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The presen t  s t a t u s  of  the  theo ry  of  m a t t e r  accret ion on  s t a r s  is reviewed.  The  pape r  
deals main ly  w i t h  t hexmodynamics  and  h y d r o d y n a m i c s  of  aceret ing gas in the  absence of a 
magnet ie  fie]d. Pa r t i cu la r  emphas i s  is p u t  on  the  main  p rob lems  which  are still unresolved.  

Introduction 

The physical problems in the theory of mat ter  aecretion on the stellar 
objeets are reviewed. As it is well known, such theory has been recently used 
to explain X-ray  emission by galactic binary systems. 

In this paper we limit ourselves to the general physical features of aecre- 
tion and therefore we do not take into account the particular problems con- 
neeted with neutron stars and black-ho]es. We hope to gire an account of 
this aspeet of the theory in a forthcoming paper. 

Seetion I deals with the early theories proposed by EDmNGTOr~, I-IoYLE 
and LYTTLETO~ in conneetion with star energy source and terrestrial climatic 
variations. 

In Sections 2 and 3 we deal with the thermodynamics of  falling matter ,  
while the role of radiation pressure will be taken into account in Section 4. 
In Seetions 5 and 6 we shall t reat  in detail the accretion on to objeets moving 
through the ambient gas at a supersonic speed. Seetion 7 is concerned with 
BoNm's theory of subsonic aecretion and Seetion 8 gives finally a review on 
the general hydrodynamieal  problem. 

w 1. Early aeeretion theories 

The idea tha t  mat ter  withdrawn from interstellar gas by the gravitational 
foree of a star can supply energy to the star itself by deposition of its kinetie 
energy onto the surfaee, can be traced back to EDDINOTON [7]. The hope was 
to explain the origin of ste]]ar energy, as thermonuclear reactions were not 
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278 L. B A R O N I  et  al. 

known at tha t  t ime.  Neglect ing the in te rac t ion  of a toms among themselves  
and taking into account  the cons tancy of  energy  and angular  m o m e n t u m  wi th  
respect  to the s tar  centre ,  one finds t ha t  particles having a distanee from the  
cent re  less than  

t{o = ( 2 G M R )  1/2 (1) 

mus t  necessarily fall on the surface. 
In  the above formula  G is the Newton ian  gravi ta t ional  cons tant ,  M and 

R are the mass and radius of the  star ,  respect ively,  and v i s  the veloci ty  of 
the  star  relafive to the  gas cloud. In fac t  if we call v' the  veloci ty  of  a part iele 
grazing the stellar surface, we have clearly:  

R 0 v ~ R v ' ,  

2 G M  
U P 2  _ _  U 2  - -  

R 
and therefore  

-----1+ R v "  

As in cases of in teres t ,  2 G M / R v  2 �87 1, one has at once formula  (1). The ra te  
of  accreted mass is: 

d M  _ ~rR2oq v _ 2 ~rGMRq , (2) 
dt v 

where ~ is the mass densi ty  of the cloud. 
One easily sees t ha t  f o r a  normal  (i.e. not  collapsed) s tar  a n d a  number  

dens i ty  of the gas ~.1 a tom/cm 3, this process cannot  supply  the  required 
energy  by  many  orders of  magni tude.  

About  af ter  t en  ycars,  HOYLE and LYTTLETON [9] proposed a t heo ry  of  
accret ion in which the cffects of  collisions among particles in the cloud were 
t a ke n  into account.  

The purpose of  thei r  paper  was to  explain the ear th  c l imat ie  changes 
during Geological Eras  due to a var ia t ion  in the solar luminos i ty  when the 
sun enters a cosmic cluud in its mot ion a round the galactic centre.  

Wi th  reference to Fig. 1, the gas flows f~'om left to r ight  with collisions 
tak ing  place in A, to the right of the sun S '  as its gravi ta t ional  a t t rae t ion  
causes two opposite f luxes of particles to collide. The effect of  such collisions 
is to  des t roy the part icte  angular  m o m e n t u m  about  the sun. Ir, a f ter  eollision, 
the  radial  componen t  of the veloci ty  is less t h an  the  escape ve loc i ty  at A, 
the  particles fall on to the sun surface; therefore  the accret ion radius R A 

can be calculated by  requir ing tha t  in A, radial  veloci ty  is equal  to  parabolic 
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velocity.  This in te rp re ta t ion  of  facts,  t hough  quite rough,  gives the  r ight  answer 
anyway:  a more rigorous t r e a t m e n t  has been given b y  Bor~m and HoYT~ [2] 
(see fur ther  on w 5). A gas e lement  is subject  to  hyperbol ic  mot ion  a round the  
8 u n ,  i . e . :  

P 
= 1 + e c o s 0 ,  

r 

[ Y 

Fig. 1 

L 

where p and e a te  respect ively  the  orbi t  pa rame te r  and  eceentr ic i ty .  The  
direct ion parallel  to  the  initial  a s sympto te  is given b y  r --- ~ ,  t h a t  is: 

and,  as 01 --  0 2 = ~t, also: 

f rom which follows: 

e cos 01 -4- 1 = 0 

e cos 09 + 1 = 0, 

e sin 02 ---- (e s - -  1 ) 1 ~ ,  

S A  = P---. 
2 

Taking t ime der iva t ive  of  the  t r a j e c to ry  equat ion,  one gets the  radial  eompo- 
uent  of the  ve loc i ty :  

e eh 
~ - -  r ~ �91 sin 0 ~ sin 0 ,  

P P 
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$ i n c e  

Therefore  
r 2 �91 = h = V'-G-Mp = v i .  

