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In order to discuss communication processes consistently for a Gaussian input with a Gaussian
channel on an infinite dimensional Hilbert space, we introduce the entropy functional of an input
source and the mutual entropy functional for a Gaussian channel and show a fundamental
inequality for communication processes.
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Introduction

A Gaussian measure on a Hilbert space is studied and applied to communication
processes by several authors [1, 4, 15, 26]. Particularly Baker [1] introduced a mutual
information for a Gaussian channel based on a work by Gelfand-Yaglom [2]. In a
usual communication theory, one takes the differential entropy as the definition of
the entropy (information) carried by an input source. However, for an input
Gaussian measure, we understand by a simple consideration that the differential
entropy for an input source is not compatible with the mutual information mentioned
above in Shannon’s communication theory, so that the differential entropy is not
good at discussing the Gaussian communication process. The main purpose of this
paper is to introduce two functionals, say the entropy functional and the mutual
entropy functional, for an input Gaussian source and a Gaussian channel, and prove
a fundamental inequality for the communication process. Our formulation of these
entropy functionals are based on a formulation of quantum mechanical information
theory given in [9].

§1. Gaussian Measures on a Hilbert Space

Let 3 be a real separable Hilbert space with inner product (-, «> and # be the
Borel o-field of . u is a Borel probability measure on 4 satisfying

J llx[12dp(x) <o .
H
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Further, we define the mean vector m,e # and the covariance operator R, of u
such as

<X1, mu> =j <x1a J’>#(d)’)
H

<x1’ Rux2>=J <x1, y_mu><y_mw x2>#(dy)
H

for any x,, x,, ye #. We denote the set of all bounded linear operators on J# by
B(#) and denote the set of all positive self-adjoint trace class operators on J# by
T(H), (={peB(H#), p20, p*=p, trp<oo}). A Gaussian measure x in 5 is a Borel
measure in # such that for each xe s, there exist real numbers m, and o, (>0)
satisfying

a 1
#{yef;<y,x>§a}=J_ \/'2—7;

Then the characteristic function of u is given by

e ¢ —my)2/20, dt .

fi(x)=exp {i<x, m. —% {x, Rux>} ,

where R, is an element of T(5).. It is known [7] that a Gaussian measure p with a
mean vector 0 one-to-one corresponds to a covariance operator of u. The notation
u=[m, R] means that u is a Gaussian measure on J# with a mean vector m and a
covariance operator R. ;> v means that v is absolutely continuous with respect to p.
Furthermore we denote (1) u~v if pt is equivalent to v, that is u>v and v» p; (2) pdv
if u is singular to v. The relation p~v or udv is satisfied for any pair of Gaussian
measures u and v ([18)).

Before closing this section, we remember the relative entropy of two probability
measures u and v. This entropy (Kullback-Leibler information) is defined by [2, 6]

dv dv
Sv|pw=| —log—du when u>v,
v w Ldﬂ Ly

= when pudv,

where dv/du is the Radon-Nikodym derivative of v w.r.t. u.

§2. Gaussian Channel

Let (o#,, #,) be an input space, (5, %#,) be an output space and P¥ be the
set of all Gaussian probability measures on (¢, #,) (k=1, 2). We call mapping
A: # | x B,—[0, 1] a Gaussian channel from the input space to the output space
if A satisfies the following conditions:

(1) Ax, )e P for each fixed xe #,,

(2) (-, Q) is a measurable function on (s, #,) for each fixed Qe %,.
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Let 4, € P$ be a Gaussian measure of the input space and p,e P2 be a
Gaussian measure indicating a noise of the channel. Then, the Gaussian measure
U, € P2 obtained in the output system can be expressed by the channel 4 such as

(@)= Ax, Qu,(dx) @1

ES

Ax, @)= po(Q7)
Q*={yeH,; Ax+yeQ}, xeH,, Qe%,,
where A is a linear transformation from 5, to #,.
P 51, —[channell— p, € P

I Uy : noise
The compound measure p,, derived from the input measure y; and the output
measure i, is given by

212001 X @)= Qj(x, Q2)u,(dx), 2.2)

for any O, €4, and Q, € #,. Then, the mutual entropy (information) w.r.t. y, and 1
is defined by the Kullback-Leibler information such as

Hpg; 2)=S(pyz | 1, O 1) - 2.3)

§3. A Model

For simplicity, we put 5, = #, = R? in this section. Let two Gaussian measures
#, and p, be given by p, =[0, R,], po=[0, Ro] with

— — 0
2 0 48

Rl 1 ’ RO 1
0 5 0 a3

(Remark that we have many other choices of the covariance operators R, and R,.)
We take the linear transformation 4 used in (2.1) as

A=
0 23
24

Under these settings, the covariance operator R, of the output measure u, becomes
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1
5 0
R,= 1
0 —
2
From Proposition 2 of [1], we obtain an operator ¥'=R124* R; ' as
23
P
V=
0 23
24

by which the compound measure p,, is determined. Further, the mutual entropy
w.r.t. ¢, and the channel A determined by g, is calculated as

Kpy; )= S(pz | 1y ®y)=log 24 .

