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Homogeneous solutions of self-gravitating perfect fluids in spherically symmetric and 
also cylindrically symmetric cases have been presented. In spherically symmetric case, the condi- 
tion of comoving coordinates has been imposed whereas in the case of cylindrical symmetry ir 
follows from the homogeneity condition. 

I. Introduction 

Recently a number of papers [1, 2, 3, 4, 5] have appeared on self-gravitat- 
ing perfect fluid. While TABE~SKY and TAUB [1] developed the theory of a 
fluid where the density of the distribution equals the pressure in relativistic 
units and also solved the problem in case of a plane symmetric distribution, 
L•TELIER [2] at tacked the problem in case of a cylindrically symmetric distri- 
bution. RAY [3] rcctified some oversights committed in LETELIER'S paper. 
However, in all previous works, the complete solution of the space-time 
geometry was not attained. 

In the present paper, the authors present exact solutions of self-gravitat- 
ing perfeet fluids having spherical symmetry and cylindrical symmetry. How- 
ever, in both cases, the spatial part of the metric was conformally flat, so only 
homogeneous solutions are considered. Besides, in spherical symmetric case, 
the restriction of a comoving coordinate system is imposed from the beginning, 
while this situation comes out automatically in cylindrically symmetric case 
from the homogeneity condition. Under these circumstances, our equations 
simplified to a great extent which helped us to find out complete solutions. 

In Part  II,  the general field equations are given, while in Part  III ,  the 
spherieally symmetric solution is presented. The eylindrically symmetric 
solution is given in Par t  IV. The paper ends with a discussion in Part  V. 

II. Field equations 

Einstein's field equations for a self-gravitating perfect fluid with pressure 
P equal to test energy ~ and four-velocity Ua are equivalent to the field equa- 
tions [1]: 

Rab = --2~.a ~,b, (2.1) 

[]a -= (; / - -~" ~,~ga~),b/g----~ : 0 . (2.2) 
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When i r ro ta t ional i ty  is imposed, i.e. 

Ua = (y,a/[ (7,b (7,b] 1 /2 .  (2.3) 

The units chosen are such tha t  for the velocity of l ight c : 1 and 
Newton 's  eonstant  of gravi ta t ion G : 1/8:t. Par t ia l  derivative wi th  respect 
to the  index is shown a s a  comma. 

The pressure P and the energy-momentum tensor Tab are related to a by  

P : ~ = a,a a'a (2.4) 
and 

T~b = 2a.~ ~,b - -  g~b (~,c Wc"  (2.5) 

IH. Spherically symmetric self-gravitating perfect fluid 

The metric, taken in isotropic forro is given by: 

d S  2 - e v d t  2 - -  et '(dr 2 + r 2 dO 2 + r ~ sin ~ 0 & f ) ,  (3.1) 

where v and # ate funct ion of both t and r. 
Since, we assume the coordinate system to be comoving, from Eq. (2.3), 

only 0,0 will exist and so, the field equations (2.1) and (2.2) under  the metric 
(3.1) can easily be wri t ten  as: 

3 { tt'~ 2tt ' ] 
w~ 0'0 = --4 e-v q -- e-g  /~" -4- T A- r ' (3.2) 

#,2 _ r + 2t t, v' -t- 2 (g, + v') -- 2(g" + v") = O ,  (3.3) 
r 

e'/~ -= ft T ( t )  (3.4) 
and 

~,o = B ( r )  e-ll~(~t'-~) , (3.5) 

where T ( t )  and B ( r )  ate, respectively, a rb i t ra ry  functions of t and r only. 
I-Iere dashes and dots denote paxtial derivatives with respeet to r and t, re- 
spectively. 