[rB] = e ]sin 0xi h = e sin 02 h = l r A [ .  
P P 

(3) 

This  means  t h a t  the  rad ia l  ve loci ty  a t  A i s  equal  to  the  cloud ve loc i ty  a t  
inf in i ty .  The  square  of  the  parabol ie  ve loc i ty  a t  .4 is g iven b y  

2 G M  4 G M  

S A  p 

a n d  therefore  the  par t ic les  fall on the  sun  i r  the  following inequa l i ty  is sat isf ied 

4 G M  4G 2 M ~ 

p vZl ~ 

t hus  the  accre t ion rad ius  is g iven b y  

2 G M  
]~A  ~ - - ~  

I n  physica] ly  in te res t ing  eases, R A is a lways  grea ter  b y  several  orders of  
magn i tude  t han  R 0, i.e. the  aeeret ion rad ius  for non in te rac t ing  part icles  
(see fo rmula  (1)). The  ra t e  of  m a t t e r  aeere t ion  is now 

d M  _ ~ tR~~v  - -  4ztG2 M 2  ~ (4) 
dt  v 3 

(HoYLE a n d  LYTTLETON [10 ] ,  HOYLE a n d  LYTTLETON [11]). 
Since the  ve]oe i ty  of  escape a t  the  surface  of  the  sun is v e r y  ]arge, i.e. 

6.2 �9 10 7 cm/see, one can  assume t h a t  all the  part ieles  reaching the  surface 
of  the  sun arr ive wi th  the  escape ve loc i ty  which,  as one can easi ly  see, corres- 
ponds  to a kinet ic  ene rgy  ~ 9  �9 10 -9 ergs per  hydrogen  a tom.  Now the  ioni- 
za t ion  energy of the  hydrogen  a tom is a b o u t  4 �9 10 -11 ergs, hence i t  can 
be concluded t h a t  the  par t ic le  eannot  get r id of  a n y  apprec iable  por t ion  of  
its energy  b y  ionizat ion processes before reach ing  the  sun: therefore  the  kinet ic  
ene rgy  of  the  fal l ing par t ic les  has  the  ne t  effeet  to increase the  sun ' s  radia t ion ,  
as the  ex t r a  energy  gained in this  w a y  m u s t  be reemi t ted .  

The  energy b r o u g h t  to the  sun per  second is easily ob ta ined  b y  (4) and 
turns  out  to be 

4 �9 10 es 0 ergisec " 
V 3 

Acta Phyliea .4tademiae Sr Hungaricae 46, 1979 



PHYSICAL ASPECTS OF MATTER ACCRETION 281 

We see tha t  the increase in sun's radiation depends on the density of the 
cloud and on the velocity of the sun relative to it, being directly proportional 
to the first factor and inversely proportional to the cube of the latter factor. 
Thus slight changes in these factors bring about considerable ranges of variation 
in the solar radiation, and, for plausible values of ~ and v, it may be caused 
to change from 0.1 to 1000~o according to the density and velocity of the cloud. 

According to the authors, ir the increase in the solar luminosity is mode- 
tate (<10~/o), we shall have on the earth an increase in the precipitation of 
snow (because of the enhanced evaporation) in those regions normally within 
the snow line and therefore the onset of an Ice Epoch. 

I f  on the other hand the solar luminosity is increased by a factor greater 
than 2, a hot and humid climate will ensue even in polar regions: in this way 
the peculiarities of the carboniferous Epoch can be explained, 

One easily sees that,  assuming a constant density ~ 1 0  -ls gr/cm 3 of the 
cosmic clouds, the above figures, can be obtained f o r a  relative velocity of 
,-~20 km/sec and 2 km/sec, respectively. 

w 2. Criticai temperature of the accreting gas 

The physical problems involved in accretion onto normal stars have 
been investigated for the first time by HOYLE and LYTTLETOI~ [12]. Let us 
considera radial flux of matter  with a temperature T' toward a star of Mass 

M. Because of the continuity equation f o r a  stationary flux (_~/= constant 
through a spherical surfaee of radius r) one gets: 

4 ~ r  2 v 

For free falling gas, v = V 2GM/r and therefore 

= F --3/'2 ( 5 )  

4zc V2GM 

Our assumption of a radial stationary flux requires that  the gravitational 
force (which acts inwards) on a volume element dl/,i .e. GM~dV/r2, is greater 
than the pressure gradient (which acts outwards) due to the density gradient. 
The latter is given by t~T 'dV/r ,  where R is the perfect gas constant and T" 
the gas temperature. As the gravitational force goes as r -7/2 and the pressure 
gradient as r -s/z, the latter is equal to the former for r sufficiently great and 
this for any temperature T' .The accretion can take place only if this value of 
r (which will be ealled r T or thermal radius) is greater than the accretion 
radius (formula (3)). 
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F r o m  the above  considerat ion,  one sees t h a t  a critical t e m p c r a t u r e  must  
exis t  above which r T ~ R A. For  the sun, wi th  v = 20 km/sec, such a tempe-  
r a tu re  tu rns  out  to  be ~ 1 6  000 ~ 

As is wcll known,  the  gas t e m p e r a t u r e  of  a cloud in which no high surface 
t e m p e r a t u r e  s tar  is present ,  caunot  be grea te r  t h a n  104 ~ because of  recom- 
b ina t ion  effects. Therefore  the  problem of  cri t ical  t em p e ra tu r e  for  stars oŸ 
1 M| has no par t i cu la r  difficulty.  