Now, if we use the differential entropy as the definition of entropy (information) for
an input Gaussian measure (this definition is often used in literature dealing with
communication theory), then

_ du du
S(uy)= L I 08 7 dm

=log(e),

where m is a Lebesgue measure of R?. Therefore, the mutual information I(y,; )
becomes larger than S(y,), which is a contradiction to the usual Shannon’s theory
[2, 6, 14, 16]. Thus, the differential entropy is not suitable for the definition of entropy
for an input Gaussian measure.

By the way, if we take

S(u1,)=sup {— Zj 1y(A)log p,(A); A€ gz(gaz)}

as the definition of entropy for an input Gaussian measure as a straight extension of
the Shannon entropy for a discrete probability distribution (where #(%,) is the set of
all finite partitions of 4,), then it is easily seen that S(u,) is infinite. In this case, the
mutual entropy is smaller than S(y,), but it is difficult to comprehend the physical
meaning of the fact that every input Gaussian measure carries infinite information.
Moreover, it is impossible to distinguish an input Gaussian state from other Gaussian
states only by using the entropy S(y, ), as it is always infinite. Therefore we had better
find some other expressions (quantities) characterizing a Gaussian state and a
Gaussian channel so that we can discuss the Gaussian communication process
consistently.
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§4. A New Formulation of the Mutual Entropy

In order to discuss a dynamical change of states in quantum systems, a quantum
mechanical channel is useful and is studied in various aspects [8,9, 11, 21, 22, 23]. This
quantum mechanical channel is generally defined as follows:

A mapping A* from T(H1), , to T(H,), , (where T(H#)), 1 ={peT(H}),; trp=1}
(k=1, 2)) is said to be a channel if its dual map A from B(3#,) to B(#,) satisfies the
following three conditions: (i) A is completely positive (i.e., Y ¢ ;- A¥A(B}¥B)A; is
positive for any Ay e B(3#,), Bje B(,) and for any ne N), (ii) AL, =1, (where I, is the
identity operator on ¥, (k=1,2)) and (iii) A is normal (i.e., A(A,)1 A(A) for any
{A,} = B(#,) with A, 1 A).

A typical example of a channel is the conditional expectation of a set of
observables to its subalgebras which plays quite an important role in quantum
probability theory [21,22,23].

When an input state is given by a density operator pe T(#;). ;, von Neumann
introduced [25] the entropy of the input state p such as

S(p)=—trplogp. 4.1)
We now denote a Schatten decomposition [17] of p such as
p=2 AE,, 4.2)
k

where E, is the projection from 5, to the one-dimensional subspace of #, generated
by an eigenvector x, associated to the eigenvalue 4,, that is, E, =| x,>{x, | in the Dirac
notation. In (4.2), the eigenvalue of multiplicity » is repeated precisely n times. Note
that this decomposition is not unique unless every eigenvalue is nondegenerate. Then
a compound state expressing the correlation existing between an initial state p and
the final state A*p is defined on the tensor product Hilbert space #; ® #, such as

op=) ME,®A*E,, 4.3)
k

where we use the index E because this compound state depends on the choice of E=
{E,}. This compound state is introduced in [9, 10] and plays an essential role in
studying the dynamics of state change [10, 12] and quantum information theory
discussed in [3, 5,9, 19]. In particular, the mutual entropy (information) with respect
to the input state p and the communication channel A* is given by [9]

I(p; A%)= sup §(a; [60), 4.4)

where o, is a trivial compound state
G=p@A*p 4.5)

and S(og|o,) is the relative entropy [23] of o w.r.t. g,
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S(og|0p)=trog(logoz—logay) . (4.6)

Let P®, be the set {u=[0, Rle P¥; tr R=1} (k=1, 2). We assume that 4*4 =
(1 —tr Ry)I; holds for the covariance operator R, of u,. We define a transformation
r* from P§) to P@; associated with the Gaussian channel :

(T*u Q)= Mx, Q)u,(dx) 4.7)
o1
for any u, e P$), and any Qe 4%,. (4.7) can be expressed as
I*(u)=I[0, Ap, A* + Ry) (4.8)

for any u, =[0, p;]€ P§);. There exists a bijection Z} from P¥, to T(s#,) ., given by
tr Z¥(ud A= <&, Al mldd) 4.9)
K

for any A4,eB(s),) and any weP®, (k=1,2). We further define a map from
()4, to T(H#,), ; such as

A*py=EFoI™*(EY)7'p, (4.10)

for any p, e T(5,)+ ;. (4.10) can be expressed as

A*p,=Ap A*+ R, 4.11)
for any p, e T(5¢,)+ ;.
Py, r* PZ
E;“I E?
A*
T(#1)+ 1 T(H3)+ 1

A is the dual map of A* from B(s#,) to B(#,); that is,

tr py A(dy)=tr A*(p,)4, (4.12)
for any 4, € B(5¢,) and any p, € T(#,), ;. Therefore A is written as
A(Q)=A*QA+(tr R,Q)], 4.13)

for any Q € B(o#,).
THEOREM 1. A* is a quantum mechanical channel from T(K#,) . , to T(#,) 4 ;.

