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ATOMIC E N E R G Y  CALCULATION 
BY A MODIFIED STATISTICAL THEORY 

By 
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A modified Thomas--Fermi equation proposed by Go~Bgs is solved. The total energies 
calculated for representative atoms of the periodic system ate in good agreement with the 
experimental values. The tole of the modifying terna is illustrated. 

In  a recent  p a p e r  [2], GOMB/,s suggested a new basic equa t ion  for calcula- 
t ion of electron n u m b e r  dens i ty  of the  T h o m a s - - F e r m i  a t o m  of ion. H e  also 
showed t h a t  a good a p p r o x i m a t e  solution to this could be ob ta ined  wi th  a 
m e t h o d  based  on the  F e r m i - - A m a l d i  correct ion.  The  present  work  demons-  
t r a t e s  how a direct  solut ion to the  same equat ion  can be pe r fo rmed .  The 
sohrtions ob ta ined  enable  us to calculate  such character is t ic  quant i t ies  of the 
a toms  as the  to t a l  energy,  d iagmagnet ic  suscept ibi l i ty ,  etc. A s t r ik ing fea ture  
of  the  calcula ted da t a  - -  especially in view of the  semi-empir ical  t r e a t m e n t  of  
the  p rob lem (see Appendix)  - -  is the i r  excel lent  ag reement  over  a wide range  
wi th  the  expe r imen ta l ly  de te rmined  energy  values.  

Method of ealeula t ion 

The equa t ion  suggested is 

q = ~o (V--  Vo ea(,8 r 21 )~J:. (1) 

where ~(r) is the  n u m b e r  densi ty  of electrons,  the  po ten t ia l  V(r) is 

Ze V ( r ) -  + [ e~o,r', dv' ,  (2) 
r 3 ] r - - r ' ]  

r is the  dis tance f rom the  centre of the  a t o m  (or ion), and the  cons tan t s  appear -  
ing elsewhere have  the i r  usual  mean ing  [3]. 

Wi th  the  Poisson equa t ion  we obta in  

v2(V--Vo) = 4 ~ e a  0 {V---V o eao 1.�89 312. 
8 r 2 J 

(3) 
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This nonlinear,  inhomogeneous,  second order, ordinary  differential equa- 
t ion can be solved by the Adams- -S t6 rmer  method if  one knows the boundary  
conditions, i.e. the initial condit ions for V. 

The densi ty  must  be real, therefore we shall suppose t h a t  

0(r) -~ 0, if r ~< r : .  (4) 

In this range Eq. (1) yields 

v 2 ( V -  V o ) =  O, if  r -<.< r 1 . (5) 

The bounda ry  eonditions are 

lim rV = Ze I 
r~O 

I and lim r t V - - V A  -- eao i f  r < r : .  (6) 
k - -  " t i /  

r~rx 8/" 1 

The solution of Eq. (5), using (6), is 

{ ) ea~ 
V - - V  o = z e  1 1 + - -  i f r ~ r : .  (7) 

r r 1 8rl 2 ' 

Performing the following generally used t ransformat ions  into dimensionless 
variables 

r (V_Vo) ana  r = # x  (8) ~o = - ~ -  e 

we obtain for (3) 

where 

9 " =  9 - -  x - l i  a, i f x ~ x : ,  (9) 

a 0 1 ~, --  -- 0.1412 Z-2/s . (10) 
8 Z# 

By  requiring the inner (x ~< xi) and  outer (x ~> x:) s.olutions and their  derivat-  
ives to be continuous at  the point  x:, we get 

and 

~ ( X l )  - -  ~ (11) 
X: 

~ ' ( x : ) -  7 1 (12) 
X12 X 1 
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ATOMIC ENERGY CALCULATION 2 5  

Moreover, it can be seen from (9) t ha t  

~0"(xl) ---- 0, (13) 

~'(Xl)  = 0, (14) 

~0V)(x,) = 0. (15) 

Therefore the initial funct ion according to (11)--(15) is: 

~v(x) = ~ -4-q~'(xl) (x--xl)--F(x--xl) 'q if x ~ x 1. (16) 

Wi th  the aid of this initial function as well as the mesh-point technique we 
are able to solve Eq. (9). The electron number  densi ty of a stat ist ical  a tom 
is given by  

z I ~ r_ 13/~ 
O-- 4zt# 3 [ x  x2 J , (17) 

and  the fact t h a t  the electron number  is N, i.e. 