On the  con t r a ry  one encounters  some difficulties for massive stars,  like 
V- - P upp i s  stars,  wi th  masses ~ 2 0  M| surface t empera tu res  T ~ 2 0  000 ~  
and  rc la t ive  ve loc i ty  wi th  respect  to the  cloud of  abou t  5 km/sec.  For  such 
stars  the  critical t e m p c r a t u r e  is of  several  thousands  degrees: i t i s  the re forev i ta l  
to  see ir  the  cosmic cloud can emit  radia t ion  b y  proccsses o ther  t h a n  inverse 
photoelec t r ic  effect.  One easily sees t h a t  free-free t ransi t ions are ineffcct ive.  In  
fac t  the  cross-section for  the  emission of  1 e.v pho ton  at  a t e m p e r a t u r e  
~ 1 0 4  ~  is ~ 1 0  -~5 cm z, while the  cross sect ion for the  capturo of  an electron 
b y  a p ro ton  is ~ 5  �9 10 -21 cm2: i t  t u rns  ou t  therefore  t h a t  an  e lec t ron is cap- 
t u r e d  before i t  can  emi t  by  free-free t rans i t ions  ah appreciable f rac t ion  of  its 
encrgy.  

A more effect ive process is however  inf rared  emission b y  hydrogen  
molccules,  which will be considered in the  n e x t  section. 

w 3. Cooling meehanism for the falling gas 

Le t  us consider a hydrogen  p lasma (protons,  electrons and H2, H + 
molecules) l ighted b y  a source at  a t e m p e r a t u r e  T. E v e r y  ioniza t ion  contri-  
bu tes  kT  to  the t he rma l  euergy of  the gas. Calling ~ the  cloud deusi ty ,  X the  
f rac t ion  b y  weight of  ionized mat te r ,  m x the  p ro ton  mass, u the  m ean  ve loc i ty  
o f  electrons,  and ~ the  cross section for  recombina t ion  of H~ + of  H + wi th  
the  clectron at  the  cloud t empera tu re  T ' ,  the  n u m b er  of  electrons per  c.c. is 
XQ/m H and the n u m b e r  of  recombinat ions  per  c.c. per  second is: 

At  equi l ibr ium the  ionizat ions  per  second mus t  be equal  to  the  recombiuat ions  
per  second and there fore  the  the rmal  energy  given b y  electrons to  molecules 
per  c.c. and per  secoud is: 

X Y  po" k T '  , 

where Y is the  f rac t ion  b y  weight of  molecules and ~ ' ~ 2  �9 10 - l s  cm 2 is the  

Ar Physir Aer Sr Hu~~~o~  46, 1979 
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eross section for equipar t i t ion of  energy  between e]ectrons and  mo]eeules. 
On equat ing these two formulae and  remember ing  t h a t  

4 �9 1 0  - s T  

T" 

(STUCKELBERG--MORsE [16]), we get:  

X 
F rom this one sces tha t ,  uuless-~- is  ve ry  large, T" is small compared  wi th  T. 

Let us now invest igate  whether  the  energy acquired b y  a molecule in one 
exei tat ion ac t  can be radia ted  away  before the  mo]ecule undergoes a seeond 

excitation. As the electrie dipole momen t  of  a hydrogen  mo]eeule in the  

ground state vanishes,  one has to do wi th  forbidden t ransi t ions  whose proba-  
bil i ty is less t han  the  probabi l i ty  of  allowed transi t ions b y  a fac tor  of  10 s. 
Assuming a mean  life of ]0 -6 sec for ah allowed transi t ion,  the  mean  life of  

a forbidden one is therefore ]0 2 sec. 

The t ime elapsecl between two successive excitat ions is given b y  1/antv 
where a ~ 1 0  - ls  cm 2 is the excitat ion.  F o r a  gas wi th  an electron n u m b e r  

densi ty  n t = 10 3 cm -~ and v ~ 5  �9 10 7 cm sec -1, one gets a t ime ~v l0  7 sec: 

this means t h a t  t he  moleeule can g i re  away  its exci ta t ion energy before a 

second process can take  place. 
Another  process which can give energy  to  the gas is the  angu la r  momen-  

t u m  destruet ion induced b y  molecular  collisions of  the  falling mat te r .  The  
number  of collisions to whieh a moleeule is subject  over a distance equa] to  

the aceretion radius is given by  

2GM 
- -  OTt H 

V2 

where a ~v 10-J6 cm ~ is the geometrical  collision cross section and n H = 10 s 

hydrogen  a toms per c.c. For  a star  mass M ~ 5 MG and v ----- 5 km/sec,  this  
number  is ~vl0 3 and  therefore sufficient to  ensure equipar t i t ion among  mole- 

cular states. The characterist ic  t ime of  accret ion is ~,~GM]v 3, which is � 8 7  2 s e c :  

therefore the energy  gained in this w a y  is rad ia ted  away.  Le t  us now invest i-  

gate whether  an appreciab]e number  of  molecular hydrogen  can exist  a t a  
distance comparable  wi th  acere• radius,  par t icular ly  near  massive s tars  

which cmit  a substant ia l  amount  of ionizing radiat ion.  Firs t  of  all the mater ia l  
sufficiently near  the  s tar  is complete ly  ionized and in this domain  its t empera -  
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t u t e  is the  s ta r  su r face  t e m p e r a t u r e .  Assuming  radia l  accret ion,  the  n u m b e r  
of  recombina t ions  per  e.c. per  s e c a t  a d i s tance  x f rom the s t a r  is 

,(T)~(T) e~(x) 
m ~  ' 

where  v(T) is the  ve loc i ty  of  electrons and  a(T)  is the  r ecombina t ion  cross 
sect ion.  R e m e m b e ¡  t h a t  @(x) -~ @(r)(r/x)3/2the to t a l  n u m b e r  of  recombina-  

t ion wi th in  a sphere  of  radius  r is: 

v(T)e(T) / r  4~X 2 e2(x) dx ~-- 4__~_~ - - ,  m~ R m~ v(T) a(T)~ 2(r)r 3 log r 
R 

where  R is the  radius  of  the  s tar .  
As ionizat ions and  recombina t ions  per  second mus t  be  equa l  and  as 

a b o u t  one ha l f  of  the  ionizing photons  can  be given b y  recombina t ions  t hem-  
selves and  the  energy  requi red  for  a single ionizat ion process is ~ 2 . 5  �9 10-11 erg, 
the  s ta r  mus t  supp ly  ah  a m o u n t  of  energy  

