right by A~'y, one
obtains

mxTy =xTNoA ly > xTN; A7 ly = nxTy

where 71 = p(N1 A ') and 75 = p(N,A™1). As xTy > 0, 73 > 7, which by Theorem
3.2 proves the result (3.103). For the remaining hypothesis inequalities, the result
(3.103) can be proven in a similar way. ]

However in the case of applying this theorem or its corollary, it is necessary to
know at least one eigenvector.

ReEMARK. Finally, it should be mentioned that some comparison theorems
such as Theorems 3.5, 3.7, 3.9 and others with A~! > 0 as the hypothesis, have been
proven with the assumption that x3 A7'x; > 0 (or yTA™ !y, > 0, as in Theorem
3.7) which however, may be not satisfied with A~! > 0. For instance, in the case of
monotone triangular matrices A, it is easy to find examples of not necessary (weak)
nonnegative but also regular splittings of A for which szA"lx1 =0withA™! >0,
x; > 0 and x3 > O (in the case when A7 l>o0, x2TA_1x1 is always positive).

Therefore, it seems to be natural to ask if the mentioned theorems are true
when xJ A™'x, = 0 is induced or when for A\; = p(M;'N,) = 0 the corresponding
eigenvector x; = 0, as in the case of the first splitting given in Table. As can be
shown in the example of the proof of Theorem 3.5, a simple modification allows us
to avoid this apparent difficulty when x3 A~ 'x, = 0.

Assuming a matrix B > 0, then instead of Egs. (3.20) and (3.21) in the proof
of Theorem 3.5 the following equations may be considered

(eBA™! + N,M7YX, = A%, (3.20a)

X (eATIB + M7 IN,) = M%7, (3.21a)
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Since for ¢ > 0 both matrices eBA™! + N;M; ! and eA7'B + M; !N, are ir-
reducible, its eigenvalues )\1 and /\2 corresponding to spectral radii are strictly
increasing functions of € > 0 (by Theorem 2.3}, and /\1 = A and /\2 = /\2 with
€ = 0. Multiplying Eq. (3.20a) on the left and Eq. (3.21a) on the right A~
obtains

(eAT'BAT' + ATIN, MR, = AR, (3.22a)

XL (eAT'BAT 4+ M IN,A7Y) = XXPA ! (3.23a)
and by using the inequality (3.25)

(eAT'BA™' + My IN, AN, (3.272)
~ 27a
> (cAT'BAT AN, MTDE, = MATIX
Multiplying again Eq. (3.27a) on the left by X% and Eq. (3.232) on the right by X1,
one obtains

T (cAT'BAT + M;IN, AT, > LXTATIR, (3.28a)
and _
(AT BAT + M7IN,ATHX, = MXTATIR, (3.29a)
hence _ _
METATIR, < METATIX,. (3.30a)

Since for ¢ > 0 both vectors X; and X, are positive, it can be concluded that
XI A%, > 0, which implies A < A (in this case )\1 < A for each & > 0). Taking
the limit for ¢ — 0, it follows that /\1 — A; and )\2 — A which allows us to
conclude that Ay < Ay proving Theorem 3.5.

The same or similar modification can be used in the proofs of other theorems
in which xJ A™'x, = 0 may be induced.

4. Prefactorization Iterative Methods

In this section the application of some results of the nonnegative splitting the-
ory will be demonstrated in the convergence analysis of prefactorizationing iterative
methods used for solving the following linear equation system

Ad=c. (4.1)

Assuming that A = M — N represents the splitting of A, where A and M are
nonsingular matrices, the iterative method for solving Eq. (4.1) can be expressed

in the general form
Mot =Ng®) ¢, t>0

or equivalently
o) = Go® y M, t>0. (4.2)
As is well known the above iterative process is convergent to the unique solution

¢=A"c (4.3)
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if and only if the spectral radius of the iteration matrix G = M™'N, p(G) < 1.

In some sense the matrix M can be imagined as being an approximation to
A. Usually M is represented as a product of nonsingular matrices chosen in such a
way that they are easy to obtain and relatively easy to invert, so that the matrix
M can be considered as prefactorizationing A (so it is called the prefactorizationer
of A), and M can be regarded as the preinvertioning matrix of A (so it is called
the preinvertioner of A approximating A_l). Consequently, N = M — A can be
regarded as the residual matriz obtained with the assumed prefactorizationing A;
and when N exists as a nonzero matrix, there is the partial (incomplete) factoriza-
tion of A, and the solution has the iterative nature. In the case when N becomes
the null matrix, there is the strict factorization of A and the solution of Eq. (4.1)
is obtained by means of the direct method equivalent to the Gaussian elimination.

Defining a given n X n nonsingular matrix A by the following decomposition

A=K-L-U (4.4)

where K, L and U are nonsingular diagonal, strictly lower triangular and strictly
upper triangular matrices respectively, and introducing additional strictly lower
triangular and strictly upper triangular matrices H and Q respectively, then the
following factorization can be used

M=[I-(L+HD ! DI-D*(U+Q) (4.5)
where D is assumed to be a nonsingular diagonal matrix defined by the following
implicit relation

D = K - diag {(L + H)D (U + Q)} (4.6)
and as can be easily verified
N = offdiag {(L+ H)D '(U+Q)} —-H-Q %)

where the notation diag{B} denotes the diagonal matrix with diagonal entries
identical with those of B and offdiag {B} = B — diag {B}.
The iterative method can be written, as follows

D = Fo 1 M~e, t>0 (4.8)
and
F=[1-DHU+Q) 'D'I—-(L+H)D '|"'N. (4.9)
Since I — (L 4+ H)D ' and I - D~!(U + Q) are nonsingular lower and upper
triangular matrices respectively, this method can be easily implemented by using
the so-called two-sweep (forward-backward) procedure.

Let us multiply Eq. (4.8) on the left by I — D~'(U + Q) and shift the term
D (U 4 Q)¢+ to the right side of the equation

¢ =D (U + Q)oY + [I — (L + H)D '] [Ng®) + c]}.
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Denoting by
Y =1 — (L+H)D 'Ng® + ]

and multiplying again this expression on the left by I — (L + H)D—l, one finally
obtains

BHY — (L+H)D 14D £ Ng®) 4 ¢
ool (4.10)

¢(t+l) - D-—l[(U + Q)¢(t+1) +ﬁ(t+1)],

Since (L +H)D™' and D™}(U + Q) are strictly lower triangular and strictly up-
per triangular matrices respectively, the components of 3(t*1) can be calculated
recursively for increasing indices in the forward elimination sweep, and compo-
nents of ¢{t*1) can be calculated recursively for decreasing indices in the backward
substitution sweep. Equations (4.10) represent the general form of a broad class
of prefactorizationing methods called the two-sweep iterative methods, and each of
them is uniquely defined by the choice of the matrices H and Q. The matrix F is
called the two-sweep iteration matriz. The classification of the two-sweep iterative
methods from the viewpoint of the choice of H and Q is given in [4].

Let us restrict our attention to the iterative schemes defined by the following
choice of the matrices H and Q including also such classical schemes as the Jacobi
and Gauss-Seidel methods.

1. The Jacobi method

H=-L, Q=-U, D;=K

M;=K, N;,=L+U

B, =M;!N,; =K (L + U). (4.11)
2. The Gauss-Seidel method

backward order: H=-L, Q=0, D,;=K

Mg=KI-K 'U), Ng=L

£, =Mz'N;=(1-K'U)"'K™'L. (4.12a)

forward order: H=0, Q=-U, D;=K

M =KI-K'L), Ng=U

L1 =Mgz'N;=(I-K'L)'K'U. (4.12b)
3. The EWA method

H=Q=0 Dg=K -diag{LD;'U}

My = (I-LD;")Dg(I - D;'U), Ng = off-diag {LD'U}

&1 =Mz'Ng = (I-D;'U)"'Dy'(I - LD;')Ng. (4.13)
4. The AGA method

H=Hs, Q=Q, Di=K-dag{(L+HyD;(U+Q,)}

My =[I-(L+H,)D;'D4I-D;'(U+Q,)

N = off-diag {(L + H,)D; (U +Q,)} —Ha - Qy

A =M;'N,=I-D;'(U+Qu) 'D'I-D; (L+H,)| !N, (4.14)
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The AGA method represents a broad class of algorithms and each of them is
defined by the choice of the matrices H4 and Q4 such that H4+Q 4 # 0 (excluding
the cases H4 = —L and Q4 = —U) and with the assumption that the nonzero
entries of N4 do not coincide in location with the nonzero entries of the matrix
L+Hs+U+Q,. The assumption that Hs and Q 4 are strictly lower triangular
and strictly upper triangular matrices respectively, allows us always to determine
explicitly the values of nonzero entries in H4 and Q, directly from the implicit
form of (L + H,)D;*(U + Q,), for an arbitrary assumed pattern of the location
of nonzero entries in these matrices. In other words, with a postulated nonzero
entry pattern in both H,4 and Q 4, all nonzero entries of H 4, Q4 and consequently
D4, and N4 can be computed immediately by equating them to the corresponding
entries of the implicit matrix product (L + H,)D;* (U + Q,).