S ~ dv = N, (18) 

yields the unknown value of the initial derivative ~'(xl). The kinetic and 
potent ia l  energy terms ate the known equations 

Ekln ----- ~k ;~5/3 dv, (19) 

Epo t = - -  f Ze---~-2Qdv+ ~ 2 f f  e2~(r)Q(r') dvdv' .  (20) 
J r [r--r ' l  

Ahhough  the above t r ea tmen t  is based on the Thomas - -Fe rmi  theory,  the 
exchange energy will be calculated here as a first  order per turbat ion:  

Eex = --~a Y ~4/3 dv. (21) 

Thus,  using dimensionless variables and e2/ao units, the to ta l  energy has 
the forro 

Etot = Eki. + Epot -4- Eex -- (2Z)713 X 
(3~)m 

Jx[- :~~ ] X 3-'~-U5/2X2"Af-U3/2X--U3/2X u3/2(x') 'x '2"dx'+ku 2 dx, (22) 
1 5 J X1 
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26 B. APAGYI 

where  

a n d  

/ � 9 1  
X X 2 

k = 3 ~3 (16~Z) -~3. 

The  u p p e r  l im i t  x 2 co r responds  to  a va lue  x > x 1 a t  wh ich  u becomes  zero 

aga in .  (Nega t i ve  ions ,  whose  cp f u n c t i o n  runs  u p w a r d s ,  were n o t  cons idered . )  

T h e  ~0 f u n e t i o n s  of  the  n e u t r a l  a t o m s  of the  p o s i t i v e l y  cha rged  ions e x h i b i t  

t he  s ame  b e h a v i o u r  as i n  t he  u sua l  T h o m a s - - F e r m i  t h e o r y .  On e x a m i n i n g  

the  d e p e n d e n c e  of the  e n e r g y  v a l u e  u p o n  t he  c o m p u t a t i o n a l  r a nge  o n l y  a 

s l ight  ( 1 - - 2  per  cen t )  d i f ference  was f o u n d  in  the  r e s u h s  b y  c h a n g i n g  x 2 f r o m  

15 to  25. T h e  c o m p u t a t i o n a l  l i m i t  was therefore  chosen  so t h a t  x 2 shou ld  be  25. 

Ca l cu l a t i ons  were also p e r f o r m e d  to  e x a m i n e  t h e  s t a b i l i t y  of t he  n u m e r -  

ical  m e t h o d .  I n  Tab les  I a n d  I I  t he  conve rgence  of t h e  i n i t i a l  d e r i v a t i v e  a n d  

Table I 

Stability of the method with e = 0.01 for argon 

h - - E t o  t [e2/a o] --qY mesh-points  x 2 - - •  [10 -~ cm31 

0.0312 

0.0208 

0.0156 

0.0125 

523.4 

523.4 

522.8 

522.2 

0.870101 

0.922374 

0.955814 

0.977982 

800 

1200 

1600 

2000 

25 

25 

25 

25 

43.2 

38.2 

44.6 

49.7 

Table II 

Convergence of the total energy and of the initial clerivative for argon ir h = 0.0125 and x, ~ 25. 
Diamagnetic susceptibility (Z) is very sensitive to change in 

0.1 

0.05 

0.01 

0.005 

0.001 

- -E to  t [e2/a ~ 

521.97 

522.23 

522.24 

522.24 

522.24 

--cp'  

0.978008 

0.977983 

0.977982 

0.977983 

0.977983 

- - X  [ 10-8 cmS] 