2~v(T)~(T)  ~2( r ) r  3 log r___ . 2.5 �9 10 -11 erglsec 
m~ R 

in order  to produce  a n u m b e r  of  ionizat ions  a b o u t  equal  to  one h a l l  r ecombina-  
t ions .  Assuming t h a t  t he  s t a r  rad ia tes  as a b l a c k - b o d y  and  call ing e t he  a m o u n t  
of  r ad ia t ion  wi th  an  ene rgy  grea ter  t h a n  2.5 �9 10 -11 erg, one m u s t  have :  

e --~ 2ztv(T)a(T)  ~2(r) r31og ~ �9 2.5 �9 10 -11 . 
m~ R 

This  equa t ion  allows one to  calculate  the  radius  r of  the  sphere  wi th in  which  
m a t t e r  is comple te ly  ionized (S t rSmgren ' s  radius) .  I n  the  case of  V-Pupp i s  
E~-~ 10 = erg/sec, R ~ 5 �9 1011 cm, and  therefore  r = 5 �9 1016 cm,  which is 

g rea te r  t h a n  R A ~ 10 ls cm (and this a lways  in the  envisaged case of  ~ 1 0 3  
a t o m s  cm-Z).  Outs ide  the  S t r5mgren ' s  sphere ,  only a small  f r ac t ion  of the  
m a t e r i a l  can be ionized,  i n  fac t  the  n u m b e r  of  ionizing q u a n t a  a t a  d is tance  
x > r goes down wi th  an  exponent ia l  law of  the  k ind  e (r-x)l~ , where  ~ is the  
ionizat ion mean  free pa th .  

So, in order  t h a t  ah  accret ion process  can t ake  place on to  s ta rs  l ike 
V-Puppis ,  the  gas dens i ty  m u s t  be grea te r  t h a n  103 a toms  cm -s .  
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w 4. Ef fee t s  o f  rad ia t ion  pressure  

In  order  to  eva lua te  the  effect  of  radiat ion pressure i t i s  f i rs t  of all neces- 
sary to  calculate the  mean life of a tomic  levels for the absorp t ion  of a q u a n t u m  
of radiat ion.  This will be achieved t h rough  the  est imate  of  the n u m b er  of  atoms,  
wi thin  a dis tance r f rom the  star ,  which are exci ted b y  a q u a n t u m  of  energy 
hco0, where co0 is the  f requency  of the  line. The probabi l i ty  t h a t  a q u a n t u m  of 
energy be tween hco and ]~ (co q- dco) is absorbed before ir reaches a dis tance r, 
is app rox ima te ly  given by  

z~ N r c  z 

- f  wab ~ co~(co _ coo)~ 

(HEITLER [8] p. 186, eq. (16)), where N is the  number  dens i ty  of  hydrogen  atoms 
and therefore  N r  is the number  of  a toms conta ined in a cyl inder  of  u n i t a r y  
cross section and height  r, wab is the  t rans i t ion  probabi l i ty  for  spontaneous 
emission be tween the  states a and b, y : 2/3 r o co~/c is t he  na tu ra l  width  of the 
line and r o = 2 .8- -10  -13 cm the classical radius of  the  e lect ron (HEITLER 
[81, p. 35, formula  (6)). 

As y . ~  wat , (HEITLER [8], p. 184, formula  (12)), one has: 

2 yWab 6 �9 1018 

for co0 ~ 2 �9 1016 rad/sec eorresponding to the  energy required for  a t rans i t ion 
from the ground s ta te  to the f irs t  exci ted  level in a hydrogen  a tom (--~10 eV). 
T h e  qua n tum  can be considered comple te ly  absorbed f o r a  value  of co given b y  

i.e.: 

N r c  2 
6 �9 10 ls - -  1 

co~(w - co0) 3 

lco - -  C~ ~'~ V 107 N r  �9 

The radia t ion  emi t t ed  in this f requency  in terva l  is comple te ly  absorbed before 
ir can reaeh a dis tance r. 

I f  u(co) is the  blaek body  rad ia t ion  energy densi ty,  for  a t empera tu re  
20 000 ~ u ( co0 )~  5 .  10 -14 erg/cm 3 Hz.  Thus the  required emission of  
absorbed rad ia t ion  is approx imate ly  given b y  

4~R 2 c/~(co0) 2 [co - -  co0l ,v  10 2 R ~ (Nr)t/~, 

where R is the  radius of  the  sphere. 
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As one erg cor responds  to abou t  5 �9 1010 quan ta ,  the n u m b e r  of  a toms  
exci ted  per  second is 5 - 1012 R 2 ( N r )  lt2. As the  to ta l  n u m b e r  of  a t o m s  within  
a sphere  of  radius r is 4/3 : tNr  3, the  f rac t ion  o f a t o m s  exci ted per  second within  
such a sphere is o f  the  order  of  102 R 2 N  -1/~ r -5/~, and  therefore  the  mean  life 
o f  t he  f i r s t  exci ted level  of  hydrogen  a t o m  a t  a d i s tan te  r = 5 �9 1016 cm and  
wi th  a dens i ty  N = 104 cm -3 and  a s te l lar  radius  R = 5 �9 1011 cm,  tu rns  

ou t  to  be:  
10-12 R -  2 N1/2 r~a ~.~ 109 s e c .  

The  exci t ing q u a n t u m  has  a p p r o x i m a t i v e l y  5 �9 10 -22 m o m e n t u m  uni ts  and  
the re fore  eve ry  a t o m  gets  in the  m e a n  a b o u t  5 �9 10 -31 m o m e n t u m  uni ts  pe r  
second.  