Indeed, let Sy be the set of indices (4, ) for Hu such that h;; # 0 and Sg,
Sy, and Sy similar sets for matrices Q, L and U respectively. Since H4 and Q4
are assumed to be strictly lower and strictly upper matrices respectively, then for
a given matrix A =K — L — U and defined sets Sy and Sg, the entries of Dg4,
H,, Q4 and N4 can be calculated in the simple algorithm by means of recursive
formulae, simultaneously for each pair of increasing indices (i, ).

di1 = k1,1;
O (i + his) (s + 0es) (4.15a)
di,i:ki,i“sz:; : 7ds,s’ = 1=2,...,n
hii=0, i=1,...,n;
m—1
lis his S,J 5,7 . . . ..
hij=S (lis + ,d)(u J +q,]), i>j>1, m=min(,j) § (4.15b)
s—1 s,8
(17.7) € SH;
q; =0, j=1,...,n
m—1
lis his 8,9 ] . . . ..
qij = Z (i & ;(u - +q3,]), 1<i<j, m=min(sj) ; (4.15¢)
s=1 5,8
(7'1.7) € SQ;
ni,iZOa i "_‘nl,jzoa 27]:177”’7 )
m—1
(lis+his)(usj +qu) . . . .
n;; = - : : == i>1, > 1, ,
v ; ds,s 7 £ (4.15d)

m = min(i, §)

(3,7) € Scvn, (4,5) € Susq-
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Thus, the set Sy of indices (i,j) of the entries, n;; # 0 in the matrix N4 is
complementatory to the set Sy U Sg U Sy U Sy for the nonzero entries, except
1 =1, 7=1and ¢ = j, where nonzero entries of H4 + Q 4 may coincide in positions
with those of L + U. It is worth noticing that, as can be concluded from the above
formulae, the entries of D4, Ha, Q4 and N4 for a given pair of indices (4, ) are
computed only by means of the entries determined previously in the computation
process. When Sy is the empty set, the above formulae define the direct AGA
algorithm equivalent to the Gaussian elimination.

Now we will analyze the case when the matrix A defined in Eq. (4.4) is irre-
ducibly diagonally dominant [1] where K, L and U are nonnegative matrices. As
is well known such matrices, representing a broad class of physical and engineering
problems, are monotone matrices, A~ > 0. For such matrices A, the matrices Dg
and Ng, and D4, Ha, Q4 and N4 are nonnegative and the irreducibly diagonal
dominance of A implies that Dg and D 4 are nonsingular matrices [3].

The comparison of spectral radii of iteration matrices arising in the methods
defined above can be made by means of the following theorems.

THEOREM 4.1 (Theorem 15in [2]). Let the Jacobi matriz B, = K™}(L + U)
be an n X n nonnegative matriz with n > 2 and zero diagonal entries such that
p(B1) < 1. Further, let £, = MZ'Ng be the Gauss-Seidel matriz defined by (4.12),
£1 = My Ny be the EWA matriz defined by (4.13) and A; = NN, be the AGA
matriz defined by (4.14). Then all above matrices are convergent and

0 < p(A1) < p(€1) < p(L1) < p(By) <1 (4.16)

Proof. 1t is evident that when K, L, U, DEI, Dzl and Hy4, Q4 are nonneg-
ative matrices, all iterative methods defined above are based on the nonnegative
splittings of A (exactly on the regular splittings of A). Since p(B;) < 1 implies by
Theorem 3.2 and A~ > 0 (where A = K — L — U), then by Corollary 3.2 they
are convergent splittings of A. Moreover, as can be verified by Theorem 2.1 the
following inequalities are fulfilled:

M3 >Mg > Mg > M > 0. (4.17)
Hence by Theorem 3.5 the inequality (4.16) is satisfied. [ |

As can be noticed, the last four splittings given in Table for the matrix A de-
fined by (3.47) are regular. The twelfth splitting corresponds to the Jacobi method
where By = M[;N;,. The eleventh splitting corresponds to the Gauss-Seidel
method with the forward order where £, = M1_11N11 and M1_11 > M1_21 > 0. The
tenth splitting corresponds also to the Gauss-Seidel method but with the backward
order, where £; = Mg Ny, and M7y > M7, > 0 and from Table, it follows that

p(Ml_OlNIO) < P(MﬁlNu) < P(Mlele)-

Both variants of the Gauss-Seidel method illustrate using Theorem 3.14 in the
case of comparing splittings derived from nonsymmetric matrices A. Since Ml_o1 >
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(Ml_ll)T > 0 then by Theorem 3.14, it follows that the tenth splitting representing
the Gauss-Seidel method with the backward order is more efficient than that with
the forward order and corresponding to the eleventh splitting. As can be easily
verified by the formulae (4.15) the ninth splitting represents the algorithm of the
EWA method where £ = My Ny, however with Dg = K because the product
LD;'U has only the form of Ny. Since Mg' > My and Mg' > M7, then
according to Theorem 3.5 and results given in Table

P(Ms;lNQ) = p(Ml—OlNIO) and P(Mg_lNg) < P(MﬁlNu)-

In the case of the above example of the matrix A defined by (3.47), there is only
one algorithm of the AGA method which is simply the direct one. According to the
formulae (4.15b) and (4.15¢) defining nonzero entries of H4 and Q4 respectively,
the nonzero entry location available for H 4 is with i = 3 and j = 2 which coincides
in position with only one nonzero entry of Ng and defines the matrix Ng in the
EWA method; the nonzero entry location available for Q4 is with ¢ = 2 and j = 3.
Assuming the above pattern of nonzero entries of H, and Q 4, from computations
by means of the formulae (4.15), one obtains that h39 = 1 and d33 = 1 (in the
case of EWA d3 3 = k33 = 2), and Q4 and N4 are the null matrices. The product
of the factors in (4.5} gives us that M4 = A.

A stronger result which generalizes the Stein-Rosenberg theorem (Theorem
3.3 in [1}) for the two-sweep iterative methods in an irreducible case is given in the
following theorem.

THEOREM 4.2 (Theorem 14 in [2]). Let the Jacobi matriz B; = K~(L + U)
be an n X n nonnegative irreducible matrix with n > 2 and zero diagonal entries
such that L has at least one positive entry in each column except the last one, U
has at least one positive entry in each row except the last one and LU has some
positive off-diagonal entries. Further let £, = MEING be the Gauss-Seidel matriz,
&1 = M'Ny be the EWA matriz and Ay = N;'N, be the AGA matriz defined
by (4.12), (4.13) and (4.14), respectively. If p(B1) < 1, then

0< ,0(./41) < 9(51) < p(ﬂl) < p(Bl) < 1. (418)

Proof. The irreducibility of B, with p(B;) < 1 implies that A™* > 0 [1].
Since all above splittings of A are nonnegative (exactly regular), they are convergent
splittings. As is well known, in this case p(£1) < p(B;) [1]. The assumption imposed
on the matrices L, U and LU ensures that at least £ is a nonnegative matrix (.4,
may be also the null matrix) and this by Theorem 2.1 implies that with A'>o0
(2, 3]

M '>Mg' >Mg >0 (4.19)

which gives us by Theorem 3.6 that 0 < p(A;) < p(€1) < p(L1) completing the
proof. |
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Before giving an example illustrating the above theorem, it seems to be useful
to give some comments on the construction of AGA and EWA algorithms in actual
practice.