Proof. From the definition of quantum mechanical channel, we have to show
the following three properties of the map A from B(s#,) to B(s;) given in (4.12):
(1) Completely positivity of A; (2) A(;)=1;; (3) Normality of A.
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Proof of (1). For any {Q;}!-, < B(s#,) and any {R;}]_, =« B(s#,) with ne N, we
have
Y. QFARIR)Q;= ) QMA*RIR;A+(ir RoR¥R)I)Q;
i,j=1 Lji=1

= Y QFA*RIR,AQ;+ 3 (tr RRIR)QOFQ,

Lj=1 iLj=1

=<z": RiAQi> Z R AQ1>+ Z Z<xk: RoR¥R xk>Q *QJ
i=1

i,j=1

Let {y,} be any CONS in #, and put C =Z;‘=l R;AQ;. Then the above equality is
identical to

C*C+

Il[\4=

Z xk’ 1/2ym><ym’ R(l)/zR *xk>Q*QJ

Y RYZR¥x,50% )(/z {xp RiRY/ y,,,)Q,-)

M:

cery
ez,
o

Z <xk, R R 1/zym>Q )*> Z <xk’ RJR (l)/zym>Qj>
i=1 i=1

1

[\/]=

<xk9 R R 1/2ym>Q > Z <xk! RJR (l)/zym>Qj>
j=1

1

+

k,m

Z (Z <xka R ‘R 1/2ym>Qi>* Z <xk9 R .R 1/2ym>Qj)gO )

This inequality holds for any ne N, so that A is a completely positive. map from
B(s#,) to B(H# ).

Proof of (2).
AL)=A*LA+(tr RyL) = A* A+ (tr R, =(1 —tr Ry, + (tr R, =1, .

Proof of 3). For any increasing net {B,} (< B(s#,)) ultrastrongly converging
to Be B(#,) and for any sequence {x,} (= ) satisfying Y, | x| <co, we have

; I(A(B) — A(B)x, 1> = Z 1A(B—~Bx, |
= ; I{A*(B— B,)A +(tr Ro(B— B }x,|*
é; I A*(B~ B)Ax,[I* + g [tr Ro(B— B |* lIx,[I?
< IIA*HZ; I(B—B,)Ax,|* +|tr Ry(B~ B,) lzg a2 -

Since Y, | Ax,|I> [ 411> Y., | %,lI* < oo is satisfied and Ry is a trace class operator, then
A(B,) ultrastrongly converges to A(B). Q.E.D.
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In order to introduce new functionals for a consistent treatment of the Gaussian
communication process, we first prove a theorem for the Gaussian measure with the
covariance operator oz. Let us define two probability measures i, and j, on 5, and
M, respectively such as

ﬁk(A)=J IE12dw(d),

for any 4 €%, and any p, e P®,.

THEOREM 2. The Gaussian measure u=[0, gl is a compound state (measure)
derived from the input measure u, =[0, £ ’1"(/1})] on H#, and the output measure u,=
[0, A* o E¥(u,)] on #, in the sense that

f,(A)= (AR H,), for any subspace A in B, ,
1,(B)=(#,®B), for any subspace B in &, .
Proof. From (4.9), we have
a(A)=tr Z¥(w)P,,

where P, is the projection operator from 3, on the subspace 4 in %,.
Hence

HAQH ) =trogP ,®L,

Similarly,
A,(B)= ji(#, ®B), for any subspace B in %, . Q.E.D.

From (4.4), we define a functional (say the mutual entropy functional) with
respect to the input Gaussian measure y; and the Gaussian channel A as

(" #)=supS(og| o0)

=suptr og(log oy —log,), (4.14)

where o is a compound state given by (4.3) for a density operator Z§(y,) and g, is
E¥(u)®A% o E¥(u,). Another functional (say the entropy functional) of the input

Gaussian measure u, =[0, Z¥(y,)] expressing certain “information” of g, is given by
§(p1)= —trE¥p)log Ef(y) .

By the following result, we understand that the above functignals play the same
role as the entropy and the mutual entropy in Shannon’s communication theory.
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THEOREM 3. For any p, € PY), and for some Gaussian channel A, we obtain
0= M A= S(uy) .

Proof. This theorem has been essentially proved in ref. [9]. However, we here
sketch the proof for completeness of this paper. After some calculation, we obtain

S(og| 00) =Y. AS(E, | ET(1y)
= Z ln(tr En log En —tr En IOg E T(M))

=—tr ¥ 1,E,log E¥u,)= —tr Z¥(n,) log E¥(u,)

= §(/‘1) .
where E={E,} of the Schatten decomposition Z}(u,)=)>,4,E, Taking the su-
premum over E, we get 0<I(y,; H=<Su,). Q.E.D.

For the model discussed in § 3, we calculate the entropy functional §(ul) and the
mutual entropy functional Iy, ; 4) concretely:

f(ﬂl; 2)=log2="S(y,).

Consequently, the difficulty appearing in a model of §3 is resolved in our for-
mulation. Besides mathematical formulation, our functionals classify the Gaussian
inputs and might be useful to analyse the Gaussian communication process in detail,
upon which we are still working.
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