The  g rav i t a t i ona l  force exer ted  b y  a s t a r  o f  mass  M ~-~ 20 M O on a hydro -  
gen  a t o m  a t  a d is tance  ~ 5  �9 1011 cm is ~ 1 0  - ~  dyne,  so t h a t  t he  abso rp t ion  
o f  th is  line eon t r ibu tes  1/6 the  to t a l  pressure  necessary  to sus ta in  the  a t o m  
aga ins t  g rav i ty .  

h follows t h a t  none  of the  t rans i t ions  l s  ~ n p  can sus ta in  hyd rogen  
a t o m s  because  of  the  p r o b a b i l i t y  decrease w i th  increasing n (CoNvo• and  
SnORTLEY, [3I). 

I r  m a t t e r  dens i ty  is suff icient ly high,  l ine exci ta t ions  canno t  susta in  
a t o m s  agains t  g r a v i t y  a t  the  eap tu re  radius  and  m a t t e r  m o r e s  the re fo re  t owards  
the  s t a r  surfaee,  as requ i red  b y  acere t ion theory .  

On the  o ther  hand ,  the  effeet  of  r a d i a t i o n  pressure  on ionized m a t t e r  is 
qu i t e  negligible. I n  fac t ,  in this  case, i t  is en t i re ly  due to  t he  in te rac t ion  of  
pho tons  wi th  free e lec t rons  (Thomson sca t te r ing)  wi th  a cross sect ion ST = 
= 6.65 �9 10 -25 cm 2. 

The  pa i r  e l ec t ron-p ro ton  is sub jee ted  to  two forces: 
1) the  r ad ia t ion  pressure  foree ac t ing  on the  electron and  poin t ing  

ou twards ,  which is g iven  b y  

L 
-O" T , 

4:tr 2 c 

where  L i s  the  s ta r  luminos i ty ,  r the  d is tance  of  the  pair  f rom the  s tar .  
2) The  g rav i t a t i ona l  force ac t ing  on the  p r o t o n  and  po in t ing  inwards ,  i.e. 

G M m  n 
/-2 

At equi l ihr ium one gets:  

L , ~ -  4 : t G M m n c  - -  1.2 - 1038 M erg/see .  (6) 
ST MG 
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This value of the luminosity is called the Eddington limit: for L > L E matter 
is "blown away"  by radiation pressure. 

For a 20 MG star, L E = 2.4 �9 10 $9 erg.sec -1. As the effeetive luminosity 
is ~1037 erg/sec, radiation pressure is entirely negligible. 

w 5. Supersonic accretion in the case of interacting partieles 

We have seen above tha t  accretion can be treated in two extreme approxi- 
mations: one is to consider non interacting gas partieles, in which case the 
aceretion radius is given by (1), the other is to consider interacting partieles: 
the latter case leads to the accretion radius given by (3) and this applies when 
the mean free path  of a particle is mueh less than R A. A more rigorous treat- 
ment than the one given in Seetion 1 has been given by Bo•vI and HOYLE [2] 
for the case of non interacting as well as of interacting particles. 

2} 

Cl 

2} 

Fig. 2 

Let us eonsider first the case of non interacting partieles. With 
reference to Fig. 2, trajeetories 1 and 2 represent the paths of partic]es 
grazing the star surface which is represented by the eircle. These trajee- 
tories divide the space into three regions: a), b) and c). All partieles moving 
in region a) hit the stellar surface. In region b) there is but  one trajectory 
through a given point. In c) however there ate two trajeetories through a 
given point, apart  from the points of the accretion axis, where there is ah 
infinite number because of cylindrical symmetry.  I f  we now consider the case 
of interacting particles with a low gas temperature (el. w 3), there is no change 
in the properties of regions a) and b): in fact particles cannot collide as only 
one trajectory goes through each point. This is not true for region c), where 
particles collide even if their temperature is low: these collisions tend to pre- 
vent two fluxes of particles from passing through each point not on the axis. 
In fact it is clear that  the two stream region eannot have dimensions much 
greater than the mean free path of the partic]es and therefore this region 
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shall have dimensions much less than R A (formula (3)). As a consequence the 
meehanism of accretion is determined by the four regions a), b), cl) and c2) 
shown in Fig. 3. 

Region el) is a two stream region with a thickness of the order of the 
mean free path and regions a), b) and c2) are all single stream. For a very 
high density of the cloud, region el) becomes a surface of discontinuity. In 
e2) the pressure is very high as the density is great. This pressure causes a force 
on region cl) directed outwards which balance the momentum transverse 
component of matter  coming in from b). 

A C2) ~ o) A' 

Cl) 

Fig. 3 

Using a hydrodynamieal terminology region cl) may be called a shock 
wave. The problem of aceretion in its most general forro is a hydrodynamical 
one and will be treated from this point of view ~n Seetion 8. 

The behaviour of a particle crossing ~he shock can be qualitatively 
deseribed in this way: the gas loses the component of the veloeity perpendi- 
cular to the shock wave front, while the parallel component, i.e. the one directed 
radially, is left unchanged. With referenee to Fig. 1, if  the particle impact 
parameter is greater than  R A (of. formula (3)), the radial veloeity is greater 
than the parabolic velocity and the gas goes to infinity, while if  the impact 
parameter is less than R A, the gas falls on to the star after crossing the shock 
wave front. 

This result, strictly rigorous in case of Fig. 1, where ir was assumed tha t  
collisions took place only on the axis, is still true also in the more general 
case of a shock, provided the Mach cone is narrow enough, i.e. for relative 
velocities V mueh greater than the sound velocity a; the opening 0 of such a 
cone is given by 

a 
sin 0 -- 

V 

From these eonsiderations one already sees the importance of sound speed in 
accretion problems. 
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w 6. Braking force 

A very important  dynamical effect is the braking force produced by the 
cloud on the star. This force is due to the particles changing their momenta, 
via the interaction with the gravitational field of the star. This process has 
been i ,  vestigated for the first time by BONDt and HOYLr [2] and by DOD, 
and McCREA [5--6]. 