Increasing the number of nonzero entries of H4 and Q 4 affects the matrix M 4,
which suffers some fill-in and becomes closer to A. This effect of fill-in is accompa-
nied by decreasing the spectral radius of iteration matrix, but on the other hand
increases storage requirements. In the majority of linear equation systems arising
from the discretization of ordinary and partial differential equations, the matrices
A have a sparse structure. The matrices A obtained with the standard finite dif-
ference (or element) discretization of multi-dimensional elliptic partial differential
equations have a regular sparsity pattern. In the case of two-dimensional elliptic
problems and with natural ordering, the matrices A obtained by means of the
standard five-point differencing have the form of 5 nonzero diagonals and are sym-
metrically located with respect to the main diagonal. Assuming zero as the index
for the main diagonal; —n + 1,—n + 2,..., —2, —1 for the indices of the successive
diagonals in the strictly lower part of A and 1,2,...,7n— 2, n — 1 for the indices of
the successive diagonals in the strictly upper part of A, where n is the order of A,
then A can be described by the following nonzero diagonal indices: —s, —1,0,1,s
where 1 < s < n. Such matrices are also called band matrices with the band width
equal to 2s + 1. For smaller values of s the direct AGA algorithm becomes efficient
from the viewpoint of arithmetic effort. In this case the matrices H4 and Q4 fill-in
the whole band region except for the positions on the main diagonal and both the
upper most and the lower most nonzero diagonals, so that the band width of the
matrix (L + H,)D (U + Q,) is equal to 25 — 1.

When s 3> 1, the band has a sparse structure which provides a motivation
for using an iterative solution. In such problems the choice of sparsity patterns for
H 4 and Q4 containing a few nonzero diagonals and closely related to the sparsity
pattern of A, allows us very often to reduce significantly the spectral radius of it-
eration matrix. The implementation of iterative algorithms of the AGA method is
especially convenient in the mesh structure of discrete problems as is demonstrated
in the works [12, 13]. The subsequent algorithms of the AGA method are created
by involving the successive neighbouring mesh points to the recurrence formulas
of both forward and backward sweep equations (4.10), where the coefficients of
unknowns at these mesh points are interpreted as the entries of Hq, Q4 and N 4.
The special graphic representation of the AGA method, useful with the construction
of particular AGA iterative algorithms in different mesh structures, is given in [17].
There is a significant efficiency of AGA algorithms with solving linear equation sys-
tems with nonsymmetric matrices A which appear in discrete convection-diffusion
problems.

For illustrating the result of Theorem 4.2, let us consider the example of the
following 2-cyclic, consistently ordered matrix A representing the class of two-
dimensional elliptic discrete problem [1].
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(4.20)
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The AGA method

300 0O 0 000 00 00
0 20 o0 0000 00 3 0
— 3 = = 3
D 00§O’HA 000o0|° ¥=loo 0 ol
141
0 0 0 00 3 0 0000
3 -1 -1 0
1 -1 -1 3 0 -1
My=[I-(L+H,)D DsI-D, (U+Qu)= 41 3 1]
3
0 -1 -1 3
0000 64 24 27 17
oo oo 1 127 63 18 27
NA_O%OO’MA—H2496324’
0000 17 24 27 64
0300
1102 00 2
Ay 1o 7 0 0 and p(.Al)—E.
0300

The comparison of spectral radii obtained for particular methods is an illus-
tration of the result (4.18).

Finally it shonld be mentioned that the nonnegative splitting theory is nseful
with the analysis of the successive overrelaxation processes applied to accelerat-
ing the convergence in the AGA(EWA) two-sweep iterative methods. Appearing
iteration matrices F,, (dependent on the relaxation factor w) represent a weak non-
negative splitting of A for the underrelaxation (0 < w < 1) [2, 3, 5]. In [18] is given a
numerical analysis of the conjugate gradient method with different preconditionings
(AGA prefactorizationings equivalent to the incomplete Cholesky decomposition)
and in [19] is described an efficient subroutine for a priori estimate of the best
relaxation factor wg in SOR methods.

5. Referring to Regular Splitting Results

The basic purpose of this section is to discuss some aspects related with earlier
author’s regular splitting results from 1973 and 1978 (2, 3] which find an interest in
the current literature, as well as to show their interrelation with the developments
presented in this paper and those given in works [7, 15]. The secondary objective
of this section is to derive new comparison theorems generalizing some nonnegative
splitting theory results.

Although these earlier results were not published by the author (author’s at-
tempts for publishing them in the known European mathematical journal did not
succeed ), none the less they are known in the literature as “little known results of

Worznicki” [7, 11].
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These results as comparison theorems were obtained with the development
of the AGA two-sweep iterative methods defined in Section 4 and implemented in
producing programmes [12, 13] solving two- and three-dimensional neutron diffusion
equations in nuclear engineering problems. The excellent convergence properties of
AGA iterative algorithms observed in numerical experiments [14] encouraged us to
seek its theoretical justification. The convenient matrix notation introduced with
the description of the AGA methods allowed us only to verify the condition My 1>
M3 ! with comparing spectral radii. The regular splitting theory originated by
Varga [1], restricted at this time to comparison theorems proven with the condition
N; > N; > 0 (verifiable only with the comparison of the Jacobi and Gauss-Seidel
methods), was useless in the case of the convergence analysis for the AGA iterative
methods. Further investigations allowed us to extend the regular splitting theory by
including new comparison theorems proven with the hypotheses M ! > M; '>0
and Ml_1 > M, ! > 0; and its original proofs are given in the works [2 and 3],
which are unfortunately not easily available.

From the time of the statement of these new comparison theorems, a renewed
interest with the regular splitting theory is observed in the literature. It seems
that just these theorems as well as their proofs were inspiratory for the work [7]
in which the authors included both comparison theorems (collected in Theorem
C) as the subsequent unpublished results of WozZnicki without, however, giving its
original proofs. In other papers [8, 9, 10, 11] both theorems are quoted as the
results of Woznicki with a close connection to Csordas and Varga’s results [7].
For instance in the wrok [10] the author’s results are used but without indicating
the author’s reference. The inaccessibility of the proofs of these theorems as well
as other results of the work [2] in the literature existing up to now may make
difficulties in distinguishing the authorship. For example the authors of the work
[11], extending the class of comparison theorems, report [11, p.388] that the items
i) and ii) in Proposition 1.3 have been proven by Csordas and Varga. Whereas
Csordas and Varga mentioned {7, p.25] that both assertions i} and ii) can be found
in the author’s work [2], and only for completeness did they include the proofs of
these items.

Therefore by due respect to the reader, both earlier author’s comparison the-
orems and its original proofs as they are given in the work [2] are presented below.
In this way the methodology used in the proofs of these theorems can be compared
with a methodology used elsewhere and moreover, it may be possible to verify how
the nonnegative splitting theory results presented in this paper are related with the
former author’s theorems generalizing the results obtained by Varga [1] for regular
splittings.

THEOREM 5.1 (Theorem 12 in [2}). Let A = M; — Ny = My — N3 be two
regular splittings of A where A~ > 0. If Mfl > Mz_l, then

p(M'N,) < p(M;'N,) < 1. (5.1)

Proof. As can be concluded from Theorem 3.2, p(M™'N) < 1 and is mono-
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tone with respect to p(A~'N), and therefore it suffices to prove that p(A"'Ny,) >
p(A_lNl). The assuroption M1_1 > M;l can be written, as follows

(A+N;)™!' > (A+Ny)™?

or
IT+ATIN) AT > AT T+ N, AT L

Since the nonsingular matrices I+ A™'N; and I + N A~! are nonnegative, then
ATMIANGA T > X+ ATINDAT!
which is equivalent to
ATINGAT > ATINATL > 0. (5.2)

Since the nonnegative matrices Ny and Ny may be singular, then with the assumed
definitions of nonnegative matrices (Section 2), one obtains

ATTNGATING = (ATIN,)?2 > (=) AT'NATIN, (5.3)

and
ATINGATING > (=) ATINGATING = (ATING ) (5.4)

As all matrices in the above expressions are nonnegative, then from Lemma 2.2,
one obtains that

o((A7'N)?) = P2(A7INy) > p(A~ N, AINY) (5.5)

and
(A N2ATING) 2 p((A7'NL)2) = (AN, (5.6)

From Lemma 2.1 it follows that
p(ATINGATING) = p(ATINGATINY) (5.7)
so one can conclude that
p(ATIN,) > p(ATIINy) (5.8)
which by Theorem 3.2 implies
p(M{'N;) < p(M3'N,) <1

completing the proof of the theorem. ]

Tueorenm 5.2 {Theorem 13 in [2]). Let A = M; — Ny = My — N3 be two
regular splittings of A where A™' > 0. [ M]! > M, ", then

0 < p(M7'N,) < p(M;'N,) < 1. (5.9)
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Proof. A~! > 0 implies that when N > 0, the matrix A™*N has at least one
positive column, so that p(A~*N) > 0. Hence by Theorems 3.2 and 5.1, one can
conclude that

0 < p(M;'N,) < p(M;'N,) < 1.

