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1. Reeently inereasing attention has been paid to the eleetron density at 
metal surfaces. The self-consistent calculations for the eleetron density are 
numerieally cumbersome, therefore it is a great advantage ir ah analytie 
expression can be found that  closely approximates the results of the self-eon- 
sistent ealeulation [1]. In addition, the availability of analytie density may  be 
very useful for studying other fundamental  problems depending on the pro- 
perties of ah inhomogeneous electron gas. This paper presents an analytie 
expression for density, whieh closely approximates the self-eonsistent results 
of LArr [2]. The final formula is very simple, whieh makes it possible to 
calculate very easily the density for all metals, while the eleetron density 
of metal surfaces was computed originally by  L).rr only for parameters 
r s =- 2,3,4,5,6 a.u. 

The value of r s can be computed from the density, according to the 
following expression: 

4~  ~r 1 

3 N . b  

1 
r s = 0.2879. [ nm] .  

N'b 

where N = N'  �9 10 = atom/cm 3 is the atomic density, b i s  the number of the 
free eleetrons per atom. 

The parameter r s of several atoms can be found in Table I. 
2. A numerieal approximation was worked out to LArr results yielding 

the following expression for the electron density [4]: 

n(x) = --0.5 �9 th[p(x + r + k{ sin q(X[q(x + +~o)] ~~~ + 

cos q(x + ~0) ] + + 0 . 5 ,  
q (x + ~) J 

if x <  --~; 
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Table I 

The value of densi ty  and the parameter  r s of severa] atoms 

Metal b 

Li 
Na 
Ka  

Cu 
Rb 
Ag 

Cs 
Au 
Be 

Mg 
Ca 
Zn 

Sr 
Cd 
Ba 

Hg 
Al 
Ga 

In  
TI 
Si 

Ti 
Ge 
Zr 

Sn 
Sn 
P b  

V 
Sb 
Ta  

Bi  
Cr 
Mo 

Se 
W 
Mn 

Fe 
Co 
Ni 

P d  
P t  

I V, 
[10 n atom/em.], r ,  [nm] 

4.629 0.173 
2.532 0.211 
1.31 0.263 

8.467 0.112 
1.075 0.281 
5.864 0.160 

0.8855 0.300 
5.896 0.159 

12.35 0.099 

4.30 0.14I 
2.3 0.173 
6.62 0.122 

1.775 0.189 
4.63 0.137 
1.576 0.196 

4.35 0.140 
6.023 0.110 
5.103 0.I16 

3.824 0.128 
3.519 0.131 
4.994 0.106 

5.500 0.113 
4.417 0.111 
4.189 0.119 

2.928 0.127 
3.696 0.117 
3.297 0.122 

7.119 0.119 
3.31 0.I12 
5.535 0.113 

2.827 0.141 
8.333 0"113 
6.417 0.107 

2.94 0.127 
6.308 0.124 
7.935 0.115 

8.496 0.112 
8.471 0.110 
9.14 0.109 

6.795 O.121 
6.625 O.122 

1 
1 
1 

2 
1 
1 

1 
1 
2 

2 
2 
2 

2 
2 
2 

2 
3 
3 

3 
3 
4 

3 
4 
4 

4 
4 
4 

2 
5 
2 

3 
3 
3 

4 
2 
2 

2 
2 
2 

2 
2 

* Thanks aro due Mr. Zs. BALASSA for computing the atomic density N. 
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Fig. 1 

o 
( 2.  PI /KF) 

i 

n(x) = - 0 . 5  �9 th f~ (x  + ~)1 + o 5 ,  

i r  x >  - - ~ ,  

w h e r e  ~o = 0 . 0 1  �9 ( r s ) ~  

p = 3.34 �9 (rs)~ , 

q = 8.73 �9 (rs)~ ~ , 

k = 0.08 �9 (rs)~ 9 . 