Let us consider first the case of non interacting particles. With references 
to Fig. 1 we call ~ the angle between asymptotes of the hyperbolic trajectory 
of a particle coming from B whose impact parameter is 1. The particle comes 
in from infinity and goes to infinity, in the direction of the asymptote DE, 
thereby changing only the velocity direction (not modulus !), through ah angle 
V" From standard formulae of celestial mechanics (OgoRODNIKOV, [14]) 
one has: 

G M  
tg - - ,  

2 IV 2 

where M i s  the mass of the star and V the relative velocity between star 
and particle. 

The vectorial change in the velocity is given in modulus by 2 V sin ~p/2 
and makes an angle ~r -4- ~0/2 with the arrival direction. The component of A]~ 
along axis SA is therefore IA~ I = 2V sin 2 ~0/2. On expressing sin 2 ~0/2 by 
tg ~p/2 one gets: 

2V 
l ~ v l  = 

I + [ G M ]  

Consider now a ring of radius l, thickness dl centered on S A  and area 2zŸ di. 
The total  mass which crosses this atea per unit  time is e V 2 r Ÿ  where 
is the cloud density. These particles act on the star with a force: 

d F  = OA VV2zddl  

from which we get the total force: 

~ = 4 = ' e f £  ~ '~' ~~~" ( '~~~1 q V 4 - -  2~re V2 In 1�91 G2M a J " 
1 , 4 _ _ _  

G 2 M  ~ 

where 11 is the extension of the cloud. This force is not negligible if 

G2 M z �87 1 
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i.e. when the linear dimensions of the cloud aro much greater than the accretion 
radius ~ GM/VL This means that  the braking e f f~ t  Ÿ essentially due to 
the particles lar away and not to those falling on the star. 

One important consequence of this fact is that  the same expression for 
the force is valid also in the case of interacting particles. 

As aecretion increases when relative velocity decreases (cf. formula (3)), 
Mc CREA [6] has investigated the problem if  the braking of stars by  inter- 
stellar gas in the galaxy is responsible for the exceedingly great luminosity 
of some of them and SALrETEI~ [15] has examined whether the cmission of 
quasars can be explained in torras of the braking of massive objects by  diffuse 
matter,  

w 7. Hydrodynnmics of accretion in the case of subsonic relative 
velocity of stars and clouds 

Let us now consider the case where the relative velocity between the 
star and the cloud is equal or less than the sound vclocity in the cloud. This 
problem has bcen investigated by Bor~DI [1] in the hydrodynamical approxi- 
mation. See Ÿ ZEL'DOVICH and NOVIKOV [17], p. 435. A star of mass M 
is at  rest in an infinitely extended gas cloud with a density 0~ and pressure 
p~.. The motion of the gas is stationary and spherically symmctric. We shall 
negleet the increase of the star mass, so tha t  the field of force is constant. 
The gas can be characterized by its adiabatic index ~, density O, pressure p 
and sound velocity: 

a = l ? p q 

The phenomenon obeys the following equations: 
1) Continuity equation: 

4~tr~/v = A (constant), (7) 

where r is the radial coordinate, v the velocity of the gas directed toward 
the star and A is a constant which represents the accretion rate in gram per 
second. 

2) Bernoulli equation: 

v 2 ~,~ dp GM 
2 A-)p - - - -  const----O. 

~ r 

The integration constant is zero because of boundary conditions at infinity. 
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3) Adiabat ic  equation: 

- . ( 8 )  

P~ 

By means of (8), the Bernoulli  equat ion takes the forro: 

v2 7 P~ II P__P_I~-I 1] GM y + - -  - - / ( ~ ~ )  j = (9) 
7 - - I  e~ r 

Eqs. (8) and  (9) are valid in case no hea t  exehange takes place between two 
neighbouring f luid  elements. We can however take account  of  heat  exchange 
by  sui tably modify ing  7, which in any  case must  always lie between 1 and 5/3. 

The adiabat ic  index is in general defined as: 

{0,o~,} 
7 =  O l o g o  s=const. 

where S is the en t ropy  per gram given by  

S :  ---~--~ In {-m--~F ) + 3 �91 l n k T  + constant .  
# 2 p 

Here g----- 8.31 �9 107 erg/~ �9 gr is the  perfect gas constant ,  K = 1.38 �9 10-  
erg/~ is the  Bol tzmann constant  wi th  g ---- N o K  and N 0 = 6.023 �9 102a gr -1 
is Avogadro 's  number  (inverse of proton mass); # is the molecular weight 
defined, for a neut ra l  gas, as the number  of nucleons in a nucleus. For  a neutra l  

Yg 

gas the number  of  particles per c.c. n is given by  n -- - - .  The perfcct gas 
I~mH 

equat ion is: 

p =  n k T  = ~ k T =  f l g - ( N o k ) T  = ~~�91 
I.t m H p i.t 

I f  the gas is completely ionized the number  of particles per c.c. n is given by  

the number  of  nuclei per c.e., i.e. ~ plus the number  ofelectrons z ~ ,i.e.: 
I.tm H [-tm H 

l + z  

ft m H 

In  this way to  a completely ionized gas can be a t t r ibu ted  a molecular weight 

#, # 
l + z  

where # is the  molecular weight for the neutra l  gas. 
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So for neutral hydrogen and helium one has respectively: /~ = 1 and 
# ---- 4; for the same gases when completely ionized, #'  = 1/2 and /~' = 4/3, 
respectively. When the gas is either completely ionized or neutral, ~ can be 
ealculated by the above formulae getting: 

f r o m  w h i c h  

5 
In p = const A- -~- log ~, 

5 

3 

In general however the ionization state of a gas depends on pressure and 
density, i.e. ~ is a function of p and ~ bounded between 1 and 5/3. (Cf. 
ZrT.'I)OVICH and I~OVIEOV [17] p. 213). 