Now it will be shown that AT'N,A™! — A7IN;A™! = A7}(Ny — Np))A ' is
a positive matrix when M7! > M;'. The matrix A™'(N; — N;)A™" can be
expressed, as follows

A7Y(Ny - N)A T =AM, - M;)A™!
=AM, (M7! - M;)M,A !
=ATHA+N)(M;' -M;')(A+NgA™
=([I+A7N)M; - M)A +NATY)

or

ATY(N, -NDA P = (M7 - M) + ATIN (M - MG )
+ (M -M;)N,AT!
+ATIN; (M7 - M;)N, AL 5.10
1 2

Since by the hypothesis M — M3 ! > 0 one obtains A™'(N; — N;)A™' > 0 or
AN AT > ATTNGAT > 0. (5.11)
But the above inequality implies that in the inequality
ATTNGATING > ATINGATING > 0 (5.12)

all positive entries of A"'N,A !N, are greater than the corresponding entries of
A"'N;A7'N; and in the inequality

ATTNLATING > ATIN;ATING (5.13)

all positive entries of A"'N,A !N, are greater than the corresponding entries of
A~!N; ANy, which leads to the conclusion that

P((ATIN:)?) = pP(ATIN2) > p(AT'NIATNy) (5.14)

and
p(ATIN,ATING) > p((ATIND)?) = p2(ATINY). (5.15)

Since p(ATIN;A7'N,) = p(A7'N2A7'N;) by Lemma 2.1, hence one obtains
p(A7'N;) > p(A™INy) (5.16)
implying by Theorem 3.2 that

0 < p(M;'Ny) < p(M3'N,) <1



Nonnegative Splitting Theory 323
which completes the proof of the theorem. [ |

As was already stated in Section 3 (Lemma 3.1) in the case of weak nonnegative
splittings of a monotone matrix A

equivalent to

implies that

but this inequality gives us

I+A7'N)TAT > AN I+ N,A™H
or

ATMI4+ N AT >T+A7TIN,)TATL

When both splittings are nonnegative or weak nonnegative but of different type,
either M7*N; > 0 and N,M;' > 0 or N;M;! > 0 and M;'N, > 0 which
by Theorem 3.2 implies either A™IN; >0and N2A™! > 0o0r NJA™Y > 0 and
A N, > 0 respectively, one obtains

ATINGATI > ATINGAT >0
and
ATIN,AT > ATINGAT >0

when M;! > M; ' > 0, as shown in the proof of Theorem 5.2.
The above results are summarized in the following lemma.

LEmMMA 5.1. Let A = M; — N; = My — Ny be two splittings of A where
-1
A~ >0
a) If both splittings are weak nonnegative, then the inequality

N, >N, (5.17)
implies that
Mi'>M;' >0 (5.18)

b) if both splittings are nonnegative or weak nonnegative but of a different
type (either MTN, > 0 and N,M; ' > 0 or N;M7! > 0 and M;'N, > 0), then
the inequality (5.18) implies that

ATIN,ATT > ATINJATE >0 (5.19)
c) if M) — Nj is a regular splitting, then
ATIN,ATIN, > (=) ATIN;ATIN; >0 (5.20a)
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and

NATNAT > (=) NJATIN;A T >0 (5.20b)
if My — N, is a regular splitting

ATINGATING > (=) AT'NJATING > 0 (5.21a)
and

N AN AT > (=) N;ATINGAT > 0. (5.21b)
Moreover, when

Mt > M >0, (5.18a)

d) if both splittings are nonnegative or weak nonnegative but of a different
type (either M; N, > 0 and N,M;' > 0 or N;M{* > 0 and M;'N, > 0), then
the inequality (5.18a) implies that

ATTNGAT S ATINGAT >0 (5.19a)
e) if M — Ny is a regular splitting, then
ATINGATIN > AT'NJATIN, >0 (5.20c)
and
N, AN, AT > N;ATIN A > 0 (5.20d)
if My — N3 is a regular splitting
ATINLATING > ATINJATIN, >0 (5.21¢)
and
N ATINGATL > NoATINGA L > 0. (5.21d)

The conditions {5.17), (5.18), (5.19), (5.20) and (5.21) are progressively weaker
but the converse may not be true as can be easily verified in the examples of split-
tings given in the Table. Each of these conditions can be assumed as a hypothesis in
comparison theorems which may be proven by an analogy to the proofs of Theorems
5.1 and 5.2 or those given in Section 3.

In using the conditions (5.19) or (5.19a) as weaker hypotheses in the case of
regular splittings of a monotone matrix A, the proof of a comparison theorem
follows immediately from the Theorem 5.1 or Theorem 5.2. It is natural to ask if
for (weak) nonnegative splittings A = M; — N; = M3 — N of a monotone matrix
A, p(M;'N,) < p(M7'N,) < 1 is satisfied, when

AT INoAT > ATINJAT >0

The answer to the above question is provided by the two following theorems gen-
eralizing the results of Theorem 5.1 and Theorem 5.2.
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TueorREM 5.3. Let A =M; — N; = My — Ny be two nonnegative splittings
of A, or two weak nonnegative splittings of A but of different type, that is, either
M;!N, >0 and N,M; ! > 0 or N\M;! > 0 and M;!N, > 0, where A~" > 0.
If ATTNGAT > ATINJAT > 0, then

p(M7'N;) < p(M;'N,) < 1. (5.22)

Proof. Assuming the case when M; *N; > 0 and N,M; ' > 0, one can write
that
yTA7IN, = nyl (5.23)

and
N2 A7y, = oy, (5.24)

where, by Theorems 3.2, 2.2, and Lemma 2.1, AN, > Ml_lNl >0and N;A™! >
N,M;! >0, 71 = p(A7!N;) and 7, = p(A"'N3) = p(N,A™'), and the corre-
sponding eigenvectors y; and y, are nonnegative. Multiplying Eq. (5.23) on the
right by A™! and Eq. (5.24) on the left by A™" gives us

yTAT'N, A7 = nyTA? (5.25)
and
ANy Ay, = ATy, (5.26)
By the hypothesis it follows that
YIATINLAT 2 (=) yTAT'N AT =y TATL (5.27)

Again multiplying Eq. (5.27) on the right by y, and Eq. (5.26) on the left by yT
one obtains

yTAT'N,A Yy, > iyl Ay, (5.28)

and
leA'lNQA_ly2 = Tgy’{rA‘ly2 (5.29)

and hence, as yfA_ly2 > 0, it follows that 7, < 75 which, by Theorem 3.2 proves
the inequality (5.22) for the case when M{*N; > 0 and N5;'M, > 0. The case
when N,M7! > 0 and M; !N, > 0 can be proven in a similar way. [ ]

THEOREM 5.4. Let A =M; — N; = M, — N3 be two nonnegative splittings
of A, or two weak nonnegative splittings of A but of different type, that is, either
M;'N; > 0 and NoM3 ! > 0 or N;M; ! > 0 and M;'N, > 0, where A™* > 0.
IFATIN, A7 > ATINJAL > 0, then

p(M{'N)) < p(M;'N,) < 1. (5.30)
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Proof. Similarly as in the proof of Theorem 5.3 it is evident that the assump-
tion ATIN,A™! > A7IN;A ™! > 0 excludes equality in (5.27), which implies the
strict inequality in (5.28) providing 7 < 75 and consequently by Theorem 3.2 the
inequality (5.30). |

To show that the above theorems may not be true in the case when both
splittings are weak nonnegative of the same type, it is sufficient to consider the
second, third and fourth splittings of the monotone matrix A given in Table for
which AT'"Ny4A™! > A7'N;A™! > 0 and A7'N4A™" > A7'NRA ™! > 0 satisfy
the assumptions of both theorems. In the first case p(M;'N,) < p(M3'N,) but
in the second case p(M;!N,) > p(M;'N,). This shows that both theorems fail
when both splittings are weak nonnegative of the same type.