18.7 

39.0 

49.7 

44.9 

47.1 

of the  e n e r g y  v a l u e  are seen for a rgon  c h a n g i n g  t he  s tep  (h) a n d  the  a c c u r a c y  

of t h e  n o r m  (~), de f ined  as 

IN-1S~dv--1 L < ~. (23) 
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T h e  c o n v e r g e n c e s  a n d  h e n c e  t h e  s t a b i l i t y  o f  t h e  n u m e r i c a l  m e t h o d  a r e  sa t i s -  

f a c t o r y .  F r o m  t h e s e  d a t a  i r  was  j u d g e d  su f f i c i e n t  to  t a k e  2000 m e s h - p o i n t s  

d u r i n g  t h e  c o m p u t a t i o n a l  t i m e  ( t h e r e b y  e x h a u s t i n g  t h e  m e m o r y  of  a n  ICT-  

1900 c o m p u t e r ) .  
I r  is i n t e r e s t i n g  to  n o t e  t h a t  t h e  f u n c t i o n  ~ is, a t  l e a s t  i n i t i a l l y ,  in  t h e  

v i c i n i t y  o f  t h e  T h o m a s - - F e r m i  ~o o. Th i s  f a e t  can  g i r e  us,  as  GOMB~Ÿ sug- 

ge s t ed ,  a f i r s t  a p p r o x i m a t i o n  xŸ Ÿ to  t h e  e x a c t  i n i t i a l  p o i n t  xi ;  f r o m  v a l u e  x 1 

t h e  s u i t a b l e  i n i t i a l  d e r i v a t i v e  can  b e  c a l c u l a t e d  b y  m e a n s  o f  (12). A l l  th i s  

is i l l u s t r a t e d  in  T a b l e  I I I .  

Table HI 

Values of ~ ~'(xl). xŸ means the approximate value of x~ calculated using the Thomas--Fermi ~o o 

Z 

6 

10 

18 

26 

36 

54 

80 

86 

92 

~o(XŸ 

0.042762 0.941 

0.030419 0.956 

0.020557 0.971 

0.016088 0.977 

0.012950 0.981 

0.009883 0.987 

0.007605 0.989 

0.007247 0.9893 

0.006928 0.9896 

~Ÿ 

0.045 

0.032 

0.021 

0.016 

0.013 

0.010 

0.0076 

0.0073 

0.0070 

0.961960 

0.971232 

0.979464 

0.983494 

0.986366 

0.989487 

0.991784 

0.992196 

0.992408 

xl 

0.044453 

0.031320 

0.020988 

0.016358 

0.013129 

0.OO9988 

0.007668 

0.0O7304 

0.006981 
I 

--q'(x~) 

0.855815 

0.918313 

0.977982 

1.008689 

1.031882 

1.056026 

1.074997 

1.078064 

1.080815 

R e s u h s  

Al l  t e r m s  of  t h e  t o t a l  e n e r g y  a re  r e p r e s e n t e d  in  F ig .  1 a n d  in  T a b l e  I r .  

T h e  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t a l  v a l u e s  is v e r y  good ,  t h o u g h  n o t  t h a t  

w i t h  t h e  v i r i a l  t h e o r e m ,  f r o m  w h i c h  t h e  d i f f e rences  a t e  a b o u t  1 5 - - 2 0  p e r  cen t .  

T h e  r e su l t s  fo r  t h e  d i a m a g n e t i c  s u s c e p t i b i l i t y  e x p r e s s i o n  a r e  less  s a t i s f a c t o r y  

(see T a b l e  IY) .  T h i s  e x p r e s s i o n ,  w h i c h  i n c l u d e s  t h e  p r o d u c t  ~o �9 x 4 in  i t s  i n t e -  

g r a n d  is v e r y  s e n s i t i v e  for  t h e  n u m e r i c a l  a c c u r a c y ,  as can  be  seen  f rom T a b l e s  

I a n d  I I .  

w o E k .  
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ATOMIC ENERGY CALCULATION 29 