As during aecretion the physical conditions of the gas are variable, one 
can expeet a variation of ? too. 

These eonfigurations ate partieularly important  for accretion onto 
compaet objects, while for normal stars, 9' can be considered fairly well constant. 
Eqs. (7) and (9) can be put  in a dimensional forro by introdueing the sound 
speed at infinity: 

a~l = ~ P--~" 

and putting: 

F = X  
G M  
- ,  v = y a : . ,  ~ = zoo. 
a~  

the eontinuity equation takes the form: 

where ~ is given by: 

A __ 

�9 ~y~ = ;~, ( lO) 

4~~(GM)2 ~~ (11) 
a~ 

The Bernoulli equation has the forro: 

1 _ _ y 2 +  
2 

Z~'--I __ 1 1 

~ - - 1  x 
(12) 

To solve (10) and (11), let us put 

2 
U ---- y z ,  

Ac'ta Phystr Academiae Sci�91 Hungaricae 46, 1979 

(13) 



PHYSICAL ASPECTS OF MATTER ACCRETION 293 

where u is the  ra t io  of  the local ve loc i ty  of  the  gas v to the  local sound spced 

f?/ l~~~o f~o~ goi~ ov~~ ~o or~~i~ va~ia~'os 
9'--1 

But  

a = ~ ~ P .  ~H . 

t ~ .  ! P ,  

and therefore,  beeause (8): fj-' 
II = a .  = a .  

so t ha t  

F rom (13) and  (10), we get: 
2 ~-- I  2 

a~d (12) becomcs: 

' -2 ,-1[ _ ~  s-sv] 
- = ~ � 9 1  x J .  ( 1 4 )  

The r ight  and left  hand  side of  this equa t ion  are separa tc ly  the  sum of  a posi- 
t ive a n d a  negat ive  power of  their  variables,  and therefore  each of t hem has 
a minimum. The left  hand side min imum occurs when u = 1 and  is given by  

1 YA-1 . The x dependent  par t  of  the  r ight  hand  side has a mŸ when 
2 ~,--1 

1 
x : -  (5 - -  37), the  value of  which is 

4 
I Y+1141_ - ] 5-3~ 
4 ~ - - ]  (5  - -  3 r )  ~,q-1 (15) 

On subs t i tu t ion  of  these values in (14) one gets the  results t h a t  2 cannot  be 
greater  t han  

~+ 1 5--3~ 

= ~(-~-~) ( 1 6 )  2c I112(--G~-l)/5 - -  3Y1- 

~ 2 ]  [ 4 I 

Therefore  the  accret ion rato cannot  be grea ter  t han  

Ac = 4~t ).c (GM) 2 0~0 (17) 
a5 
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A c takes on values between 1.12 (for ~--~ 1) and 0.75 (for y = 5/3). This 
means t ha t  if  Ÿ > 2 c, the  problem has no solution and accretion cannot  take  
place. A simple graphical  discussion (see ZEL'VOVICH and NOVXKOV [17], p. 
436) shows tha t  i f  X > 2r the velocity of the  gas is everywhere less than  the 
speed of sound (subsonic accretion everywhere).  I f  ~ > 2 c, there exists a dis- 
tance above which the velocity of the gas is less t h a n  the sound speed and 
beneath  which it is greater (supersonic accretion). 

In this case, as for x = 1/4(5 -- 37), u = 1, i.e. v = a, the radius at  which 
t rans i t ion to supersonic accretion takes place is 

5 --  3~ G M  
rs=- 

4 a~ 

I 2 / 112 
At  this r ad iusy  ~ ~ 5-~~-~y I and so: 

- -  ~'-~, we gct for the dens i ty  : As z = 5- -3y  

2 I-~ { _ _ I , - I ,  

Only supersonic accretion an can give energy to the star,  while the 
subsonic case can be considered a s a  sett l ing of the gas on the stellar atmos- 
phere, the lat ter  case is possible if pressure, near  the star  surface is suffici- 
en t ly  high. 

To ensure supersonic accretion, the existence of  r s is not  sufficient,  bu t  
i t  is also neeessary t h a t  phenomena tak ing  place in stellar a tmosphere  do 
no t  perturb the gas conditions a t a  distance r s. 

From the barometr ic  formula,  one can evaluate  the height  of the  atmos- 
phere: 

H --  NO k T R 2  

G M #  

The above condition is therefore 

H + R < r s .  

I f  now r s �87 R, supersonic accretion is cer ta inly possible for H ~ R and this 
entails: 

f___.__M/t.Rol T.~ 107~M| R 1" 
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Condition r s >~ R is definitely verified, for a realistic state of gas at infinity, 
i.e. T ~ 10 4 ~ even for stars with a radius substantially greater then R 0. 
A fortiori this eondition holds for collapsed stars. 

We have therefore a vast class of stars for which accretion is supersonic 
and therefore can be a souree of energy. 

In  eomputations, ~c can be considered of uni ty order, so tha t  from (17) 
we get 

A _ __dM = .4rrGZ MZ ~~ (18) 
di  a~ 

Ir a star moves with respect to intersteller gas at a speed less than the speed 
of sound, accretion is essentially dominated by sound velocity, while for 
supersonic relative velocity (ef. formula (4)) i t i s  dominated by the star velocity. 