In the case of the conditions (5.20a) and (5.21a) or (5.20b) and (5.21b) as still
weaker hypotheses, the following theorem generalizing the former results holds.

THEOREM 5.5. Let A = M; — N; = My — N, be two weak nonnegative
splittings of A, where A~ > 0. If either

ATIN;ATIN,
AT IN,ATIN, > or >0 and
ATIN,ATIN,
(5.31a)
A7'N;AIN,
or 2 A_lNlA_lNl 2 0
AN, ATIN,

or

N;ATIN,A !
N,ATIN,A7L > or >0 and
N;AIN;A !
(5.31b)
N;A7IN,A?
or >N;ATINJA L >0
N,A7IN;A?

then
p(M;'N}) < p(M7'N,) < 1. (5.32)

Proof. It is evident that the proof follows from relations (5.5) to (5.7) given
in the proof of Theorem 5.1. ]

This theorem allows us to compare weak nonnegative splittings of the same
type. The second and third weak splittings given in Table for the monotone ma-
trix A defined by (3.47), which can not be related by other comparison theorems,
illustrate the application of Theorem 5.5. In this case one obtains:
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(A7IN)? — ATIN3AT'N,
o000 L [o00 3 [000
=210 0 0] =510 0 0f =210 0 0| >0
00 1 00 1 001
and
A7TIN,ATING — (ATING)?
L fooo L [ooo0 3 [000
=75]0 0 0l =5 |0 0 0f=210 0 0] >0
01 1 0 1 1 01 1

so that the assumptions (5.31a) are satisfied and p(M3'N;,) = $< 3= p(M7IN,).

THEOREM 5.6. Let A =M; — N; = My — Ny be two nonnegative splittings
of A, or two weak nonnegative splittings of A but of different type, that is, either
M7 !N, >0 and N;M;! > 0 or N;M;! > 0 and M3 'N, > 0, where A™! > 0.
Let x > 0 and 'y > 0 be vectors such that xT M7 'N; = A\, xT and N,M; 'y = hoy
when M7'N, >0 and N,M5' > 0; and let v > 0 and w > 0 be vectors such that
N,M;'v = A\, v and wTM; !N, = \ow7T when N;M7! > 0 and M3 !N, > 0,
where A; = p(M7'N;) and Ay = p(M5'N,). If either

xTATINL,AT > (=) xTATINJA L >0

(or A"'NL,A ™y > (=) A"'N; Ay > 0) (5.33a)
or
ATN ATV > (=) ATTNJ ATV > 0
(or wTATIN,A™! > (=) wTA~IN; A" > 0) (5.33b)
then
p(M{'Ny) < p(M;'N,) < 1. (5.34)
Moreover, if either
xTAT'N;A™ > xTAT'N; AT > 0
(or A"'N,A™ly > A7IN; ALy > 0) (5.35a)
or
AT'N; A v > ATTN;ATlv >0
(or wTAT'N,A™L > wTA™IN; AL > 0) (5.35b)
then
p(M7IN,) < p(M;'N,) < 1. (5.36)

Proof. The matrices M~ !N and A7!N have the same eigenvectors because
they commute by Theorem 3.1 and their eigenvalues are related by Eq. (3.16).
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Thus assuming the case when Ml“lN > 0 and NzMz_l > 0 for which A™'N; >
M;'N, >0 and N;A™' > N,M;"' > 0 by Theorem 3.2, one can write

xTATINy = nxT (5.37)

and
NoA 'y = oy (5.38)
where 71 = p(A7!N;) and 7, = p(A7INy) = p(NzA_l). Multiplying (5.37) on
the right by A™" and (5.38) on the left by A™' gives us
xTAT'N AT = xTAT? (5.39)

and
AN A ly =AYy, (5.40)
By the hypothesis it follows that
xTAT'NGA > (=) xTAT'NJ A = xTATL (5.41)
Again multiplying (5.41) on the right by y and (5.40) on the left by xT one obtains

xTAT N, A 'y > nixTA Yy (5.42)

and
xTA‘INgA_ly = TngA'ly (5.43)

and hence, as xT A~y > 0, it follows that 71 < 75 which, by Theorem 3.2, proves
the inequality (5.34). It is evident that imposing the condition (5.35) implies strict
inequality in (5.41) which leads to proving the inequality (5.36) for the case when
M7 !N, > 0 and N;'"M, > 0. The case when N;M; ! > 0 and M; !N, > 0 can
be proven in a similar way. [ |

The importance of the above theorem relies on its generalization of comparison
theorems presented in this paper in the case of nonnegative splittings and weak
nonnegative splittings but of different types.

The application of this theorem can be illustrated by considering the fourth
and fifth splittings given in Table for which none of the conditions of Lemma 5.1 is
fulfilled. The left eigenvector of NyM; !, xT =[1,0,0] and

1 & 9 7
T p—1 ~1 T p -1 -1
AT'N;A7 = 12,1, - AT N A "= —,—, —
* 5 [ : ’2} > 4 [23’23’23]
satisfies the assumption (5.35a), and p(M;'N,) = ‘/?i <i= p(Mz'Ny) accord-
ingly to the result (5.36).

REMARK. Theorems 5.3 and 5.6 have been proven with the assumption that
yrfﬂA_ly2 > 0 and xTA™'y > 0 which, as was already mentioned in Remark
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given in Section 3, may not be satisfied when A~! > 0 is used as a hypothesis.
However the use of the simple modification of the proof and described in Remark
from Section 3 in the proofs of Theorems 5.3 and 5.6 allows us to easily avoid the
case when xTA ™'y or y?A_lyz may be equal to zero.

Referring to Lemma 5.1, it is necessary to notice that the progressive weak-
ening of the conditions of this lemma is accompanied by increasing the complexity
of the successive conditions, which in consequence may be a burden to their verifi-
cation. As was already demonstrated in the previous section the conditions (5.17)
and (5.18), used in the comparison theorems of Section 3, are easily verifiable in
immediate applications and therefore they may be considered in some sense as nat-
ural conditions. The next conditions of Lemma 5.1, when used as more compound
hypotheses in comparison theorems, extend the class of applications; however, its
verification may be more cumbersome in actual practice. In the case of Theorems
3.17 and 5.6 generalizing comparison theorems given in this paper, it is necessary
to know additionally at least one eigenvector.

Thus imposing the successive conditions of Lemma 5.1 as hypotheses in com-
parison theorems leads to the successive generalizations which, however, may have
more theoretical than practical significance.

The conditions (5.19) and (5.20), being the essence of the matter in the proofs
of Theorems 5.1 and 5.2, became a basis for further developments by Beauwens
[15] and Csordas and Varga [7] who consider their results as generalizations of the
author’s earlier results (Theorems 5.1 and 5.2). However, a close inspection of both
works leads to some comments, in the case of work [15] to quite different conclusions.
Since both works find an interest in the current literature (the work [7] in [8, 9, 10,
11] and the work [15] in [9] as well as in many of later Beauwens’ papers), it seems
that it is worth commenting both works.

(1) Beauwens results [15]

In Section 2.2 of [15] there is Theorem 2.3 which according to Beauwens’ opinion
generalizes Theorem 12 of Woznicki [2] (Theorem 5.1 given here) and Corollary 1.
Both Beauwens’ results will be verified below.

THEOREM 2.3 (Beauwens [15, p.342]). Let A = M, —N; = M; —N; be two
splittings of A such that M and M; are nonsingular, MS_INS and Mt_th are
nonnegative and convergent. Then, any one of the four assumptions

a) (ATIN;—AT'N,)AT'N, >0

b) (ATIN,—AT'N,)A'N, >0

¢) ATINGJAT'N,-A'N,) >0

d AN (A!N,-A'N,) >0
implies p(M;'N,) < p(M; 'N,).