He re  n(x)  is in uni ts  of  ¡ ( the bu lk  densi ty)  and  x is in units  of  the  inverse  
Fe rmi  wave leng th  (2zt/KF). The  inverse Fe rmi  wave leng th  can be c o m p u t e d  
f r o m  the following expression:  

E F  _ h~ K ~  
2 m  

The  t e r m  thx  is v e r y  accura te .  The "di f ference  func t ion"  (the t e r m  t h x  sub- 
t r a e t e d  f rom LAr~o's resuhs)  can be seen in Fig. 1 (for rs = 5). I r  is easy  to  
observe  t h a t  i f  x > - -  ~o the  differenee is v e r y  small.  (under  0.008) and  ir 
x < - -  ~o the  Friedel  oscillation appears  clearly.  The  presence of  the  Bessel 
funct ion  t e r m  ensures the  oscillation. Sub t r ac t ing  the  corresponding values  
f r o m  LA~O's results we obta in  the  error of  our  app rox ima t ion .  Fo r  r s = 2 it  
can  be seen in Table  I I .  

The  analy t ic  expression gives a fair ly  good app rox ima t ion  for  eve ry  
c o m p u t e d  integer  r s value.  In  addi t ion we can eompu te  n(x)  also for no t  in teger  
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T a b l e  I I  

The d is tante  X from the surface of the  positive background is given in uni ts  of 2~t/kp. 
The error is in  uni ts  of ¡ ( the bulk density)  

X Error 

--1.200 O.OO1 
--1.200 0.001 
--1.100 0.015 
- -  1.050 0.021 
--1.000 0.021 
--0.950 0.016 
--0.900 0.007 
--0.850 0.006 
--0.800 0.019 
--0.750 0.028 
--0.700 0.031 
--0.650 0.027 
--0.600 0.017 
--0.550 0.004 
--0.500 0.007 
--0.450 0.014 
--0.400 u.015 
--0.375 0.013 
--0.350 0.011 
--0.325 0.008 
--0.300 0.005 
--0.275 0.003 
--0.250 0.002 
--0.225 0.003 
--0.200 0.004 
--0.175 0.007 
--0.150 0.011 
--0.125 0.0]4 

X Error 

--0.100 0.017 
--0.075 0.018 
--0.050 0.017 
--0.025 0.014 

0.000 0.014 
0.025 0.017 
0.050 0.017 
0.075 0.015 
0.100 0.012 
0.125 0.009 
0.150 0.005 
0.200 0.000 
0.250 0.004 
0.300 0.005 
0.350 O.OO5 
0.400 0.005 
0.450 0.004 
0.500 0.003 
0.550 0.002 
0.600 0.002 
0.650 U.001 
0.700 0.001 
0.750 0.001 
0.800 0.001 
0.850 0.000 
0.900 0.000 
O.95O 0.000 
1.000 0.000 

r s values.  This is the most  i m p o r t a n t  advantage  of  the  analyt ic  formula.  The  
error  of  the  approximat ion  has a min imum at r s = 2. Since the  r s value  of  
most  metals  is near  to 2, i t  is a fair ly good approximat ion .  

A c k n o w l e d g e m e n t s  

I aro very  grateful to Prof. J .  ANTXL for his useful advice and  for bis help dur ing m y  
work. Thanks  are due to Dr. L. ORosz, Dr. S. KUGLER and Dr. B. GAZDY for useful discussions 
and  for reading the manuscript .  

R E F E R E N C E S  

1. J .  E. HIMBEROEN and R. SILBEY, Phys.  Rey. B, 18, 2674, 1978. 
2. N. D. LA~No, So]id State Commun. ,  7, 1047, 1969. 
3. N. D. I_~r~G and W. KOHN, Phys.  Rey.  B, 1, 4555, 1970. 
4. Z. SZEIFERT, Thesis (unpublished).  

Acta Physica .4r Scir Htmgaritae 50, 1981 