The hydrodynamical problem in the case of arbitrary relative velocity 
has not yet  been solved. We have only BONDI's conjecture (BoNvI [1]) that  
aecretion tate  is given by 

.4 - -  4rr (GM)2  ~~* (19) 
(v2 + a~ )~/2 ' 

which admits, as limiting cases, formulae (4) and (18). BoNm's conjecture 
has not been confirmed, not invalidated: there is only a partial confirmation 
by Dovv [4]. In any case, formula (19) agrees with one's intuition and certainly 
gives the correct order of magnitude. 

In order to make up one's mind which of the theories exposed so lar is 
to be applied to real cases, one must first of all check whether the body has a 
subsonic of supersonic velocity with respeet to the gas. 

I f  the velocity is subsonic, one can apply (approximately) the theory 
discussed in this section (body at rest), ir on the contrary one has to do with 
supersonic velocity one must apply the theory of Section 1. 

In the cases so far examined, i.e. those relative to stars, the geometrieal 
radius of a body turns out to be always many orders of magnitude less than 
the various accretion radii considered; in the case of galaxies or of clusters 
of galaxies the geometrical radius and accretion radius are comparable. 

w 8. The general hydrodynamieal problem 

The general hydrodynamical problem, i.e. the solution of hydrodyna- 
mieal time dependent equations at various Mach's number, has been studied 
for the first time by HgNT [13] though in an incomplete forro. The procedure 
consists in integrating the time dependent equations of fluid dynamics, from 
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a given initial time up to the time when a stationary solution is reached. The 
fundamental  equations ate: 

0__~ -F 1 ~ - ( r  ~ m ) +  ~ O (nsin0)--~ 0 
0t r 2 0r r s in0  00 

(conservation of mass per unit volume), 

~-~ ~ ~[  (~ -~)]  ~ o t -~ i~176  : 
cgt ~ r --~- O--r'- r~ + + r s i n ~  O0 

e -4- vsn -f 2p 
T 2 T T 

(conservation of radial momentum per unir volume), 

Ÿ + r --~-- 0--7 ~ ~ j r sin----O 00 + sin 0 -- r + p r  eot 0 

(eonservation of transverse momentum per unir volume), 

0E 1 0 [r2( E + p ) _ ~ ]  + 1 O [ ( E +  p)__n_n sin 0] = m 
Ot + r "--~ O--r- r sin----O O0 ~ r 2 

(eonservation of total energy per unir volume), 

p = (~ / - - ] )  (E 1 m2"~ r~2) 
2 

(equation of state). 
The solution found by HUr~T by numerieal integration of the above 

equations ate not general, beeause: 

a) the mass M of the star is taken a s a  constant. 
b) The braking forces of Section 6 are negleeted. 
e) The eooling of the gas is not taken into account. 
d) Only ? = 5/3 is eonsidered. 

While assumption from a) to c) are well justified in many eases of 
physieal interest, assumption d) is a severe restrietion to the generality of the 
solution (the author is fully aware of this limitation). 

HUNT'S results (for Mach's numbers 0.6; 1.4; 2.4) eonfirm the result 
obtained in preceding sections. In particular: 

1) for subsonic relative velocities one has praetieally spherieal symmetric 
accretion and therefore Bor~DX'S theory f o r a  body at test can be applied. 
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2) I n  the  case of  supersonic re la t ive  velocit ies the re  appears  a shock 
f ront ,  whieh,  for  increasing Maeh 's  n u m b e r ,  approaches  the  b o d y  and shrinks 
d o w n s t r e a m  to  t he  axis of  aceret ion ( H o Y r r - - L Y T T r r T o r ~ - - B o N m ' s  theory) .  

w 9. Conclu~ions 

The  phys ica l  t h e o r y  of  accre t ion,  as i t  appea r s  f r o m  the  above  conside- 
ra tŸ tu rns  out  t o  be  in a fair ly  s a t i s f ac to ry  s ta te .  I n  f ac t  one can  eonf iden t ly  
use the  laws diseussed in t he  preceding  sections to  get rel iable order  of  magni -  
t ude  es t imates .  I t  appears  also t h a t  the  ma in  fea tures  were a l ready  clear b y  
the  mid  f if t ies  and  no subs tan t i a l  progress  has been made  since then.  There  
remains  however  a set  of  i m p o r t a n t  p rob lems  still to be  solved of deepened.  

1) A t h o r o u g h  inves t iga t ion  of  the  general  h y d r o d y n a m i c a l  p rob lem 
wi th  va ry ing  7 and  a n y  s ta r  ve loe i ty  is still laeking.  This  p rob l em is crucial  
for  the  t heo ry  of  aeere t ion onto eol lapsed s tars  in b ina ry  sys t ems  where  the  
velocit ies a te  h ighly  supersonic.  HU~T'S solution,  which  t akes  into account  
Mach 's  number s  up  to 2.4 is c lear ly  inadequa te .  I t  would be v e r y  in teres t ing  
also a p roof  of  Bor~DI'S conjecture  (19). 

2) Due to  the  great  dif f icuhies  of  the  m a g n e t o - h y d r o d y n a m i c a l  equa-  
t ions,  the inf luence of a magne t ic  f ield on aceret ion has  no t  ye t  been satis- 
fae tor i ly  inves t iga ted .  W h a t  one can  f ind  in the  l i t e ra ture  is only  a host  of  
par t i a l  resul ts  whieh,  t hough  v e r y  i m p o r t a n t ,  are no t  y e t  sys t ema t i ca l ly  
a r ranged  in a genera l  f r amework .  This  s t a t e  of  affairs is pa r t i cu l a r ly  r e l evan t  
for  accre t ion  on to  neu t ron  s tars  and  black-holes ,  in eonnee t ion  with  the  t heo ry  
of  galact ie  X - r a y  sources. We  hope  to  g i re  a su rvey  of  these  pa r t i a l  r e s u h s  
in a fo r thcoming  paper .  
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