It is evident that some splittings given in the Table for the matix A defined by
(3.47) satisfy the assumptions on the matrices M and M~ 'N in the above theorem.
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Taking in consideration splittings s = 9 and ¢ = 2, one obtains
(AN, — A7INHATIN; "IN, — A7'NG)A™IN,

6 2 0 0
0
0

1 0 0 1 0 00
=3 0 2 0 3 0 0| = 1 0 0 0]>0
0 21 0 1 0 01
but from the results given in Table, it follows that
—1 —1 1 1 -1 -1
p(M; "N,) = p(My 'Ng) = 3 > 3= p(M; "Ny) = p(M; "N,)

which shows that the above theorem fails.
The correct theorem of this kind which generalizes Theorem 5.1 is only Theo-
rem 5.5.

CoroLLARY 1 (Beauwens [15, p.342]). Let A =M, —N; = M, —N; be two
splittings of A such that M, and M, are nonsingular, M;'N, and M;'N, are
nonnegative and convergent. Then, any one of the two assumptions

a)  (M7'-M;)N,>0

b) (M -M;")N, >0
implies p(M;'N,) < p(M;'N,).

Taking in consideration now splittings s = 2 and ¢t = 4 from Table, one obtains

(M;' = M; )N, = (M; ' - M;")N;

L [3 331,00 o0 L oo 3
:1-5—33350071—%00320
4 7 4 00 2 0 0 1
and
(M;' — M; )N, = (M; ! - M, )N,
(333 ,[0 o o] , Ji515 6
=— 13 3 3|=—|4 4 - |15 15 6| >0
151 7 42819 o 1| 3]s 8 17

p(M;'N,) = p(M;'N,) =

shows that the corollary fails.

(2) Csordas and Varga results [7]
Csordas and Varga consider regular splittings of A = M; — N; = M; - N
with A~ > 0, for which

(ATINLJAT > (ATIN,)A I >0 (5.44)
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for some positive integer j > 1, but for which A7!N,A™! > A7'N;A ™! is not
satisfied. Under this condition, they prove a theorem (Theorem 2 in [7]) generalizing
the author’s Theorem 5.1 by using the proof technique similar to that given in the
second part of the proof of Theorem 5.1. That is, when the inequality (5.44) is
satisfied for j > 1, with A~ >0

p(M7'N;) < p(M;'N,) < 1. (5.45)
In the second theorem (Theorem 4 in [7]) they consider the case when
(ATINLYAT > (ATIN,)YA I > 0. (5.44a)

Corollary 5 and its proof [7, p.27 and p.34] seem to be a part of the proof of Theorem
5.2.
It is evident that

(ATINLPA T = AN, A7) > (ATIN AL >0 (5.46)

and assuming that to the eigenvectors x > 0 and y” > 0 correspond the eigenvalues
71 = p(A7'N;) and 7 = p(A7'Ny) = p(NyA™!) respectively, then

xTA7IN; = ix7

and
NyA7ly = mpy
or
xT(ATIN Y = (n)xT (5.47)
and
(N2A Yy = (1)7y. (5.48)

Multiplying Eq. (5.47) on the right by A™! and Eq. (5.48) on the left by A™! gives
us
xT(ATIN DA™ = (n)PxTA™! (5.49)

and
AT (N A Yy = () A Yy, (5.50)

From the assumption (5.46) it follows that
xT(ATIN) AT =xTA Y (N, AT
> (=) xT(ATIN AT = (1) xTATL (5.51)

Again multiplying Eq. (5.51) on the right by y and Eq. (5.50) on the left by x7,
one obtains

xT(ATINL) Ay > (n)xTA ly (5.52)
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and

xT(ATINY)I Ay = (r)7xTA 1y (5.53)
and hence, as xT A~y > 0, it follows that 71 < 75 which by Theorem 3.2 generalizes
Csordas and Varga’s results for the case when both splittings A = M; — N; =
M, — N are nonnegative or weak nonnegative but of different type, that is, when
either M{'N; > 0 and N;'M,; >0 or N;M;! > 0 and M;'N, > 0.

In conclusion, the inequalities (5.44) and (5.44a) may be satisfied for any 7 > 1,
if and only if p(A7!N;) < p(A™!N3) and p(A™'N;) < p(A 7' Ny) respectively.

Csordas and Varga give two examples of regular splittings of A with Al>o0.
One of them shows that (5.44) fails for each j > 1 with p(A™'N;) = p(A™'Ny) = 1
(7, pp.27 and 28]. In the second example [7, p.23] regular splittings with fixed and
variable matrices are derived from the following matrix.

[2 4 121
A—[l 2}, so that A _5[1 2]. (5.54)

The regular splitting with fixed matrices

1[4 4 10 1 o 1[4 1
Ml—“[_z 4}, N1_2[0 0] and Mj —7[2 4:| (5.55)

_ 1{0 2 _ _ 1/1 2 4
1 - 1 1_- (2
A NI_G[O 1], A" N;A —3<>[ ] and

w0

and with variable matrices

where

0 2
0 1

I
[l
[l ]
—_
z

|
-
J
D] =
—
[
(el V]
—

1
M;!N, = = [ ] ., NM['=

Mz(a):[_lia —41J NQ(a)—[g 8] and -
M) = o= [,2, )]
where
M) Na(e) = 2= [ 0] Ma@dm@r - 2201 0]
o =32 . wome=311

AT'Ny(a)A™ = % (3) [i ;] and (A™'N(a))*A™" = % (%)k [i ;] '
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It is evident that A = Ms(a) — N is the regular splitting of A if and only if
0<a<1and

p(M7'N,) < p([M2(a)] ' Nz(a)) (5.57)
is satisfied if and only if a > %
The hypothesis
(ATINy(a)*A"1 > (ATIN)FATI >0 (5.58)

is satisfied with k > 1 and if and only if
(20)F"' <4 and (2a)F > 4. (5.59)

Considering the case of equality in the second part of (5.59), it is evident that

setting
ak) > 4% /2 (5.60)

implies satisfying (5.58) for each positive integer k& > 2, where 0.5 < a(k) < 1.

However, when o decreases to 0.5 the inequality (5.58) will be satisfied with
increasing integers k. For instance, k = 71 for o = 0.51, k = 694 for a = 0.501
and, of course, in the extreme case k approaches infinity when o = 0.5. Thus for
the class of matrix problems represented by the above example determining the
first positive integer for which (5.44) is satisfied may be too laborious. Csordas
and Varga conclude similarly [7, p.28]. However it should be mentioned that the
verification of (5.44) may not be only cumbersome but also impossible to apply in
actual practice because the authors did not give any preliminary argument that the
condition (5.44) holds at all.

As can be easily verified the vector x = [0, 1] is the left eigenvector of M 1N1
and A™'N; corresponding to p(M7'N;) = 1 and p(ATN1) = £, and the follow-
ing inequalities

(87

X" Na(o)[Ma(a)] " = 70

2,1] > 1 0,1 =x"M7!N;, >0 5.61

18

are satisfied for a > %, Hence, by Theorems 3.17 and 5.6 the result (5.57) follows
immediately. Thus, in the application of Theorems 3.17 and 5.6 the hypothesis veri-
fication is always possible but it is necessary to compute an eigenvector additionally.

On the other hand both above examples of regular splittings of A defined by
(5.54) can be compared by means of results given in Section 3. It can be seen that

1
xTA "Ny (o)A ™! = %[4,2] > =[1,2 =xTAT'N;A >0 (5.62)

[No(a))T > N, (5.63)

forl > a > %, hence the result (5.57) follows immediately by Theorem 3.13 and
with the strict inequality by Corollary 3.3 because in this case A~! > 0. Moreover,
it can be observed that with 1 > a > %

[Ma(a)] " *Nz(e) > (N;M7 )T and Na(a)[Mz(a)] ™' > (M7 'N;)T  (5.64)
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and

A7ING(a) > (N;A™HT and Ny(e)A™! > (ATIN)T (5.65)
but the above inequalities correspond to the hypotheses of Theorem 3.16, which
provides the result (5.57) as well.