Using (3.4) in (3.3) we get the equat ion for # as 

# ' z / i - -  4/~'q + 2 # '  q + 4 / i '  -- 2/x" q --  4/iu = 0.  (3.6) 
r r 

We have not  been able to solve Eq. (3.6) in a general way  but  when we 
consider /~ in the form 

# = X(r) -[- Y( t ) ,  (3.7) 
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we easily get 

e s = [ H - -  r 2 i-2 �9 e u  ( 3 . 8 )  
4G J 

H and G are jus t  arbi t rary  eonstants .  
A simple check for consistency of Eq. (3.2) for the above expression 

for # leads us to 
H = 0  

and 
e aY(t) = A [ T ( t ) ]  2 ,  (3.9) 

where A i s  a cons tant  except  zero. 
Thus, the  metric (3.1) becomes 

as,  = ~ �9 dt, --,~ (A [T(OI) ~ (dre +reaO + re sin' 0 4 ' ) .  

The above metrie may  also be wr i t ten  after  t ransformat ion of t ime eoordi- 
nate as 

M2 
alS 2 = d t  2 - -  [T(t)] 2 (dre  A-  re dO 2 + re sin 2 0 d~ 2) (3.10) 

/.4 

where M i s  an axbitrary constant .  
F rom Eq. (2.4), we easily get 

3 
p _~ ~ z -~- [T(t)]-2. (3.11) 

IV. Cylindrically symmet ¡  self-gravitating pedec t  fluid 

I r  we take  the isotropie cylindrically symmetr ic  metric 

d S  ~ = e 2g d t  2 - -  e 2~ (dre  + d z  ~ + r e dq~), (4.1) 

where # and ~o are the  functions of r and t, we get from Eq. (2.1) 

--2~,1 ~,1 = e-2~ (2~0'#' --  ~o" --  #" --  #,z A- ~v '~) , (4.2) 

~p" = - - # ' ,  (4.3) 

- -2a0wo=-e-~g(3~b �91 2 -- 3~o/~)- e-~V[# "-4-#'~-}-ft'v2'-4 - rl---/~'). (4.4) 
d 

I t  is easy to conclude from (4.3) tha t  

= - -g  + B(t), (4.5) 

where B ( t )  is ah a rb i t ra ry  function of t ime only. 
Thus from (4.2) 

a a = 0 (4.6) 
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and 

so t h a t  

and 

~ ' =  - ~ ' =  o (4.7) 

~t = f ( t ) ,  (4.8) 
= [ B ( t )  - -  C ( t ) ]  ( 4 . 9 )  

# = G ( t ) .  (4.10) 

Obviously ,  Eq.  (4.6) gives us the  comoving  na ture  of  the  case. F r o m  
Eqs. (2.2) and  (4.8) 

E(~) 
O" - -  - -  

T 

We mus t  have  E(r) 
r 

and F ate in tegra t ion  eons tan ts ,  E(r) being a funct ion  of r also. 
So, the met r ie  (4.1) takes  the fo rm 

dS ~ ~- exp [2C(t)[ - -  exp 2 [B(t) - -  c(t)] [d: + d :  + :d@]. 

and  f rom (2.4) 

P = ~ G 2 exp  6 [C(t) - -  B(t)]. 

f exp [4C(t) - -  3B(t)] dt + F .  (4.11) 

- -  cons tan t  ~- G (say) in view of (4.8), where  E(r) 

(4.12) 

(4.13) 

V. Discussion 

In  bo th  solutions,  the  t empora l  behav iou r  of  the  m a t t e r  dens i ty  as well 
as the  pressure depends solely upon the  t e m p o r a l  deve lopmen t  of  spat ia l  
p a r t  as is expee ted  in homogeneous  solutions.  

I f  the  space is expanding ,  con t rac t ing  of oscillating, the  m a t t e r  dens i ty  
or pressure will accordingly  reduce,  increase of oscillate. 

I t  seems t h a t  the  m e t hod  of TABE~SKY and TAVB [1] is m u c h  s impler  
if  one is in teres ted  in s tudy ing  perfect  f luids only.  

One of us (S.P.C.) gratefully acknowledges the Teacher Fellowship in Jadavpur Uni- 
versity awarded by the U.G.C., New Delhi during which this work was complete& 
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