~o ~_ 

I0 L 

O, @ 

x • x experimentol 

o o o calculoted 

~o ~,�91 is ~'~ 3'6 s'4 s'D s'6 ~'2z 
BeCNe Ar Fe Kr X Mg Ra U 

Fig .  1. E x p e r i m e n t a l  a n d  c a l c u l a t e d  t o t a l  e n e r g y  v a l u e s  for various a t o m s  o f  the periodic 
system 

Appendix 

The Thomas- -Fermi  formula (1) originates from a model in which the 
electrons ate grouped according to their azimuthal quantum numbers, namely 

co 
e = ,~" Ql N y ~  ~l dl .  (24) 

/ = 0  

Here l~, ~ lp(r)  means the maximum "quantum number" for which ~t is real. 
The different expressions given by GOMB~.S for ~l [3], [4], [5] can be 

summarized as follows 

2/q-1 [B--C--l(l+l)]l/2, (25) 
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30 B. APAGYI 

where 
A = 2ztz r a, (26) 

B --  8me~ 2 re(V -- Vo) h-2, 

I i  in [3], C =  in [4], 

in[5]. 

(27) 

(28) 

The max imum value for l (allowing ir to be continuous) 

1 
I, = ~ (V1- -4C+4B -- 1) .  (29) 

Performing the quadrature,  we get 

J0 ~, 3 A l  
(30) 

Substi tut ing the values A,  B and C, we  obtain 

~ = (ro {V_V ~ 4Ceao 113/2 
8 /-2 

(31) 

or, in another  usual forro, 

87t { h2 } a/2 " 
o = - -  P I - - C -  (32) 
- 3h 3 4zt 2 r 2 

with pZ = 2me( V - Vo). 
PLASK]~TT [1] also derived Eq. (1) with C = 1/4 by applying the B.K.W. 

approximation.  To make the tole of the constant C perceptible, we have 
represented the solutions for the cases C = 0, 1/4, 1/2 and 1/8 (see Table V 
and Fig. 2). 

Acta Physica Academiae Scientiarum Hungaricae 33, 1973 
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10 ~ 

I0 ~ 

E,otE<] 

o o o  C=O 
xxxC=~ 
000 C='~ 

Fig.  2. The role of cons tan t  C in the displacement  of the  energy values. The solutions of C = 0 
ate t aken  from [6] 

T a b l e  V 

Total  energy (e2/ao) and  diamagnet ic  susceptibility (10 -~ cm 3) for various values of C. 
Z = N = 18. Values for C = 0 corresponding to the Thomas - -Fe rmi - -D i r ac  solution are t aken  

from [6] 

[ C =  0 C =  0.5 C =  0.25 

Z = N , [ - -E to  t - - Z  - -E to t  - - Z  - - E t o t  - -X 

2 

10 176.3 

18 680.7 

36 3378 

54 8846 

67.0 

81.0 

102 

117 

2.050 

110.1 

463.4 

31.5 2.612 

127.2 

522.2 

C = 0.125 

--X - - E t o t  

30.7 3.122 

34.3 140.9 

49.7 566.6 

53.9 2894 

64.0 7503 

2505 

6670 

42.0 

47.7 

55.3 

54.2 

2743 

7214 

23.2 

28.7 

42.7 

42.8 

46.0 
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P A C q E T  3 H E P F H H  ATOMOB B BH~OH3MEHEHHO17I  CTATHCTHqECKO17I T E O P H H  

13. AFIALIId 

Pe3mMe 

~aHO pemeHHe BHXOH3MeHeHH0ro ypaBHeHH~l ToNlaca - -  (DepMH, llpe~no~eHHOF0 FOM- 
‰ [lOnHble 9HepFHH, paccqriTaHHme ~n~l aTOMOB HepHoArlqecKofi Ta‰ xopomo COCJta- 
cytOTC~l C 3KCHepHMeHTaJlbHbIMH ~aHHblMH. HoKa3aHa p0~b BH~0H3MeHeHHOH qaCTH ypaBHHeHHfl. 
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