Unfortunately, Csordas and Varga show only these two examples of regular
splittings of A, (5.55) and (5.56), satisfying the condition (5.44) as well as the
inequalities (5.63), (5.64) and (5.65) corresponding to the hypotheses used in the
theorems mentioned above. Therefore, it seems natural to ask if there is an equiva-
lence between the condition (5.44) burdensome in practice and those natural ones
used in Theorems 3.13, 3.14, 3.15 and 3.16 which on the other hand, as was already
demonstrated in Section 4, are useful tools with the choice of forward or backward
order in the Gauss-Seidel method as a more efficient splitting of a nonsymmetric
monotone matrix A. Perhaps, the answer to this matter remains an open question.

6. Further Extensions of the Nonnegative Splitting Theory

In this section further extensions of the nonnegative splitting theory are studied
for the class of iterative methods represented by a weak splitting of a matrix A and
defined, as follows.

DerFiNITION 6.1. For matrices A, M and N the following decomposition
A=M-N

is called a weak splitting of A, if either M™!N = G > 0 (the first type) or NM™! =
G" > 0 (the second type). In particular a given weak splitting can be both types.

The definition of the weak splitting of A for the first type case have been
introduced by Marek and Szyld [11]. It is obvious that the following corollary holds.

CoRrOLLARY 6.1. Any (weak) nonnegative splitting of a matriz A is a weak
splitting of A, but the converse is not true.

Since weak splittings used as hypotheses are weaker than in the case of (weak)
nonnegative splittings, it seems interesting to study how and which results of the
previous sections can be generalized.

As was already stated (Theorem 3.2), the assumption that A is a monotone
matrix, that is A™! > 0, implies that each weak nonnegative splitting of A is
convergent. However, in the case of weak splittings the assumption Al >0is
not a sufficient condition. As can be easily verified in examples, for a given weak
splitting of A =M — N, p(M_lN) may be greater than unity with A™! > 0 (see
e.g. [11]).

All results given in this section are presented for convergent weak splittings
(Definition 3.1) with A~! > 0, and their properties are collected in the following
theorem.

THEOREM 6.1. Let A = M — N be a convergent weak splitting of A. If
A7 >0, then
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1. A7'>M!

2. p(M7IN)=p(NM™)
3. if MTIN > 0, then ATIN > M "IN and if NM~! > 0, then NA™! >
NM™! )
ATIN
4. p(M™IN) = _”—(fl). (6.1)
1+ p(AT°N)

Proof.
(1) From Theorem 3.1 it follows

A7 =M+ M I'NA ' =M+ A 'NM™! (6.2)

and since M™'N > 0 or NM~! > 0 by hypotheses then
MT'NA'=A"'NM~'>0 (6.3)

which gives us immediately that A™* > M™!.
(2) By using the result of Lemma 2.1, one obtains p(M™'N) = p(NM ™).
(3) Let us assume that M™'N > 0. Then one can write
AT'=M'+MI'NA =M+ M 'NM !+ M INA]
=[I+M I 'NM™?' + (M IN)?A™?
=I+M N4+ M I'NZIM™ ' + (M 'N)®A™?
=I+M7'N+ (M TNPZ 4+ + (MNP M !
+ (M'N)*A™L, (6.4)
Since p(M™'N) < 1 by the hypothesis, then for k — oo (M™'IN)¥ — 0 the series
I+ M N+ (M'N)?2+...

is convergent, and by Theorem 2.1 one obtains

I+M 'N+ M 'N?+...=(I-M"N)' >1>0. (6.5)
Hence
Al'=1I-M'N)"'M!'>0 (6.6)
or
AT'N=I-M'N)"'M'N>M"!N>o0. (6.7)

In the case when NM ™! > 0 can be similarly shown that
NA!'>NM"' >0 (6.7a)

(4) Assuming the case M™'N > 0 which implies that A™'N > 0, the proof
is identical with the item (4) given in the proof of Theorem 3.2. n
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Now the following theorems which can be proven by a close analogy to the
proofs of the corresponding theorems given in Section 3 are presented.

THEOREM 6.2. Let A =M; — N1 = My — Ny be two convergent weak split-
tings of A, where A1 > 0. If one of the following inequalities

(a) ATIN;>A'N; >0 (or My'N, >M{'N; >0)

(b) AN, >N;A!'>0 (or My!N,>NM;!>0)

(¢) NpAT'>NAT'>0 (or N;M;' >N M;!' >0)

(d) NA'>A7'N; >0 (or NoM;!>M;'N, >0)

is satisfied, then
p(M7'N,) < p(M7'N,) < 1.

Proof. The proof is the same as in the case of Theorem 3.3. [ |

THEOREM 6.3. Let A =M; — N; = M, — Ny be two convergent weak split-
tings of A of the same type, that is, either Ml_lNl > 0 and M2_1N2 > 0 or
N,M;' > 0 and N,M; ! > 0, where A™' > 0. If Ny > Ny, then

p(M7'N,) < p(M7'N,) < 1.

Proof. The proof is the same as in the case of Theorem 3.4. [ |

THEOREM 6.4. Let A =M, — N; = M, — N, be two convergent weak split-
tings of A of different type, that is, either Ml_lN1 > 0 and N2M2_1 > 0 or
Nlel >0 and Mz'lN2 > 0, or one of them be a weak splitting of A but of both
types, where A~ > 0. If Ml'1 > M;l, then

p(M7'N;) < p(M7'Ny) < 1. (6.8)

Proof. Assuming the case when M7 'N; > 0 and N,M, ' > 0, one can write
that
YIM{'N, = Ay (6.9)

and
N2M2—IY2 = A2¥2 (6-10)

where by Theorems 2.2 and 6.1, and Lemma 2.1 A; = p(M7'N;) < 1 and )\, =
p(M;IN,) = p(N,M;!) < 1 and the corresponding eigenvectors y; and y, are
nonnegative. Multiplying Eq. (6.9) on the right by A~" and Eq. (6.10) on the left
by A™! gives us

YIM{'N; AT = AyTA (6.11)

and

AT'N,M; 'y, = Ay, (6.12)
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From the assumption M;' > M; ! by relation (6.2), it follows that
AT7'-MIINJATI > AT - ATIN, MG

Since both matrices A_INQM; ! and Ml'lN lA_1 are nonnegative by the relation
(6.3), hence

ATIN, M >MTIN;AT >0 (6.13)
or
YTATIN,M; ! > (=) yI M TN AT = A yT AT (6.14)

Again multiplying Eq. (6.14) on the right by y, and Eq. (6.12) on the left by y7,
one obtains
YTATINM;y, > Myl Ay, (6.15)

and
Y{A—1N2M2_1}’2 = )‘2Y1TA41Y2 (6.16)

and as yT A7y, > 0, it follows that A; < g, which proves the inequality (6.8) for
the case when M7 'N; > 0 and N;'M; > 0. When N;M;' > 0 and M;'N, > 0
the proof is similar as in the proof of Theorem 3.5. The case when yfA_ly2 =0
can be considered according to the modification described in Remark given at the
end of Section 3. ]

THEOREM 6.5. Let A =M, — N; = My — N, be two convergent weak split-
tings of A of different type, that is, either MT'N, > 0 and N,M;! > 0 or
N1M1_1 >0 and M2'1N2 > 0, or one of them be a weak splitting of A but of both
types, where A™! > 0. If Ml_1 > M2_1, then

p(M;'N;) < p(M7'N,) < 1. (6.17)

Proof. Similarly as in the proof of Theorem 6.4 it is evident that the assump-
tion My ' > M; ! implies the strict inequality in (6.13), that is

ATIN,M;! > M;'N, A7l > 0. (6.18)

The above inequality implies replacing the non-strict inequality sign to the strict
one in the corresponding inequalities in the remaining part of the proof of Theorem
6.4, which proves the validity of the inequality (6.17). [ |

THEOREM 6.6. Let A =M; — N; = M, — Ny be two convergent weak split-
tings of a symmetric matriz A, where A~ > 0. If Ml_l > M2_1 and at least one
of My and M; is a symmetric matriz, then

p(M;'Ny) < p(M;'Ny) < 1.

Proof. The same proof as in the case of Theorem 3.11.
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THEOREM 6.7. Let A =M, — N; = M, — N; be two convergent weak split-
tings of a symmetric matrix A, where A'>o0. If Ml_1 > M2_1 and at least one
of M; and M» is a symmetric mairiz, then

p(M7'N;) < p(M;'Ny) < 1.

Proof. The same proof as in the case of Theorem 3.12.

THEOREM 6.8. Let A = M; — N; = My — Ny be two convergent weak split-
tings of A of the same type, that is, either Ml_lNl > 0 and Mz_lN2 >0 or
NlMl_1 >0 and N2M2_1 > 0, or one of them be a weak splitting of A but of both
types, where A7'>0 If N2T > Ny, then

p(Ml_lNl) < P(M51N2) <1

Proof. The same proof as in the case of Theorem 3.13.

It is evident that by analogy to Corollary 3.2 and its proof the following corol-
lary holds.

COROLLARY 6.2. Let A = M; — N; = M3 — N be two convergent weak
splittings of A of the same type, that is, either Ml_lN1 > 0 and M2_1N2 >0 or
N,M;! > 0 and N,M; ! > 0, where A™! > 0.

(a) If

ATINTAHT > ATIN(ATHYT >0 (6.19)

then
p(M{'N}) < p(M7'N,) < 1. (6.20)

(b) Moreover, if .
ATINTA DY > ATING(ATHY >0 (6.19a)
then
p(M7IN,) < p(M;'N,) < 1. (6.20a)

As can be easily verified Theorems 3.14, 3.15, 3.16, 3.17 and Corollary 3.5 as
well as its proofs hold in the case of convergent weak splittings, and for completeness
reasons they are reformulated below.

THEOREM 6.9. Let A = M; — N; = My — Nj be two convergent weak split-
tings of A of the same type, that is, either M1_1N1 > 0 and M2_1N2 >0 or
N,M;! >0 and NoM5' > 0, where A™! > 0. If

M > (M) (6.21)
then

p(M;'N,) < p(M;'N) < 1. (6.22)
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THEOREM 6.10. Let A = M; — N; = M, — N be two convergent weak
splittings of A of the same type, that is, either Ml_lN1 > 0 and Mz_lN2 >0 or
N,M;! > 0 and N,M;! > 0, where A™' > 0. If

Mt > (M )T (6.23)

then
p(M{'N,) < p(M;'N,) < 1. (6.24)

THEOREM 6.11. Let A = M; — N; = My — Ny be two convergent weak
splittings of A, where A~ > 0. If one of the following inequalities

(a) A7'Np;>(A™'N )T >0 (or My'N, > (M7'N))T >0)

(b) 1N2 > (N, A™HT (or M;'N, > (N,M;HT > 0)

(¢) NA™'>(N;A 1)T >0 (or NoM;!'> (N,M7HT 2 0)

(d) N2A7!'>(ATINDT >0 (or N,M;' > (M{'Ny)T > 0)
is satisfied, then

p(M7'N;) < p(M3'N,) < 1. (6.25)

THEOREM 6.12. Let A = M; — N; = My — Ny be two convergent weak
splittings of A where A= > 0. Let x > 0,y > 0 and z > 0 be vectors such that
xTM7IN, = \xT and M 'Nyy = Aoy or NyM; 'z = Az when Mj'N; > 0
and MZ_IN2 >0 or N2M2_1 > 0, respectively; and letu >0, v>0 and w > 0 be
vectors such that N;Mj u = Aju and vIM; N, = AovT or wIN,M; ' = A, w7
when N1M1_1 > 0 and Mz_lN2 >0 or N2M2_1 > 0, respectively; where A\, =
p(M'N,) and Xy = p(M5'N,). If one of the following inequalities

x'™M; N, > x"TM{!N; >0 or My'N,y >M;'N;y >0 (6.26a)
xIN,M; ! >x"TM7IN;, >0 or N,M;'z2>M;'N;z>0  (6.26b)
M; ' Nou> N,M;'u>0 or vIM;'N, >vINM;'>0  (6.26c)

NoM;'u > N,M7'u>0 or wIN,M;' > w/NM;{'>0 (6.26d)

or
xTATIN, > xTA7IN; >0 or AT'Nyy > A" !Ny >0 (6.27a)
xTNLA™! > xTA7IN; >0 or NoA7'z> A7 INz>0 (6.27Db)
AT'Nu>N; A 'u>0 or vVIATING >vIN;AT >0 (6.27¢)

NoAlu>NjA'u>0 or wINe AT > wINGATE >0 (6.27d)
18 fulfilled, then
p(M7'N;) < p(M;'N,) < 1. (6.28)
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In particular, if the first non-strict inequality sign in the above inequalities is re-
placed by the strict one, then

p(M{'N}) < p(M;'N,) < 1. (6.29)

CoRrROLLARY 6.3. Let A = M; — Ny = My — Ny be two convergent weak
splittings of A of the same type, where A" > 0. Let x > 0 and y > 0 be vec-
tors such that xTM7'N, = \xT and M;'Nyy = Ay when MT'N; > 0 and
M; N, > 0; and let u > 0 and v > 0 be vectors such that N;Mj'u = \ju and
vIN,M5 ! = MvT when Ny;M;! > 0 and N,M;! > 0; where \; = p(M]'N;)
and Ay = p(M5'N,). If one of the following inequalities

xTNy; > xTN; or Nyy >Ny (6.30a)
Nou>Nju or vIN, >vIN; (6.30b)

holds, then
p(M'N;) < p(M;'N,) < 1. (6.31)

Referring back to the results given in Section 5, it is easy to notice that The-
orems 5.3 to 5.6 and their proofs can be generalized to the class of weak splittings
and they are reformulated in the following four theorems.

THEOREM 6.13. Let A = M; — N; = My — N2 be two convergent weak
splittings of A of different type, that is, either Ml—lN1 >0 and N2M2_1 >0 or
N1M1_1 >0 and M2_1N2 > 0, or one of them be a weak splitting of A but of both
types, where A7 > 0. If AT'N,A™! > A7IN; AL > 0, then

p(M;'Ny) < p(M;'N,) < L. (6.32)
THEOREM 6.14. Let A = M; — N; = My — Ny be two convergent weak
splittings of A of different type, that is, either Ml_lN1 > 0 and N2M2_1 >0 or

N1M1_1 >0 and M2_1N2 > 0, or one of them be a weak splitting of A but of both
types, where A1 > 0. If AT' N, A7 > A™IN; AT > 0, then

p(M7'N}) < p(M7'Ny) < 1. (6.33)

THEOREM 6.15. Let A = M; — N; = M, — Ny be two convergent weak
splittings of A, where A~ > 0. If either

ATIN;ATIN,
A"IN,ATIN, > or >0 and
ATIN,ATIN,
B B (6.34a)
ATIN;ATIN,
or >A"INJATIN; >0

A"IN,ATIN,
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or
N;A IN,A ™!
NA N, A7 > or >0 and
N,A7IN;A7!
(6.34b)
N;ATIN,A L
or >N;ATIN;A >0
NoAIN;A !
then
p(M7'N;) < p(M;'N,) < 1. (6.35)

THEOREM 6.16. Let A = M; — N; = My — Ny be two convergent weak
splittings of A of different type, that is, either Ml_lN1 > 0 and N2M2_1 >0 or
NlMl~1 >0 and M2_1N2 > 0, or one of them be a weak splitting of A but of both
types, where A™' > 0. Let x > 0 and y > 0 be vectors such that xTMl_lN1 =X x7
and N,M 'y = Aoy when MT'N; > 0 and N,M; ' > 0; and let v > 0 andw > 0
be vectors such that N, M7 'v = \v and wTM;'N, = \ow? when N,M' >0
and M;'N, > 0, where \; = p(M7'N;) and X; = p(M;'N,). If either

xTATINGAT > (=) xTAT'N;A >0

6.36a
(or ATIN,A 7y > (=) AT'N; A7 ly > 0) ( )
or
ATINLA v > (=) ATIN;ATv >0 (6.36b)
6.36
(or wTATIN,A™! > (=) wTATIN;AT! > 0)
then
p(M7'N}) < p(M7'N,) < 1. (6.37)
Moreover, if either
xTATIN; A > xTAT'NJAT >0 (6.382)
6.38a
(or ATINoA 7y > ATINJ AT ly > 0)
or
AN AWV ATINJATIv> 0 (6.35b)
(or wTATIN; AT > wTATIN; AT > 0) '
then
p(M{'N,) < p(M;'N,) < 1. (6.39)
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